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Effective noise suppression in acoustic enclosures often relies on precisely tuned Helmholtz resonators (HRs).
However, conventional design methodologies are hindered by the unavailability of accurate analytical models,
especially for complex-shaped cavities, and the practical infeasibility of dense three-dimensional acoustic field
measurements. To overcome these limitations, this paper proposes a hybrid Data-Physics-Informed Neural
Network (Data-PINN) framework for reconstruction-driven HR design using sparse microphone measurements.
First, a spatial-frequency decomposition strategy decouples the acoustic response: environmentally sensitive
frequency-dependent characteristics are directly extracted from sparse microphone measurements, while the
relatively stable spatial pressure distributions are reconstructed via a PINN constrained by a homogeneous
Helmbholtz equation. Second, a bi-level discrete optimization framework hierarchically determines optimal
sensor placements within physically realizable discrete grids, maximizing both signal-to-noise ratio and spatial
observability. Finally, leveraging the reconstructed full-field pressure, an analytical design methodology based
on Excitation-Dependent Representative Basis (EDRB) decomposition and fixed-point theory is proposed to
determine the optimal HR parameters. Numerical and experimental validations on both a canonical rectangular
cavity and a complex helicopter cabin mockup demonstrate the high fidelity of the proposed framework in
reconstructing the acoustic field, achieving a normalized mean squared error of less than 7 x 10~3. Conse-
quently, this enables HR designs that achieve noise suppression performance within a 3 dB deviation from the
ground-truth benchmark. (Code available at GitHub: https://github.com/HengistLi/Hybrid-Data-PINN-Framew
ork-for-Reconstruction-Driven-HR-Design)

1. Introduction

Effective noise suppression is critical for acoustic comfort and public
health [1-7], with Helmholtz resonator (HR) serving as one of the
effective passive control devices. However, the complexity of engi-
neering systems often precludes accurate analytical modelling,
rendering data-driven design a compelling alternative [8,9]. Con-
strained by the impracticality of dense sensor deployment, sound field
reconstruction has emerged as a pivotal technique, enabling
high-fidelity pressure field estimation from sparse measurements and
paving the way for reconstruction-driven noise control.

Although HRs [10-15] are effective for noise control of acoustic
enclosures owing to their resonant characteristics, their performance
critically depends on precise parameter tuning. While optimal HR design
is tractable when accurate analytical acoustic models are available [16],
such models are often unattainable for complex-shaped enclosures. To
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circumvent comparable limitations in vibration control, a data-driven
design methodology for mechanical absorbers leveraging dense
displacement field data was recently proposed [17-19]. However,
extending this paradigm to acoustic domains presents distinct chal-
lenges: (i) acoustic sensors are typically intrusive [20-22], in contrast to
the non-contact laser vibrometers employed in vibration testing
[23-26]; and (ii) whereas vibration analysis typically focuses on
two-dimensional surface responses of vibrating structures, acoustic
characterization necessitates three-dimensional pressure field mea-
surements. The practical infeasibility of conducting dense
three-dimensional pressure scans on complex geometries therefore un-
derscores the necessity of a reconstruction-driven design framework
founded on sparse measurements.

Contemporary sound field reconstruction [27-31] methodologies
can be broadly categorized into four paradigms.
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(i) Analytical solution-driven methods: these approaches employ
basis function expansions [32-35] derived from analytical solu-
tions of the governing acoustic wave equation. However, for ge-
ometries with irregular or complex boundaries, accurately
resolving expansion coefficients necessitates dense measurement
data [36,37], limiting their applicability in practical engineering
scenarios.

(ii) Sparse prior-driven methods: to mitigate sensor deployment
constraints, techniques leveraging compressive sensing and
sparse regularization have been developed [38,39]. Nevertheless,
their performance remains highly sensitive to measurement noise
and critically dependent on predefined sparsity assumptions,
which undermines their robustness in complex acoustic
environments.

(iii) Data-driven methods: capitalizing on advances in deep learning
[40-48], supervised neural networks have been employed to
learn implicit mappings between sparse observations and
full-field pressure distributions [49,50]. However, their efficacy
is contingent upon large-scale labeled datasets, a prerequisite
that fundamentally conflicts with the severe data scarcity
inherent to three-dimensional acoustic field measurement.

(iv) Physics-driven methods: to circumvent reliance on labeled data,
Physics-Informed Neural Networks (PINNs) [51-56] embed
governing physical laws directly into the loss function as residual
constraints. This paradigm enables interpretable solutions for
complex problems across diverse disciplines. In fluid mechanics,
PINNs are extensively employed for forward and inverse analyses
[57,58], flow field reconstruction from sparse observations
[59-611, and the modelling of fluid-structure interaction prob-
lems [62,63]. In materials science, they find applications such as
identification of electrochemical parameters [64,65], monitoring
of battery health [66-69] etc. Furthermore, in solid mechanics
[70], PINNs have been successfully applied to characterize
viscoelastic properties [71] and predict crack propagation in
solids [72]. While this unsupervised paradigm theoretically en-
ables reconstruction from sparse measurements, conventional
implementations typically presuppose complete knowledge of the
inhomogeneous Helmholtz equation [73]. In practical engineer-
ing scenarios, however, the acoustic excitation term is difficult to
characterize accurately and remains highly sensitive to environ-
mental fluctuations [74-84]. Furthermore, standard PINNs
encounter severe optimization bottlenecks when extended to
high-dimensional,  frequency-dependent three-dimensional
acoustic fields [85,86]. Meanwhile, the joint minimization of
competing loss components inherently induces gradient conflicts
[87-89]. Furthermore, the prohibitively large parameter space
exacerbates convergence instability. Ultimately, these factors
compromise training stability and reconstruction fidelity.

In addition to the reconstruction algorithm itself, the fidelity of
sound field reconstruction is fundamentally governed by the spatial
configuration of sensors [90-100]. Inadequate or suboptimal sensor
coverage inherently limits observational data, rendering high-fidelity
field estimation a formidable challenge. While optimizing microphone
placement could theoretically alleviate this limitation, direct
gradient-based optimization is impeded by the non-differentiable nature
of discrete mounting locations. Continuous relaxation strategies, such as
differentiable search methods leveraging bilinear interpolation [101],
have been proposed to enable concurrent optimization of sensor co-
ordinates and network parameters. However, the pronounced dimen-
sionality disparity between the high-dimensional neural weights and
low-dimensional sensor coordinates frequently induces training in-
stabilities. Although bi-level optimization architectures [102] have been
introduced to hierarchically decouple these tasks, existing imple-
mentations predominantly operate within continuous spatial domains.
Consequently, they fail to enforce strict adherence to discrete, physically
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realizable mounting locations, limiting their practical engineering
applications.

