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A B S T R A C T

The ability of quasi-zero-stiffness (QZS) vibration isolators to deliver stable low-frequency vi
bration isolation is hindered by load mismatch. Herein, a force-scaling rated load correction 
method is proposed and investigated to enhance the stability of QZS vibration isolation. By 
scaling the force-displacement curve, the in-situ, continuous, and wide-range rated load correction 
is achieved to eliminate load mismatches while preserving a constant natural frequency. To 
validate the method, a rated load corrector (RLC) is developed by leveraging the positive cor
relation between electromagnetic force and input current, and integrated into a passive QZS 
isolator featuring ultra-low dynamic stiffness. Static and dynamic comparisons with the con
ventional rated load correction are conducted to reveal the underlying mechanism that enables 
stable low-frequency vibration isolation performance. Base excitation test results show that, 
without the force-scaling rated load correction, the performance of the passive QZS isolator, with 
a starting isolation frequency of 0.8 Hz, deteriorates markedly under a minor load mismatch of 10 
g (0.31% of the rated load). In contrast, with the correction, load mismatches ranging from 0.31% 
to 25% of the rated load are effectively mitigated while maintaining comparable performance. 
These results demonstrate that the proposed method substantially improves the stability of pas
sive QZS isolators for low-frequency vibration isolation.

1. Introduction

Harmful vibrations are common in various precision instruments and equipment, such as atomic force microscopes, precision 
machine tools, and orbital optical satellites, where they can unexpectedly degrade equipment performance [1–3], shorten device 
lifespan [4–6], or even lead to serious workplace accidents [7]. As an effective method for suppressing adverse vibrations, vibration 
isolation can block energy transmission from the vibration source to the sensitive object through elastic deflection, damping-induced 
energy dissipation, and inertial motion. According to linear vibration theory, achieving low-frequency vibration isolation is chal
lenging due to the positive correlation between the resonant frequency and the starting isolation frequency [8,9]. While reducing the 
stiffness of a vibration isolator can effectively reduce its resonant frequency, it inevitably causes excessive static deflection, thereby 
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limiting the load-bearing capacity and compromising system stability.
Nomenclature

QZS quasi-zero-stiffness
RLC rated load corrector
HSLDS high static and low dynamic stiffness
CCBS passive QZS isolator
QZS-RLC passive QZS isolator incorporating the RLC
RKM Runge-Kutta Method
RMS root-mean-square
Fpas, Fcor, Fc restoring forces of the passive QZS isolator, RLC, and QZS-RLC
qn, pn polynomial fitting coefficients
Np, Nq polynomial order
x displacement
α scaling coefficient
Fpe, Fce rated loads of the passive QZS isolator and QZS-RLC
Fre rated load of the RLC when α=1
kpas, kcor, kc stiffnesses of the passive QZS isolator, RLC, and QZS-RLC
kpe, kce minimum stiffnesses at the equilibrium position of the passive QZS isolator and QZS-RLC
Fre stiffness at the equilibrium position of the RLC when α=1
Rc, Rs position vectors of any point Pc on the coil wire loop and any point Ps on the solenoid wire loop
rc, zc radius and z coordinate of the coil wire loop
rs, zs radius and z coordinate of the solenoid wire loop
φs angle between the projection of Rs on the xoy plane and the x-axis
φc angle between the projection of Rc on the xoy plane and the x-axis
i, j, k basis vectors
B magnetic induction intensity at the point Pc
Icdlc, Isdls current elements of the coil wire loop and the solenoid wire loop
Ic, Is currents of the coil wire loop and the solenoid wire loop
μ0 vacuum permeability
Bx, By, Bz magnetic flux density in the x, y, and z directions
Fz electromagnetic force along the z-axis
Br residual magnetic flux density of the permanent magnet
rm, hm, wm inner radius, width and height of the permanent magnet
Nm the number of the wire loops of the permanent magnet
zm z coordinate of the bottom surface of the permanent magnet
rc, wc, hc inner radius, width, and height of the coil
i type of the solenoid, where i = 1 and i = 2 represent the inner and outer solenoids
j type of the coil, where j = 1 and j = 2 represent the negative-stiffness coil and the positive-stiffness coil
zcj z coordinate of the bottom surface of the coil
Nwj, Nhj the number of wire loops in the radial direction and the axial direction
rmi, zmi radius and z coordinate of the pi-th wire loop of the inner solenoid or the outer solenoid
Icj current of the coil
k, kij elliptic parameters
rsj, zti radius and z coordinate of each wire loop of the negative-stiffness and positive-stiffness coils
qr, pr, sr, vr, wr polynomial fitting coefficients
dm displacement when the permeant magnet is initially compressed
Ir current ratio
Fp restoring force (passive QZS isolator)
Fc restoring force (QZS-RLC)
dt variation in the screw-in length of the coil holder
ds equilibrium position of the passive QZS
kl linear positive-stiffness
Fb restoring force of the bistable negative-stiffness element
dl variation in compression of the linear positive-stiffness element
mpe, mre rated loads of the passive QZS isolator and RLC
α scaling coefficient
Ic10, Ic20 initial current configuration of the negative-stiffness and positive-stiffness coils
ζ damping coefficient
m lumped mass
c damping
g gravitational acceleration constant
zb base excitation
ab, ω excitation amplitude, angular frequency of the base excitation
zr relative displacement response of the mass
z absolute displacement response of the mass
a0, a1, φ amplitude, offset, and phase of the relative displacement response
t time
pi auxiliary variable
Td displacement transmissibility
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The emergence of QZS vibration isolators addresses the aforementioned dilemma of linear vibration isolation. By introducing 
stiffness nonlinearity to linear vibration isolators, the QZS isolators possess a high static stiffness for bearing applied load and a low 
dynamic stiffness for lowering resonant frequency, thereby enabling a small starting isolation frequency without depriving of load- 
carrying capacity [10–13]. In recent decades, bistable nonlinearity has been widely employed in the design of QZS isolators. The 
negative stiffness structures inherently associated with bistable nonlinearity can counterbalance the linear springs of conventional 
linear isolators to obtain the high static and low dynamic stiffness (HSLDS) characteristic [14]. Typical structures that exhibit bistable 
nonlinearity include, but not limited to, oblique springs [15–17], link-spring mechanisms [18–21], buckled beams [22–25], cam-roller 
mechanisms [26–28], magnetic structures [29–32], X-shaped structures [33–36], bionic structures [37–40], and origami mechanisms 
[41–44]. In most cases, their bistable behavior originates from geometric or magnetic nonlinearity. By scaling down the QZS structures 
into unit cells and arranging them in a specific pattern, QZS metamaterials have been widely constructed with high compactness and 
flexible customization [45–47]. In contrast, Yan et al. [48,49] replaced linear positive stiffness with hardening positive stiffness to 
construct QZS isolators, referred to as a nonlinear compensation mechanism, which eliminates dependence on bistable nonlinearity for 
achieving the HSLDS characteristic. A variety of QZS isolators have been developed based on the nonlinear compensation mechanism, 
employing mutually repelling magnets [50–52] or membrane springs [53] as hardening elastic elements. However, the QZS charac
teristic is not a sufficient condition for effective low-frequency vibration isolation. Since the QZS behavior reflects a nonlinear stiffness 
characteristic in which displacement, force, and stiffness are intrinsically coupled, only when QZS isolators are loaded to the equi
librium position of low dynamic stiffness can they achieve a low resonant frequency and, consequently, effective low-frequency vi
bration isolation. Therefore, when the applied load deviates from the rated load, the inherent nonlinearity of the QZS isolator exhibits 
more complex dynamic behavior [54,55], resulting in a deterioration of its low-frequency vibration isolation performance. References 
[56–58] investigated the dynamic behavior of QZS isolators under load imperfection, and found that as the applied load gradually 
deviates from the rated value, the asymmetry of the system deepens, the starting isolation frequency increases, and the transmissibility 
curve sequentially shows the characteristics of pure hardening, softening followed by hardening, and pure softening. The dynamic 
behavior becomes highly complex, and the system stability weakens. Furthermore, the higher the desired isolation performance at low 
frequencies, the smaller the required dynamic stiffness, making the system more sensitive to load mismatch. Consequently, QZS 
isolators are struggling to robustly suppress ultra-low frequency vibrations under variable applied loads.

