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ABSTRACT

Motivated by the knowledge gap on nonlinear sound transmission of acoustically excited structures with large
geometric deformations, this paper proposes the Spectral Chebyshev-Incremental Harmonic Balance (SC-IHB)
method for analyzing the nonlinear sound transmission properties of a composite laminated plate. The plate
generates large deformation vibration subjected to strong sound excitation, modeling in the frame of Von Karman
theory and Rayleigh-Ritz principle. It reveals that nonlinearity entails the suppression of structural vibration and
significantly increases the sound transmission loss (STL) within the resonance band, due to primary resonance
condition. Two specific STL valleys are observed in non-resonance bands, in which vibration is suppressed but
total transmitted sound is increased, attributing to the superharmonic resonances enhanced by geometric
nonlinear during sound radiation process. The enhancement index just right equals to the superharmonic order.
Moreover, geometry nonlinearity also slightly reduces STL in bifurcation band. These properties are confirmed
by the time-domain integration method. Therefore, this paper reveals properties of nonlinear sound insulation,
and elucidates their harmonic resonance mechanisms. The study deepens the understanding of nonlinear sound
transmission of plates, and provides theoretical guidance on the design of high-performance sound proofing

structures.

1. Introduction

Plates, the basic components in industries, are commonly subjected
to strong noise especially in aircraft and high-speed trains, causing
nonlinear large deformation vibration (Fig. 1a). Investigating their
nonlinear vibrations and sound transmission characteristics, from the
perspective of modelling methods and dynamic mechanisms, is of vital
significance for designing plate-based structures.

Nonlinear vibration properties of plates have attracted great atten-
tion, including bare plates[1], stiffened plates[2], composite plates[3,
4], bistable plates[5,6], and nonlinear metamaterial plates[7,8]. Their
nonlinear vibration primarily originates from the stretching effect of
their mid-plane induced by large geometrical deformation. By employ-
ing Von-Karman theory to describe the nonlinear strain-displacement
relationship, typical nonlinear phenomena in plates have been scruti-
nized, such as nonlinear frequency[9], bifurcation[3], harmonic effects
[4], and chaos[3]. Bistable plates show ‘snap-through’ behavior

between two stable states, thereby providing novel insights for
advancing nonlinear vibration control[5]. Additionally, nonlinear met-
amaterial plates, embedded with nonlinear oscillators, were shown to
entail ultra-low-frequency and ultra-broadband vibration suppression
[10,11] while offering enormous room for wave manipulation through
chaotic bands and bridging coupling effects[12,13]. These studies have
clarified most salient nonlinear vibration phenomena in plates.
Acoustic-structure interaction[14-16] has been a hot topic in recent
two decades, including the rise of acoustic/mechanical metamaterials
[17-21] for acoustic applications such as sound absorption[22], insu-
lation[23], radiation control[24], or sound wave manipulation[24,25].
Song et al. [23] adopted bandgap control theory to explore the broad-
band sound insulation of metamaterial plates. Li et al.[26] designed a
multifunctional plate to achieve simultaneous sound absorption, insu-
lation, and vibration control. Some studies also showed sound trans-
mission enhancement [27]. However, most existing studies in
acoustic-structure interaction are limited to linear dynamics.
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Most studies in nonlinear acoustic-structure interaction in aero-
acoustics only consider the flow effects and neglect the structural
deformation or vibration [28]. Ginsberg[29,30], Nayfeh[31] and
Kelly investigated the formation, evolution, and propagation of
shock waves in nonlinear acoustics. Nonlinear acoustic-structure
interaction can induce interesting dynamic effects, including har-
monics [32], 2:1 internal resonance [33], and nonlinear “lock-in”
effects[34]. Zhu et al.[35] optimized the Helmholtz resonators with
serrated necks for and improving nonlinear acoustic energy dissi-
pation under high sound excitation. Tang et al.[36] constructed an
nonlinear acoustic-solid model of porous honeycomb sandwich
plates under high incident sound through experiment and FEM.
Nonlinear acoustic metamaterial plates[8] can suppress vibratio-
n/acoustic radiation[7] and improve sound insulation[14,37] based
on dual-position nonlinear interaction[38]. Therefore, though
abroad attentions have been attracted on the nonlinear
acoustic-structure problems, research on the nonlinear sound trans-
mission and insulation induced by large deformation plates remains
scarce, which motived the present study.

