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Abstract
Delayed resonators (DRs) refer to a class of active vibration absorbers driven by the control forces following past (delayed)
system states. By tuning the delay, DRs can enable complete vibration suppression at a given frequency. Different from
the existing DRs, which mainly focus on force-excited vibrations, this work considers a displacement-excited case where
the primary is mounted on a vibrating frame (base). Particularly, the high-static-low-dynamic-stiffness (HSLDS) feature is
injected between the primary and the frame, given its widely known benefits in vibration isolation, finally yielding a combined
systemwith a DR and an HSLDS primary structure. Targeting complete vibration suppression, with additional efforts made to
seek performance enhancement in the HSLDS case over the classical constant-stiffness (CS) case, the investigation includes
dynamical analysis, control parameter tuning, and stiffness optimization. Meanwhile, special attention is paid to evaluating
the nonlinear effect of the HSLDS feature, and the shown negligible effects constitute the basis for using limited-order models
without compromising accuracy. Finally, experiments showcase a simple yet effective HSLDSmechanism based on magnetic
springs. This work not only extends the application scope of DRs but also exploits the mechanical advantage of the HSLDS
feature to achieve complete vibration suppression.

Keywords Active vibration control · Delayed resonator · High-static-low-dynamic stiffness · Dynamical control

1 Introduction

In 1994, Olgac and Holm-Hansen [1] proposed the concept
of the delayed resonator (DR), a scheme that employs a feed-
back force based on the system’s past (delayed) state to drive
the vibration absorber. By properly tuning the delay, DRs can
enable complete vibration suppression at a given frequency.
Compared with the nondelayed control logic [2], the DR
scheme can model the inevitable loop delay to achieve more
accurate dynamical prediction and thusmore complete vibra-
tion suppression. Besides, one can directly alter the force
phase by manipulating the delay, so the DR scheme can be
implemented by only incorporating displacement [1], veloc-
ity [3], or acceleration [4] to simplify sensor deployment

B Li Cheng
li.cheng@polyu.edu.hk

1 Department of Mechanical Engineering, The Hong Kong
Polytechnic University, Hong Kong, China

2 State Key Laboratory of Ocean Engineering, Department of
Engineering Mechanics, School of Ocean and Civil
Engineering, Shanghai Jiao Tong University, Shanghai, China

and reduce the number of control terms. Over the 30 years’
development, DRs have become a typical counter-intuitive
example that increasing loop delay can be beneficial.

Among the extensive research on DRs, Sun and Xu [5,
6] identified the hardware delay to guide delay tuning. Pil-
bauer et al. [7] and Kučera et al. [8] proposed a distributed
delayed DR to reduce the effect of the measurement noise
by calculating the actuation force as per the dynamical sum
of all absorber states over a past time period. Liu et al. [9]
considered the effect of the loop delay on the distributed
delayed logic. Eris et al. [10] actuated aDRwith both delayed
and nondelayed control terms to reduce the transient pro-
cess. Zhang et al. [11] evaluated the friction effect on the DR
tuning. Karama et al. [12] and Kammer et al. [13] studied
the energy harvesting efficiency of DRs. Šika et al. [14–16]
achieved multi-dimensional vibration suppression in robotic
applications. The DR was also used to address robotic force
tracking and jitter issues [17]. Wang et al. [18] designed a
DR with an adjustable stiffness to fit the variable stiffness of
a primary structure. Vyhlídal et al. [19] compared the tuning
mechanisms of theDRs incorporating different system states.
Cai et al. [20] summarized the tuning mechanisms using
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the fractional-order calculator. Kuře et al. [21] enhanced the
robustness of the DRs by extending the antiresonance val-
ley, see also [22]. By deploying multiple-degree-of-freedom
DRs [23–25], the location of the active force can differ
from the location where the vibration is suppressed. Par-
ticularly, time-delayed systems have infinite characteristic
roots, conveniently enabling the DR-based scheme to sup-
press multi-frequency vibrations by driving a single-mass
absorber [26–28]. One can also refer to [29–36] for using the
delayed control to enhance (incomplete) vibration reduction.

Note that the existing DRs are mainly used to settle a
force-excited primary structure mounted on a fixed frame or
base. However, many practical scenarios involve a vibrat-
ing frame serving as the excitation, and the task is to reduce
the displacement transferred to the primary (vibration isola-
tion).Hence, thiswork aims to explore the applicability of the
DR’s handling of such displacement-excited vibrations, with
the main focus still on complete vibration suppression at a
given frequency. On the other hand, vibration isolation prob-
lems frequently call for high-static-low-dynamic-stiffness
(HSLDS) design, a nonlinear stiffness configuration that can
significantly extend the isolation bandwidth without affect-
ing the isolator’s static load capacity [37–39]. Recent design
examples include the isolators by Zhang et al. [40], Ma et al.
[41], Xu et al. [42], Jiao et al. [43], Wang et al. [44], Pan et
al. [45], and Li et al. [46]. Besides, Yan et al. [47] established
a stiffness compensation method to achieve the HSLDS
feature. The HSLDS feature can also be implemented by
material deformation to achieve a lightweight and compact
isolator design [48–51].More advances on the HSLDS isola-
tors can be found in the review articles [52–55]. Meanwhile,
the idea of combining vibration absorption and HSLDS iso-
lation has also been reported [56–61]. In this regard, the
enhanced system performances usually include improved
isolation efficacy and an extended isolation band. Given the
benefits of the HSLDS feature, the displacement-excited pri-
mary structure under investigation is designed to be HSLDS.
Particularly, deploying a DR to completely settle a force-
excited HSLDS primary structure has been considered in our
previous work [62]. The benefits of the ‘low-dynamic’ stiff-
ness were, however, not fully utilized since the completely
settled primary structure has no relative motion to the vibra-
tion source. To our best knowledge, both the DR’s handling
of displacement-excited vibration and the combination of the
HSLDS isolator with an active vibration absorber remain a
research gap.

First, this work adopts a feedforward control logic for the
DR design, which drives the DR as per the real-time dis-
placement excitation rather than the system response as in
the classical feedback-controlled cases. This is motivated by
the fact that the feedforward control does not induce insta-
bility [27, 32]. With this simplification, we can concentrate
more on the mechanical advantages of the HSLDS feature.

Then, we explore three problems or challenges for the result-
ing combined system,which is constituted by a linearDR and
an HSLDS primary structure mounted on a vibrating frame.

(i) Howwould the combination of the HSLDS feature with
delayed control affect system dynamics?

(ii) How to achieve the so-called complete vibration sup-
pression at a given frequency by tuning a linear DR in
the HSLDS case?

(iii) If complete vibration suppression is achievable, what
benefits can be drawn from the HSLDS feature com-
pared with the original constant-stiffness (CS) case?

Particularly, for (ii), since a linear DR (driven by linear
control forces) can only exert linear forces on the primary
structure, achieving complete vibration suppression, which
means all dynamical forces on the primary structure should
be ideally neutralized, requires that the HSLDS feature
causes negligible nonlinear effects. We show that this can be
achieved by attaching a linear absorber to the HSLDS isola-
tor, as also observed in [57], and this is unaffected by theDR’s
driving force. For (iii), for the considered system, even when
the displacement-excited primary structure is completely set-
tled, the low-dynamic stiffness is still effective, signifying the
possible benefits of theHSLDS feature for theDRsubsystem,
in addition to enhancing the settling of the primary structure.
This was not considered in [62]. In addition, justified by the
experimental tests, we apply a simpler yet effective way to
implement the HSLDS feature using magnets, which simpli-
fies the multiple-spring mechanisms in [57, 62] to facilitate
practical applications.

In what follows, Sect. 2 formulates the problem. Section3
establishes system dynamics. Section4 evaluates the nonlin-
ear effect of the HSLDS feature and the passive vibration
control. Section5 addresses the tuning mechanism of the
DR. The benefits for vibration suppression are evaluated in
Sect. 6. The absorber performance is studied in Sect. 7. Case
studies are given in Sect. 8. Conclusions are drawn in Sect. 9.
Italic symbols without the bar superscript ‘�’ are dimension-
less throughout the text.

2 Preliminaries

The classical operation mode of the DR is shown in Fig. 1a,
where an active force ū followingdelayed (past) systemstates
is introduced to the absorber, aiming to completely suppress
the force-excited vibration on the primary structure at a given
frequency, with f̄e denoting the excitation.

In this work, we explore the applicability of the DR in
handling the displacement-excited vibrations. As shown in
Fig. 1b, the frame is now force-excited to generate the dis-
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Fig. 1 a Classical operation mode of the DR, where the primary structure is excited by the force f̄e. b Operation mode considered in this work,
with x̄e denoting the displacement excitation. c Two potential applications of the model in (b)

placement vibration x̄e. Given the benefits of the HSLDS
feature to vibration isolation (from x̄e to x̄ p), magnets are
additionally used between the frame and the primary to
yield repulsive magnetic forces in the vertical direction when
x̄ p �= x̄e, thus reducing the dynamical stiffness of the pri-
mary without affecting the static load stiffness k̄ p. Figure 1c
exemplifies two applications of the considered model, where
the frame box can be a vibrating carriage of trains or vehi-
cles. The problem is then to properly combine the nonlinear
HSLDS vibration isolation and the linear active (delayed)
vibration absorption.

2.1 Dynamical modeling

We only focus on the dynamics of the primary structure and
the absorber under a given displacement excitation of x̄e. As
marked in Fig. 1b, the governing equations follow

⎧
⎪⎨

⎪⎩

m̄a ¨̄xa + c̄a
( ˙̄xa − ˙̄xp

) + k̄a
(
x̄a − x̄ p

) + c̄g
( ˙̄xa − ˙̄xe

) = ū,

m̄ p ¨̄xp + c̄p
( ˙̄xp − ˙̄xe

) + k̄ p
(
x̄ p − x̄e

) + f̄N L

+c̄a
( ˙̄xp − ˙̄xa

) + k̄a
(
x̄ p − x̄a

) = −ū,

(1)

where m̄(·), c̄(·), k̄(·), and x̄(·) represent mass, damping,
stiffness, and absolute displacement, respectively; f̄N L is a
nonlinear restoring force arising from the magnetic springs
to achieve the HSLDS feature, and is expanded as

f̄N L
(
r̄ p

) = n0k̄ p + n̊1k̄ pr̄ p + n2k̄ pr̄
2
p

+n3k̄ pr̄
3
p + · · · + nnk̄ pr̄

n
p, (2)

where
(
n0, n̊1, n2, . . . nn

) ∈ R
n , and r̄ p = x̄ p − x̄e is

the relative displacement of the primary with respect to x̄e.
Particularly, n2k = 0, k = 0, 1, 2, . . . since the repulsive
magnetic forces are made symmetrical about r̄ p = 0. x̄(·),
r̄ p, and ū are functions of the time t̄ . Performing the variable
transformations

ω̄p =
√

k̄ p
m̄ p

, ω̄a =
√

k̄a
m̄a

,

ζp = c̄p
2m̄ pω̄p

, ζa = c̄a
2m̄aω̄a

, ζg = c̄g
2m̄aω̄a

,

μ = m̄a

m̄ p
, ν = ω̄a

ω̄p
, x(·) = x̄(·)

l̄
, rp = r̄ p

l̄
, t = t̄ω̄p,

u = ū

k̄ pl̄
, fN L = f̄N L

k̄ pl̄
.