To prevent the degradation of low-frequency vibration isolation performance due to load mismatch, recent studies primarily 
focused on load compensation and rated load adjustment. The load compensation method employs an active actuator to generate a 
constant force that counteracts load mismatches without altering the rated load and stiffness characteristic of the passive QZS isolator. 
Qi et al. [59] proposed a local gravity control method to address the load-mismatch issue in isolators. Under closed-loop feedback 
control, the actuator is capable of producing a prescribed constant compensating force. Sun et al. [60] integrated an electromagnetic 
actuator into a passive QZS isolator. The improved particle swarm optimization algorithm was employed to optimize the 
Proportion-Integration-Differentiation controller, enabling the actuator to produce a constant force for compensating varying load 
mismatches. In contrast, rated load adjustment methods can generally be divided into three categories: modifying the compression of 
the linear spring, designing multiple QZS regions, and implementing active or semi-active approaches. For QZS isolators connecting 
bistable structures in parallel with linear springs, the load is primarily borne by the linear springs, allowing for rated load adjustment 
through spring compression adjustment [61–63]. Lan et al. [64] used bolts to adjust the compression of the linear spring. By rotating 
the bolts, the restoring force of the linear spring can be modified, thereby achieving rated load adjustment. Chang et al. [65] further 
developed a non-manual rated load adjustment mechanism based on a step motor, a screw, and a driving mechanism, which enables 
labor-saving adjustment of the rated load. Designing multiple QZS regions offers an alternative approach to mitigating the sensitivity 
of QZS isolators to variations in applied load. When the applied load changes, the operating position of the vibration isolator shifts 
from its initial equilibrium position into another low dynamic stiffness region, allowing for continuous maintenance of the QZS 
characteristic [66,67]. Ye et al. [68] proposed a QZS isolator capable of adapting to varying applied loads. Unlike the classic cam-roller 
mechanism, their design increases the number of cams, facilitating the roller to contact different cams as the applied load changes. This 
interaction generates negative stiffness at multiple locations, and thus several low-stiffness intervals on the force-displacement curve 
are successfully created. Meng et al. [69] designed a QZS isolator with three zero stiffness points using four inclined springs and two 
horizontal springs, enabling effective vibration isolation for multiple masses. Zhang et al. [70] combined a series of metamaterial cells 
with different QZS characteristics in series, enabling the customization of a force-displacement curve featuring multiple low-stiffness 
regions. Active and semi-active rated load adjustment is another option. For example, Jing et al. [71,72] developed a bioinspired 
dynamics-based adaptive tracking control method for suspension systems, which used a bionic QZS structure as the tracking reference. 
This method allows the suspension system to emulate the dynamic features of the QZS structure to effectively achieve adaptive vi
bration isolation under unknown applied loads. Vo and Le [73] developed a pneumatic vibration isolation platform that integrates 
pneumatic springs and cam-roller mechanism. A design procedure was proposed to ensure zero stiffness at the equilibrium position by 
adjusting the pneumatic stiffness. In our previous work [74], a load-adaptive electromagnetic QZS isolator was developed by con
necting nonlinear electromagnetic negative- and positive-stiffness structures in parallel. Through active regulation of both nonlinear 
positive and negative stiffness, the QZS isolator can adapt to time-varying applied loads. Nevertheless, such a fully energy-driven QZS 
isolator demands considerable energy input to achieve a high-bearing capacity and would fail once the energy supply is interrupted.

According to the literature review, rated load adjustment can be achieved through a mechanical feed mechanism that alters the 
compression of the linear spring. However, the compression adjustment of the linear spring cannot alter the stiffness characteristics of 
the isolator, resulting in a variation of the natural frequency as the rated load changes. Meanwhile, the method of adjusting the rated 
load by constructing multiple low-stiffness intervals is inherently discrete and unsuitable for applications with continuously varying 
applied loads. In addition, active methods can achieve load adaptation through uninterrupted feedback control. However, once the 
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active control fails, these methods lose their load regulation capability, which in turn degrades low-frequency vibration isolation 
performance, showing poor reliability. Existing semi-active QZS isolators mainly focus on preserving the QZS characteristic at the 
equilibrium position as applied loads varies, while the variation of the natural frequency under different loads is rarely considered. 
Moreover, semi-active QZS isolators generally require substantial energy input to achieve high load-bearing capacity. To abridge the 
current research gap, this paper proposes a force-scaling rated load correction method that enables in-situ and continuous adjustment 
of the rated load in QZS isolators while preserving the natural frequency and ensuring stable low-frequency vibration isolation per
formance. In contrast to conventional methods, which either depend on feedback control to achieve constant force output or are unable 
to maintain a stable natural frequency, the proposed method avoids the need for feedback control while still delivering quasi-constant 
force and maintaining constant natural frequency. Table 1 summarizes and compares various load compensation and load adjustment 
methods in terms of their adjustment principles, feedback control requirements, continuity of load variation, ability to preserve the 
natural frequency, energy input requirements, and isolation stability. With the aim of validating the proposed method, an RLC is 
developed, exploiting the proportional relationship between electromagnetic force and input current. The RLC is integrated with a 
passive QZS isolator to fulfill the rated load correction under time-varying applied loads. Electromagnetic force modeling and 
experimental testing of the RLC are conducted to demonstrate its force-scalable characteristics for the force-scaling rated load 
correction. Furthermore, theoretical comparison with the conventional rated load correction method and rated load correction ex
periments are performed to highlight and verify the advantages of the force-scaling rated load correction method in achieving stable 
low-frequency vibration isolation for passive QZS isolators.

The remainder of this paper is organized as follows. Section 2 elaborates on the force-scaling rated load correction method and the 
conceptual design of the RLC. Section 3 describes the implementation procedure of force-scaling rated load correction. In Sections 4 
and 5, static and dynamic comparisons with the conventional rated load correction are conducted, respectively, to highlight the 
advantages of the proposed method. Section 6 demonstrates the effectiveness of the proposed force-scaling rated load correction 
method through rated load correction experiments. Finally, Section 7 concludes the paper.

2. Methodology and design

2.1. Force-scaling rated load correction method

As shown in Fig. 1(a), the QZS isolators feature a nonlinear force-displacement relationship. Initially, as displacement increases, the 
restoring force rises with a decreasing rate, demonstrating a softening behavior. After passing the inflection point E, the restoring force 
begins to rise at an increasing rate, indicating a hardening behavior. At the inflection point, the QZS isolators exhibit the HSLDS 
characteristic. As a result, when a QZS isolator is loaded to the inflection point, the starting isolation frequency is small, achieving 
excellent low-frequency vibration isolation performance. Traditionally, the inflection point is defined as the equilibrium position, and 
the corresponding applied load is defined as the rated load. However, due to stiffness nonlinearity, when the applied load mismatches 
the rated value, the load will deviate away from the equilibrium position of minimum stiffness to other points, such as points A and B, 
causing the disappearance of the QZS characteristic. As illustrated in Fig. 1(b), consequently, the starting isolation frequency increases, 
narrowing the vibration isolation bandwidth and degrading low-frequency vibration isolation performance. If an ultra-low starting 
isolation frequency is required, the stiffness at the equilibrium position should be very small, which makes the performance degra
dation due to load mismatch easier to occur. Therefore, it is a challenge for QZS isolators to realize stable low-frequency vibration 
isolation under variable applied loads. This inherent drawback of QZS isolators can be addressed via force-scaling rated load 
correction. Fig. 1(c) gives the force-displacement curves of a passive QZS isolator with an RLC. The RLC is designed with the QZS 
characteristic, and its force-displacement curve can be scaled to adjust its rated load without changing the equilibrium position. Using 
polynomial fitting, the force-displacement relationships of the passive QZS isolator, the RLC and the passive QZS isolator incorporating 
the RLC (QZS-RLC) can be expressed as 

Table 1 
Summary and comparison of various load compensation and load adjustment methods.

Methods Principle Feedback 
control

Load 
variation

Natural 
frequency

Energy 
input

Isolation 
stability

Active load Compensation 
[59,60]

Output constant force to compensate load variation Necessary Continuous Changed Low Low

Linear spring adjustment 
[64,65]

Alter the spring compression to adjust the rated 
load

Unnecessary Continuous Changed Unnecessary Low

Multi QZS regions [68–70] Construct multiple QZS regions for bearing various 
loads

Unnecessary Discontinuous Changed Unnecessary Low

Active rated load 
adjustment 
[71,72]

Emulate the response of the QZS system Necessary Continuous Changed Low Low

Semi-active rated load 
adjustment [73]

Regulate both the positive and negative stiffnesses 
to preserve the QZS characteristic

Unnecessary Continuous Changed High Low

Force-scaling rated load 
correction 
(Our work)

Scale the restoring force of the corrector to correct 
the rated load

Unnecessary Continuous Unchanged Low High
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Fpas =
∑Nq

n=0
qnxn

Fcor = α
∑Np

n=0
pnxn

Fc =
∑Nq

n=0
qnxn + α

∑Np

n=0
pnxn

(1) 

wherein, Fpas, Fcor, and Fc denote the restoring forces of the passive QZS isolator, RLC, and QZS-RLC, respectively; qn and pn the 
polynomial fitting coefficients; Np and Nq the polynomial order; x the displacement and α the scaling coefficient.

When the equilibrium positions of the passive QZS isolator and the RLC coincide at xe, the rated load of the QZS-RLC can be 
calculated by 

Fce = Fpe + αFre =
∑Nq

n=0
qnxe

n + α
∑Np

n=0
pnxe

n (2) 

wherein, Fpe and Fce denote the rated loads of the passive QZS isolator and QZS-RLC, respectively; Fre the rated load of the RLC when 
α=1.

In addition, one has 
⎧
⎪⎨

⎪⎩

kc|x=xe = kce = kpas|x=xe + αkcor|x=xe = kpe + αkre

dkc

dx
|x=xe =

dkpas

dx

⃒
⃒
⃒
⃒x=xe +

dkcor

dx
|x=xe = 0

(3) 

wherein, kpas, kcor, and kc are the stiffnesses of the passive QZS isolator, RLC, and QZS-RLC, respectively; kpe and kce the minimum 
stiffnesses at the equilibrium position of the passive QZS isolator and QZS-RLC, respectively; and kre the minimum stiffness at the 
equilibrium position of the RLC when α=1.

Fig. 1. Force-scaling rated load correction method: (a) performance degradation of the QZS isolators caused by load mismatch; (b) force-scaling 
rated load correction.
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It can be seen from Eq. (3) that the equilibrium position of the QZS-RLC retains at xe. This indicates that the rated load of the passive 
QZS isolator can be continuously adjusted by scaling the rated load of the RLC while maintaining the equilibrium position unchanged. 
Hence, as shown in Fig. 1(d), load mismatch at point B can be eliminated to prevent performance degradation via force-scaling rated 
load correction. Moreover, when kpeFre=kreFpe, one has 

̅̅̅̅̅̅

kce

Fce

√

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
kpe + αkre

Fpe + αFre

√

=

̅̅̅̅̅̅
kpe

Fpe

√

(4) 

which indicates that the natural frequency remains constant when the rated load of the passive QZS isolator is adjusted through the 
proposed force-scaling rated load correction method.