To address these interconnected challenges, a reconstruction-driven
framework for passive noise control inside acoustic enclosures is pro-
posed, which integrates a hybrid data-PINN architecture with discrete
sensor optimization. This methodology is built upon three key
innovations:

(i) Hybrid Data-PINN Field Reconstruction. To circumvent the
prohibitive parameter space and source-term identification
challenges inherent to three-dimensional frequency-dependent
PINNS, a spatial-frequency decomposition strategy is introduced.
Frequency-dependent components are extracted directly from
sparse acoustic measurements, while spatial distributions are
reconstructed from sparse to dense fields via a PINN. This
decoupling strategy drastically reduces trainable parameters and
transforms the governing inhomogeneous Helmholtz equation
into a homogeneous form, thereby eliminating the need for
explicit source characterization. Furthermore, a conflict-free
gradient alignment strategy is integrated to harmonize
competing PDE and data loss gradients, ensuring stable
convergence.

(ii) Bi-level Discrete Optimization Framework. Recognizing that
practical sensor deployment is constrained to discrete mounting
points, a bi-level discrete optimization architecture is developed.
This framework hierarchically decouples high-dimensional
network training from low-dimensional sensor positioning,
ensuring optimized sensor spatial configurations remain strictly
within a discretized search space while maximizing the signal-to-
noise ratio for frequency identification and satisfying observ-
ability requirements for spatial reconstruction.

(iii) Reconstruction-driven HR Design. To bridge the acoustic field
reconstruction and passive noise control, an analytical design
methodology is established. Leveraging the reconstructed pres-
sure field, the framework employs Excitation-Dependent Repre-
sentative Basis (EDRB) decomposition and fixed-point theory to
analytically determine the optimal HR parameters, enabling
direct design of acoustic absorbers from sparse sensor data.

It is worth noting that the proposed hybrid Data-PINN framework
can be embedded into other acoustic control strategies, wherever the
knowledge of accurate spatial pressure distribution is needed. This study
uses the EDRB-based HR analytical design as an example to establish a
complete, closed-loop reconstruction-driven engineering workflow.

The remainder of this paper is organized as follows. Section 2 details
the theoretical framework, encompassing the hybrid data-PINN recon-
struction architecture and the reconstruction-driven design methodol-
ogy for Helmholtz resonators. Section 3 validates the proposed
framework through numerical simulations on a rectangular acoustic
cavity. Section 4 presents experimental validations, first on a rectan-
gular cavity to demonstrate design accuracy, and subsequently on a
helicopter cabin to verify the method’s robustness and applicability to
complex, arbitrarily shaped geometries. Conclusions are summarized in
Section 5.

2. Theoretical framework

This section establishes the theoretical foundation of the proposed
reconstruction-driven design method. The framework operates through
a sequential two-stage pipeline: (i) a hybrid Data-PINN architecture that
reconstructs high-fidelity, full-field acoustic pressure from sparse
microphone measurements, and (ii) an analytical design methodology
that leverages the reconstructed field to determine the optimal HR pa-
rameters for noise suppression.
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Fig. 1. Schematic illustration of the hybrid data-PINN reconstruction framework. The framework employs a bi-level optimization strategy: (i) an inner loop in which
the PINN is trained on Helmholtz equation and sparse measurements using the ConFIG method for stable convergence, utilizing a dataset of N spatial points and I
wavenumbers to form N x I combined training samples; and (ii) an outer loop that determines optimal sensor locations to capture frequency-dependent components

and facilitate high-fidelity spatial reconstruction.

2.1. Hybrid data-PINN network architecture

The acoustic field within an arbitrarily shaped enclosure is governed
by the inhomogeneous Helmholtz equation [103]:

V2p(r,s) +k?p(r,s) = f(r,s), (¢

where V2 denotes the Laplace operator; k the wavenumber; r the spatial
coordinate; s the complex variable; p(r, s) the acoustic pressure field; and
f(r,s) the sound source distribution. Direct application of conventional
PINNs to Eq. (1) in practical engineering scenarios faces three critical
bottlenecks: (i) the source term f(r,s) is difficult to characterize accu-
rately; (ii) the frequency response is highly susceptible to environmental
fluctuations and operational variations; and (iii) extending PINNs to
three-dimensional, frequency-dependent fields drastically inflates the
trainable parameter space, exacerbating optimization instability.

To circumvent these limitations, a spatial-frequency decomposition
strategy is introduced based on the method of separation of variables.
The acoustic pressure field is decomposed into frequency-dependent and
spatial components via separation of variables, effectively decoupling
the environmentally susceptible operational variations from the rela-
tively stable spatial pressure distributions [104]:

pr,s) =Y _ hi(1)als), @

I
i=1

where g;(s) captures the frequency-dependent characteristics (e.g.,

source strength and environmental fluctuations), and ¢;(r) represents
the spatial functions characterizing the global energy distribution. The
environmentally sensitive frequency-dependent components are
directly identified in real-time from sparse microphone measurements,
whereas the relatively stable spatial pressure distributions are recon-
structed via a PINN. Notably, this decoupling strategy reformulates the
governing inhomogeneous Helmholtz equation into a homogeneous
form constrained solely by spatial coordinates, effectively circum-
venting the need for explicit source term characterization and drasti-
cally reducing the neural network's trainable parameter space.

Accurately extracting g;(s) and reconstructing ¢;(r) require a stra-
tegically optimized sensor layout. This layout must simultaneously
maximize the signal-to-noise ratio for frequency identification and
ensure sufficient spatial observability for the PINN. This requirement is
formalized as a multi-objective optimization problem:

Viotal = (1 - a)vdl + avq? @)

where V, denotes the gradient of the identification loss for the
frequency-dependent components with respect to the sensor co-
ordinates. Empirically, positioning sensors at locations exhibiting
maximum acoustic pressure amplitude would enhance the signal-to-
noise ratio, thereby improving the extraction accuracy of these com-
ponents. Consequently, this gradient term can be approximated by the
spatial distribution gradient, expressed as V; = V( — |¢(r)|). Similarly,
V4 represents the gradient of the PINN reconstruction loss with respect
to sensor locations, where a serves as a weighting hyperparameter.
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Fig. 2. Schematic of an arbitrarily shaped acoustic cavity coupled to multiple
HRs. The primary cavity is excited by a sound source located at ry, and the n-th
HR is positioned at r,.