(3)

where l̄ is the unit length (l̄ = 1m) and x(·), rp � 1, Eq. (1)
can be cast into the dimensionless form as

{
μ
[
ẍa + 2ζavṙa + v2ra + 2ζgv (ẋa − ẋe)

] = u,

r̈ p + ẍe + 2ζpṙ p + ftotal
(
rp

) − μ
(
2ζavṙa + v2ra

) = −u,
(4)

where ra = xa − xp, and ftotal denotes the total restoring
forces of the primary, following

ftotal
(
rp

) = rp + fN L
(
rp

) = n1rp + n3r
3
p + n5r

5
p + · · · ,

(5)

in which n1 = n̊1 + 1, incorporating the dynamical effects
of both the load stiffness and the linear stiffness term in (2).
In the static case |xe| = 0, the primary structure should be
settled at xp = 0, which requires positive total stiffness at
rp = 0, i.e.,

[

ktotal
(
rp = 0

) = ∂ ftotal
(
rp

)

∂rp
|rp=0> 0

]

⇐⇒ [
n1 > 0 or n̊1 > −1

]
. (6)

Note that the constant-stiffness (CS) case corresponds to
ktotal ≡ 1, or n1 = 1 while (n3, n5, . . .) = (0, 0, . . .). In the
HSLDS case, n1 < 1 given the low-dynamic stiffness, and
we let (n3, n5, . . .) > 0 to model a hardening stiffness [37]
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given the weakening magnetism as
∣
∣rp

∣
∣ increases. Clearly,

vibration suppression expects smaller values of
∣
∣xp

∣
∣ / |xe|.

2.2 Control law design and stiffness truncation

When designing the active delayed force u to achieve the DR
scheme following the classical feedback control laws, i.e.,

uap(t) = ua(t, xa, ẋa, ẍa) + u p(t, xp, ẋ p, ẍ p), (7)

where ua and u p are the control forces related to system
responses (xa, xp) and their time derivatives, the operable
bandwidth is restricted to system stability [20]. Besides, a
complete stability analysis can be involved due to the cou-
pling between the delay and the nonlinear dynamics. To
simplify analysis, following [27, 32], we alternatively design
u as

u(t) = ue(t, xe, ẋe, ẍe), (8)

which is based on the displacement excitation. Note that ue
is a feedforward control law and guarantees stability since
the system input is independent of the responses (xa, xp).
That is, ue can be regarded as an artificially made external
(independent) excitation, thus leading to no destabilization.
In this work, we simply specify ue based on the displacement
xe as

ue(t) = gxe(t − τ), (9)

where g is the gain, and τ is the time delay, which are the two
dimensionless control parameters and have the dimensional
forms as (ḡ, τ̄ ) = (gk̄p, τ/ω̄p).

Remark 1 While adopting (9) rather than (7) avoids insta-
bility, the pure feedforward control may lack robustness
against measurement noises and unmeasured external dis-
turbances and may increase the sensor installation difficulty.
Given the robustness issue, the feedforward control usually
works together with the feedback control in practice [27, 32].
However, this combination is not considered in this paper to
simplify stability analysis, given that the main focus is on
exploiting the mechanical advantage of the HSLDS feature
for the DR’s vibration control performance.

On the other hand, considering that the vibration absorber
can confine the response amplitude |xp|, the nonlinear total
restoring force ftotal(rp) is truncated at the third order to
simplify analyses, assuming that the effect of the higher-
order terms on system dynamics is negligible. Hence, the
primary has the so-called Duffing-type restoring force as

ftotal(rp) ≈ n1rp + n3r
3
p, (10)

the effectiveness of which can be justified by either showing
that the errors for predicting the dynamics of the exact model
(5) are sufficiently small or proving that the effect of n3 is
much smaller than that of n1. The latter aspect is tested later
due to the lack of the exact values of (n0, n1, n2, . . . nn).
The effects of (n1, n3) are graphically demonstrated in
Appendix A. Substituting Eqs. (9) and (10) into (4) yields

⎧
⎪⎨

⎪⎩

μ[ẍa + 2ζavṙa + v2ra + 2ζgv(ẋa − ẋe)] = gxe(t − τ),

r̈ p + ẍe + 2ζpṙ p + n1rp + n3r3p − μ(2ζavṙa + v2ra)

= −gxe(t − τ).

(11)

Then, the HSLDS feature and the delayed control affect sys-
tem performance via (n1, n3, g, τ ). As an extension of the
DR research, (g, τ ) are later tuned to achieve the complete
vibration suppression at a given frequency.Besides, the effect
of the HSLDS feature with n1 < 1 and n3 > 0 are compared
with the original CS case with (n1, n3) = (1, 0).

3 Frequency response analysis

Wefirst address the frequency responses of the system.Due to
the existing nonlinearity signified by n3 > 0, the commonly
used Laplace transformation-based methods for analyzing
the DR performance in linear systems are inoperable. Fol-
lowing [57], the harmonic balancemethod is adopted instead.

3.1 Harmonic balance analysis

We let the harmonic displacement excitation take the form

xe (ω, t) = Re cos (ωt) , (12)

where Re ∈ R
+, and ω ∈ R

+ is the angular fre-
quency. The dimensional values of (Re, ω) are

(
R̄e, ω̄

) =(
Rel̄, ωω̄p

)
. Revisiting (11), system responses are governed

by
(
xa, ra, rp

)
and their time derivatives. Note that when xe

is given,
(
ra, rp

)
are governed by

(
xa, xp

)
and vice versa.

Since
(
ra, rp

)
appear more in (11) and since the nonlinear

term r3p exists, using
(
ra, rp

)
to depict steady-state dynamics

can simplify equations. Then, we assume that
(
ra, rp

)
in the

steady state satisfy

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ra (ω, t) = Ara cos (ωt) + Bra sin (ωt)

= Rra cos (ωt + φra) ,

rp (ω, t) = Arp cos (ωt) + Brp sin (ωt)

= Rrp cos
(
ωt + φrp

)
,

(13)
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where
(
Ara,Bra,Arp,Brp

)∈R
4, Rra,rp =

√
A2
ra,rp+B2

ra,rp,

and
(
φra, φrp

)
are the phase differences of

(
ra, rp

)
from xe.

With (12) and (13), the absolute displacements
(
xa, xp

)
can

be expressed as

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

xa (ω, t) = (
xa − xp

) + (
xp − xe

) + xe = ra + rp + xe

= (
Ara + Arp + Re

)
cos (ωt)

+ (
Bra + Brp

)
sin (ωt) ,

xp (ω, t) = rp + xe

= (
Arp + Re

)
cos (ωt) + Brp sin (ωt) .

(14)

The steady-state amplitudes of
(
xa, xp

)
are then

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Ra (ω) = |xa (ω, t)|
=

√
(
Ara + Arp + Re

)2 + (
Bra + Brp

)2
,

Rp (ω) = ∣
∣xp (ω, t)

∣
∣ =

√
(
Arp + Re

)2 + B2
rp.

(15)

Substituting the expressions of
(
ra, rp, xa

)
in (13) and (14)

into (11) andbalancing the coefficients of (sin (ωt) , cos (ωt))
on both sides lead to

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

G1 (ω,�) = μ
[
v2Bra − (

Bra + Brp
)
ω2 − 2

((
Ara + Arp

)
ζg + ζa Ara

)
vω

] − gReS = 0,

G2 (ω,�) = μ
[
v2Ara − (

Re + Ara + Arp
)
ω2 + 2

((
Bra + Brp

)
ζg + ζa Bra

)
vω

] − gReC = 0,

G3 (ω,�) = 1
4

[
3n3B3

rp + λ
(
ω, Arp

)
Brp

]
+ 2ω

(
μvζa Ara − Arpζp

) − μv2Bra + gReS = 0,

G4 (ω,�) = 1
4

[
3n3A3

rp + λ
(
ω, Brp

)
Arp

]
− 2ω

(
μζavBra − Brpζp

) − μv2Ara + gReC − Reω
2 = 0,

(16)

where � = [
Ara, Bra, Arp, Brp

]
, (C, S) = (

cos (ωτ) ,

sin (ωτ)
)
, and λ (ω, γ ) = 3γ 2n3 − 4ω2 + 4n1, with γ ∈[

Arp, Brp
]
. The frequency responses are then governed by

the common solutions (ω,�) of (16). To reduce computa-
tional complexity, we first solve (Ara, Bra) since they have
the lowest degree (first order). From G1 (Ara, Bra) = 0 and
G2 (Ara, Bra) = 0, one has

⎧
⎪⎨

⎪⎩

Ara
(
ω, Arp, Brp

) = 1

μ
[
ω4+

(
4(ζa+ζg)

2−2
)
v2ω2+v4

]
∑4

i=0 α
[1]
i

(
Arp, Brp

)
ωi ,

Bra
(
ω, Arp, Brp

) = 1

μ
[
ω4+

(
4(ζa+ζg)

2−2
)
v2ω2+v4

]
∑4

i=0 β
[1]
i

(
Arp, Brp

)
ωi ,

(17)

where i ∈ Z, and
(
α
[1]
i , β

[1]
i

)
are real polynomial coeffi-

cients in
(
Arp, Brp

)
, see Appendix B. Substituting (17) into

G3 (Ara, Bra) = 0 and G4 (Ara, Bra) = 0, the numerators
of the resulting two equations lead to

{
E1

(
ω, Arp, Brp

) = ∑6
i=0 α

[2]
i

(
Arp, Brp

)
ωi = 0,

E2
(
ω, Arp, Brp

) = ∑6
i=0 β

[2]
i

(
Arp, Brp

)
ωi = 0,

(18)

where
(
α
[2]
i , β

[2]
i

)
∈ R

2 are given inAppendix B. By sweep-

ing ω, Eq. (18) at each ω grid corresponds to two polynomial
equations in

(
Arp, Brp

)
, and thus the exhaustive solutions

are available. Back-substituting the solution composition(
ω, Arp, Brp

)
of (18) into (17) finally yields the desired com-

mon solutions (ω,�) of (16).

Remark 2 The simplification process based on (17) and (18)
for solving Eq. (16) is independent of the truncation order of
the nonlinear total restoring force ftotal in (10). The reason
is that G1 = 0 and G2 = 0 are always linear equations in
(Ara, Bra) as the nonlinear terms do not appear in the first
equation of (11). Besides, G3 = 0 and G4 = 0 are always
polynomial equations in

(
Ara, Bra, Arp, Brp

)
. Hence, the

third-order truncation in (10) does not affect the generality
of the adopted calculation simplification for the frequency
response analysis.

3.2 Numerical verifications for response prediction

We here test the solution accuracy of (16) for predicting the
response of (11). The coupled system to be considered has
the dimensionless structural parameters as

μ = 0.454, v = 1.03, ζp = 0.027, ζa = 0.101, ζg = 0.038.

(19)
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Fig. 2 Comparisons between
the theoretical and numerical
frequency responses for
Re = 0.005 and g = 0 (passive
case). a, b Absolute
displacements of the primary(
Rp

)
and the absorber (Ra)

versus ω for n1 ∈ [0.9, 0.6, 0.3]
and n3 = 1. c, d Rp versus ω

and the amplitude Rrp of the
relative displacement rp versus
ω for n3 ∈ [0, 5, 10] and
n1 = 0.6. Curves with different
thicknesses correspond to three
n3 values

The corresponding dimensional parameters and the experi-
mental setup are to be introduced in Sect. 8.1. Starting with
the passive case g = 0 with Re = 0.005, the theoretical
frequency responses governed by the absolute displacement
amplitudes

(
Rp, Ra

)
in (15) are shown as the solid curves in

Fig. 2a, b.
For comparisons, the numerical results in Fig. 2a, b at each

frequencyω are obtainedbydirectly solving (16)with respect
to t and then getting the response amplitudes in the steady
states. Clearly, the numerical results agree well with the the-
oretical ones, thus verifying the effectiveness of the solutions
of (16). Note that three cases with different n1 values and a
given n3 are considered. It shows that reducing n1 shifts the
resonance peaks to the lower-frequency band, which agrees
with the lower dynamic stiffness due to the stronger negative
stiffness of the magnetic springs, i.e., n̊1 → −1.