2.2. Design of the rated load corrector

The force-scaling rated load correction method poses a prerequisite that the force-displacement curve of the rated load corrector 
should be scalable. According to electromagnetic theory, magnetic force is strongly dependent on current, enabling the development of 
an RLC to achieve a flexible scaling of the force-displacement curve. As illustrated in Fig. 2, for the purpose of validating the force- 
scaling rated load correction method, an RLC is designed, which consists of a permanent magnet, a negative-stiffness coil, a 
positive-stiffness coil, and a coil holder. Through electromagnetic interaction with the permanent magnet, the negative-stiffness coil 
generates negative stiffness, whereas the positive-stiffness coil generates positive stiffness. The negative-stiffness and the positive- 
stiffness coils are fixed to the coil holder, while the permanent magnet is movable. The permanent magnet and the positive- 
stiffness coil are arranged in an end-to-end configuration, while the magnet and the negative-stiffness coil are configured in a nes
ted manner. By properly tuning the currents in the negative-stiffness and positive-stiffness coils, the RLC can achieve the QZS char
acteristic that is also scalable. As a result, when the RLC is configured in mechanical parallel with a passive QZS isolator, the system 
forms a parallel spring arrangement, allowing the rated load of the passive QZS isolator to be tuned via coil current. The passive QZS 
isolator presented in Fig. 2 has been described and developed in our previous work [53], referred to as the CCBS, and its structural 
design details are not repeated here.

To facilitate the alignment of the equilibrium positions between the passive QZS isolator and the RLC, the coil holder is attached to 
the frame via a threaded connection. By adjusting the screw-in length of the coil holder, the position of the RLC can be tuned to match 
the equilibrium positions of the RLC and the passive QZS isolator. In summary, implementing force-scaling rated load correction 
requires, first, the design of an RLC with a scalable force-displacement curve. Second, the RLC must be position-adjustable to align its 
equilibrium position with that of the passive QZS isolator. Additional requirements depend on the specific RLC design. For the pro
posed electromagnetic RLC, a magnet attached to the workload is necessary to enable electromagnetic interaction with the RLC. 
Moreover, it is worth highlighting that integrating the RLC with a passive QZS isolator is a reasonable and effective approach. Rated 
load correctors that may rely on external energy input often face limitations in achieving high load-bearing capacity due to energy 
consumption constraints. In contrast, passive QZS isolators offer excellent load-bearing performance but lack the ability to adjust the 
rated load, making them susceptible to performance degradation under load mismatch conditions. In practice, however, load varia
tions are typically smaller than the rated load. Therefore, combining the RLC with a passive QZS vibration isolator enables a balanced 
design that enhances stability under load-varying operating conditions while maintaining strong practical applicability.

Fig. 2. Design of the rated load corrector and its application in a passive QZS isolator.
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3. Implementation of the force-scaling rated load correction

3.1. Implementation of the force-scaling characteristic

The force-scaling characteristic is a prerequisite for implementing the force-scaling rated load correction. In this study, the positive 
correlation between the electromagnetic force and the input current is utilized as a representative case to achieve this characteristic. 
Based on the polarization current theory, the permanent magnet can be equivalently modeled as two thin-walled solenoids positioned 
on its inner and outer cylindrical surfaces respectively. Hence, the electromagnetic force between the permanent magnet and an 
energized coil is equal to the sum of the electromagnetic forces exerted between the coil and each of the thin-walled solenoids. As 
shown in Fig. 3(a, b), to calculate the electromagnetic force between the coil and the thin-walled solenoid, the filament method is 
adopted to uniformly divide the coil and the thin-walled solenoid into numerous coaxial wire loops.

As illustrated in Fig. 3(c), the position vectors of any point Pc on the coil wire loop and any point Ps on the solenoid wire loop can be 
expressed as 

{
Rc = rccosφci + rcsinφcj + zck

Rs = rscosφsi + rssinφsj + zsk
(5) 

wherein, rc and zc denote the radius and z coordinate of the coil wire loop, respectively; rs and zs the radius and z coordinate of the 
solenoid wire loop, respectively; φs the angle between the projection of Rs on the xoy plane and the x-axis and φc the angle between the 
projection of Rc on the xoy plane and the x-axis; i, j, and k are basis vectors.

According to Biot-Savart’s law, the magnetic induction intensity generated by the current element at the point Pc is formulated as 

B =
μ0

4π

∮
Icdlc × (Rs − Rc)

|Rs − Rc|
3 (6) 

wherein, Icdlc denotes the current element, dlc = − rcsinφcdφci+ rccosφcdφcj; Ic the current of the coil wire loop and μ0 the vacuum 
permeability.

The magnetic flux density at the point Ps on the solenoid wire loop, generated by a single coil wire loop, can be expressed as 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Bx =
μ0Ic(zs − zc)cosφs

2πrs

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

r2
s + r2

c + (zs − zc)
2
+ 2rsrc

√

[
r2
s + r2

c + (zs − zc)
2

r2
s + r2

c + (zs − zc)
2
− 2rcrs

E(k) − F(k)
]

By =
μ0Ic(zs − zc)sinφs

2πrs

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

r2
s + r2

c + (zs − zc)
2
+ 2rsrc

√

[
r2
s + r2

c + (zs − zc)
2

r2
s + r2

c + (zs − zc)
2
− 2rcrs

E(k) − F(k)
]

Bz =
μ0Ic

2π
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

r2
s + r2

c + (zs − zc)
2
+ 2rsrc

√

[

F(k) −
r2
s + (zs − zc)

2
− r2

c

r2
s + r2

c + (zs − zc)
2
− 2rcrs

E(k)
]

(7) 

wherein, Bx, By, and Bz denote the magnetic flux density in the x, y, and z directions, respectively; F(k) and E(k) the elliptic integrals of 
the first and second kind respectively, and k2 = 4rcrs /

[
r2
s + r2

c + (zs − zc)
2
+ 2rcrs

]
.

According to Ampere's Law, the electromagnetic force acting on the current element Isdls at the point Ps is given as 

Fig. 3. Parameter definition of the permanent magnet, negative-stiffness coil, and positive-stiffness coil: (a) geometric parameter definition; (b) 
filament division; (c) electromagnetic force calculation between two coaxial wire loops.
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dF = Isdls × B
= − rsIscosφsBzdφsi − rsIssinφsBzdφsj − rsIs

(
Bysinφs + Bxcosφs

)
dφsk

(8) 

wherein Is denotes the current of the solenoid wire loop; dls = − rssinφsdφsi+ rscosφsdφsj.
Since the coil wire loop and the solenoid coil wire loop are arranged coaxially, the electromagnetic force acting on the solenoid coil 

exists only in the z-axis. Integrating both sides of Eq. (8) gives 

Fz = −

∫ 2π

0
rsIs

(
Bysinφs +Bxcosφs

)
dφs =

μ0kIcIs(zs − zc)

2 ̅̅̅̅̅̅̅rcrs
√

[

F(k) −
2 − k2

2 − 2k2 E(k)

]

(9) 

The currents in the two thin-walled solenoids are equal in magnitude but flow in opposite directions, which can be calculated by 

Is =
Brhm

μ0Nm
(10) 

wherein, Br denotes the residual magnetic flux density of the permanent magnet; hm the height of the permanent magnet and Nm the 
number of the wire loops.

As defined in Fig. 3(b), the radius and z coordinate of the pi-th wire loop of the inner solenoid or the outer solenoid are calculated as 
⎧
⎪⎨

⎪⎩

rs = rmi = rm + (i − 1)wm

zs = zmi = zm +

(

pi −
1
2

)
hm

Nm
pi ∈ [1,Nm]

(11) 

wherein, rm and wm denote the inner radius and width of the permanent magnet, respectively; zm the z coordinate of the bottom surface 
of the permanent magnet; the subscript “i” the type of the solenoid, where i = 1 and i = 2 represent the inner and outer solenoids, 
respectively. The same convention applies to subsequent definitions of the subscript “i” and will not be repeatedly explained.

For the negative-stiffness and positive-stiffness coils, the radius and z coordinate of each wire loop can be expressed as 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

rc = rsj = rcj +

(

s −
1
2

)
wcj

Nwj
s ∈

[
1,Nwj

]

zc = ztj = zcj +

(

t −
1
2

)
hcj

Nhj
t ∈

[
1,Nhj

]
(12) 

wherein, rc, wc, and hc denote the inner radius, width, and height of the coil, respectively; zcj the z coordinate of the bottom surface of 
the coil; Nwj and Nhj the number of wire loops in the radial direction and the axial direction, respectively; the subscript “j” the type of 
the coil, where j = 1 and j = 2 represent the negative-stiffness coil and the positive-stiffness coil, respectively. The same convention 
applies to subsequent definitions of the subscript “j” and will not be reiterated.

The electromagnetic force of the RLC can be calculated by summing the interactions between each pair of wire loops, which is 
formulated as 

Fcor =
∑2

j=1

∑2

i=1

∑Nwj

s=1

∑Nhj

t=1

∑Nm

pi=1
( − 1)ihmIcjBrkij

(
zmi − ztj

)

2Nm
̅̅̅̅̅̅̅̅̅̅rsjrmi

√

[

F
(
kij
)
−

2 − k2
ij

2 − 2k2
ij

E
(
kij
)
]

(13) 

wherein, Icj denotes the current of the coil, and k2
ij = 4rsjrmi /

[
r2
sj + r2

mi +
(
zmi − ztj

)2
+ 2rsjrmi

]
.