To examine the above issues, an accurate nonlinear acoustic-
structure coupling model is fundamentally critical to elucidate
nonlinear sound phenomena. Traditional closed-form solutions[39,
40] were limited by specific boundary condition assumptions and
were inapplicable in nonlinear systems. The time-domain analysis
methods (Runge-Kutta, Newmark-g) are less efficient for computing
nonlinear amplitude-frequency responses. To tackle the problem, this
paper first develops a numerical model for large-deformation plate
structures based on the Spectral Chebyshev (SC) method[41,42]
within the framework of the First order shear deformation theory
(FSDT) and the Von Karman theory. We adopt global basis function
expansion (Chebyshev polynomials) to achieve spectral space trans-
formation of the displacement field. Moreover, we develop a
nonlinear frequency-domain analysis technique (i.e., the Incremental
Harmonic Balance IHB method) for efficient and accurate computa-
tion. Then, we investigate the influence of the geometrical nonline-
arity on sound transmission as well as the underlying physics
governed by bifurcation, superharmonics, and sound radiation
modes. Therefore, the paper provides new method and new physics
for the sound insulation of plates.

(b)
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2. Modelling method and algorithm

This section introduces a plate model, theoretical modelling procedure
and the corresponding solving algorithm. Owing to its excellent mechanical
performances, such as lightweight, high strength, impact resistance, and
designability, a plate made of fiber-reinforced laminated composite mate-
rials is considered. Exposed to strong sound field at both sides, the plate
undergoes large deformation with non-negligeable geometric nonlinearity.
The Spectral Chebyshev—Incremental Harmonic Balance (SC-IHB) method
is established to solve this sound-plate interaction problem via considering
multiple high-order harmonics (Fig. 1b).

As shown in Fig. 1, the rectangular plate, with full clamped bound-
ary, is immersed in a sound field. Incident plane waves (sound) from one
side cause wave reflection and plate vibration, which in turn radiates
sound to the other side. The composite laminated plate (CLP) consists of
Npyy layers of fiber-reinforced laminates. The corresponding coordinate
system of CLP model are defined by the geometric middle plane. As
shown in Fig. 1(c), the distances from the top and bottom surfaces of the
k™ layer to the geometric mid-surface are denoted by z;,; and z. Five
boundary springs k; (t=u, v, w, x, y) are employed to obtain the
boundary condition with various stiffness values.

We employ a COMSOL-based time-domain integration model to
compute large deformation vibration and the transmitted sound under
high-intensity acoustic excitation, as shown in Fig. 2. The large deforma-
tion composite laminate plate is created by ‘Layered Material’ option in
COMSOL; Transmitted sound field represented by a hemispherical domain
accounting for non-planar waves from the plate. Perfectly Matched Layer
(PML) is adopted for non-reflective boundary. Mesh configurations for
each component are detailed in Fig. 2(b), with mesh sizes satisfying
acoustic wavelength resolution requirements to ensure converged results.

Parameters tabulated in Table 1 are used in numerical studies unless
otherwise specified. The plate, with length L,, width L, and thickness h, is
fully clamped (CCCC) at its four edges. Eq, Eo, j112, G12, G13, Go3 are denoted
as Young's modulus, Poisson's ratio and shear modulus of composite lami-
nated plate, with stacking sequence [45°/—45°/45°/—45°], referred to
Appendix A for details. p is the density of plates. 6,;, and N,y are the ply angle
and ply number of the fiber-reinforce composite material. cgyg is sound
speed and pyy;q is the density of the acoustic medium. PI is incident sound
pressure amplitude in decibels (dB). The value for boundary spring stiffness
k¢ (t = u, v, w, x, y) can be determined by Table 2 [41,43].
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Fig. 1. Model description of composite laminated plate under strong noise environment. (a) The engineering background of this investigation; (b) The theoretical
model of nonlinear amplitude-frequency analysis method by SC-IHB method. (c) Lamination, material coordinate system and boundary condition of the CLP.
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Fig. 2. Time-domain integral model in COMSOL. (a) Time-domain model diagram; (b) Mesh type diagram for each part.