On the other hand, Fig. 2c compares the frequency
responses of the primary when varying n3 and fixing n1,
showing that the responses are insensitive to the variations
of the nonlinear stiffness n3. Figure 2d further verifies this
by showing that the relative displacement rp of the primary
with respect to xe is insensitive to n3. Hence, combining the
HSLDS vibration isolation with the linear vibration absorp-
tion achieves the beneficial low dynamic stiffness while
limiting the nonlinear effects, as to be further tested. The
limited effect of n3 justifies the limited-order truncation of
the nonlinear restoring force in (10).

The active casewith an example pair of control parameters
(g, τ ) = (0.5, 3) is considered in Fig. 3, where the theoret-
ical solutions again well predict the numerical responses as
expected. Note from Fig. 3c, d that system responses are still
insensitive to n3. Comparing Figs. 2 and 3, the active force
can significantly affect the system responses. Particularly,

from Fig. 3a, the given control parameter pair can achieve a
sufficiently low antiresonance peak of Rp around ω = 0.8.
The inverse problem to determine the values of (g, τ ) that
yield an ideal zero antiresonance peak Rp = 0 at a given
frequency ω, which is the so-called complete vibration sup-
pression in the classical DR studies, is to be addressed in
Sect. 5.

3.3 Frequency spectrum

Since the theoretical solutions are based on the harmonic
balance at the fundamental frequency, i.e., Eq. (13), the good
match between the theoretical and numerical solutions in
Figs. 2 and 3 implies that the super- and sub-harmonic vibra-
tions arising from the nonlinearity, if any, are sufficiently
small. Ensuring that the vibration energy is concentrated
at the fundamental frequency is critical to the DR tuning
later. To this end, the numerical responses with (n1, n3) =
(0.6, 10), which corresponds to the strongest effect of the
nonlinear stiffness in Figs. 2 and 3, are further checked. With
fast Fourier transform, Fig. 4 extracts the first ten dominant
frequency components of the primary structure’s response xp
within the steady state and calculates the ratio of their total
energy to the total response energy.

Figure 4a, b correspond to the passive case with g = 0.
From Fig. 4a, the frequency components are distributed very
closely to the excitation frequency. The multiple-component
feature is attributed to the limited resolution of the fast
Fourier transform and the non-simple harmonic response
caused by the inherent nonlinear excitation. Combined with
Fig. 4b, these frequency components account for over 96%
of the total response energy. The same can be observed in the
active case in Fig. 4c, d, which exhibit almost the same spec-
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Fig. 3 Comparisons between
the theoretical and numerical
frequency responses for
Re = 0.005 and
(g, τ ) = (0.5, 3) (active case).
a, b Absolute displacements of
the primary

(
Rp

)
and the

absorber (Ra) versus ω for
n1 ∈ [0.9, 0.6, 0.3] and n3 = 1.
c, d Rp versus ω and the
amplitude Rrp of the relative
displacement rp versus ω for
n3 ∈ [0, 5, 10] and n1 = 0.6.
Curves with different
thicknesses correspond to three
n3 values

Fig. 4 Frequency spectrum of the steady-state displacement response
xp corresponding to (n1, n3) = (0.6, 10) in Figs. 2 and 3a, c. The distri-
butions of the first ten dominant frequency components. b, d The ratios

of the total energy of the first ten frequency components to the total
response energy. a, b correspond to Fig. 2 for g = 0. c, d correspond
to Fig. 3 for (g, τ ) = (0.5, 3)

trum as Fig. 4a, b. The above justifies the negligible sub- and
super-harmonics and the accuracy of the harmonic balance
at the fundamental frequency. For further discussions on the
existence conditions of sub- and super-harmonics, one can
refer to [63, 64].

4 Suppressed nonlinear effects and passive
vibration control

From Figs. 2 and 3, the HSLDS springs can reduce the
dynamical stiffness while posing very limited nonlinear
effects (i.e., the effect of n3 �= 0 is negligible). Before tuning
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Fig. 5 Displacement transmissibility
(
Tp, Ta

)
in different vibration control models. a Tp versus ω. Effective vibration reduction corresponds to

Tp < 1. Only C-1 and C-4 correspond to the CS case. b Ta versus ω. SDOF refers to single-degree-of-freedom

the active force u, we briefly demonstrate how this benefit
can be attributed to the additional vibration absorber. To this
end, three basic passive vibration control models are com-
pared with the present one (i.e., Fig. 1b). The results also
show the benefits of combining the HSLDS isolation and
the linear vibration absorption for the passive vibration con-
trol, an important prerequisite to explore the advantage of the
HSLDS feature to the active control.

4.1 Basic vibration control models

The consideredmodel in Fig. 1b can be seen as amodification
of (1) the single-degree-of-freedom CS vibration isolation,
(2) the single-degree-of-freedomHSLDS vibration isolation,
and (3) the two-degree-of-freedom linear vibration absorp-
tion. The single-degree-of-freedom vibration isolation refers
to

r̈ p + 2ζpṙ p + n1rp + n3r
3
p = −ẍe, (20)

where the CS case corresponds to (n1, n3) = (1, 0), and
the adopted hardening HSLDS feature corresponds to 0 <

n1 < 1 and n3 > 0, as aforementioned. For the 2DOF linear
vibration absorption, it follows the reduced form of (11),

{
μ
[
ẍa + 2ζavṙa + v2ra + 2ζgv (ẋa − ẋe)

] = 0,

r̈ p + 2ζpṙ p + rp − μ
(
2ζavṙa + v2ra

) = −ẍe.
(21)

Following a similar harmonic balance analysis as Eqs. (12)-
(18), we can obtain the frequency responses governed by
the absolute displacement amplitudes

(
Rp, Ra

)
. To facili-

tate discussions, we convert
(
Rp, Ra

)
into the displacement

transmissibility as

(
Tp, Ta

) =
(
Rp

Re
,
Ra

Re

)

. (22)

The vibration reduction then requires Tp < 1. Note that(
Tp, Ta

)
depend on the excitation amplitude Re in the

HSLDS case since Re affects the solutions of (16), while(
Tp, Ta

)
and Re are independent of each other in the CS case

including (21).

4.2 Comparisons of passive vibration control

To demonstrate the nonlinear effects of the HSLDS vibration
isolation with (20), we consider (n1, n3) = (0.6, 10) with a
stronger excitation of Re = 0.02(R̄e = 20mm). Figure 5
shows the variations of

(
Tp, Ta

)
to the four vibration control

models.
From Curve 1 (C-1) in Fig. 5a, the isolation band where

Tp < 1 of the single-degree-of-freedomCS isolator is lower-
bounded at ω = √

2, a determinative value independent of
ζp [37]. Introducing the nonlinear HSLDS feature leads to
C-2, which shows that the isolation band can be significantly
extended, with the lower bound being reduced by 21.5%
to ω = 1.11. However, the nonlinearity can lead to multi-
ple solutions and unstable solutions at a given frequency ω,
which can result in impacts and thus should be avoided [38].
To this end, we can additionally introduce a linear vibra-
tion absorber, thus yielding C-3. In this case, the undesirable
solution instability and multiplicity (known as the typical
feature of the nonlinearity) in vibration control disappear.
Meanwhile, the lower bound of the isolation band is further
reduced to ω = 0.79. Similar observations that vibration
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absorbers can suppress the unfavorable nonlinear effects can
also be found in [57], despite a different system under force
excitation being studied.

To show that the observed advantage of C-3 is owing to
both HSLDS vibration isolation and linear vibration absorp-
tion, the results of the purely linear vibration absorption
governed by (21) are superposed as C-4 for comparison.
Clearly, C-3, despite lacking the nonlinear feature (solution
multiplicity), yields a broader isolation band and a higher
vibration reduction efficacy. Besides, Fig. 5b compares the
Ta values in the two cases, showing that theHSLDSvibration
isolation can also help settle the absorber response.

From the above, on the one hand, the HSLDS feature can
enhance passive vibration control, paving the way for explor-
ing its advantage in the active case, i.e., the HSLDS feature
is expected to benefit both cases. On the other hand, it quali-
tatively justifies Fig. 2, Fig. 3, Fig. 4 that an additional linear
vibration absorber can confine the nonlinear behaviors of the
HSLDS isolation without confining the excitation intensity.

Remark 3 The HSLDS magnetic springs can be generalized
to anymechanism satisfying (5) and (6), see various negative-
stiffness structures in [52–55]. The benefits of usingmagnetic
springs include that the two magnetic components are con-
tactless and do not introduce additional degrees of motion
freedom, thus simplifying modeling and practical installa-
tion.

5 Control tuning for complete vibration
suppression at a given frequency

Built upon the energy concentration at the fundamental fre-
quency, as shown in Fig. 4, we next address the inverse
problem aforementioned in Fig. 3 to determine the values of
(g, τ ) that achieve an ideal zero antiresonance peak Rp = 0
at a given frequency ω, i.e., the so-called tuned pair. Mean-
while, the behaviors of the tuned pair as (ω, n1, n3) vary are
investigated. The suppressed nonlinear effects of the HSLDS
feature mean that the n3 value should not significantly affect
the tuned pair, as to be demonstrated.

5.1 Tuningmechanism of the control parameters

Achieving Rp = 0 at a given frequency ω by tuning (g, τ )

requires that Eq. (16) with this pair of (g, τ ) yields a fixed
solution

(
Ap, Bp

) = (0, 0). In this case,
(
ra, rp

)
defined in

(13) reduce to

{
r ′
a (ω, t) = xa (ω, t) = Aa cos (ωt) + Ba sin (ωt) ,

r ′
p (ω, t) = −xe (ω, t) = −Re cos (ωt) ,

(23)

where the superscript (·) ′ highlights Rp = 0. Then, compar-
ing (13) and (23), Rp = 0 is equivalent to

{(
A′
ra, B

′
ra

) = (Aa, Ba) ,
(
A′
rp, B

′
rp

)
= (−Re, 0) .

(24)

Substituting (24) into (16) gives

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

G ′
1 (ω, Aa, Ba, g, τ ) = μ

[
Ba

(
v2 − ω2

) + 2
(
Reζg − Aa

(
ζg + ζa

))
vω

] − gReS = 0,

G ′
2 (ω, Aa, Ba, g, τ ) = μ

[
Aa

(
v2 − ω2

) + 2Ba
(
ζg + ζa

)
vω

] − gReC = 0,

G ′
3 (ω, Aa, Ba, g, τ ) = μ

(
2Aaωvζa − Bav

2
) + 2ζp Reω + gReS = 0,

G ′
4 (ω, Aa, Ba, g, τ ) = μ

(
2Baωvζa + Aav

2
) + n1Re + 3n3R3

e/4 − gReC = 0,

(25)

where τ is implied in (C, S). To solve (g, τ ) for a given ω,
we first solve (Aa, Ba), which can be obtained from the two
equations G ′

3 (Aa, Ba) = 0 and G ′
4 (Aa, Ba) = 0 as

⎧
⎨

⎩

A′
a (ω, g, τ ) = Re

[(−3n3R2
e+4gC−4n1

)
v−8ζa(2ωζp+gS)ω

]

4μv(4ω2ζ 2a +v2)
,

B ′
a (ω, g, τ ) = Re

[((−3n3R2
e+4gC−4n1

)
ζa+4ζpv

)
ω+2gSv

]

2μv(4ω2ζ 2a +v2)
.