Given that the PINN focuses exclusively on reconstructing the spatial
components, the Helmholtz equation is imposed as a physical constraint,
formulated as:

I
> (Vi) + ki) = 0. @
i=1

Consequently, the PDE residual loss function for the PINN is defined
as:

] 1<
JPDE=NZ

i=1 n=

N

(V2hi(xa) + K7 ¢(rn)) ; (5)
1

where N denotes the total number of sample points for reconstruction,
and ¢;(r,) the PINN-predicted value of the i-th spatial function at the n-
th spatial location. However, relying solely on the PDE loss term is
insufficient to ensure solution uniqueness. Consequently, a supervised
data loss function is incorporated to align the network predictions with
observed measurements, defined as:

1 I
Fan= 3

i=1

Ma

¢t(rm)) ) (6)

1

3
]

where M denotes the total number of sparse measurement points; ¢;(tn)
the PINN-predicted value of the i-th spatial function at the m-th spatial
location; and ¢;(1,) the corresponding measured acoustic pressure.

During backpropagation, the competing objectives of “ppr and
Zqata frequently generate conflicting gradient directions, leading to
optimization stagnation. To resolve this, the Conflict-Free Inverse Gra-
dients (ConFIG) method [105] is employed. ConFIG constructs an up-
date direction that maintains a strictly positive projection onto each
individual loss gradient, thereby mitigating interference without
requiring manual hyperparameter tuning. The resulting conflict-free
gradient is formulated as:

(gdat:ﬂ gPDE) (gdatagv + gPDEgv) gv (7)

where g,,., and gy denote the gradients of the data-fidelity and PDE-
residual loss functions with respect to the trainable network parameters,
and g, is given by:

8 = X% (7 (8aatar 8epe)) + (' (8ppE> Bdara))]s (3

where 7(g;) = g;/ |gi| denotes the normalization operator, while the
orthogonality operator is defined as:

8lara8rpE ©

@‘(gdata? gPDE) = 8ppE — ‘2 8data-

| 8data

To ensure stable convergence, the optimization problem formulated
in Eq. (3) is resolved through a hierarchical bi-level strategy, as
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schematically illustrated in Fig. 1. This architecture decouples the high-
dimensional neural network training from the low-dimensional spatial
search, thereby circumventing the optimization instabilities typically
induced by concurrent updates across vastly different parameter scales.
Specifically, the inner loop fixes the sensor coordinates and iteratively
updates the PINN parameters to minimize the reconstruction loss. Upon
convergence, the outer loop leverages the stabilized loss landscape and
model output u,(x,y,zk) to update sensor positions, systematically
probing configurations that maximize both frequency-domain observ-
ability and spatial reconstruction fidelity.

Crucially, this spatial optimization is strictly enforced within a
discrete mounting grid rather than a continuous domain. In practical
engineering scenarios, microphone deployment is typically constrained
by structural boundaries, pre-drilled mounting arrays, or standardized
sensor brackets. Conventional continuous relaxation methods frequently
yield fractional coordinates that necessitate post-hoc rounding or
interpolation, which may degrade reconstruction accuracy and violates
physical hardware limits. By restricting the search to a discretized space,
the proposed bi-level framework guarantees that the optimized layout is
directly manufacturable and experimentally implementable without
geometric approximation. This discrete-constrained paradigm bridges
the gap between algorithmic optimality and real-world engineering
feasibility, providing a robust foundation for the subsequent
reconstruction-driven HR design detailed in Section 2.2.

In summary, the proposed reconstruction framework proceeds as
follows:

(i) Sparse Measurement and Decomposition: Measure the acous-
tic pressure responses p(rn,s) at M sparse microphone locations,
and perform Singular Value Decomposition (SVD) on the
measured pressure matrix to extract the spatial functions ¢;(rn)
and the frequency-dependent components g;(s).

(ii) Bi-level Optimization: Reconstruct the spatial components
¢;(rs) over a dense domain from sparse observations ¢;(rn,), and
simultaneously update the frequency-dependent components
gi(s) via the proposed bi-level optimization strategy (Fig. 1).

(iii) Full-field Synthesis: Synthesize the full-field pressure response
p(rn,s) by superimposing the reconstructed spatial functions
¢;(rn) and the updated frequency-dependent components g;(s) via
Eq. (2).

The critical assumption is that, with strategically placed sensors, the
frequency-dependent components g;(s) extracted from sparse measure-
ments are representative of those that would be obtained from dense
measurements. This assumption is physically justified for linear acoustic
systems, as all spatial points within the enclosure share the same reso-
nant characteristics. Consequently, the dominant dynamic features are
captured even when the sampling is sparse, provided the sensors are
strategically placed at acoustically relevant locations. However, this
assumption holds most rigorously for low-order spatial functions. High-
order spatial functions, which exhibit complex spatial fluctuations and
shorter wavelengths, require a denser measurement array to ensure
reconstruction fidelity.

2.2. Reconstruction-driven analytical design for Helmholtz resonators

With the full-field pressure p(r,s) reconstructed, the framework
proceeds to analytically determine the optimal HR parameters (volume,
resonant frequency and damping ratio). Consider an arbitrarily shaped
acoustic cavity coupled to multiple HRs positioned at r,, excited by a
source at ry, as illustrated in Fig. 2.

Motion equation of this coupled system can be formulated as

Vp(r,s) — z—Zp(ns) +spo i qn(8)8(r —1,)& = sf(s)5(r — 15), (10.2)
0

n=1
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Table 1
Architecture and hyperparameters of the PINN model.
Parameter Configuration = Parameter Configuration
Input variables 4 (x,y,2,k) Hidden layers 4 layers x 64
neurons
Activation Tanh Weight Xavier normal
function initialization
Output variable 1@ Optimizer Adam
Learning rate 1 x 1074 Batch size Full-batch
Epochs 10,000 Random seed 19,018
Collocation 4096 Sampling method Uniform grid
points

(8> + 5Cn + kn)Yn(s)& = —p(tn,s)Sn, (10.b)
where ¢y and p, are the speed of sound and ambient air density,
respectively; gn(s) and f(s) the volume velocity source strengths per unit
volume for the n-th HR and source; §(-) the Dirac delta function; r, and r;
their respective position vectors; and mp, cn, kn, Yn(s) and S, the HR
mass, damping, stiffness, displacement and cross-sectional area in the
lumped parameter model.
The volume velocity of the n-th HR is given by

qn(s) = $SnYn(s). 11)
Substituting Eqgs. (11) and (10.b) into Eq. (10.a) yields
2 N
v s 2 2P(r,8)8(r — 1) _
VIp(e.s) + plrs) 57 S5 S E R = o olr )
(12)

Given that the acoustic pressure p(r,s) is reconstructed via the
framework established in Section 2.1, the sound field can be decom-
posed using the Excitation-Dependent Representative Basis (EDRB) [17,
18], formulated as:

p(r,s) = UZVH, (13)
where ()™ denotes conjugate transpose; U and V the matrices of left and