Fig. 4. Force-displacement curve of the nested coil-magnet, end-to-end coil-magnet, and RLC.
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Fig. 4 plots the force-displacement curve of the nested coil-magnet, end-to-end coil-magnet, and RLC, where the negative-stiffness 
and positive-stiffness coils are fixed, and the permanent magnet is compressed toward the coils from zm=55 mm. The remaining 
parameter settings are zc1=35 mm, zc2=1 mm, rc1=19 mm, rc2=9.5 mm, wc1=11 mm, wc2=17.5 mm, hc1=12 mm, hc2=25 mm, rm=5 
mm, wm=13 mm, hm=12 mm, Nw1=22, Nw2=35, Nh1= 24, Nh2=50, Nm=24, Br=0.6 T, and Ic1=Ic2=1.0 A. It can be observed that the 
nested coil-magnet exhibits a negative stiffness characteristic, while the end-to-end coil-magnet demonstrates a hardening-stiffness 
behavior. Since the negative stiffness provided by the nested coil-magnet is much larger than the positive stiffness of the end-to- 
end coil-magnet, the electromagnetic force of the RLC initially increases and then decreases, further reflecting a negative stiffness 
characteristic. For facilitating the stiffness calculation of the RLC, the polynomial fitting Eq. (14) is harnessed to describe the force- 
displacement relationship of the RLC based on the discrete data obtained by Eq. (13). The polynomial order was selected appropri
ately to balance fitting accuracy, overfitting risk, nonlinear feature representation, and computational efficiency. The results obtained 
from Eqs. (13) and (14) show good agreement, without exhibiting noticeable oscillatory behavior. 

Fcor = Ic1

∑9

r=0
qr(dm)

r
+ Ic2

∑7

r=0
pr(dm)

r (14) 

wherein, dm denotes the displacement when the permeant magnet is compressed from zm=55 mm; qr and pr fitting coefficients under 
Ic1=Ic2=1.0 A.

Defining the current ratio as Ir=Ic2/Ic1, Fig. 5(a, b) show the force-displacement and stiffness-displacement curves of the RLC, 
respectively, with the current in the positive-stiffness coil held constant as the current ratio Ir increases. When Ir=10/3, a QZS region 
appears on the force-displacement curve at a displacement of 17.93 mm, with a corresponding rated load of 0.33 kg and a minimum 
stiffness of 0.017 N/mm. In addition, it can be noted that the low-stiffness characteristic of the RLC can be flexibly tuned by varying the 
current ratio. Specifically, increasing the current ratio increases the stiffness, whereas decreasing it has the opposite effect.

At Ir=10/3, Fig. 6 plots the force-displacement and stiffness-displacement curves of the RLC under uniform scaling of coil currents 
ranging from 0.5 to 1.4 times their initial values. It is evident that both the force and stiffness scale proportionally, enabling effective 
adjustment of the rated load without altering the equilibrium position. Fig. 7 illustrates the equilibrium position adjustment of the RLC. 
By increasing the screw-in length of the coil holder by 5 mm, the z-coordinates of the bottom surfaces of both the positive- and 
negative-stiffness coils are raised by the same amount, resulting in a 5 mm leftward shift of the equilibrium position. Consequently, 
when the RLC is integrated with a passive QZS isolator, aligning their equilibrium positions through the equilibrium position 
adjustment of the RLC allows the rated load to be continuously tuned in real time through simple current tuning.

3.2. Rated load correction of the passive QZS isolator

The force-displacement curve of a passive QZS isolator can be fitted using a polynomial function. Without loss of generality, a third- 
degree polynomial Fp =

∑3
r=0 sr(dm − ds)

r is employed in this study. To correct the rated load of the passive QZS isolator, the RLC is 
required to be connected in parallel with it. As a consequence, the force-displacement relationship of the QZS-RLC can be described as 

Fc = Ic1

∑9

r=0
qr(dm + dt)

r
+ Ic2

∑7

r=0
pr(dm + dt)

r
+
∑3

r=0
sr(dm − ds)

r (15) 

wherein, dt denotes the variation in the screw-in length of the coil holder, with dt=0 corresponding to the reference QZS configuration 
shown in Fig. 6; ds the equilibrium position of the passive QZS isolator and sr the fitting coefficients.

Fig. 8 presents the force-displacement and stiffness-displacement curves of the RLC, passive QZS isolator, and QZS-RLC, where the 

Fig. 5. Force-displacement and stiffness-displacement curves of the RLC as the current ratio increases: (a) force-displacement curves; (b) stiffness- 
displacement curves.

J.-J. Lu et al.                                                                                                                                                                                                            Journal of Sound and Vibration 644 (2026) 120066 

9 



parameter settings are dt=0 mm, ds=12 mm, s0=5.0 N, s1=0.02 N/mm, s2=0 N/mm2, and s3=0.001 N/mm3. The equilibrium position 
of the passive QZS isolator is located at a displacement of 12 mm, corresponding to a rated load of 0.51 kg and a minimum stiffness of 
0.02 N/mm. Apparently, the equilibrium positions of the passive QZS isolator and the RLC are misaligned. The force-displacement and 
stiffness-displacement curves of the QZS-RLC are obtained by superimposing those of the RLC and passive QZS isolator. At the 
displacement of 12 mm, although the passive QZS isolator exhibits minimum stiffness, the RLC possesses a relatively higher positive 

Fig. 6. Scaling characteristics achieved through simple current tuning: (a) force scaling; (b) stiffness scaling.

Fig. 7. Equilibrium position adjustment of the RLC.

Fig. 8. Force-displacement and stiffness-displacement curves of the RLC, passive QZS isolator, and QZS-RLC under misaligned configuration: (a) 
force-displacement curves; (b) stiffness-displacement curves.
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stiffness at the same position. Similarly, at the displacement of 17.93 mm, the QZS characteristic of the RLC is degraded due to the 
influence of the passive QZS isolator. As a result, the QZS-RLC fails to exhibit a desired QZS region. Since the force-displacement curves 
of both the RLC and the passive QZS isolator are monotonic, their superimposed curve rises with displacement. Furthermore, owing to 
the softening-to-hardening transition behavior around the equilibrium positions of both the RLC and the passive QZS isolator, the 
superimposed curve displays a similar characteristic, with the position of minimum stiffness occurring between the equilibrium po
sitions of the two systems.

Fig. 9 shows the equilibrium position alignment process of the RLC and passive QZS isolator. As shown in Fig. 9(a), increasing dt 
causes the equilibrium position of the RLC to gradually approach that of the passive QZS isolator. Meanwhile, the position of minimum 
stiffness of the QZS-RLC also shifts toward the equilibrium position of the passive QZS isolator. When dt=5.93 mm, the equilibrium 
positions of the RLC, passive QZS isolator, and QZS-RLC become fully aligned. As illustrated in Fig. 9(b), the minimum stiffness of the 
QZS-RLC decreases progressively with increasing dt, reaching its lowest value at dt=5.93 mm. In the aligned configuration, due to the 
superposition effect, the rated load and stiffness of the QZS-RLC equal the sum of those of the passive QZS isolator and the RLC.

Under the aligned configuration, the rated load of the passive QZS isolator can be flexibly adjusted via force-scaling rated load 
correction. As shown in Fig. 10(a), with Ir=10/3 kept constant, uniformly scaling the coil currents by the same factor proportionally 
scales the rated load of the RLC. Owing to the superposition effect, the rated load of the QZS-RLC can thus be flexibly varied, in contrast 
to the fixed rated load of the passive QZS isolator. For example, under the initial configuration with Ic1=0.3 A and Ic2=1.0 A, the rated 
loads of the RLC and QZS-RLC are 0.33 kg and 0.84 kg, respectively. When the currents are scaled by a factor of 1.4 (denoted as 1.4X) to 
Ic1=0.42 A and Ic2=1.4 A, the rated load of the RLC increases to 0.46 kg, and that of the QZS-RLC is successfully corrected to 0.97 kg. It 
is worth noting that scaling the rated load simultaneously alters the stiffness characteristic of the RLC, thereby modifying the stiffness 
of the QZS-RLC as well, as shown in Fig. 10(b). This coupling effect is advantageous, as the concurrent variation in rated load and 
stiffness helps maintain a stable natural frequency and thus ensures consistent low-frequency vibration isolation performance.

4. Static comparison with conventional rated load adjustment

In conventional QZS isolators, the bistable negative stiffness is employed to counteract the linear positive stiffness, while the 
applied load is primarily supported by the linear positive-stiffness element. Therefore, rated load adjustment can be achieved by 
tunning the compression of this linear element. Assuming the stiffness of the linear positive-stiffness element is kl=0.5 N/mm, the 
force-displacement relationship of the bistable negative-stiffness element can then be expressed as Fb =

∑3
r=0 sr(dm − ds)

r
− kl(dm −

ds + s0 /kl). Considering the adjustable compression of the linear positive-stiffness element. The force-displacement relationship of a 
conventional QZS isolator can be expressed as 

Fb =
∑3

r=0
sr(dm − ds)

r
− kl(dm − ds + s0 / kl) + kldl (16) 

wherein, dl denotes the variation in compression of the linear positive-stiffness element.
With the fitting coefficients set as s0=10.0 N, s1=0.04 N/mm, s2=0 N/mm2, and s3=0.001 N/mm3, the linear positive-stiffness 

element exhibits a compression of 20 mm, as shown in Fig. 11(a). Under this condition, the QZS isolator possesses a rated load of 
1.02 kg and a minimum stiffness of 0.04 N/mm at an equilibrium position of 12 mm. As dl decreases, the compression of the linear 
positive-stiffness element required to reach the equilibrium position decreases, thereby reducing the rated load. Specifically, as dl 
decreases from 0 mm to − 10 mm, the rated load drops from 1.02 kg to 0.51 kg. Unlike the force-scaling rated load correction method, 
as shown in Fig. 11(b), adjusting the compression of the linear positive-stiffness element has no effect on the stiffness characteristic. 