(26)

Back substituting (26) intoG ′
1 (Aa, Ba) = 0 andG ′

2 (Aa, Ba)

= 0, getting the numerators of the resulting equations yields

{
G ′

1 (ω, g, τ ) = α
[3]
1 (ω,C, S) g + α

[3]
0 (ω) = 0,

G ′
2 (ω, g, τ ) = β

[3]
1 (ω,C, S) g + β

[3]
0 (ω) = 0,

(27)

which are two linear equations in g, where
(
α
[3]
i , β

[3]
i

)
,

i = 0, 1 are real coefficients. Leaving the expressions of(
α
[3]
0 (ω) , β

[3]
0 (ω)

)
to (55) of Appendix B, we point out

that

{
α
[3]
1 (ω,C, S) = − [

4
(
ζgv

2 + ω2ζa
)
C + 2

(
1 − 4ζaζg

)
vS

]
ω,

β
[3]
1 (ω,C, S) = 4

[
2
(
ζaω

2 + ζgv
2
)
S + (

4ζaζg − 1
)
vωC

]
ω,

(28)
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each ofwhich is a linear combination of (C, S)without resid-
ual terms, agreeing with the form of (25), where (C, S) are
always the linear multipliers of g owing to the linear control
law (9). From G ′

1 (ω, g, τ ) = 0, one can solve g as

g (ω,C, S) = − α
[3]
0 (ω)

α
[3]
1 (ω,C, S)

. (29)

Further substituting (29) into G ′
2 (ω, g, τ ) = 0 leads to

−β
[3]
1 (ω,C, S) α

[3]
0 (ω) + β

[3]
0 (ω) α

[3]
1 (ω,C, S) = 0. (30)

Given the forms of
(
α
[3]
1 , β

[3]
1

)
in (28), Eq. (30) can be com-

bined into

α[4] (ω)C + β[4] (ω) S = 0, (31)

where
(
α[4], β[4]

) ∈ R
2 are independent of τ , as given in

(56) of Appendix B. Hence, one can obtain

tan (ωτ) = −β[4] (ω)

α[4] (ω)
. (32)

Solving τ from (32) and then substituting the result into
(29) lead to the tuned pair for achieving Rp = 0 at a given
ω,

ut ⇔

⎧
⎪⎨

⎪⎩

τt (ω) = 1
ω

[
a tan

(
−β[4](ω)

α[4](ω)

)
+ (b − 1) π

]
,

gt (ω) = − α
[3]
0 (ω)

α
[3]
1 (ω,τt (ω))

,

(33)

where the subscript (·)t denotes ‘tuned’, ut is called the tuned
force, and b = 1, 2, . . ., which stems from the periodic-
ity of the function tan (·), is called the branch number [19].
Note that the values of the tuned delay τt can be multiple-
valued due to the optional b values. Besides, the gain polarity
sgn (gt ) can reverse when b changes from odd to even, and
vice versa, which is attributed to the fact that α

[3]
1 is an odd

function of τt (see (28)) and that b = 2, 4, · · · correspond
to odd multiples of the half-cycle delay shifts. Particularly,
if the nonlinear effect is negligible, the tuned pair reduces to

⎧
⎪⎪⎨

⎪⎪⎩

τt,n3=0 (ω) = 1
ω

[

atan

(

−β
[4]
n3=0(ω)

α
[4]
n3=0(ω)

)

+ (b − 1) π

]

,

gt,n3=0 (ω) = − α
[3]
0,n3=0(ω)

α
[3]
1,n3=0(ω,τt,n3=0(ω))

.

(34)

where
(
α
[4]
n3=0, β

[4]
n3=0, α

[3]
0,n3=0

)
represent the corresponding

coefficients with n3 = 0 substituted in.

Remark 4 Eq. (34) with n1 = 1 corresponds to the tuned
pair in the original linear CS case (withoutmagnetic springs),
which holds in both the force- (Fig. 1a) and the displacement-
excited cases.

5.2 Analysis of the tuned pair
(
gt, �t

)

Taking (n1, n3, Re) = (0.6, 1, 0.005) as an example, the
variations of the tuned pair (gt , τt ) with respect to the vibra-
tion frequency ω for b = 1, 2, 3 are shown in Fig. 6.

Figure 6a depicts the variations of the tuned delay τt while
excluding τt < 0. It shows that increasing the branch number
b can prolong τt due to the delay shift bπ/ω in (33). Besides,
for a given branch b, the variations of τt jump atωc = 1.0028,
which is caused by the sign reversal of β[4]/α[4] as ω crosses
ωc, see (32). Since

(
β[4], α[4]

)
are continuous to ω, the jump

does not affect the implementation of τt atωc by switching b.
On the other hand, τt reduces asω increases. For the classical
feedback-controlled DRs [19], it can severely limit the oper-
able frequency band since prolonging τt by increasing b can
destabilize the system, whereas the stable values of τt within
the high-frequency band can be too small to be practically
implemented. In comparison, manipulating b to alter τt is no
longer an issue here since the feedforward control (9) does
not induce instability.

Figure 6b shows the variations of the tuned gain gt .
Clearly, the values of b can affect the gain polarity, as afore-
mentioned. The feature that |gt | → ∞ asω → 0 can have an
intuitive physical explanation. Consider the limit caseω = 0,
i.e., xe is constant, it requires a unidirectional force u > 0
to achieve xp ≡ 0. However, this force makes ẍa > 0 so it
must increase with time t to balance the growing forces on
the primary exerted by (ka, ca). For τt → ∞ as ω → 0, this
is due to that a larger delay τ is required when ω is small to
yield the desired phase difference ωτ between ut and xe, as
pointed out in [27].

5.3 Effects of (n1, n3)

We next evaluate the effects of (n1, n3) on (gt , τt ). To facili-
tate demonstration,wenow focus on the tunedgain amplitude
|gt | and the first two branches b = 1, 2 of the positive delays
τt > 0 while discarding the jumped values. Similar to Figs. 2
and 3, we first vary n1 while fixing (n3, Re) = (1, 0.005).
The resulting effects on (|gt | , τt ) are shown in Fig. 7a, b,
where the original CS case with (n1, n3) = (1, 0), i.e., Eq.
(34), is marked as the solid black curves for reference.

From Fig. 7a, the effect of n1 on τt is limited, so the
dynamic stiffness of the primary does not significantly affect
the phase difference between the tuned force ut and xe. From
Fig. 7b, the tuned gain amplitude |gt | depends on n1, and
reducing n1 leads to a smaller |gt |, which can be explained as
follows. In the steady state where xp ≡ 0, a smaller dynamic
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Fig. 6 Variations of the tuned
pair (gt , τt ) with respect to
frequency ω for
(n1, n3, Re) = (0.6, 1, 0.005)
and b = 1, 2, 3. a τt versus ω

with negative cases τt < 0
omitted. b gt versus ω

Fig. 7 Effects of (n1, n3) on the tuned pair (|gt | , τt ). a, b n1 varies while fixing (n3, Re) = (1, 0.005). c, d n3 varies while fixing (n1, Re) =
(0.6, 0.005). e, f Re varies while fixing (n1, n3) = (0.6, 10) to further test the nonlinear effect when n3 �= 0. The CS case corresponds to the
condition (n1, n3) = (1, 0)

stiffness results in smaller forces arising from the displace-
ment excitation xe exerted on the primary structure. Hence,
to neutralize such forces to yield xp ≡ 0, the total forces
resulting from the tuned DR exerted on the primary struc-
ture should also reduce as n1 reduces. Since the relationship
between the forces of the DR exerted on the primary struc-
ture via (ka, ca) and u follows a linear transfer function,
the required smaller total forces of the tuned DR necessitate
smaller values of |gt |, as |gt | governs the tuned force ampli-
tude (i.e., |ut | for a given Re). Then, a smaller n1 signifies
possible lower energy consumption of ut , as to be discussed
in Sect. 7.2.

Figure 7c, d show the results when varying n3 and fix-
ing n1. Clearly, (|gt | , τt ) both are almost independent of
the values of n3. Considering that the nonlinear force result-
ing from n3 > 0 is also related to the motion amplitude∣
∣rp

∣
∣, Fig. 7(e, f) further test the effect of n3 while increas-

ing the excitation amplitude Re. It shows that even with an
excitation with Re = 0.1 (i.e., R̄e = |x̄e| = 0.1m, which
is a very exaggerated intensity for our experimental setup
that yields the dimensionless system (19)), n3 still poses
limited effects on (|gt | , τt ) over a broad frequency band,
indicating that the residual vibrations arising from the nonlin-
earity (super- and sub-harmonics) are limited. This provides
a cross-verification of the results in Sect. 3.3.

Remark 5 The limited effects ofn3 with respect to the relative
decrease in n1 and the increase in Rein both the non-tuned
and tuned cases show that the linear absorber can suppress
the nonlinearity of the HSLDS feature within a broad range
of the excitation intensity, regardless of whether the primary
structure is settled or not (i.e.,whether Rp = 0 or not).Owing
to this, the HSLDS feature can now be regarded as mainly
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providing linear negative stiffness to reduce the dynamic
stiffness of the primary structure.

Remark 6 A linear absorber can suppress the nonlinearity
of the HSLDS feature but does not guarantee that the sup-
pressed nonlinearity is definitely negligible. However, even
if a sufficiently strong excitation intensity leads to notable
nonlinearity with super- and sub-harmonics, causing efficacy
deterioration of a tuned DR with significant residual vibra-
tions, it should not invalidate the absorber’s benefit. At least,
it can increase the lower threshold of the excitation intensity
causing suchdeterioration, as qualitatively discussed inFig. 5
by comparing C-2 and C-3. Moreover, a small or moderate
excitation intensity is also common in practice, which justi-
fies the applicability of the considered model tested with a
limited excitation intensity. The control problem with insup-
pressible strong nonlinearity deserves a special investigation.

6 Vibration control by the tuned DR and
enhancement

This section examines the tuned DR from the perspective of
frequency responses and seeks the benefits in the HSLDS
case compared with the CS case. Given the negligible non-
linear effects, we only consider the effect of n1 < 1 while
fixing n3 = 0 to avoid redundancy. Then, Re does not affect
the tuned pair (gt , τt ) and the displacement transmissibility(
Tp, Ta

)
due to the linearization, which agrees with the fact

that Re does not affect the common solution � of Eq. (16)
when n3 = 0.

6.1 Vibration suppression efficacy

We start with a sample frequency ω = 0.8 to test the effec-
tiveness of the tuned pair. Similar to Fig. 7, the tuned pair
corresponding to the smallest positive tuned delay τt is con-
sidered hereafter. One then has (gt , τt ) = (0.784, 3.063)
in the CS case. Particularly, (gt , τt ) = (0.481, 2.983) in the
HSLDScasewith n1 = 0.6,which verifies the corresponding
antiresonance peak in Fig. 3a, c. The variations of

(
Tp, Ta

)

with respect to ω for (g, τ ) = (gt , τt ) in various CS and
HSLDS cases are compared in Fig. 8.

The variations of Tp are shown in Fig. 8a, where the pas-
sive case is also included. It shows that a passive (damped)
absorber can only achieve a non-zero antiresonance peak
around its natural frequency, signified by the dimensionless
value of ω = v, see the definition of v in (3). Clearly, the
vibration suppression is far from complete. In the active case,
the tuned DR achieves the expected complete vibration sup-
pression by creating Tp = 0 at the designated frequency
ω = 0.8, regardless of whether the primary structure is CS
or HSLDS. Figure 8b reflects the absorber’s response ampli-

tude, showing that the HSLDS feature can also confine the
DR’s working space, as to be further discussed in Sect. 7.1,
see also Fig. 5b for similar results in the passive case.

Revisiting Fig. 8a, although the tunedDRachieves Tp = 0
at the designated frequency (next called ‘tuning frequency’)
in different cases, the non-zero values of Tp differ within the
entire frequency band. The benefits of the HSLDS feature for
the vibration control of the primary structure are then sought
in terms of Tp from the perspective of the antiresonance val-
ley at the tuning frequency, aiming to enhance the control
robustness of the DR to better achieve complete vibration
suppression.