Table 1
Parameters of composite laminated plate under strong noise excitations.
Symbol  Definition Value Symbol  Definition Value
Ly Length 0.8 m E; Young's 150 GPa
L, Width 0.6 m E, Modulus 10 GPa
h Thickness 2 mm M1z Poisson's 0.25
Ratio
CAluid Sound speed 343 m/s G2 Shear 0.5E,
PAuid Density of air 1.21 kg/ Gi3 Modulus 0.5E;
m3
PI Incident sound 140 dB Go3 0.6E,
pressure
M Truncation 18 P Density of 1500 kg/
number of plate m®
N Chebyshev 18 Oty Ply angle 45°
polynomial
Ny Numbers of 5 Npiy Number of 4
harmonics term ply layers
Table 2

Parameters of spring stiffness values for various boundary conditions[41].

Boundary Condition (B.C) Corresponding boundary stiffness value

Ky k, ke ke k,

F (Free boundary) 0 0 0 0 0

C (clamp boundary) 10'® 10'® 10 10'® 10'®
S (Simply-supported boundary) 10'® 10'° 10'° 0 10'®

2.1. Mathematical model of the fiber-reinforced laminated composite
materials

This subsection introduces the mathematical model of the fiber-
reinforced laminated composite material plates. The composite lami-
nated plate (CLP) is modelled using the First Order Shear Deformation
Theory (FSDT)[42,44,45], in which the displacement of any point in the
CLP writes:

u(x,y, t)
U(vaa z7 t) 1 z V(x’y7 t)
U= | V(x,y,2t) | = 1 z| | wlxy.t) | =Lu, @
W(x,y,z,t) 1 $e(x.y,t)
¢y (%, y,t)

where (u, v, w) respectively denote the translational displacement of a
point on the middle surface of CLP. ¢, and ¢, denote the rotational
angles along y and x axis on the middle surface, respectively. t is time.
According to the Von-Karman large deformation assumption[46,47], the
nonlinear strain-displacement relationship writes:

_ou 0, Lo v by 1w\
o (ax) 7= ay* e (ay)’
-~ Ju ov 0, 6¢y ()W()W. _0_W ) 2
7’”‘(@*&)* (E+_)+axay e = o T @
ow
yyz:E+¢y'

According to the generalized Hooke’s law [48-50], the stress-strain
relationship in the K layer in the composite plate can be expressed as

k
|l @ @ 0 o of|&
% &, @& 0 0 0|
g.0=10 0 @, 0o o 75 3)
& 0 0 0 Qs 0[]/
%, 0 0 0 0 Q||

Here, o*, &, QX represent stress, strain and elastic stiffness co-
efficients of the k™ layer, respectively. In FSDT, it is assumed that the
shear stress o,= 0. This simplification is derived from three-dimensional
elasticity theory based on engineering requirements (see Abramovich
et al.[51], Refer to Appendix A for details).

Therefore, the elastic strain energy (UP®®), kinetic energy (T?'*'®) and
work (WP2®) in CLP can first be obtained as:

Ly P’Y Zh i1
pplae — / / { / {O‘ké‘k-ﬁ-tfk&‘ +Ks y27yz+’<s xﬂ/:(cz"'r 75)'} }dydx1
4

S ; . y /
szm:% / / ! [1o (& +V7 ) + 21t + 211V, + 1o (4 + 4y ) | dyalx,
0 0
)

Le Ly
welete — / p(x,y, 2, t)dydx. (6)
0 0
Here, p is the external sound pressure excitation. ks is the shear
correction factor, xs= 5/6. (Ip, I1, I) denote the inertia terms, written as:
Npiy Npiy Npiy
3 3
IO*ZP Zen —2z); h 22‘0 B %) 12:§ZP(Zk+1—Zk)~
=1
@)

The boundary conditions of the finite plate are determined by the
penalty function method[42,44,45] (also called boundary spring
method). Three sets of translational springs (k, ky, and k) constrain the
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translational displacement of CLP boundary along the x, y, and z di-
rections. Two sets of torsional springs (k, and ky) constrain the rotational
degrees. The potential energy stored by these springs is:

1

L
v =2 /0 [Kiyots® + kg + kg + Kgoth,? + Kpoth,?]_dx

—_

Lx
+5 / [Kuyz, U + Kyy1, VP + kuyr, W + kg, b + knyzdiyz]y:Lydx
0
L ®)
¥
+§/ [kuxouz + kvx()v2 + kchW2 + kxx0¢x2 + knyd’yz}x:Ody
0
1 b 2 2 2 2 2
+§/ [kuxLl u” + kvxle + kwal w + kxxLl ¢x + kny1 ¢y } d.y
0