Fig. 9. Force-displacement and stiffness-displacement curves of the RLC, passive QZS isolator, and QZS-RLC during the equilibrium position 
alignment process: (a) force-displacement curves; (b) stiffness-displacement curves.
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Detrimentally, when the rated load decreases from 1.02 kg to 0.51 kg, the natural frequency of the QZS isolator increases from 1.0 Hz 
to 1.41 Hz. The coupling between the rated load and natural frequency can result in unstable low-frequency vibration isolation 
performance.

Importantly, the force-scaling rated load correction method is capable of maintaining a constant natural frequency while correcting 
the rated load. To achieve this, the rated loads and minimum stiffnesses of the passive QZS isolator and the RLC are required to satisfy 

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
kpe + kre

mpe + mre

√

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
kpe + αkre

mpe + αmre

√

(17) 

wherein, mpe and mre denote the rated loads of the passive QZS isolator and RLC, respectively.
Derived from Eq. (17), we can obtain 

fpe = fre =
1
2π

̅̅̅̅̅̅̅
kpe

mpe

√

=
1
2π

̅̅̅̅̅̅̅

kre

mre

√

(18) 

wherein, fpe and fre denote the natural frequencies of the passive QZS isolator and RLC, respectively.
Eq. (18) demonstrates that when the natural frequencies of the RLC and the passive QZS isolator are identical, the QZS-RLC is 

capable of maintaining a constant natural frequency during rated load correction. As discussed in Section 3.2, the rated load and 
minimum stiffness of the RLC can be readily adjusted by varying the current configuration to obtain the target natural frequency. For a 
given passive QZS isolator, we have 

Fig. 10. Force-displacement and stiffness-displacement curves under force-scaling rated load correction: (a) force-displacement curves of the RLC, 
passive QZS isolator, and QZS-RLC; (b) stiffness-displacement curves of the QZS-RLC.

Fig. 11. Force-displacement and stiffness-displacement curves under conventional rated load correction: (a) force-displacement curves of the 
bistable negative-stiffness element, linear positive-stiffness element, and conventional QZS isolator; (b) stiffness-displacement curves of the con
ventional QZS isolator.
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

mpeg = Ic1

∑9

r=0
qr(dre)

r
+ Ic2

∑7

r=0
pr(dre)

r

kpe = Ic1

∑9

r=1
rqr(dre)

r− 1
+ Ic2

∑7

r=1
rpr(dre)

r− 1

0 = Ic1

∑9

r=2
r(r − 1)qr(dre)

r− 2
+ Ic2

∑7

r=2
r(r − 1)pr(dre)

r− 2

(19) 

wherein, dre denotes the equilibrium position of the RLC.
Derived from Eq. (19), the corresponding current ratio can be determined by solving 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

fpe =
1
2π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑9

r=1
rqr(dre)

r− 1
+ Ir

∑7

r=1
rpr(dre)

r− 1

[
∑9

r=0
qr(dre)

r
+ Ir

∑7

r=0
pr(dre)

r
] g

√
√
√
√
√
√
√
√

Ir = −

∑9

r=2
r(r − 1)qr(dre)

r− 2

∑7

r=2
r(r − 1)pr(dre)

r− 2

(20) 

Once the current ratio Ir is determined, the current configuration corresponding to a prescribed rated load of the RLC can be 
calculated as 

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Ic1 =
mreg

∑9

r=0
qr(dre)

r
+ Ir

∑7

r=0
pr(dre)

r

Ic2 =
mregIr

∑9

r=0
qr(dre)

r
+ Ir

∑7

r=0
pr(dre)

r

(21) 

As a case study, the polynomial fitting coefficients of the passive QZS isolator are set as s0=5.0 N, s1=0.02 N/mm, s2=0 N/mm2, and 
s3=0.001 N/mm3, with a natural frequency of 1.0 Hz. To enable the QZS-RLC system to achieve a rated load of 1.02 kg while 
maintaining the same natural frequency, the desired parameters for the RLC are specified as mre=0.51 kg and kre=0.02 N/mm, sharing 
the same natural frequency as the passive QZS isolator. Based on Eq. (19), the calculated values are dre=17.97 mm, Ir=3.275, Ic1=0.471 
A, and Ic2=1.541 A. Fig. 12 presents the force-displacement and stiffness-displacement curves of the passive QZS isolator, RLC, and 
QZS-RLC. Under the parameter configuration derived from Eq. (19), the equilibrium position of the RLC is located at a displacement of 
17.97 mm, corresponding to a rated load of 0.51 kg and a minimum stiffness of 0.02 N/mm. After performing equilibrium position 
adjustment, the equilibrium position of the RLC is shifted to 12 mm when dt=5.97 mm, aligning it with that of the passive QZS isolator. 
With the assistance of the RLC, the rated load of the QZS-RLC reaches the prescribed value. Interestingly, as shown in Fig. 13, when the 
rated load is adjusted using the force-scaling rated load correction method, the natural frequency of the QZS-RLC remains constant at 
1.0 Hz. For instance, when α=0.2, the rated load of the QZS-RLC reduces to 0.61 kg, and the corresponding minimum stiffness 

Fig. 12. Rated load adjustment without altering the natural frequency through force-scaling rated load correction: (a) force-displacement curves; 
(b) stiffness-displacement curves.
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increases to 0.024 N/mm, while the natural frequency remains unchanged at 1.0 Hz. This characteristic ensures stable low-frequency 
vibration isolation performance.

Considering that the equilibrium positions of the passive QZS isolator and the RLC may not be perfectly aligned in practical ap
plications, Fig. 14(a) illustrates the force-displacement curves of the QZS-RLC under different values of dt. It can be observed that such 
misalignment causes the actual operating position to deviate from the desired equilibrium position. Fig. 14(b) further presents the 
stiffness and natural frequency of the QZS-RLC at the actual operating position as dt varies. In the presence of misalignment, the 
stiffness increases and deviates from the desired value, leading to a rise in the natural frequency and, consequently, a degradation in 
isolation performance. The greater the misalignment, the more pronounced the performance degradation. Nevertheless, it is worth 
emphasizing that when misalignment occurs, the workload shifts away from the prescribed equilibrium position. This characteristic 
makes the misalignment readily detectable and, therefore, avoidable through direct observation of the workload position.

5. Dynamic comparison with the conventional rated load correction

5.1. Dynamic modeling considering rated load correction

For facilitating dynamic modeling, under the aligned configuration in Fig. 12(a), a coordination transformation is conducted by 
defining the equilibrium position as the displacement origin. Fifth-order polynomial fitting, considering both the force-scaling rated 
load correction and conventional rated load correction, is used to recharacterize the force-displacement relationships of the RLC and 
passive QZS isolator. As plotted in Fig. 15, the fitting results closely match the experimental data with root-mean-square errors below 
0.003 N. As a consequence, the force-displacement relationship of the QZS-RLC can be reformulated as 

Fc = Fcor + Fpas =
It

Ic10 + Ic20

∑5

r=0
vrzr +

∑5

r=0
wrzr + kldl (22) 

wherein, z=dm− ds; vr denotes the fitting coefficients of the RLC under the initial current configuration Ic10=0.471 A and Ic20=1.541 A; 
wr the fitting coefficients of the passive QZS isolator; It= Ic2+Ic1, and Ir=3.275.

Fig. 13. Variation in the minimum stiffness and natural frequency of the QZS-RLC under force-scaling rated load correction.

Fig. 14. Effects of misalignment between the equilibrium positions of the passive QZS isolator and the RLC: (a) variation in the actual operating 
position; (b) variations in the stiffness and natural frequency of the QZS-RLC.
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Fig. 16 depicts a single-degree-of-freedom model of the QZS-RLC, comprising a lumped mass element m, the nonlinear stiffness 
units kcor and kpas elements (derived from the RLC and passive QZS isolator, respectively), and a damping element c that primarily 
accounts for electromagnetic damping and aerodynamic drag. Hence, when the QZS-RLC is disturbed by the base excitation zb, the 
dynamic governing equation can be expressed as 

z̈ + 2ζω0(ż − żb) +
It

m(Ic10 + Ic20)

∑5

r=0
vr(z − zb)

r
+

1
m

∑5

r=0
wr(z − zb)

r
+

kldl

m
− g = 0 (23) 

wherein, ζ denotes the damping coefficient, and ζ = c /(2mω0); ω0 =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
[v1It/(Ic10 + Ic20) + w1]/m

√
; g the gravitational acceleration 

constant, and g = 9.81 m/s2.
Assume zb=abcos(ωt), where ab is the excitation amplitude and ω is the angular frequency. According to the Harmonic Balance 

Method, the relative displacement response of the mass element can be assumed as zr=a0+a1cos(ωt+φ), where a0, a1, and φ are the 
amplitude, offset, and phase, respectively. Substituting the expressions of zr and zb into Eq. (23) yields 

p1a0 + p2

(

a0
2 +

a1
2

2

)

+ p3

(

a3
0 +

3
2
a0a2

1

)

+ p4

(

a0
4 + 3a0

2a1
2 +

3
8
a1

4
)

+p5

(

a5
0 + 5a3

0a2
1 +

15
8

a0a4
1

)

+ p0 = 0
(24) 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− a1ω2 + p1a1 + 2p2a0a1 + p3