6.2 Extended antiresonance valley

The antiresonance valley for the tuning frequency atω = 0.8
is circled in Fig. 8a. Clearly, the HSLDS feature can extend
the valley in the CS case, and reducing n1, which yields a
lower dynamic stiffness, is favorable to the extension. An
extended antiresonance valley means lower sensitivity of the
primary structure with respect to the mismatch between the
detected vibration frequency (i.e., the tuning frequency) and
the actual one. Since the consequence of the frequency mis-
match is causing deviations in the tuned pair (gt , τt ) and
since Tp for a continuous system should not significantly
vary under small parametric variations, the conclusion of
lower sensitivity can be generalized from the frequency mis-
match to the casewhere the parameters involved in the tuning
mechanism of (gt , τt ) are inaccurate. Hence, an extended
antiresonance valley can suppress the residual vibrations
caused by the inaccurate (gt , τt ) to enhance control robust-
ness, which complements the analysis in [22].

To evaluate the antiresonance valleywidth, we first extract
the Tp values around the tuning frequency from Fig. 8a, thus
arriving at Fig. 9a, where the CS and the HSLDS cases with
n1 = 0.6 are considered.

In [22], the width of the antiresonance valley was eval-
uated by the difference between the two frequencies that
achieve the same Tp value on the two sides of the tuning
frequency. As marked in Fig. 9a, if selecting Tp = 0.2 to
evaluate the valley width, say WAV , then WAV = 0.021 and
WAV = 0.063 in the CS and the HSLDS cases, respectively.
However, this evaluation can omit the possible fluctuations
within the valley. As a further step, we here use the area
enclosed by the Tp curve and the ω axis within a given fre-
quency interval around the tuning frequency for evaluation,
i.e.,

AAV (ωt ) =
∫ ωt+δup

ωt−δlow

Tp (ω, ωt ) dω, (35)

where
(
δlow, δup

) ∈ R
2+ and ωt represents the tuning fre-

quency to discriminate it from ω, which serves as a variable
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Fig. 8 Demonstration of the complete vibration suppression at ω = 0.8 by tuning the DR in different CS and HSLDS cases. a Tp versus ω.
Vibration reduction corresponds to Tp < 1. b Ta versus ω

Fig. 9 a. Zoomed plot of Fig. 8a for the antiresonance valley in the CS case and the HSLDS case with n1 = 0.6. b AAV versus ω in different cases,
where ω represents the frequency where to achieve Tp = 0

in (35). For instance, if ωt = 0.8 and δlow = δup = 0.02,
then AAV = A1 + A2 + A3 + A4 in the CS case, and
AAV = A2 + A4 in the HSLDS case, where the areas
(A1, A2, A3, A4) are defined in Fig. 9a. Clearly, a smaller
AAV value yields a wider valley and thus is preferred. Com-
pared with the method in [22], evaluating the antiresonance
valley via AAV rather than WAV actively defines the fre-
quency interval of the antiresonance valley and takes all
frequency grids within the valley interval of interest into
account, thus yielding a more comprehensive quantitative
evaluation of the vibration control robustness against the
inaccuracies in (gt , τt ).

Since the Tp value for each ω is known, as shown in
Fig. 9a, one can use the trapezoidal rule to numerically cal-
culate (35). Sweeping ωt , the obtained values of AAV for
δlow = δup = 0.02 in different cases are shown in Fig. 9b,
where the abscissa is denoted by the excitation frequency ω

assuming thatωt = ω to streamlinewith the values of (gt , τt )
in Figs. 6 and 7. AAV reflected in Fig. 9a is then the special
case ω = 0.8 of Fig. 9b. We can find that the HSLDS can
extend the antiresonance valley within a broadband range,
and reducing n1 can improve the extension while achieving
the extensionwithin a lower-frequency band. However, it can
compromise the raising of AAV within an even lower band.
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Fig. 10 Variations of
(
ωLB , AAV

(
ωPK ,CS

))
versus n1, a result gener-

alized from Fig. 9b

To guide the design of n1, the frequency corresponding to
the intersection point between the AAV curve in the HSLDS
case and that in the CS case signifies the lower-frequency
bound, denoted as ωLB , of the valley extension, see (P1, P2)
in Fig. 9b. Besides, the AAV value at the peak frequency,
say ωPK ,CS , of the AAV curve in the CS case is consid-
ered as a supplementary indicator, e.g., ωPK ,CS = 0.72
and AAV

(
ωPK ,CS

) = 13.9 × 10−3 in Fig. 9b. Clearly, the
valley extension expects smaller values of both ωLB and
AAV

(
ωPK ,CS

)
, the variations of which with respect to n1

are shown in Fig. 10.
From Fig. 10, reducing n1 simultaneously yields smaller

values of ωLB and AAV
(
ωPK ,CS

)
. To utilize the extended

valley to enhance the vibration control performance, one
should design n1 to meet ω > ωLB . Besides, considering
that a smaller value of n1 is desired to maximize the ben-
efits of the valley extension, the primary structure should
have a certain degree of flexibility to simplify the practical
implementation of the negative stiffness n1 < 1. That is, one
should deploy an appropriately soft stiffness k̄ p if allowed.
Note also that the extended antiresonance valley resulting
from n1 < 1 with n3 = 0 can also be obtained by directly
reducing k̄ p, which, however, reduces the static load capacity
of the primary.

Remark 7 Using the area enclosed by the Tp curve (i.e.,
Fig. 10) as the metric for optimizing the parameter, i.e.,
n1 here, is known as H2 optimization [65]. Another widely
known design metric for the vibration absorber is H∞ opti-
mization, which focuses on the resonance suppression of the
Tp curve, see also our previous work [22] for using it to
guide the DR control. However, additional issues need to be
considered if one aims to achieve resonance control when
introducing the HSLDS feature, i.e., reducing n1. The trade-
off is briefly discussed in Appendix C.

Remark 8 The extended antiresonance valley was also
achieved in [21, 22] via special control laws. In comparison,
we achieve the extension with purely mechanical strength,
based on a simple structural modification (by installing mag-
nets). In addition to control simplification, it reduces the
actuator in [21] for exerting stabilizing forces on the primary
and the monitoring sensor in [22] for the primary.

7 Absorber behaviors of the tuned DR

This section considers (steady-state) behaviors of the DR
subsystem when achieving complete vibration suppression
Tp = 0 at a given ω, aiming to establish the design guideline
of the HSLDS parameters to match the hardware constraint
of the DR’s practical application. The analysis is twofold: i).
the absorber vibration, and ii). the amplitude and the energy
consumption of the tuned force ut .

7.1 Absorber vibration

Given the condition Tp = 0, i.e., Rp = 0, we proceed with
the analysis from Eq. (25), which leads to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

G ′
5 (ω, Aa, Ba) = G ′

1 (ω, Aa, Ba, g, τ ) + G ′
3 (ω, Aa, Ba, g, τ )

= [−μ
(
2 (Aa − Re) vζg + Baω

) + 2Reζp
]

ω = 0,

G ′
6 (ω, Aa, Ba) = G ′

2 (ω, Aa, Ba, g, τ ) − G ′
4 (ω, Aa, Ba, g, τ )

= μ
(
2Baωvζg − Aaω

2
)

− n1Re − 3n3R
3
e/4 = 0,

(36)

which are two linear equations in (Aa, Ba) and can be solved
as

⎧
⎪⎪⎨

⎪⎪⎩

A′
a (ω) = Re

[
16vζg(ζp+μvζg)−4n1−3n3R2

e
]

4μ
(
4v2ζ 2g+ω2

) ,

B ′
a (ω) = Re

[
v
(
4n1+4μω2+3n3R2

e
)
ζg+4ζpω2

]

2μω
(
4v2ζ 2g+ω2

) .
(37)

Note that Eq. (37) is equivalent to (26) with (g, τ ) = (gt , τt ).
The amplitude of the absorber vibration when the tuned DR
achieves Tp = 0 at ω is then governed by

R′
a (ω) = √

A′
a (ω) + B ′

a (ω) = ReT ′
a (ω), (38)

where T ′
a denotes the displacement transmissibility from xe

to xa when Tp = 0 and is a special case of Ta in (22), with

T ′
a (ω) = R′

a (ω)

Re
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=

√
√
√
√
√
√

64
(
μvζg + ζp

)2
ω2 + 9

(
n3R2

e + 4n1
3

)2

16μ2ω2
(
4v2ζ 2

g + ω2
) . (39)

Clearly, T ′
a determines R′

a for a given Re. Furthermore, T ′
a

only depends on the structural parameters in addition to the
vibration frequencyω and is independent of the tuned control
parameters (gt , τt ).

Remark 9 In fact, T ′
a holds regardless of the form of the con-

trol laws. The reason is that the total force exerted by the
tuned DR absorber upon the primary structure, including the
tuned force ut plus the forces related to

(
c̄a, k̄a

)
, for complete

vibration suppression at a given frequency ω is definite since
the force exerted by the displacement excitation xe when
Rp = 0 is definite. Hence, the corresponding dynamics of
the tuned absorber, which are governed by the reaction force,
should also be definite. Similar conclusions can also be found
in the cases where the DR is feedback-controlled [19].

Then, revisiting (39), n3 appears in the form of n3R2
e so

its effect on T ′
a must be very limited compared with n1 given

that Re � 1 < 4/3. This also justifies the conclusions with
n3 = 0 in Sect. 6. On the other hand, one has

∂T ′
a

∂n1
= 1

2T ′
a

∂
(
T ′
a

)2

∂n1
= 1

2T ′
a

3n3R2
e + 4n1

2ω2μ2
(
4v2ζ 2

g + ω2
) . (40)

Considering that ∂T ′
a/∂n1 > 0 requires 3n3R2

e + 4n1 > 0,
or equivalently, n1 > −3n3R2

e/4, T
′
a can always be reduced

in the HSLDS case 0 < n1 < 1 compared with the CS case
n1 = 1, regardless ofω, which verifies Fig. 8b. The variations
of T ′

a with respect to n1 when the DR is tuned as per different
ω with n3 = 0 are shown in Fig. 11.

In Fig. 11, T ′
a reduces as n1 reduces regardless of ω, and

the result in the caseω = 0.8 covers that in Fig. 8b at the same
frequency, both of which are expected. Note that T ′

a in the CS
case can be unduly large when handling the low-frequency
vibrations, so the absorber may need a large working space
in practice, which can limit the DR’s applications.

On the other hand, a known issue of the classical feedback-
controlled DRs is that their low-frequency operability can
be severely restricted by system instability [20]. This work
avoids instability by adopting a feedforward-based control
logic (9), which can then extend the operable bandwidth,
as aforementioned in Sect. 2.2. Hence, the confined working
space of the DR absorber, signified by the reduction of T ′

a
when n1 < 1 compared with T ′

a when n1 = 1, indicates that
the HSLDS feature can better leverage the strength of the
feedforward control.