—— Adam -

ConFIG
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right singular vectors. The diagonal matrix X contains the non-negative

singular values. The truncation order is determined using a cumulative

energy criterion, retaining the minimum number of dominant singular

vectors required to capture 90% of the total sum of singular values.
Substituting Eq. (13) into Eq. (12) yields

2 N
US(r — 1)
—viu+iu)svt 45 g2 " Tn)  pyn
( v +c§ +sp0; $2m, + ¢, + ky

= —sf(s)8(r —1y). 14
Using Helmholtz equation gives
92
V2U+C—2U: 0, (15)
0

where  represents resonant frequencies of EDRBs. Eq. (14) can then be
rewritten as

o Us(r—ry,)

O T ey~ sc2f(s)s(r — ).
"$2m, + SCy + kn scof(5)3(r —x)

N

(SPE+2)USV! + 89t > S
n=1

(16

Multiplying both sides of this equation by UT and integrating over
the cavity volume yield

N
[(SZE +2)A+ Dm0, |X=F, a7
n=1
where
A= / U'Uav, X = V" F = —sc2f(s) / U"s(r — r)dV
\4 v
s2w?V,
O, = [U"s(r— ="
n /U (r—r,)dV,h, & 250nt, + 02 , (18)
14
_ Cn _ & _ pOC(Z)Sr21
‘fn - 2mnwn1 Wn = mnvkn - Vn
—-= IMTL-G = ==-- PCGrad

(@) In:23 Out:163  (b) In:33 Out:163  (c) In:43 Out:163  (d) In:53 Out:163

MSE
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Fig. 3. MSE of sound field reconstruction versus the number of sparse microphones for different optimization algorithms. Horizontal line segments in each subfigure
indicate the MSE of the three dominant spatial components reconstructed by the PINN. The full-field acoustic pressure, reconstructed by combining these spatial
components with measured frequency-dependent components via Eq. (2), is shown as curves representing the overall reconstruction MSE.
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Fig. 4. Training and testing losses versus the number of sparse microphones for different optimization algorithms. The divergence between the training and testing
losses at low microphone counts (e.g., 8) indicates overfitting, whereas the convergence of both losses at higher counts (e.g., 27) demonstrates stable reliability.

ConFIG consistently yields the lowest testing loss and stable convergence profile.
5
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Fig. 5. Training and testing losses for the 20-microphone configuration across

different optimization algorithms. Consistent with the analysis in Fig. 4, the

ConFIG method exhibits the lowest and most stable testing loss, confirming its

superiority in resolving gradient conflicts during PINN training.
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in which V;, denotes the volume of the n-th HR.
According to Eq. (17), the transfer function of the i-th EDRB can be
expressed as
X; 1
H; = Fl = 2 N 202V, 2’
(A Y mat S

25wnéytwd LN

19

where X;, F;, A;,Q; and 9;, are the i-th element of X, F, A, and 6,,
respectively. It should be noted that this equation neglects the coupling
among EDRBs. However, complex structures might involve increasing
coupling, which would call for more meticulous consideration.

Since multiple HRs are coupled to the primary cavity, their mutual
interaction complicates the design optimization. To streamline this
process, an equivalent single HR model is derived by rewriting Eq. (19)
as:

1.0
0.5
0.0
—-0.5

0.03

0.02

0.01

0.00

0.0075

0.005C

0.0025

0.000C

0.015

0.010

0.005

Fig. 6. Reconstruction errors of the physics-informed PINN (trained via ConFIG) compared with those of traditional purely data-driven methods, namely Kriging
interpolation and Gaussian process regression (GPR). The results demonstrate that incorporating physical constraints from the homogeneous Helmholtz equation
enhances reconstruction accuracy.
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(a) Train and test loss le=3 (b) Location optimization loss
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7] -2 [}
2107¢ 3 &
2 2 4t .
10 ;
,4 2 i 7
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Fig. 7. Training and testing losses during the bi-level sensor placement optimization. The outer-loop optimization comprises 10 iterations, with the inner-loop PINN
trained for 10,000 epochs per iteration. (a) shows the loss profiles across all 10 x 10,000 optimization steps; (b) presents the minimum loss achieved at the end of

each outer-loop iteration.

Grid Coordinates
Initial MICS Coordinates
Optimized MICS Coordinates

0
. 0.4
0.50.5

0.4

Fig. 8. Spatial distribution of microphones before and after sensor placement
optimization. The optimized sensors exhibit strategic clustering near the cor-
ners, which correspond to acoustic pressure anti-nodes.

1 1

_ (20)
2 22
2 g aeff | peff PV
191_11 S Ai -‘1‘1(2e + AT ra—"
where
N 0 Vm2,
Aeff o Ai+ Z"':Lm#"SZJr?Smmémﬂlﬁl Keff _ ﬁ Qeff o K?ff 21)
i = 92 i T gt T e
in in i
In Eq. (21), AT is a frequency-dependent function involving

unknown design parameters w, and &,, rendering direct analytical
treatment intractable. To simplify the design, two assumptions are
made: (i) Frequency-independent approximation: coupling from other
HRs (m # n) is treated as constant by setting @ = Q; during the design of
the n-th HR for the i-th EDRB. (ii) Elimination of unknown parameters:
given the small equivalent volume ratio u<l (Eq. (23)), Afff is
approximated by enforcing w,, = Q; and &, = 0 when the m-th HR tar-
gets the j-th EDRB. These assumptions decouple the residual degrees of
freedom while retaining their dynamic influence, as numerically veri-
fied in Appendix A. As a result, the system is reduced to an equivalent
two-degree-of-freedom model, conducive to fixed-point theory analysis.
Notably, the underlying assumptions and the proposed analytical opti-
mization remain valid provided that the total volume of the installed
HRs does not exceed 5% of the primary cavity volume. Should this
volume ratio exceed this threshold, the HR design must account for the
resulting alterations in the acoustic boundary conditions, necessitating
iterative numerical updates or coupled structural-acoustic parameter
optimization.

Accordingly, the normalized frequency response of Eq. (20) can be
expressed as

HE - =22 + %+ 24yjE, 22)
T (=2 ) (<22 +1) - 22+ 20 (-2 +1)jE,)
where
[0} Wn Va
A= @7}' = foﬁ” = A?ff. (23)

Under fixed-point theory, the frequency response function governed
by Eq. (22) exhibits two invariant points, denoted as 4, and 44, which are
independent of the damping ratio &,. The coordinates of these points are
obtained by solving

2+ 1
2 J; . 2 = 2 ) (24)
(=2+72)(-2P+1) =P —2+1
which yields the squared frequency ratios of the two fixed points
24277 +72u) £ 1/(2+ 2% +y2u) — 16y2
P )£ ;162 o5

4

The primary objective is to equalize the response amplitudes at the
two invariant points by optimally tuning the frequency ratio y. Based on
Eq. (24), this optimization condition yields:

1 1

— = (26)
2 2
-4, +1 —A5+1
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Fig. 9. Comparison of frequency-dependent components g;(s) identified using the initial and optimized configurations. The ground truth is represented by solid lines,
results from the initial configuration are shown as dotted lines, and those from the optimized configuration are depicted as scatter points.