(

3a0
2a1 +

3
4
a1

3
)

+p4
(
4a0

3a1 + 3a0a1
3)

+p5

(

5a0
4a1 +

15
2

a0
2a1

3 +
5
8
a1

5
)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

cosφ − 2a1ζωω0sinφ = abω2

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

− a1ω2 + p1a1 + 2p2a0a1 + p3

(

3a0
2a1 +

3
4
a1

3
)

+p4
(
4a0

3a1 + 3a0a1
3)

+p5

(

5a0
4a1 +

15
2

a0
2a1

3 +
5
8
a1

5
)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

sinφ + 2a1ζωω0sinφ = 0

(25) 

wherein, p0 = [v0It /(Ic10 + Ic20) + w0 + kldl] /m − g; pi = Itvi /[m(Ic10 + Ic20)] + wi /m, and i = 1, 2, 3, 4, 5.
Derived from Eq. (25), we can obtain 
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By combining Eqs. (26) and (24), the parameters a0, a1, and φ can be calculated, and the absolute displacement response of the mass 

Fig. 15. Coordination transformation with the equilibrium position defined as the displacement origin.
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element can be expressed as 

z = zb + zr = abcos(ωt) + a0 + a1cos(ωt+φ) (27) 

5.2. Dynamic behavior without rated load correction

The dynamic behavior of the QZS-RLC is characterized by displacement transmissibility, which can be calculated by 

Td = 20lg
(

1
ab

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
a12 + ab2 + 2a1abcosφ

√
)

(28) 

The parameters of the QZS-RLC are set as It=Ic10+Ic20, kl=0.5 N/mm, dl=0 mm, m = 1.02 kg, and ζ=0.0783, ensuring that the QZS- 
RLC operates without load mismatch. Fig. 17(a) presents the displacement transmissibility curve under an excitation amplitude ab=0.5 
mm. Overall, due to the hardening nonlinearity, the resonance peak of the transmissibility curve bends significantly to the right, 
resulting in a bifurcation behavior in the frequency range from 1.3 Hz to 1.8 Hz. This region exhibits three solution branches: an upper 
branch, a lower branch, and a middle branch. The upper and lower branches correspond to stable responses, while the middle branch is 
unstable. When the excitation frequency increases from low to high, the system follows the upper branch, with transmissibility 
gradually rising to a peak of 21.2 dB, then abruptly jumping down to − 6.4 dB at 1.8 Hz. Conversely, when the excitation frequency 
decreases from high to low, the system follows the lower branch, with transmissibility gradually increasing to 9.1 dB, then suddenly 
jumping up to 17.2 dB at 1.3 Hz. Define the frequency at which the transmissibility first drops below 0 dB as the starting isolation 
frequency. Fig. 17(b) shows the displacement transmissibility curves under different damping conditions. It can be seen that the jump 
phenomenon in the transmissibility curve increases the starting isolation frequency from 1.5 Hz to 1.8 Hz, thereby narrowing the 
isolation bandwidth. When the damping coefficient is increased from ζ=0.0783 to ζ=0.1018, the jump behavior is completely sup
pressed, and the starting isolation frequency returns to 1.5 Hz. Further increasing the damping to ζ=0.1409 eliminates the bifurcation 
characteristics in the transmissibility curve. The numerical results obtained using the Runge-Kutta Method (RKM) are also plotted, and 
the data points closely follow the theoretical curve, confirming the effectiveness of the dynamic model. However, raising the damping 
coefficient can weaken the vibration attenuation within the isolation region. For instance, when the damping coefficient increases from 
ζ=0.0783 to ζ=0.1409, the transmissibility rises from − 22.0 dB to − 19.9 dB at 4 Hz. As a result, the damping should be properly 
chosen to balance vibration suppression and mitigate the influence of stiffness nonlinearity on the performance of the QZS isolator.

Keeping the parameters of the QZS-RLC identical to those in Fig. 17(a) except for the applied load, Fig. 18(a, b) respectively show 
the offset curves and displacement transmissibility curves under different load mismatches. The applied load is set as 1.02 kg, 0.99 kg, 
and 0.94 kg in sequence. When the applied load equals the rated load, the QZS-RLC operates at its equilibrium position, resulting in a 

Fig. 17. Displacement transmissibility curves without load mismatch: (a) bifurcation behavior; (b) transmissibility curves under different damp
ing conditions.

Fig. 16. A single-degree-of-freedom model of the QZS-RLC.
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minimal offset. Due to its low dynamic stiffness, neglecting the jump phenomenon, the QZS-RLC exhibits a low starting isolation 
frequency of 1.5 Hz. As the applied load decreases, the stiffness nonlinearity causes the operating position to deviate from the 
equilibrium position, leading to a sharp increase in the offset and, consequently, in the dynamic stiffness. As a result, the starting 
isolation frequency increases significantly, and ultra-low frequency isolation performance deteriorates. For instance, when the applied 
load decreases slightly from the rated load to 0.99 kg, a load mismatch of only 2.9% (30 g) leads to a 290% rise in dynamic stiffness and 
an 86.7% increase in the starting isolation frequency. Furthermore, when the applied load decreases to 0.99 kg, the resonance peak 
initially tilts to the left and then bends to the right, showing a complex dynamic behavior with initial softening followed by hardening. 
As the applied load further decreases to 0.94 kg, the resonance peak exhibits a pronounced leftward tilt. These results demonstrate that 
load mismatch disrupts the ultra-low-stiffness characteristic of the QZS-RLC, increases the starting isolation frequency, amplifies 
stiffness nonlinearity effects, and severely degrades low-frequency isolation performance. In extreme cases, such a mismatch may even 
induce complex dynamic phenomena and lead to isolator instability. Therefore, a QZS isolator can only achieve optimal low-frequency 
isolation performance when operating under its rated load.

5.3. Dynamic behavior with rated load correction

The conventional rated load correction is first applied to eliminate load mismatches. The initial rated load is set to 1.02 kg. When 
the applied load is adjusted to 0.99 kg, 0.94 kg, and 0.62 kg, the corresponding compression changes of the linear positive-stiffness 
element are set to dl=− 0.59 mm, dl=− 1.57 mm, and dl=− 6.08 mm, respectively, to match the rated load with the applied load. 
Fig. 19 presents the offset and transmissibility curves under conventional rated load correction. As shown in Fig. 19(a), as the applied 
load increases, the static operating position coincides with the equilibrium position, and the offset remains as low as that at the initial 
rated load. Fig. 19(b) shows that under small variations in the applied load, the transmissibility curves change negligibly, indicating 
that the conventional rated load correction effectively eliminates load mismatches while having little influence on the vibration 
isolation performance. However, when the applied load decreases from 1.02 kg to 0.62 kg (a 39.2% reduction), the resonance region 
shifts to a higher frequency, and the starting isolation frequency increases from 1.5 Hz to 1.9 Hz when neglecting the jump phe
nomenon, revealing a clear degradation in low-frequency vibration isolation performance. In addition, the transmissibility peak de
creases with the reduction of the applied load. These results can be attributed to the fact that the conventional rated load correction 
does not alter the stiffness characteristics. As a result, as the applied load decreases, both the natural frequency and damping coefficient 
increase, leading to a higher starting isolation frequency and a lower peak transmissibility.

Under the force-scaling rated load correction, for the applied loads of 0.99 kg, 0.94 kg, and 0.62 kg, the corresponding current 
configurations are It=1.894 A, 1.696 A, and 0.433 A, respectively, ensuring consistency between the rated and applied loads. As shown 
in Fig. 20(a), the offset curves demonstrate that by tuning the rated load of the RLC, the load mismatches are effectively eliminated and 
the offset is maintained at a low level. Significantly, as plotted in Fig. 20(b), in drastic contrast to the conventional rated load 
correction, the resonance region remains fixed owing to the constant natural frequency, thereby ensuring a stable starting isolation 
frequency. This advantage persists even under a 39.2% reduction in the initial rated load and becomes more pronounced as the 
reduction increases. In addition, as the applied load decreases, the damping coefficient increases as the conventional rated load 
correction, leading to a similar variation in the transmissibility curves as observed in Fig. 17(b). However, in a different manner, during 
the force-scaling rated load correction, there is ζ∝m, whereas under the conventional rated load correction, there is ζ∝

̅̅̅̅
m

√
.

However, in practical applications, force-scaling rated load correction may be imperfect due to mismatches in the natural fre
quencies between the RLC and the passive QZS isolator. Maintaining the natural frequency of the passive QZS isolator unchanged as 
fpe=1.0 Hz, Figs. 21 and 22 plot the transmissibility curves for cases where fre>fpe and fre<fpe, respectively. In Fig. 21(a), the desired 
stiffness of the RLC is raised to 0.06 N/mm, which results in a natural frequency of 1.73 Hz. The corresponding current settings are 
Ir=3.711, Ic10=0.424 A, and Ic20=1.573 A. Compared with the perfect case, the increased natural frequency of the RLC, resulting from 
enhanced stiffness, shifts the resonance region toward higher frequencies, thereby degrading the low-frequency vibration isolation 

Fig. 18. Dynamic behavior under various load mismatches without rated load correction: (a) offset curves; (b) transmissibility curves.
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performance. The larger the rated load of the RLC, the poorer the low-frequency vibration isolation becomes. For example, neglecting 
the jump phenomenon, when the applied load increases from m = 0.62 kg to m = 1.02 kg, the rated load of the RLC rises from 0.11 kg to 
0.51 kg, and the starting isolation frequency increases from 1.67 Hz to 2.03 Hz. Fig. 21(b) presents the transmissibility curves under 
various imperfect conditions. As the natural frequency increases, the starting isolation frequency also rises, indicating a progressively 
deeper degradation in low-frequency vibration isolation performance. In addition, the increase in natural frequency reduces the 
damping coefficient, leading to a higher transmissibility peak. Conversely, as shown in Fig. 22, when fre<fpe, the decreased natural 
frequency of the RLC, resulting from weakened stiffness, shifts the resonance region toward lower frequencies. As the rated load of the 
RLC increases and its natural frequency decreases, the starting isolation frequency is further reduced, indicating unstable low- 
frequency vibration isolation performance. Therefore, mismatches in the natural frequencies between the RLC and the passive QZS 
isolator should be avoided to ensure stable low-frequency vibration isolation performance.