Fig. 11 Variations of T ′
a versus n1 when the tuned DR achieves Tp = 0

at different frequencies ω. The analysis is based on n3 = 0 so n1 = 1
and n1 < 1 correspond to the CS and the HSLDS cases, respectively

7.2 Amplitude and energy consumption of the
tuned force

From the first equation of (4), when the complete vibration
suppression Tp = 0 or Rp = 0 is achieved, ut satisfies

μ
[
ẍa + 2

(
ζa + ζg

)
v ẋa + v2xa − 2vζg ẋe

]
= ut . (41)

Substituting xe (t) = Re cos (ωt) and xa = x ′
a (t), with

x ′
a (t) = A′

a cos (ωt) + B ′
a sin (ωt), into (41) yields

ut (ω, t) = A′
u (ω) cos (ωt) + B ′

u (ω) sin (ωt) , (42)

which is the general solution of the tuned force ut to achieve
Rp = 0, regardless of the form of control laws, with

{
A′
u (ω) = μ

[
A′
a

(
v2 − ω2

) + 2B ′
a

(
ζa + ζg

)
vω

]
,

B ′
u (ω) = μ

[
B ′
a

(
v2 − ω2

) + 2
(
ζg Re − (

ζa + ζg
)
A′
a

)
vω

]
.

(43)

One can then obtain the general form of the amplitude of ut
as

Rut (ω) = |ut (ω, t)| =
√
(
A′
u (ω)

)2 + (
B ′
u (ω)

)2
. (44)

In light of [19], the instantaneous power of ut in the steady
state Rp = 0 is governed by

put (ω, t) = ut (ω, t) ẋ ′
a (t) , (45)

where ẋ ′
a (t) = ω

(
B ′
a cos (ωt) − A′

a sin (ωt)
)
. Letting

(Cn,Sn) = (cos (nωt) , sin (nωt)), which should be discrim-

123



 1201 Page 16 of 28 Y. Liu et al.

Fig. 12 Variations of (TRut , TPut ) versus n1 when the tuned DR achieves Tp = 0 at different frequencies ω. a TRut versus n1. b TPut versus n1

inated from (C, S) in (16), put (ω, t) can be expanded as

put (ω, t) = (
A′
uC1 + B ′

uS1
) × ω

(
B ′
aC1 − A′

aS1
)

= ω

2

[(
B ′
u B

′
a − A′

u A
′
a

)S2 + (
B ′
u A

′
a + A′

u B
′
a

) C2
+A′

u B
′
a − B ′

u A
′
a

]
.

(46)

The average power of the energy consumption of ut over a
cycle T = 2π/ω is then

Put,av (ω) = 1

T

∫ t+T

t
put (t) dt = 1

T

∫ T

0
put (t) dt

= 1

T

∫ T

0

ω

2

(
A′
u B

′
a − B ′

u A
′
a

)
dt

= ω

2

(
A′
u (ω) B ′

a (ω) − B ′
u (ω) A′

a (ω)
)
.

(47)

From the forms of (37) and (43), the excitation amplitude
Re acts as a scaler of

(
Rut , Put,av

)
. Similar to (22), we define

(TRut (ω) , TPut (ω)) =
(
Rut (ω)

Re
,
Put,av (ω)

Re

)

. (48)

Note that even if ζg Re is small enough to be negligible,
(TRut , Tput ) still depend on Re via the term n3R2

e in
(
A′
a, B

′
a

)

as per (37), and n3 takes effect via the same term. How-
ever, the effects of (n3, Re) on (TRut , TPut ) are negligible,
as aforementioned. Following Fig. 11, we fix n3 = 0 to omit
such negligible effects. The variations of (TRut , TPut ) with
respect to n1 when tuning the DR at different frequencies
ω are shown in Fig. 12. Clearly, a smaller tuned force ut
and a lower energy consumption require smaller values of
(TRut , TPut ).

Figure 12a reflects the variations of the tuned force ampli-
tude Rut . For a given n1, Rut first reduces and then increases
as ω increases, which agrees with the variations of the tuned
gain amplitude |gt | shown in Figs. 6b and 7b, d, f. Note that
Rut is minimized around ω = 1 regardless of n1, which indi-
cates that a smaller active force is needed to resonate the
absorber to achieve Tp = 0. The reason is simply that the
(dimensionless) natural frequency of the adopted absorber
lies around ω = 1, i.e., ωa/ωp = v ≈ 1.03, see also Fig. 8a,
so the absorber structure itself can provide sufficient inherent
resonance. On the other hand, for all the frequencies ω, Rut

reduces as n1 reduces, and thus the HSLDS feature n1 < 1
can reduce the rated force output of the actuator, again sim-
plifying the DR’s implementation.

Different from Rut , Fig. 12b shows that for a given n1, the
energy consumption of the tuned DR monotonically reduces
as ω increases. It means that the reduced absorber motion
amplitude due to the increase in ω, as reflected in Fig. 11,
takes a more significant effect than the variations of Rut on
put . As for the effect of n1, TPut reduces as n1 reduces regard-
less of ω. Hence, the HSLDS feature can also reduce the
energy consumption compared with the CS case n1 = 1.

Remark 10 Figures 11 and 12 can be used to design the n1
value or examine its operability as per the practical require-
ments for

(
T ′
a, TRut , TPut

)
and the range of the vibration

frequency ω. Particularly, n1 has a closed-form upper bound
depending on both the upper bound of T ′

a and the lower bound
of the frequency range, given the closed-form of (39) and the
condition (40). If

T ′
a < T ′

a,max, ω > ωmin, (49)
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Fig. 13 Mechanical main body of the experimental setup. VCM refers to the voice coil motor. a Front view. b Right-side view. c Close-up of the
introduction of magnetic springs. Subplots a, b correspond to the CS case, and c introduces HSLDS magnetic springs

where
(
T ′
a,max ωmin

) ∈ R
2+, we then have n1 < n1,max, with

n1,max = ωmin

√

μ2
(
4v2ζ 2

g +ω2
min

) (
T ′
a,max

)2− 4
(
μvζg + ζp

)2

−3

4
n3R

2
e . (50)

Clearly, the smaller values of
(
T ′
a,max ωmin

)
yield a smaller

n1,max, which agrees with Fig. 11.

Remark 11 In light of Remark 5, the HSLDS feature with
suppressed nonlinearity linearly reduces the dynamic stiff-
ness of the primary structure, thus reducing the external force
exerted on the system. This is the basis of the reduced tuned
active force and the confined absorber’s motion as n1 reduces
when achieving the complete vibration suppression at a given
frequency. However, the HSLDS feature is not guaranteed to
be beneficial if frequency variations are involved, e.g., the
tuned force amplitude for a given n1 can be increased as per
Fig. 12a. Besides, reducing n1 can shrink the low-frequency
antiresonance valley as per to Fig. 9b, and amplify the res-
onance response of the primary (see Appendix C). Hence,
the benefits of the HSLDS feature should not be taken for
granted, despite the external force being reduced. Then, the
parametric analysis of the HSLDS feature is necessary to
guide practical design.

8 Case studies

This section verifies the dynamical modelling of the tuned
DR and the benefits of the HSLDS feature. Both numeri-
cal and experimental tests are conducted. The corresponding

SIMULINK-based simulation models and results are avail-
able in Appendix D.

8.1 Experimental setup

Following Fig. 1b, the mechanical body in the original CS
case is constructed as Fig. 13a, b. The frame is excited by
a force f̄e to generate the displacement excitation x̄e. The
upper and lower platforms inside the frame constitute the
primary structure and the DR absorber, respectively. Two
voice coil motors are deployed to generate f̄e and the active
force ū between the primary and the absorber to achieve the
DR scheme, i.e., VCM1 for ū and VCM2 for f̄e. The VCM
control by manipulating the coil current has been detailed in
our previous works [22, 27]. The displacements

(
x̄e, x̄ p, x̄a

)

are real-time monitored by three laser sensors fixed on the
base, as numbered in yellow circles, in which laser 3 for x̄ p
is obscured.

Figure 13c shows the implementation of the HSLDS fea-
ture by introducing magnets, arranged in such a way that the
ones fixed on the frame and the primary repel each other.
Note that the magnets on the primary structure are fixed, and
we only introduce or remove the magnets on the frame. In
addition, the slide ismade of grade 316 stainless steel to avoid
the magnetic coupling between the primary and the base, and
most other mechanical components of the setup are made of
grade 304 stainless steel and aluminum to achieve a similar
effect. Based on system measurement and identification, we
obtain
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Fig. 14 Frequency sweeping test when fixing the frame under the excitation ū with the amplitude |ū| = 2N and the sweeping rate +0.05Hz/s. a,
b The CS case. c, d The HSLDS case with magnetic springs introduced

⎧
⎪⎨

⎪⎩

m̄ p = 0.97 kg, c̄p = 2.1Ns/m, k̄ p = 1553N/m,

m̄a = 0.44 kg, c̄a = 3.7Ns/m, c̄g = 1.4Ns/m,

k̄a = 756N/m,

(51)

which correspond to the dimensionless variables in (19).
Besides, with static measurements, themagnetic springs lead
to n1 = 0.62 in the HSLDS case.

8.2 Parametric accuracy and experimental issues

To verify the effectiveness of the structural parameters in
(51), we first fix the frame on the base as in Appendix B of
[27] and then activate ū to excite

(
m̄ p, m̄a

)
. During this pro-

cess, a frequency sweeping excitation is applied, with a fixed
force amplitude |ū| = 2N plus a sufficiently low sweep-
ing rate of +0.05Hz/s to suppress the effect of the transient
responses. The results in the CS case with n1 = 1 are shown
in Fig. 14a, b, where the theoretical solutions are obtained
by solving the dynamical equations

⎧
⎪⎨

⎪⎩

m̄a ¨̄xa + c̄a
( ˙̄xa − ˙̄xp

) + k̄a
(
x̄a − x̄ p

) + c̄g ˙̄xa = ū,

m̄ p ¨̄xp + c̄p ˙̄xp + n1k̄ p x̄ p + c̄a
( ˙̄xp − ˙̄xa

) + k̄a
(
x̄ p − x̄a

)

= −ū,

(52)

which can be obtained by substituting |x̄e| = 0 into (1).
Clearly, the theoretical solutions agree well with the experi-
mental ones.

Then, we introduce the HSLDS mechanism (i.e., the
magnets on the frame, as shown in Fig. 13c) and repeat
the frequency-sweeping test, yielding Fig. 14c, d. Letting
n1 = 0.62, the theoretical solutions resulting from (51) and
(52), which correspond to the magenta solid envelopes, how-
ever, deviate from the experimental responses. Given that the
magnets do not contact the absorber-primary system (i.e.,
the systemmass is unaffected) but introduce repulsive forces
coupled between the primary and the frame, the deviation is
inferred to be related to the enhanced friction between the pri-
mary and the frame onwhich the slide is rigidly fixed. In light
of refs. [11, 66], which show that the friction can result in
the viscous damping effect, c̄p is updated to c̄p = 7.1Ns/m,
which best fits the experimental responses, see the black solid
envelopes. For more on the friction mechanism and damp-
ing fitting, see Appendix E. The good accuracy of the linear
model also signifies the negligible nonlinear effect of the
HSLDS mechanism.

Since the theoretical analyses are based on (51), the
damping value c̄p = 2.1Ns/m is consistently used in the
following simulation tests, regardless of whether in the CS
((n1, n3) = (1, 0)) or the HSLDS (n1 = 0.62) cases, to facil-
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Table 1 Tuned pairs used in the tests in the CS case at two given
frequencies

ω̄ (ḡt , τ̄t ) = (−N/m,−ms)

5.1 Hz (1212.4, 76.4)

6.6 Hz (491.8, 34.2)

Table 2 Tuned pairs used in the tests in the HSLDS case at two given
frequencies

ω̄ (ḡt , τ̄t ) = (−N/m,−ms)
c̄p = 2.1Ns/m c̄p = 7.1Ns/m

5.1 Hz (767.2, 74.6) (795.8, 69.8)

6.6 Hz (328.2, 33.3) (339.4, 29.2)

itate verification. Besides, both simulations and experiments
are conducted at two designated frequencies ω̄ = 6.6Hz and
ω̄ = 5.1Hz for two reasons: (1) The simulation responses
in the HSLDS case should not significantly deviate from the
experimental ones within the steady state, since the theoret-
ical envelopes for both c̄p = 2.1Ns/m and c̄p = 7.1Ns/m
at the two frequencies are sufficiently accurate, see Fig. 14c,
d. (2) The insignificant effect of c̄p at the two frequencies is
the basis to make fair experimental comparisons between the
CS and the HSLDS cases.