Substituting Eq. (25) into Eq. (26) yields the expression for the
optimal frequency ratio

2
Yopr =1/ 2% g (27)

Subsequently, the optimal damping ratio is determined by enforcing
that the response amplitudes at the two invariant points correspond to
the local maxima of the frequency response function. Mathematically,
this condition is met when the first derivative of the response with
respect to frequency at these points equals zero, namely

IHK)
or
Substituting Eqs. (25) and (27) into Eq. (28) allows for the deter-
mination of two distinct damping ratios, £, and &,. As these conditions
cannot be satisfied simultaneously by a single value, the root-mean-
square of £, and &, is selected as the optimal damping ratio to mini-
mize the overall maximum response, yielding

(28)

2 + 2
§opt = ‘):p 2 éq, (29)
where
\//43-(46;4 + (4 +2) (17 + 32¢) + 16)
&= wa+p) H+2
P 8(u+2)(b+u) 8(d +2p) 30)
3 -(46 + (4 + 2)(17u — 32¢) + 16)
&= wla—p) H+2
"8+ 26— 8(d—2u)
and
_ [ H Ao [ H [
a_ﬂ\/ﬂ+2+2\/u+2’b_”\/ﬂ+2+\/ﬂ+2 an

i i i i
PR VY L . Y Yy B Yy
itz T Vure M2 2

As demonstrated above, the resonant frequencies and damping ratios
of the HRs can be analytically determined once their volumes are
specified. These parameters directly govern the noise suppression level.

Therefore, to determine the appropriate HR volumes, specific noise
control targets must be predefined. To the best of the authors' knowl-
edge, no explicit analytical relationship currently exists to guide HR
volume selection based on prescribed noise control target, a gap that the
remainder of this section aims to address.

The root-mean-square (RMS) acoustic pressure within the cavity is
given by:

Ng 2
Drus = %, (32)
4

where Ny is the number of measurement points. Substituting Eq. (13)
into Eq. (32) yields

IXHAX
Prms = v (33)

where

A=AV xUMU, V=AV x Ny, (34

where AV represents the volume of the sampling unit and V is the total
volume of the primary cavity. To characterize the resonant response
associated with the i-th EDRB, Eq. (32) is reformulated as

X2A;
Prus = || = - (35)

Based on Eq. (22), the maximum normalized magnitude of the fre-

quency response is given by
1

HiKi‘max = % (36)

Substituting Eqs. (25) and (27) into the preceding equation yields the
following expression for the maximum response

F2 24y

This section details the procedure for determining HR volumes based
on prescribed noise control targets. Assume the HR is designed such that
the maximum magnitude of the resonant response for the i-th EDRB
satisfies pPrus|na = VTi- Based on Egs. (35) and (37), the following
relationship holds
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F 24 u N
DrutS |ipax = ﬁ_ﬂ_ VT. (38)

Substituting Eqs. (21) and (23) into this equation yields

VKgsf,l o, ZN: 2Q2.97 Vi
A s —Q>+ Q2

m#n

—2A; =0, (39)

in which the unknown parameter F; can be determined through the
following optimization process

F:
argmin||X; — -

oAl 40
5 1 @A [ (40)

where X; is experimentally determined via Eqgs. (13) and (18), while the
resonant frequency €; is identified from the resonant peak of the cavity
response.

For N HRs, N equations can be obtained, expressed as

-1

VIGOLT, 228
11 2 2
v F2Aq —QF + Q3 A
il =2 : : : (41
1% A
N 20297 VKR OTv 5 N
-+ QF F3An e

Solving this linear equation directly provides the volume distribution
required to meet the prescribed attenuation targets. This analytical
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Fig. 11. Identification of the generalized force via curve fitting based on Eq. (40). The curves extracted from the pressure field are represented by solid lines, while
the corresponding fitted results are indicated by scatter points. A comparison between results derived from the ground truth and those obtained from the recon-

structed acoustic pressure field is presented to validate the identification accuracy.

Table 2

Optimal design specifications for HRs: comparison of parameters (resonant
frequency w,, damping ratio §,, volume V,) designed from ground-truth pres-
sure field versus those obtained from the reconstructed pressure field.

Volume [m?] Frequency Damping ratio
[Hz]
GT NN GT NN GT NN
Target I HR1 57 x 5.5 x 245.5 245.8 0.015 0.015
10°° 10°°
HR2 15 x 1.5 x 344.0 344.3 0.011 0.011
10° 10°°
HR3 7.8 x 7.9 x 422.6 422.6 0.011 0.011
107 107
Target I ~ HR1 1.8 x 1.7 x 2454 2457 0.027  0.027
10~ 10~
HR2 15 x 1.5 x 344.5 3449 0.011 0.011
10°° 10-°
HR3 25 x 2.5 x 423.2 423.0 0.006 0.006
107 10
Target HR1 1.8 x 1.7 x 245.5 245.8 0.009 0.008
111 10°° 105
HR2 15 x 1.5 x 343.6 344.0 0.011 0.011
10°° 10°°
HR3 2.5 x 2.5 x 422.4 422.4 0.019 0.020
105 1075

design framework, fed exclusively by the reconstructed field, eliminates
the need for analytical acoustic model or dense measurements, estab-
lishing a reconstruction-driven paradigm for passive acoustic control
inside acoustic enclosures.

3. Numerical validation and discussions

This section presents a systematic numerical validation of the pro-
posed hybrid Data-PINN framework using a canonical rectangular
acoustic cavity. The validation follows a systematic pipeline: (i)
benchmarking gradient-alignment strategies to resolve multi-objective
training conflicts; (ii) optimizing discrete sensor placement to maxi-
mize reconstruction fidelity; (iii) quantifying the accuracy of recon-
struction; and (iv) executing the design of HR to achieve effective noise
control. The computational model considers a rectangular cavity (0.5 x
0.5 x 0.7) m excited by a unit point source at the origin corner (0,0,0) m.
Acoustically rigid boundary conditions are imposed on all six walls to
establish an analytical acoustic model.