Fig. 19. Dynamic behavior under conventional rated load correction: (a) offset curves; (b) transmissibility curves.

Fig. 20. Dynamic behavior under force-scaling rated load correction: (a) offset curves; (b) transmissibility curves.

Fig. 21. Transmissibility curves under fre>fpe: (a) various rated loads; (b) various natural frequencies.
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6. Experimental identification and verification

6.1. Force-displacement relationship identification

The passive QZS isolator is implemented using the CCBS developed in our previous work [53]. An experimental prototype of the 
CCBS was fabricated, and its force-displacement relationship was measured using a universal testing machine with a feed rate of 10 
mm/min. Each quarter-arc-shaped beam was made of spring steel, with a radius of 40 mm, a width of 5 mm, and a thickness of 0.3 mm. 
The elastic diaphragm was manufactured from a 0.45 mm-thick titanium sheet via laser cutting. Based on the experimental data, the 
corresponding fitting coefficients were identified with a low root-mean-square error of 0.003 N. As shown in Fig. 23, the rated load of 
the experimental prototype is 3.24 kg, and the corresponding stiffness is 0.015 N/mm, demonstrating a near-zero-stiffness 
characteristic.

An experimental prototype of the RLC was also fabricated, in which the permanent magnet was made of NdFeB, and both the 
positive- and negative-stiffness coils were tightly wound with copper wire. As shown in Fig. 24(a), the force-displacement relationships 
of the nested coil-magnet, end-to-end coil-magnet, and RLC were measured using a universal testing machine. In the setup, the per
manent magnet was mounted on the movable workbench of the testing machine and driven to compress against the coils. The negative- 
stiffness and positive-stiffness coils were independently powered by two constant current sources (UNI-T UTP1306S), with the current 
sequentially set to 0.5 A, 1.0 A, and 1.5 A. The detailed parameter configuration of the RLC is listed in Table 2. Fig. 24(b, c) present the 
experimental results of the nested and end-to-end coil-magnet, respectively. Using the experimental data, polynomial fitting was 
performed for each current condition, and the resulting fitting coefficients were averaged to determine the coefficients in Eq. (14). The 
fitting curves exhibit excellent agreement with the experimental data, with mean root-mean-square errors of 0.015 N and 0.029 N for 
the nested and end-to-end coil-magnet, respectively. This validates the linear dependence of the electromagnetic force on the current.

According to Eq. (19), to correct the rated load of the passive QZS isolator without changing the natural frequency, the current ratio 
of the RLC was determined as Ir=3.252. Fig. 24(d) presents the force-displacement curve of the RLC when Ic1=0.2 A and Ic2=0.65 A. 
The theoretical results obtained using Eq. (13) are also presented for comparison, where the parameters are set as zc1=35 mm, zc2=1 
mm, Nw1=22, Nw2=34, Nh1= 24, Nh2=48, Nm=24, Br=1.212 T It can be observed that the RLC distinctly exhibits a QZS characteristic, 
with the equilibrium position located at a displacement of 8.62 mm, corresponding to a rated load of 0.41 kg and an ultra-low stiffness 
of 0.002 N/mm. The natural frequencies of the RLC and the passive QZS are both close to 0.35 Hz. Moreover, the experimental results 

Fig. 22. Transmissibility curves under fre<fpe: (a) various rated loads; (b) various natural frequencies.

Fig. 23. Force-displacement relationship identification of the passive QZS isolator.
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show good agreement with the theoretical predictions, with the small discrepancies mainly attributed to manufacturing and assembly 
tolerances. Build on the experimental data, the corresponding coefficients in Eq. (22) were identified with Ic10=0.2 A and Ic20=0.65 A.

6.2. Offline rated load correction test

The offline rated load correction test was conducted to verify the effectiveness of the force-scaling rated load correction method in 
enabling stable low-frequency vibration isolation. The experimental setup for the tests is shown in Fig. 25, where the experimental 
prototype of the vibration isolator combining the RLC and passive QZS isolator is mounted on the workbench of an electromagnetic 
shaker (SINOCERA PIEZOTRONICS JZK-100). Through feedback control, the shaker can perform stable periodic, sweeping, and 
random motions according to preset excitation signals, enabling comprehensive base excitation testing of the QZS-RLC. For the pe
riodic excitation test, a signal generator (Tektronix AFG3022C) is used to produce a predefined harmonic excitation signal, which is 
then amplified by a power amplifier (SINOCERA YE5878) to drive the shaker. Two laser displacement sensors (Panasonic HL-G103-A- 
C5, 0.5 μm resolution) are employed to measure the base excitation displacement and the load response displacement, respectively. 
The measurement data are acquired using a dynamic signal analyzer (DONDHUA DG5902) at a sampling frequency of 500 Hz and 
recorded on a computer. For the sweeping and random excitation tests, the predefined excitation signals are generated by the computer 
and used to control the shaker via a vibration controller (ECON VT-9008), which implements closed-loop control based on acceleration 
feedback. As in the periodic test, the excitation signals are amplified through the power amplifier before being used to drive the shaker 
and apply base excitation to the vibration isolator. Two accelerometers (HOUDE HD-YD-232, 112.41 mV/g sensitivity) are used to 
measure the base excitation and load response accelerations, respectively. The acceleration data are also collected by the dynamic 
signal analyzer and recorded by the computer. The negative-stiffness and positive-stiffness coils are energized by two constant current 
sources (UNI-T UTP1306S), respectively, as in the static test. The output current is regulated manually.

The periodic excitation test was first conducted to evaluate the vibration isolation performance of the passive QZS isolator. The 
excitation amplitude was set to 0.21 mm, and the frequency range spanned from 0.1 Hz to 2 Hz. The RLC was deactivated, and the 
passive QZS isolator was sequentially loaded with 3250 g, 3260 g, and 3270 g, with 3250 g defined as the rated load. Fig. 26(a-d) show 
the time histories of the base excitation and load response displacements at excitation frequencies of 0.3 Hz, 0.5 Hz, 1.0 Hz, and 2.0 Hz. 
When the applied load is set to the rated value, at 0.3 Hz and 0.5 Hz, the load response displacement exceeds the base excitation 

Fig. 24. Force-displacement relationship identification of the nested coil-magnet, end-to-end coil-magnet, and RLC: (a) experimental system; (b) 
nested coil-magnet; (c) end-to-end coil-magnet; (d) RLC.
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displacement, indicating amplification of the input excitation. In contrast, at 1.0 Hz and 2.0 Hz, the load response displacement is 
smaller than the base excitation displacement, demonstrating effective vibration attenuation. The transmissibility curve plotted in 
Fig. 26(e) reveals a resonance peak at 0.5 Hz and shows that vibrations above 0.8 Hz are effectively suppressed, showing an ultra-low 
frequency vibration isolation performance. When the applied load is increased by merely 10 g (0.31% of the rated load), the vibration 
isolator enters a load-mismatched state, with the resonant frequency and starting isolation frequency shifting to 0.9 Hz and 1.4 Hz, 
respectively. A further 10 g increase in applied load caused the starting isolation frequency to deteriorate sharply to 2.0 Hz. The 
theoretical transmissibility curves at the rated load and with a 10 g load mismatch are plotted for comparison, with the damping 
selected to align the peak values of the theoretical and experimental curves under the 10 g load mismatch. It can be seen that the 
theoretical and experimental resonance frequencies and isolation starting frequencies differ by only about 0.1 Hz, validating the 
effectiveness of the dynamic model. The periodic excitation results indicate that, due to its ultra-low stiffness characteristics, the 
passive QZS isolator exhibits excellent sub-frequency vibration isolation performance. However, it is also highly sensitive to variations 
in load, and even slight load mismatches can significantly degrade its isolation effectiveness at low frequencies.

To evaluate the offline performance of the force-scaling rated load correction method, a sweeping excitation test was conducted. 
Three loading conditions were set, with applied loads of 3250 g, 3657 g, and 4062 g. For each case, the coil currents of the RLC were 
adjusted to ensure that the rated load matched the applied load. Under each loading condition, three sets of sweeping excitations were 
applied sequentially to the base of the QZS-RLC. The frequency ranges from 1.5 Hz to 10 Hz, with a sweep duration of 50 s. The peak-to- 
peak excitation amplitudes were set to 0.3 mm, 0.4 mm, and 0.5 mm, respectively. Fig. 27(a) exhibits the time histories of the base 
excitation and load response accelerations under the applied load of 3250 g. Fig. 27(b-d) present the transmissibility curves for the 
applied loads of 3250 g, 3657 g, and 4062 g, respectively. As shown in Fig. 27(b), with the applied load of 3250 g and the RLC 
deactivated, the transmissibility reaches − 40 dB from 3.6 Hz, indicating broadband vibration attenuation. When the applied load 
increases by 12.5% to 3657 g, a mismatch occurs between the applied load and the rated load. To eliminate this mismatch, the coil 
currents were adjusted to Ic1=0.2 A and Ic2=0.65 A, achieving the alignment between the applied load and the rated value. As 
illustrated in Fig. 27(c), the transmissibility reaches − 40 dB at 4.1 Hz, demonstrating that the RLC has little adverse effect on the QZS 
characteristics and that the broadband attenuation performance is maintained. Similarly, as shown in Fig. 27(d), when the applied load 

Table 2 
Parameter configuration of the RLC.