To verify the suppressed nonlinear effect, the tuned pair
in all the tests follows the reduced form (34), with the small-
est positive tuned delay considered. Accordingly, with the
conversion (ḡt , τ̄t ) = (

gt k̄ p, τt/ω̄p
)
, Table 1 lists the dimen-

sional tuned pair in the CS case. Table 2 lists the tuned pairs
for both c̄p = 2.1Ns/m and c̄p = 7.1Ns/m in the HSLDS
case. Note from Table 2, the small differences between the
tuned pairs regarding the two c̄p values indicate that the sim-
ulation results (c̄p = 2.1Ns/m) are sufficiently accurate to
predict the experimental results (c̄p = 7.1Ns/m)of the tuned
DR, as to be shown next. This is attributed to the fact that the
damping force related to c̄p reduces as

∣
∣x̄ p

∣
∣ → 0.

8.3 Complete vibration suppression and tuned
absorber behavior

To test the vibration suppression performance of the tuned
DR, we consider the case ω̄ = 6.6Hz (i.e., ω̄ = ω̄a or
ω = v), which corresponds to the antiresonance frequency
of the primary structure in the passive absorber case, see
Fig. 8a. In the simulation, the excitation has the amplitude
|x̄e| = R̄e = 5mm, and n3 = 10 � n1 is considered in the
HSLDS case. The simulation results are shown in Fig. 15.

Figure 15a shows the responses of the primary. The time
interval t̄ ∈ [0, 2s] corresponds to the passive absorber. One
canfind that although the slightly damped absorberwith ζa =
0.101 achieves obvious vibration suppression signified by

∣
∣x̄ p

∣
∣ = R̄p < R̄e, the suppression is far from complete.

From t̄ = 2 s onwards, we activate the tuned DR, which then
suppresses the vibration to a sufficiently low level in both
the CS and the HSLDS cases, as expected. More intuitively,
Fig. 15b dynamically evaluates the root mean square of x̄ p
as per 500 data sampled within a past duration of 0.5 s (the
sampling time is 1ms). The rather small residual vibration in
steady state is attributed to the limited simulation accuracy
rather than nonlinearity since the same appears in the CS
case, see the close-up in Fig. 15a. In addition, the HSLDS
feature can enhance the vibration control in the passive case,
i.e., t̄ ∈ [0, 2s], which agrees with Fig. 5a.

Figure 15c, d show the time histories of the absorber
response x̄a and the active force ū, respectively. As per (39)
and (48),

(
T ′
a, TRut

) = (2.05, 491.98) in the CS case, and(
T ′
a, TRut

) = (1.28, 328.17) in the HSLDS case. The corre-
sponding amplitude predictions are superposed as the black
dashed lines, which agree well with the numerical results.
Clearly, the HSLDS feature can confine both the absorber’s
working space and the force output of the actuator and
thus can facilitate the practical implementation of the DR
scheme, which verifies the analysis in Sect. 7. The experi-
mental results are shown in Fig. 16.

Let us start with Fig. 16c, which depicts the time history
of the displacement excitation x̄e. Note that the excitation
amplitude R̄e is not constant since the frame is excited by an
open-loop controlled force f̄e, see the VCM2 in Fig. 13a, i.e.,
the output x̄e is affected by the responses

(
x̄ p, x̄a

)
. However,

by manipulating f̄e, a constant amplitude R̄e = 5mm is
achieved in the steady state (e.g., t̄ > 4s) in both the CS
and the HSLDS cases to match the test condition in Fig. 15c.
To avoid impacts in the experiments, the corresponding two
amplitudes of f̄e in both the CS and the HSLDS cases are
unchanged in the passive case (i.e., t̄ < 2 s), which finally
results in the corresponding differences of R̄e, i.e., R̄e =
3.3mm and R̄e = 2.3mm in the CS and HSLDS cases,
respectively, as marked in Fig. 16c.

Then, fromFig. 16a, b, the tunedDRactivated from t̄ = 2 s
onwards settles the primary structure as expected, and the
inevitable residual vibration can be caused by the measure-
ment noise, the actuator uncertainty, the inaccuracy in the
tuned pair due to inaccurate structural parameters or models
(e.g., the asymmetric magnetic forces in the HSLDS case,
as mentioned in Appendix E), etc. The theoretical amplitude
R̄a = 6.4mm of the tuned DR obtained in Fig. 15c is also
superposed in Fig. 16d in the black dashed lines, which well
predicts the real amplitude R̄a = 6.9mm (T ′

a = 6.9/5 =
1.38), despite the difference in c̄p, agreeing with Sect. 8.2.
As for the previously observed enhanced passive vibration
control, we focus on the time interval t̄ ∈ [0, 2s] of Fig. 16b,
c. One can find that the excitation amplitude R̄e is reduced by
1− 2.3/3.3 = 30.3% in the HSLDS case, but it corresponds
to a much higher reduction of R̄p, i.e., 50% > 30.3%, in
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Fig. 15 Simulation tests of the
complete vibration suppression
in the CS and the HSLDS
((n1, n3) = (0.62, 10)) cases,
with

(
ω̄, R̄e

) = (6.6Hz, 5mm).
a Responses of the primary
structure. b Dynamical
evaluation of the root mean
square of x̄ p . c Absorber
responses. d Time history of the
active force. The tuned DR is
activated from t̄ = 2 s onwards

Fig. 16 Experimental tests of the complete vibration suppression of the
tunedDR in the CS and theHSLDS cases at ω̄ = 6.6Hz. aResponses of
the primary structure. b Dynamical evaluation of the root mean square

of x̄ p . c Time history of the displacement excitation x̄e. d Responses of
the absorber. The tuned DR is activated from t̄ = 2 s onwards

the CS case. Note that we have experimentally shown that
the HSLDS feature can be realized by the magnetic springs
and effectively modelled by Eq. (10) with negligible non-
linear effects, in addition to testing the complete vibration
suppression, see also Remark 3.

8.4 Extended antiresonance valley in the HSLDS case

We next test the extended antiresonance valley in the HSLDS
case, which is expected to enhance the control robustness
against the deviations of the control parameters, as discussed
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Fig. 17 Simulation test of the enhanced control robustness in the
HSLDS case against the deviated control parameters, with

(
ω̄, R̄e,

) =
(5.1Hz, 5mm). a Responses of the primary structure. bDynamical root

mean square evaluation of x̄ p . c Absorber responses. d Time history of
the active force. The tuned DR is activated from t̄ = 2 s onwards

in Sect. 6.2. Following Fig. 9a, we consider the case ω = 0.8
(i.e., ω̄ = 5.1Hz), which satisfies ω > ωLB as per Fig. 10.
Similar to Fig. 15,

(
n3, R̄e

) = (10, 5mm) are considered in
the simulation.To simulate the deviations, theDR is drivenby
(ḡ, τ̄ ) = (0.95ḡt , 1.05τ̄t ). The simulation results are shown
in Fig. 17.

We first observe from the time interval t̄ ∈ [0, 2s] of
Fig. 17a, b that R̄p is significantly increased compared with
the previous case in Fig. 15, signifying the performance
degradation of a passive absorber not operating around its
natural frequency. Besides, the HSLDS feature once again
enhances the passive vibration control. Both observations
agree with Fig. 5a. After activating the tuned DR at t̄ = 2 s,
the primary structure is significantly settled, and the persist-
ing residual vibration reflects the deviated or inaccurate tuned
pair. Particularly, the residual vibration level in the HSLDS
case is much lower (64.5% reduction) than that in the CS
case, signifying the stronger control robustness thanks to the
extended antiresonance valley. Figure 17c, d show the time
histories of (x̄a, ū), where the mismatch between the theo-
retical amplitude marked in the black dashed lines and the
simulation is attributed to the fact that the complete vibration
suppression

∣
∣x̄ p

∣
∣ = 0 is not achieved at last. Note, however,

that the confinement of the HSLDS feature to the amplitudes
of (x̄a, ū) is still effective.

The experimental results at the same frequency with the
same deviations in the tuned pair are shown in Fig. 18. Given
that f̄e is upper-bounded due to the hardware constraint of
the corresponding voice coil motor (i.e., VCM2 in Fig. 13),
a smaller excitation amplitude R̄e = 3mm is achieved in the
steady state after activating the DR, as shown in Fig. 18c.
The suppressed residual vibrations of the primary structure
in the HSLDS case, as well as the enhanced passive vibration
control, can be clearly found in Fig. 18a, b. At last, Fig. 18d
once again experimentally verifies the effectiveness of the
theoretical amplitude R̄a (marked in the black dashed lines)
in both the CS and the HSLDS cases, alongside the confined
absorber vibration in the HSLDS case.

9 Conclusions

In this work, DR is used to suppress the displacement-excited
vibration. Particularly, we additionally introduce the HSLDS
feature between the primary structure and the displacement
excitation, given its benefits to vibration isolation, finally
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Fig. 18 Experimental tests of the enhanced control robustness of the
tuned DR in the HSLDS cases at ω̄ = 5.1Hz. a Responses of the pri-
mary structure. bDynamical root mean square evaluation of x̄ p . c Time

history of the displacement excitation x̄e. d Responses of the absorber.
The tuned DR is activated from t̄ = 2 s onwards

yielding a coupled system combined with HSLDS vibration
isolation and linear active DR-based vibration absorption.
The main results are summarized as follows.

(i) System dynamics are established with the harmonic
balance method. It is shown that a linear absorber
can significantly suppress the nonlinear effect of the
HSLDS feature. This determines the efficacy of a lin-
ear DR, which needs to neutralize the dynamical forces
on the primary. Moreover, it can simplify the dynami-
cal modelling by reducing the truncation order, e.g., the
3rd-order stiffness truncation in (10) and the harmonic
balance at the fundamental frequency in (13).

(ii) The combined system improves the passive vibration
control performance of both the pure HSLDS vibration
isolation and the combination of linear isolation and lin-
ear absorption (i.e., theCS case). Therefore, the benefits
of the HSLDS feature to the DR do not degrade passive
control.

(iii) The tuned pair (gt , τt ) for complete vibration suppres-
sion at a given frequency is analytically obtained. Due
to the negligible nonlinear effect, the HSLDS feature
mainly affects (gt , τt ) by the linear dynamical stiffness

n1 of the primary structure. Furthermore, reducing n1
reduces the dynamical excitation forces exerted on the
primary structure, thus leading to a smaller gt .

(iv) Compared with the CS case, the benefits of the HSLDS
feature to the DR are twofold: (1) For the primary
structure, we can extend the antiresonance valley at the
tuning frequency to enhance the robustness of the tuned
DR against the deviations or inaccuracies in the tuned
pair (gt , τt ). (2) For the absorber, thanks to the reduced
dynamical forces exerted on the primary structure, we
can reduce the absorber vibration and the force output of
the actuator to realize a more compact absorber’s work-
ing space and reduce the requirements for the actuator
performance.

Overall, this work extends the application scope of the DR
technique and enhances the vibration control performance
via amechanical approach, i.e., altering the dynamic stiffness
of the primary structure without affecting the load capacity
and inducing significant nonlinearity.

However, many issues deserve further exploration. Our
future work would design advanced control logic to sup-
press the residual vibrations in the HSLDS case, as observed
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in Fig. 16a, b. In this regard, the feedback control loop
as (7) will be activated. Meanwhile, the issue discussed in
Appendix C and the effect of the asymmetric stiffness (omit-
ted in this work) when implementing the HSLDS feature on
the vibration control need to be addressed. On the other hand,
the nonlinear behaviors under extremely strong excitations
deserve a specialized study on nonlinear dynamics.