3.1. Gradient alignment and optimization algorithm benchmarking

Given the dual-loss architecture of the hybrid Data-PINN (data fi-
delity and PDE residual), gradient conflicts during backpropagation can
severely impede convergence. To address this, four optimization stra-
tegies are benchmarked: the Adam optimizer updates the PINN param-
eters using a linear combination Z(84ua: 8pp) = 8daa + @€ppe- IN
contrast, the ConFIG method [105] leverages orthogonal components of
each individual loss gradient to ensure gradient alignment across all loss
components, as detailed in Eq. (7). The IMTL-G method [106] rescales
these gradients to equalize the projection of the final gradient onto each
constituent loss gradient Z(8ga, 8ppr) = (1 — @)8gata + @8ppg- The
PCGrad method [107] functions by projecting conflicting gradients onto
the normal plane of the other gradient whenever their dot product is
negative Z’(gdatav gPDE) = K/))(gdatav gPDE) + a(qy(gPDEv gda[a)' The four
optimization strategies employ identical PINN architecture and hyper-
parameter configuration, as detailed in Table 1.

Bare Cavity ——— Cavity + HRs (GT-Optimized) Cavity + HRs (NN-Optimized)
(a) Target | (b) Target I1 (c) Target 111
g 75t 175+ 175+ -
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Fig. 12. Root mean square (RMS) acoustic pressure in the cavity: before HR installation (gray solid line); after installing HRs designed from ground truth (cyan solid
line); and after installing HRs designed from reconstructed acoustic pressure field (orange dashed line). (a) Target I: equal peaks; (b) Target II: increasing peak levels
from 55, 60 to 65 dB; (c) Target III: decreasing peak levels from 65, 60 to 55 dB.
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Fig. 13. Experimental setups and hardware configurations. (a) Test platform for the rectangular cavity; (b) experimental assembly for the helicopter cabin mockup;
(c) impedance tube used for characterizing HR parameters; (d, e) fabricated HR prototypes used in the respective experiments.

Fig. 3 illustrates the mean squared error (MSE) of the reconstructed
sound field as a function of the number of sparse microphones, while
Fig. 4 presents the corresponding training and testing loss trajectories.

The results show that with only 8 microphones, all methods exhibit
overfitting, characterized by divergent training and testing losses.
Increasing the number of sensors to 27 substantially stabilizes PINN
training and reduces the reconstruction error. However, further in-
creases to 64 and 125 microphones yield only marginal improvements in
fidelity, indicating diminishing returns relative to the added computa-
tional and experimental overhead. Consequently, 20 microphones are
selected as the optimal trade-off between experimental feasibility and
reconstruction accuracy. Furthermore, the training and testing loss
trajectories for the 20-microphone configuration across different

11

optimization algorithms are illustrated in Fig. 5.

Among the benchmarked algorithms, ConFIG consistently achieves
the lowest testing loss and exhibits the most stable convergence profile.
Therefore, ConFIG is adopted as the primary optimization strategy in
subsequent analyses. Additionally, the proposed method is compared
with traditional spatial interpolation techniques, namely Kriging inter-
polation and Gaussian process regression (GPR). Though widely used for
field reconstruction, these methods rely purely on data-driven spatial
correlations with no physical constraints. Fig. 6 shows that the PINN,
constrained by the homogeneous Helmholtz equation and trained via
ConFIG, outperforms these purely data-driven baselines in reconstruc-
tion accuracy.
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Fig. 14. Training and testing losses during the bi-level sensor placement optimization. The outer-loop optimization comprises 10 iterations, with the inner-loop PINN
trained for 10,000 epochs per iteration. (a) shows the loss profiles across all 10 x 10,000 optimization steps; (b) presents the minimum loss achieved at the end of

each outer-loop iteration.
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Fig. 15. Spatial distribution of microphones before and after sensor placement
optimization. Consistent with numerical predictions, the optimized sensor lo-
cations remain strictly confined to the predefined discrete grid.

3.2. Bi-level discrete sensor placement optimization

With the number of microphones fixed at 20, the bi-level optimiza-
tion framework (Fig. 1) is deployed to determine their optimal spatial
configuration within a 16 x 16 x 16 uniform discretization grid. The
outer loop iteratively updates sensor coordinates over 10 cycles, while
the inner loop trains the PINN for 10,000 epochs per iteration. To
mitigate entrapment in local optima, a random restart mechanism is
triggered if the test loss stagnates for more than three consecutive outer-
loop iterations. This strategy effectively improves the global search
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capacity of the algorithm, ensuring a more robust exploration of the
discrete sensor configuration space.

The resulting loss evolution is depicted in Fig. 7. Fig. 7(a) captures
the full optimization trajectory across all 10 x 10,000 steps, while Fig. 7
(b) highlights the minimum loss achieved for each outer-loop cycle. The
optimization converges rapidly, with significant loss reduction occur-
ring within the first four cycles. The abrupt loss increase observed at the
80,000-th epoch corresponds to the triggered random restart. This
proposed discrete sensor placement optimization strategy ensures that
sensor placement is optimized strictly within the physically realizable
discrete grid, thereby avoiding the impractical continuous coordinates
often yielded by differentiable search methods.

3.3. Reconstruction fidelity and physical interpretation

The spatial distributions of the initial random and optimized
microphone configurations are compared in Fig. 8. Both configurations
adhere strictly to the discretized mounting grid, confirming the practical
viability of the placement strategy. Notably, the optimized sensors
exhibit strategic clustering near coordinates (0.5,0.5,0) m, (0.5,0.5,0.7)
m, and the corners near (0,0,0) m and (0,0,0.7) m. These locations
correspond to acoustic pressure anti-nodes and structural boundaries
where the local pressure energy density is maximized. Physically, this
configuration inherently enhances the signal-to-noise ratio for extract-
ing frequency-dependent components ¢;(s), while simultaneously
providing the PINN with sufficient spatial observability to reconstruct
the global pressure distribution ¢;(r).

The accuracy of the decomposed components is quantified in Fig. 9
and Fig. 10. Fig. 9 demonstrates that the optimized placement sub-
stantially improves the identification of the frequency-dependent com-
ponents g;(s), with the reconstructed spectral peaks closely aligning with
ground-truth values across the target bandwidth. Fig. 10 further vali-
dates the spatial reconstruction, showing that the optimized configura-
tion yields a marked reduction in squared error. By synthesizing g;(s)
and ¢;(r) via Eq. (2), the framework achieves high-fidelity full-field
pressure reconstruction from only 20 sparse measurements, establishing
a reliable foundation for the subsequent noise control design.