Parameters of the RLC Value

Inner radii of the negative-stiffness and positive-stiffness coils, rc1/rc2 19 mm/9.5 mm
Widths of the negative-stiffness and positive-stiffness coils, wc1/wc2 11 mm/17.5 mm
Heights of the negative-stiffness and positive-stiffness coils, hc1/hc2 12 mm/25 mm
Inner radius, width, and height of the permanent magnet, rm/wm/hm 5 mm/13 mm/12 mm
Gap between the negative-stiffness and positive-stiffness coils 9 mm
Copper wire diameter 0.5 mm

Fig. 25. Rated load correction test system.
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Fig. 26. Periodic excitation test results of the passive QZS isolator: (a)-(d) time histories of the excitation and response displacements at 0.3 Hz, 0.5 
Hz, 1.0 Hz, and 2.0 Hz; (e) transmissibility.

Fig. 27. Sweep excitation test results: (a) time histories of the excitation and response accelerations under the rated load; (b)-(d) transmissibility 
curves under applied loads of 3250 g, 3657 g, and 4062 g.
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is increased by 25.0% to 4062 g and the coil currents are adjusted to Ic1=0.4 A and Ic2=1.3 A, the transmissibility still reaches − 40 dB 
at 4.1 Hz. These results confirm the effectiveness of the force-scaling rated load correction method in achieving wide-range rated load 
correction and enhancing the reliability of low-frequency vibration isolation performance in passive QZS isolators.

In order to further validate the force-scaling rated load correction method, a random excitation test was conducted. During the test, 
the vibration isolator was sequentially loaded with 3250 g and 3657 g, and the rated load was matched to the applied load via rated 
load correction. The acceleration power spectral density of the random excitation was set to 0.0005 g²/Hz within a frequency range of 
5 Hz to 100 Hz. Fig. 28(a, b) show the time histories of the base excitation and load response accelerations under the applied loads of 
3250 g and 3657 g, respectively. In both cases, the load response acceleration is significantly smaller than the base excitation ac
celeration. Fig. 28(c, d) summarize the maximum, mean, and root-mean-square (RMS) values of the base and response accelerations 
under the two loading conditions. As shown in Fig. 28(c), when the applied load is 3250 g and the RLC is deactivated, the maximum, 
mean, and RMS values of the base excitation acceleration are 9.50 m/s², 1.83 m/s², and 2.30 m/s², respectively, while those of the load 
response acceleration are 0.127 m/s², 0.024 m/s², and 0.030 m/s². Under the action of the vibration isolator, the maximum, mean, and 
RMS accelerations are reduced by 98.6%, 98.7%, and 98.7%, respectively. These results further verify the broadband vibration 
suppression capability of the passive QZS isolator, achieving an average vibration attenuation exceeding 98.5%. When the applied load 
increases to 3657 g, the coil currents are adjusted to Ic1=0.2 A and Ic2=0.65 A to match the increased applied load. As shown in Fig. 28
(d), the maximum, mean, and RMS values of the load response acceleration are 0.335 m/s², 0.045 m/s², and 0.057 m/s², corresponding 
to reductions of 96.5%, 97.6%, and 97.5%, respectively. These results indicate that the force-scaling rated load correction successfully 
compensates for variations in the applied load, preventing performance degradation caused by load mismatch.

6.3. Online rated load correction test

For a more comprehensive evaluation of the force-scaling rated load correction method during the operation of the vibration 
isolator, an online test was conducted. The experimental setup was identical to that of the offline rated load correction. The excitation 
amplitude was set to 0.21 mm, with excitation frequencies sequentially set to 0.4 Hz, 0.5 Hz, 0.6 Hz, 0.8 Hz, 0.9 Hz, and 1.0 Hz. At the 
beginning of the test, the initial applied load of the vibration isolator was 3250 g, and the RLC was turned off, ensuring that the applied 
load matched the rated load. Subsequently, a 10 g mismatch load was applied to the QZS-RLC. After system stabilization, the RLC was 
activated to re-establish the match between the rated load and the applied load.

Fig. 29(a) shows the time histories of the base excitation and load response displacements at the excitation frequency of 0.9 Hz. At 
the initial test stage, since the starting isolation frequency is 0.8 Hz under the applied load of 3250 g, the 0.9 Hz excitation is effectively 

Fig. 28. Random excitation test results: (a)-(b) time histories of the excitation and response accelerations under applied loads of 3250 g and 3657 g; 
(c)-(d) maximum, mean, and RMS values of the excitation and response accelerations under applied loads of 3250 g and 3657 g.
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attenuated. This results in the load response displacement being smaller than the base excitation displacement. When a 10 g mismatch 
load is applied, the rated load becomes lower than the applied load, causing a deviation from the equilibrium position and an increase 
in stiffness. As a result, the load response displacement rises significantly, exceeding the base excitation. It is worth noting that when 
the RLC is activated, the rated load realigns with the applied load and the ultra-low stiffness characteristic is restored, thereby reducing 
the load response displacement and recovering the ultra-low frequency vibration isolation performance. More importantly, the 
equilibrium position hardly changes, confirming the in-situ rated load correction capability of the force-scaling rated load correction 
method. Fig. 29(b) presents the time histories of the base excitation and load response displacements under the excitation frequency of 
0.5 Hz. When the applied load is 3250 g, as this excitation frequency corresponds to the resonant frequency of the CCBS, the initial load 
response displacement is significantly larger than the base excitation displacement. After applying the 10 g mismatch load, the change 
in stiffness shifts the resonant frequency so that the amplification at 0.5 Hz disappears. When the RLC is subsequently activated, the 
ultra-low stiffness characteristic is recovered, and the resonant frequency returns to 0.5 Hz, leading to strong amplification of the base 
excitation once again. Fig. 29(c-f) show the time histories of the base and load response displacements at excitation frequencies of 0.4 
Hz, 0.6 Hz, 0.8 Hz, and 1.0 Hz. The trends observed are similar to those under 0.9 Hz and 0.5 Hz excitations, and are therefore not 
elaborated repeatedly.

A Fast Fourier Transform was performed on the base excitation and the steady-state load response displacements at three stages: the 
initial test stage, after applying the mismatch load, and after activating the RLC. The displacement transmissibility at each stage was 
then calculated. As shown in Fig. 29(g), during the initial test stage, the applied load is equal to the rated load. At this point, the 
vibration isolator exhibits ultra-low stiffness characteristics, with a resonant frequency of 0.5 Hz and a starting isolation frequency of 

Fig. 29. Online rated load correction test results: (a)-(f) time histories of the excitation and response displacements at 0.9 Hz, 0.5 Hz, 0.4 Hz, 0.6 Hz, 
0.8 Hz, and 1.0 Hz; (g) transmissibility before and after correction.
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0.9 Hz, demonstrating ultra-low frequency vibration isolation performance. When a 10 g mismatch load is applied, the operating 
position of the vibration isolator deviates from the equilibrium position, increasing the stiffness and shifting the resonant frequency 
upward to 0.9 Hz, leading to the degradation of ultra-low frequency vibration isolation performance. However, after the RLC is 
activated and the rated load is realigned with the applied load, the vibration isolator regains its ultra-low stiffness characteristic. 
Consequently, the resonant frequency and the starting isolation frequency dropped back to 0.5 Hz and 0.9 Hz, respectively, and ultra- 
low frequency vibration isolation performance is restored. These results validate that the force-scaling rated correction enables real- 
time and fine-tuned adjustment of the rated load and can rapidly restore degraded vibration isolation performance caused by vari
ations in the applied load during operation. This significantly improves the reliability of low-frequency vibration isolation under time- 
varying load conditions.

7. Conclusion

To address the issue of high sensitivity of low-frequency vibration isolation performance to load mismatch in QZS isolator design, 
this paper proposes a novel force-scaling rated load correction method. Unlike conventional load compensation and rated load 
adjustment methods, which inevitably alter the natural frequency during load mismatch elimination, the proposed method, as a 
control-free QZS isolator, achieves rated load correction through scaling of the force-displacement curve of an RLC. As a result, in-situ 
and continuous rated load correction can be realized without modifying the original natural frequency, thereby maintaining stable 
low-frequency vibration isolation performance over a wide range of load variations. To validate the proposed concept, an RLC based on 
electromagnetic force scaling is developed and integrated into a passive QZS isolator. Both theoretical and experimental investigations 
demonstrate that the electromagnetic force can be continuously regulated through the coil current, providing the required force- 
scaling capability for rated load correction. Static and dynamic comparisons with conventional methods further confirm that the 
proposed approach effectively eliminates load mismatch while preserving a constant natural frequency, resulting in significantly more 
stable vibration isolation performance. Moreover, periodic, swept-frequency, and random excitation experiments verify the effec
tiveness of the method in both offline and online rated load correction under various operating conditions. The proposed force-scaling- 
based rated load correction method offers a new paradigm for improving the robustness of QZS isolators against load mismatch. By 
maintaining quasi-constant natural frequency throughout the load correction process, it provides a practical, reliable, and energy- 
efficient solution for achieving stable ultra-low-frequency vibration isolation under wide-range and time-varying loading condi
tions. Future work might focus on extending the force-scaling concept to multi-degree-of-freedom QZS systems and developing 
adaptive load correction strategies for more complex operating environments.
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