A Graphic demonstration of the nonlinear
restoring force

The variations of the nonlinear total restoring force ftotal
following (10) with respect to rp, as well as the associated
variations of the stiffness ktotal , which can be calculated as
per (6), for different pairs of (n1, n3) are shown in Fig. 19.

Figure 19a, b show the cases where n1 varies while fixing
n3. Clearly, the variations of n1 affect the stiffness ktotal at
the static equilibrium point rp = 0. The low-dynamic stiff-
ness related to n1 < 1 is reflected by ktotal < 1 around
rp = 0. Besides, ktotal increases as

∣
∣rp

∣
∣ increases, signi-

fying the nonlinear hardening characteristic with n3 > 0.
Figure 19c, d show the cases where n3 varies while fixing n1.
This time, ktotal at rp = 0 is unaffected, and the nonlinear
hardening characteristics appear again due to n3 > 0. Note

that (n1, n3) = (1, 0) corresponds to the CS case ktotal ≡ 1,
as marked in Fig. 19d.

B Coefficients or expressions omitted in the
main text

The coefficients omitted in (17) write

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

α
[1]
4 = −μ

(
Re + Arp

)
,

α
[1]
3 = −2μBrpζav,

α
[1]
2 = −

[
μ
(
4ζaζg Arp + 4ζ 2

g Arp − Re − Arp

)
v2 − gReC

]
,

α
[1]
1 = −2v

[
μζg Brpv2 + g

(
ζa + ζg

)
ReS

]
,

α
[1]
0 = gReCv2,

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

β
[1]
4 = −μBrp,

β
[1]
3 = 2μv

(
ζg Re + (

Re + Arp
)
ζa
)
,

β
[1]
2 = −μ

(
4ζaζg + 4ζ 2

g − 1
)
Brpv2 − gReS,

β
[1]
1 = 2v

(
μζg Arpv

2 + g
(
ζa + ζg

)
ReC

)
,

β
[1]
0 = gReSv2.

(53)

The full expressions of the two polynomial equations in
(18) write

Fig. 19 Graphic demonstration of the nonlinear total restoring force ftotal defined in (10) and the associated stiffness ktotal . a, b Varying n1 while
fixing n3. c, d Varying n3 while fixing n1
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E1
(
ω, Arp, Brp

) = −4Brpω6 − 8
[
(μvζa + ζp)Arp + Reμvζa

]
ω5

+
{
3n3Brp(A2

rp + B2
rp) + 4n1Brp + 4RegS

−4Brpv2
[
4(ζa + ζg)

2 + 4μζ 2
a − μ − 2

]

}

ω4

−8v
{
4v

[
μvζaζg(ζa + ζg) + �1ζp

]
Arp + Re(μv2ζg + Cgζa)

}
ω3

+4v2
{(

3n3(A2
rp + B2

rp) + 4n1
)

�1Brp + Brpv2
(
4μζ 2

g − μ − 1
)

+RegS
[
4ζg(ζa + ζg) − 1

]

}

ω2

−8v3
[
v(μvζg + ζp)Arp + CRegζg

]
ω + Brpv4

[
3n3(A2

rp + B2
rp) + 4n1

]
,

E2
(
ω, Arp, Brp

) = −4(Arp + Re)ω
6 + 8Brp(μvζa + ζp)ω

5

+
{
3n3Arp(A2

rp + B2
rp) + 4n1Arp + 4RegC

−16v2
[
Arp

(
� + μζ 2

a − μ
4

) + Re
(
�1 + μζa(ζa + ζg) − μ

4

)]

}

ω4

+8v
[
4Brpv2μζaζg(ζa + ζg) + 4Brpvζp�1 + RegSζa

]
ω3

+4v2
{(

3n3(A2
rp + B2

rp) + 4n1
)

�1Arp + v2Arp

(
4μζ 2

g − μ − 1
)

−Re(μ + 1)v2 + CgRe
[
4ζg(ζa + ζg) − 1

]

}

ω2

+8v3
[
Brpv(μvζg + ζp) + RegSζg

]
ω + Arpv

4
[
3n3(A2

rp + B2
rp) + 4n1

]
,

(54)

where �1 = (ζa + ζg)
2 − 1/2. The coefficients

(
α
[3]
0 , β

[3]
0

)

in (28) write

{
α
[3]
0 (ω) = {

16v
[
μvζ 2

a ζg + ζp
(
ζ 2
a + ζaζg − 1

4

)] + 4ζa�2
}
ω3 + 4v2

(
μv2ζg + vζp + ζg�2

)
ω,

β
[3]
0 (ω) = 16ζaζpω4 + 16v

(
ζgζpv − �2�3

)
ω2 − 4v3�2,

(55)

where�2 = 3R2
e n3/4+n1, and�3 = ζ 2

a + ζaζg −1/4. The
coefficients

(
α[4], β[4]

)
in (31) write

{
α[4] (ω) = 8ζpω4 + 8v

{
4μζgv

2
(
ζaζg − 1

4

) + 4ζpv
[
ζg(ζa + ζg) − 1

4

] − ζa�2
}
ω2 − 8�2ζgv

3,

β[4] (ω) = [
16ζav(μζgv + ζp) + 4�2

]
ω3 + 16v2

[
ζgv(μζgv + ζp) + �2�3

]
ω.

(56)

C Issues with the HSLDS feature on
resonance response

We here discuss the effect of the HSLDS feature n1 < 1
on the resonance peak, which corresponds to the maximum
of Tp, so we define h = max

{
Tp

}
. From Fig. 8a, n1 can

affect h when achieving the complete vibration suppression
Tp = 0 at ω = 0.8. Clearly, a smaller h is desired to confine
the maximum vibration caused by (non-random) perturba-
tions. To evaluate the effect of n1 on h, we consider six
cases where the tuned DR separately achieves Tp = 0 at
ω ∈ [0.55, 0.6, 0.8, 1, 1.2, 1.5]. The associated variations of
h with respect to n1 in different cases are shown in Fig. 20a.

Accordingly, Fig. 20b shows the variations of the peak fre-
quency ωh , i.e., the frequency where h appears.

From Fig. 20a, in the CS case n1 = 1, h can significantly
rise when achieving Tp = 0 within the low-frequency band,
exemplified by the two cases ω = 0.55 and ω = 0.6. This
can be avoided by having n1 < 1. Note that although h
is minimized as n1 → 0 regardless of ω, introducing the
HSLDS feature can increase h if the resulting reduction of
n1 from n1 = 1 is limited.On the other hand, although having
n1 < 1 can effectively confine h when achieving Tp = 0 at a
small ω, it can compromise the performance degradation in
the passive case. More specifically, revisiting C-3 and C-4 in
Fig. 5a, Tp within the low-frequency band can be increased
in the HSLDS case, and the same conclusion applies to the
absorber vibration signified by Ta as per Fig. 5b. A possible
solution for limiting h when a limited reduction of n1 is
available is to additionally introduce the state of the primary
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Fig. 20 a Variations of h = max
{
Tp

}
versus n1 when achieving complete vibration suppression Tp = 0 at different frequencies ω, a result

generalized from Fig. 8a. b Peak frequency ωh related to h versus n1

structure into the control loop [22]. Further discussions are
left to another ongoing work.

D Open-source materials

The SIMULINK-based simulation models and simulation
results related to Figs. 15 and 17 are available at https://
tinyurl.com/26zrdqls.

E Issues withmagnet installation and
damping fitting

In Fig. 14c, d, the system parameters identified in the CS
case are ineffective in response prediction after introducing
themagnets on the frame.However, good agreement between
the theoretical envelopes and the experimental responses is
achieved by increasing the damping c̄p. Here are some expla-
nations.

Figure 21a shows the schematic diagram for the expected
installation relationship between themagnets and the primary
structure, which refers to two ideal conditions: (1) The repul-
sive force on either side of the primary is symmetric about the
y axis, i.e., Eq. (5), and (2) The two repulsive forces on the
two sides of the primary are symmetric to each other about
the x axis. Then, introducing or removing the magnets on the
frame does not affect the contact between the slide bearing
and the slide since the components of the magnetic repulsive
forces along the y axis are always collinearly neutralized by
each other even when the primary structure vibrates. Hence,
the friction between the primary structure and the frame is
unaffected.

However, such two ideal conditions are difficult to guar-
antee in practice (at least in our case). Figure 21b, c show
the possible installation errors of the magnet positions on the
frame. The asymmetry of the repulsive forces about the x
and y axes causes a torque to the slide bearing as well as the
pressures exerted on the slide (the frame) by the bearing (the
primary structure), as marked in Fig. 21b, c. Note that the
pressures can also result from the case where the two repul-
sive forces (even if they are collinear along the y axis) are
not equal due to the differences in the mechanical properties
of each magnet, the schematic diagram of which is omitted
here. The resulting pressures increase the friction between
the primary and the frame. In light of [11, 66], the friction
force between the bearing and the slide can be modelled as
the Stribeck friction,

f̄r
(
t̄
) = f̄r ,1 + f̄r ,2, (57)

where

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

f̄r ,1 = F̄c

⎡

⎢
⎣1 + σs−1

1+
( ˙̄r p (t)

V̄s

)2

⎤

⎥
⎦ sgn

( ˙̄rp
(
t̄
))

,

f̄r ,2 = c̄r ˙̄rp
(
t̄
)
,

(58)

in which r̄ p is the relative displacement of the primary, as
defined in (3), c̄r is the viscous damping coefficient, F̄c
denotes Coulomb (static) friction force, σs represents the
Stribeck ratio of static friction to Coulomb friction, V̄s is the
Stribeck velocity. With good lubrication (our case), V̄s → 0
so f̄r → f̄r ,2 when ˙̄rp �= 0, see also [11, 66]. Given
the viscosity-pressure effect [67–69], we conclude that the
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Fig. 21 a Schematic ideal relationship between themagnets and the primary structure.b, cNon-ideal caseswhere the repulsive forces are asymmetric
about the y axis

increased pressures by the magnets raise c̄r , which finally
leads to the increase in c̄p.

Since the magnetic repulsive forces exerted on the pri-
mary structure along the y axis vary as the primary structure
vibrates, the pressures should vary, yielding a time-varying
value of c̄r . However, exactly modeling the c̄r is far beyond
the scope of this work. In light of [70–72], within a limited
frequency band and a limited motion amplitude, lineariz-
ing c̄r with a constant value can be sufficiently accurate for
dynamic modelling. This explains the increased accuracy
of the theoretical envelopes after a constant increase in c̄p.
Note that, strictly speaking, all damping parameters should
be time-varying, especially given that no specific damper
component is used, while such variations are less considered
in the open literature, regardless of whether linear or non-
linear vibration control systems with a similar structure to
our experimental setup. From this perspective, the constant
modelling of c̄p is used.

Particularly, the increase from c̄p = 2.1Ns/m in the CS
case to c̄p = 7.1Ns/m in the HSLDS case, i.e., 238%
increase, may seem over-large. However, this can be rea-
sonable given that: (1) The primary structure is installed on
the frame parallel to the gravity, so the pressure inherent in
the assembly exerted on the slide can be small. Note that c̄a
incorporates the damping effect inside the voice coil motor
so c̄a > 2.1Ns/m. (2) c̄p = 2.1Ns/m corresponds to a
small damping ratio of ζp = 0.027, which is susceptible to
changes in external conditions, i.e., a small condition change
can cause a significant relative fluctuation. Note that even

c̄p = 7.1Ns/m corresponds to a small damping ratio of
ζp = 0.091.
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