3.4. Reconstruction-driven HR design for noise suppression

Leveraging the reconstructed pressure field, the noise control design
procedure detailed in Section 2.2 is executed to analytically determine
the optimal HR parameters. The generalized force term, a critical input
for volume calculation, is identified through curve-fitting the relation-
ship defined in Eq. (40). Fig. 11 compares the spectral curves extracted
from the reconstructed field (via Egs. (13) and (18)) with the fitted re-
sults. The close agreement between the reconstructed data, the fitted
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Fig. 16. Comparison of spatial components ¢;(r) reconstructed using the initial and optimized configurations. The corresponding squared error distributions are

also presented.

curves, and the ground truth confirms that the reconstructed field pre-
serves the essential spectral and spatial characteristics required for ac-
curate HR design, despite the severe data sparsity.

Using the identified parameters, the optimal resonant frequencies,
damping ratios, and volumes for three HRs are computed analytically
using Egs. (27), (29) and (41) to meet three distinct and prescribed noise
control targets. The resulting specifications are summarized in Table 2,
which directly compares the ground-truth-based (GT) and
reconstruction-driven (NN) designs. Across all targets, the NN-optimized
parameters exhibit minor deviations relative to the GT benchmarks. This
close agreement validates the effectiveness of the proposed
reconstruction-driven design methodology, confirming that sparse-
measurement-based field reconstruction can reliably support

analytical HR design by following the procedure established in this
paper.

The final validation step integrates the analytically designed HRs
into the numerical cavity model to evaluate their noise suppression
performance. Fig. 12 presents the RMS acoustic pressure spectra before
and after HRs’ installation for all three targets. The gray solid line rep-
resents the baseline cavity response, while the cyan and orange curves
correspond to the GT-based and NN-based HR designs, respectively. The
results confirm that both design approaches achieve effective noise
suppression, with the NN-derived HRs delivering attenuation perfor-
mance closely comparable to that of the GT benchmark. This numerical
validation demonstrates that the proposed framework successfully
bridges sparse acoustic sensing, physics-informed field reconstruction,
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Fig. 17. Identification of the generalized force via curve fitting based on Eq. (40). The curves extracted from the pressure field are represented by solid lines, while
the corresponding fitted results are indicated by scatter points. A comparison between results derived from the ground truth and those obtained from the recon-
structed acoustic pressure field is presented to validate the identification accuracy.

Table 3
Optimal design specifications for HRs: comparison of parameters designed from ground-truth pressure field versus those obtained from the reconstructed pressure
field.
Radius Height Frequency [Hz] Damping ratio
mm] tmm] Designed Measured Designed Measured
HR1 GT 58 28 245.7 246.2 0.035 0.034
NN 245.8 245.8 0.032 0.035
HR2 GT 28 42 345.4 345.6 0.027 0.027
NN 344.9 345.4 0.024 0.026
HR3 GT 14.5 42 425.9 426 0.021 0.018
NN 425.2 425.6 0.013 0.016
reconstruction; (iii) analytical design of HRs and (iv) experimental
120 - I Ba're Cavity ' ' ] validation of noise suppression performance. Furthermore, the equal-
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"% Cavity + HRs (NN-Optimized) ted design criterion in practical noise control applications.
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v
b
g, 4.1. Validation on a rectangular cavity
o« 1041 a
S
E The first experiment employs a rectangular cavity to validate the
2 96| ] proposed reconstruction-driven design framework, as depicted in Fig. 13
. (a). To facilitate sound field reconstruction from sparse measurements
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Fig. 18. Root mean square (RMS) acoustic pressure in the cavity: before HR
installation (gray solid line); after installing HRs designed from ground truth
(cyan solid line); and after installing HRs designed from reconstructed acoustic
pressure field (orange dashed line).

and analytical absorber design, establishing a reconstruction-driven
paradigm for passive noise control that operates exclusively on sparse
measurements.

4. Experimental validation

This section presents two experimental studies to validate the effi-
cacy and scalability of the proposed reconstruction-driven design
framework. The first experiment employs a canonical rectangular cavity
to quantify design accuracy, while the second investigates a helicopter
cabin mockup to demonstrate the applicability of the proposed method
to complex, arbitrarily shaped geometries. Both cases share similar
measurement architecture, illustrated in Fig. 13, but differ in structural
complexity and acoustic pressure distribution. The experimental pro-
tocol consistently follows a four-stage pipeline: (i) discrete sensor
placement optimization; (ii) sparse-to-dense acoustic field

14

while enabling rigorous validation against dense ground-truth data, a
three-dimensional acoustic scanning system was customized. This sys-
tem integrates a linear MEMS microphone array with a dual-axis
translation stage, allowing automated point-by-point pressure field
measurement across the cavity volume. Acoustic excitation is generated
by a loudspeaker driven by a signal generator and power amplifier,
ensuring a high signal-to-noise ratio. The microphone responses are
simultaneously acquired and recorded using a computer-based data
acquisition system.

Guided by the methodology detailed in Section 2, the initial positions
of the 20 microphones are randomly initialized within the discretized
search space defined by the scanning grid. These coordinates are sub-
sequently optimized using the proposed bi-level framework (Fig. 1). The
training and testing loss trajectories, which illustrate the convergence
behavior during the experimental optimization process, are plotted in
Fig. 14. As shown, the outer-loop optimization successfully drives the
reconstruction loss downward, experimentally validating the efficacy of
the proposed bi-level sensor placement framework.

The spatial distribution of the microphones before and after opti-
mization is compared in Fig. 15. Consistent with numerical predictions,
the optimized sensor locations remain strictly confined to the predefined
discrete grid, thereby demonstrating the practical viability of the
discrete placement strategy. The reconstruction accuracy achieved with
the optimized configuration is further quantified in Fig. 16, which shows
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Fig. 19. Training and testing losses during the bi-level sensor placement optimization. The outer-loop optimization comprises 10 iterations, with the inner-loop PINN
trained for 10,000 epochs per iteration. (a) shows the loss profiles across all 10 x 10,000 optimization steps; (b) presents the minimum loss achieved at the end of
each outer-loop iteration.
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Fig. 20. Comparison of spatial components ¢;(r) reconstructed using the initial and optimized configurations. The improvement in field reconstruction fidelity
demonstrates the robustness and scalability of the proposed method for complex, arbitrarily shaped geometries.

Table 4
Optimal design specifications for HRs: comparison of parameters designed from ground-truth pressure field versus those obtained from the reconstructed pressure
field.
Radius Height Frequency [Hz] Damping ratio
lmm] tmm] Designed Measured Designed Measured
HR1 GT 28 69 339.2 340.0 0.023 0.026
NN 339.6 340.4 0.016 0.016
HR2 GT 58 48 371.2 370.0 0.037 0.041
NN 369.0 369.6 0.031 0.037
HR3 GT 9.5 46 429.8 429.6 0.011 0.026
NN 430.0 430.0 0.006 0.026
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(cyan solid line); and after installing HRs designed from reconstructed acoustic
pressure field (orange dashed line).

a marked reduction in squared error compared to the random
initialization.

Notably, the bi-level optimization is executed on a workstation
equipped with an NVIDIA RTX 4070 Ti Super GPU, requiring a total
training time of 21 min and 40 s. In contrast, acquiring the ground-truth
dense measurement data in our experimental validation using the dual-
axis translation stage took 134 min. Consequently, the proposed PINN-
based framework reduces the overall workflow time by approximately
84%. More importantly, on top of the significant temporal advantage,
the proposed method requires only 20 sparsely distributed microphones.
This drastically reduces the hardware requirements and operational
complexity, conducive to in-situ noise control design.

Following the full-field pressure reconstruction, the generalized
force term is identified by curve-fitting the relationship defined in Eq.
(40). Fig. 17 compares the spectral curves extracted from the recon-
structed pressure field with the fitted results. The close alignment be-
tween the reconstructed data, fitted curves, and ground truth confirms
that the PINN-reconstructed field preserves the essential spectral char-
acteristics required for accurate HR design.

Using the identified parameters, the optimal HR parameters are
analytically computed via Eqs. (27), (29) and (41). As shown in Fig. 13
(d), the HRs were fabricated from acrylic tubes, with the larger-diameter
tube serving as the volume cavity and the smaller-diameter tube func-
tioning as the neck, to which a perforated end plate was attached.
Resonant frequencies were tuned by adjusting neck tube lengths, while
damping ratios were controlled through the perforation ratio of the end
plates. Prior to installation, each prototype was carefully characterized
through impedance tube testing (Fig. 13(c)) to verify its acoustic
impedance and resonance behavior, ensuring that manufacturing tol-
erances do not compromise theoretical performance. The designed and
measured HR parameters are compared in Table 3.

Upon integration into the cavity, the noise suppression capability
was evaluated by measuring the internal RMS acoustic pressure. The
results, presented in Fig. 18, demonstrate that HRs designed from the
reconstructed field achieve effective attenuation across all prescribed
frequency bands. Their performance closely matches that of the ground-
truth-based design, with a maximum deviation in peak attenuation of
<1.6 dB. This experimental validation confirms that the proposed
framework successfully bridges sparse sensing, physics-informed
reconstruction, and analytical absorber design without requiring dense
measurements or explicit source characterization.

4.2. Validation on a complex helicopter cabin mockup

To evaluate the scalability and robustness of the proposed frame-
work in practical engineering scenarios, the second experimental study
investigates a helicopter cabin mockup (Fig. 13(b)), which features
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complex and irregular internal volume. The measurement apparatus
remains similar to the one used in rectangular cavity experiment,
employing the linear MEMS microphone array, dual-axis translation
stage, and data acquisition system. Acoustic excitation is similarly pro-
vided by a loudspeaker, installed at the cavity corner and driven by a
signal generator and power amplifier.

Following the established protocol, 20 microphone positions are
initially randomized within the discretized scanning grid and subse-
quently optimized using the bi-level framework. The convergence
behavior of the training and testing losses throughout the optimization
process is illustrated in Fig. 19. Despite the geometric complexity, the
optimization algorithm successfully identifies sensor configurations that
minimize the reconstruction error. The reconstruction accuracy of the
optimized sensor layout is presented in Fig. 20, which demonstrates a
substantial improvement in field reconstruction fidelity compared to the
initial random placement.

Leveraging the reconstructed pressure field, the HR design procedure
is executed to determine optimal HR parameters. The HRs were fabri-
cated with the same methodology and pre-characterized via impedance
tube measurements. The designed and measured HR parameters are
compared in Table 4.

The resulting noise attenuation performance is illustrated in Fig. 21.
The RMS acoustic pressure spectra confirm that the reconstruction-
driven HRs achieve substantial broadband suppression. Furthermore,
the peak attenuation values closely match those of the ground-truth-
based design, with a maximum deviation of <2.6 dB.

This case study underscores a practical engineering advantage of the
proposed methodology: it eliminates the dependency on analytical
cavity models or dense three-dimensional scanning equipment, which
are typically impractical in complex engineering structures. The
framework established in this work operates exclusively on sparse
measurements and embeds physical constraints directly into the
reconstruction pipeline. Consequently, it delivers a robust, scalable, and
model-free paradigm for passive noise control inside acoustic enclosures
of arbitrary shape. The consistent performance across both canonical
and highly irregular geometries validates its readiness for real-world
deployment in aerospace, automotive, and architectural acoustics
applications.

5. Conclusions

This study presents a hybrid Data-PINN framework for the
reconstruction-driven design of HR in complex acoustic enclosures. To
circumvent the reliance on accurate analytical models and the imprac-
ticality of dense three-dimensional pressure measurements, the pro-
posed methodology integrates three core innovations:

(i) A spatial-frequency decomposition strategy decouples opera-
tional variations from stable spatial characteristics. This enables a
PINN, constrained by a homogeneous Helmholtz equation, to
reconstruct high-fidelity spatial fields from sparse data while
avoiding source-term identification.

(i) A bi-level discrete optimization architecture hierarchically de-
termines optimal and physically realizable sensor placement.
Within this architecture, the ConFIG gradient alignment algo-
rithm ensures stable and conflict-free PINN training.

(iii) An analytical design approach leveraging EDRB decomposition
and fixed-point theory to directly compute optimal HR parame-
ters from the reconstructed full-field pressure.

Numerical simulations and experimental validations on both regular
and irregular-shaped enclosures demonstrate that the proposed frame-
work achieves accurate acoustic field reconstruction from sparse mea-
surements and enables HR designs with noise suppression performance
nearly identical to ground-truth-based approaches. By synergizing
sparse sensing, physics-informed field reconstruction, and analytical HR



H. Li et al.

design, this work establishes a robust, model-free paradigm for passive
noise control in practical engineering structures where conventional
modeling and dense acoustic measurement are highly challenging.
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These assumptions approximate the frequency-dependent function as a constant. To verify the validity of this simplification, the exact and
approximated values of Afff are compared across the frequency range of interest, as illustrated in Fig. 22.
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Fig. 22. Comparison of the exact and approximated values of AS with and without the proposed assumptions. The shaded regions indicate the target frequency

ranges of the corresponding HR designs.

The results demonstrate that within the target frequency band of each HR design (indicated by the shaded regions), the exact and approximated
values of AT agree well with each other. This validates the proposed simplifications, confirming that the HRs can be analytically designed with high

fidelity despite the decoupling assumptions.
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