Xx=Ly
Thus, the overall Lagrange energy generalization for CLP can be
written as:

L= Uplate + Wplate _ -Iplate + UBD. (9)

2.2. 2.2 Spectral Chebyshev (SC) method for displacement solution

This subsection employs the Spectral Method to perform spectral
expansion of the displacement field. Common orthogonal polynomials
for expansion include characteristic orthogonal polynomials[52], Che-
byshev polynomials[53,54], Legendre polynomials[41,42], and
improved Fourier series[55]. Among those, Chebyshev polynomials
exhibit numerical stability and accuracy. Therefore, the displacement
field u is converted to spectral space using Chebyshev polynomials, i.e.,
the Spectral Chebyshev (SC) method, which is expressed as:

u = diag(Ta,Tg,Tc,Ip, Te)q(t). (10)

Here, T represents the row vector formed by the finite-term Cheby-
shev polynomials. q(t)= [A(t); B(t); C(t); D(®); E(®)] is the unknown
column vector denoting generalized displacement coefficients. The
specific vector forms are in Appendix B. Then, substituting Eq. (10) into
Eq. (9) yields the other expression of the Lagrange energy function.

Based on the Rayleigh-Ritz approach[56], the dynamic model for
CLP can be derived by performing the extreme value procedure of the
partial derivatives for vector q.

oL

07
dq(t)
d a’Iplate a(-Iplate) N a(Uplate + UBD) B
de \ 9q(t) dq dq =P

1D

The equations of motion for CLP considering large geometric de-
formations can then be expressed as

Mq(t) + Cq(t) + K. + Knr(q(t))]q(t) = F cos wt, (12)

where M, C, K and Ky, are respectively the mass, damping, linear
stiffness, and nonlinear stiffness matrices, respectively; F is the force/
pressure vector; @ denotes angular frequency. The elements in M, C, K,
Kni, and F are listed in Appendix B.

As the composite plate is a high-dimensional nonlinear system, it is
necessary to reduce the computational cost through reducing the
dimensionality (refer to ref. [57] for dimensionality reduction method).
Firstly, by neglecting the damping terms, nonlinear terms, and external
load terms in Eq. (12), the degenerated linear free vibration equation of
the CLP is obtained as:

(K, — 0®M)q = 0. 13)

By solving the eigenvalue/eigenvector of Eq. (13), the modal matrix
® and modal coordinates { can be obtained by representing the
displacement vector q in the following form:

q(t) = (1) as
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Here, the first 100 orders are selected as the truncated approximation
to represent the displacement. Substituting Eq. (14) into the high-
dimensional nonlinear system Eq. (12) gives the following reduced-
order form:

mé(t) + ek (t) + (k + ky)&(t) = f cos wrt,
c= (I)TC(I); k= (I)TK(I); knl = (I)TKn(I)l, f= <I)TF

(15)

m = ®'Md;,

2.3. Incremental Harmonic Balance (IHB) method for solutions

This subsection mainly proposes the IHB method for finding the
nonlinear solutions. Eq. (15) can be directly solved using time-domain
integration methods (such as Newmark-f§ method, Runge-Kutta
method) at a high computational cost. Including the Runge-Kutta
method (Odel5s in MATLAB), we further incorporate the Incremental
Harmonic Balance (IHB) method [57,58] to acquire steady-state
solutions.

Introducing the dimensionless time scale parameter 7 = wt, the
nonlinear dynamic ordinary differential equations of Eq. (15) are casted
into the following form:

@*mé(7) + web(7) + (k +ku)§(7) = f cos 7. (16)

The first step of the IHB method is the incremental process, which
involves linearizing the differential equations using the Newton-
Raphson method. Assuming the steady response and excitation param-
eters at a certain vibration state as {jo, fj0 and o, the adjacent vibration
state can be represented by adding corresponding small increments (A(j,
Afj, and Aw) from them, as follows:

& =Ejo+Ag; fi = fio +4f;

Here, the subscript j denotes the j-th element in the matrix { and f of
Eq. (16). The vector ¢ and f can be rewritten as:

&= 6o +4¢&;
By substituting Eq. (18) into Eq. (16) and neglecting the higher-order
infinitesimal terms of the increments, the linearized incremental equa-
tion of this nonlinear equation is obtained as follows:
aknlgo
9%

Re = f; cos() — [wZm&, +wocky + (K + k)],

® = 0 +Aw. 17)

f="f,+Af;, o=w,+Aw. (18)

©3mAE + woedl + <k + )Ag =Re — (20om&, + c&y)Aw + Af cos(z),

19

where Re represents the residual vector, meaning that the numerical
solution of the nonlinear system equals the exact solution when Re = 0.
&o, AL, fo, and Af are detailed in Appendix C.

After this step, the harmonic balance procedure is used. The steady-
state solution and increments for j-th element of the nonlinear dynamic
equations can be expressed in Eq. (20) by employing a finite-term
Fourier series (i.e. the expansion of high-order superharmonics in this
paper) as:

Nn Nn
{io = o+ Z aj cos kr + Z bj sin kr = GCA;,

k=1 k=1
N, Nj, (20
ALy = Aajo + ZAaj_k cos kr + ZAbj,k sin kr = C,AA;,
k=1 k=1

where Nj, is the number of harmonic terms. Cs, Aj, and AA; are detailed in
Appendix C.
Finally, the displacement w at point (xo, yo) is:

w(X0,Y0,t) = [Wa0, Wa1, Ws1, Wa2, Wo2, Wa3, Wo3 . Wann, Wann|-  (21)

Here, column elements of w represent each order harmonic compo-
nent of displacement. Therefore, the fundamental, i-th order and total
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harmonic of displacement/velocity can be written as:
Wi = /W2, + Wi Wi =/W2 W o
Wi=4/ Wi,i W W= v UARNUARRON

Ny, Ny
Wrotal = Wg_o + Z (Wﬁ_i +W§_i) 5 Wotal = Z ((Wa,i'i'w)2 + (Wb,i'i'w)z) -
i=1 i=1

(22)

Here, w and w denote displacement and velocity, respectively. Sub-
scripts ‘1, ‘i’ and ‘total’ denote the fundamental, i-th order and total
harmonic.

2.4. Vibro-acoustic coupling model for sound transmission

This subsection introduces the vibro-acoustic coupling model. The
sound wave p applied on the large deformation plate writes:

P(Xa}CZJ) = Pinci + Prec — Ptra- (23)

Here, Pinci, Prec and pyq are the sound pressures of incident, reflected,
and transmitted waves. This paper adopts the method described in
Ref. [59,60] for modeling the vibro-acoustic problem, i.e., considering
the incident wave, reflected wave, and transmitted wave as the sum of
blocked pressure and reradiated pressure, and making the transmitted
sound wave only related to plates vibration. The pressure sound wave p
is rewritten as:

P(x7y7 z, t) = 2pin5i7 (24)
Dinci (X, ¥, 2,t) = Pine; cos (kX + kyy + ko2 — ot) |, (25)
k. = kpuia sin @, €os @g,;  ky = kguia Sin @, sin @,;  k,

= Kpuid €OS @3 Kauia = @/ Cpuia- (26)

Here, Py, is the incident sound pressure amplitude. kgiq is wave
number. ky, ky, and k; are the components of wave number kg4 in the x,
y and z directions. cfyiq is sound speed. Besides, the incident elevation
angle is ¢, and azimuth angle is ¢g;. This study does not consider the
oblique incidence scenarios, i.e., we specify @g= 0 and ¢g,= 0.

The transmitted sound can be calculated via Rayleigh integral by
taking the normal vibration velocity w of the plate as the sound source,
which writes [60]:

7jwpﬂuid .

e Kpuiald—ds|
27)

Here, |d - d;| is the distance from ds (source point) to d (field point);
Pfid is the density of the acoustic medium. As calculating the sound
power will encounter the problem of complex quadratic integration, this
paper adopts the elementary method instead. The plate is first divided
into R = M, x N, computational elements. The vibration of these sub-
units is determined by the velocity at the center of the element. There-
fore, the vibration velocity and sound pressure can then be written in
matrix form based on the velocities of these elements as
ﬁe = Zw,, ]T'

We = [WehweZ: ~~~7weR ﬁe = h’ehpeb ~--:peR]~ (28)

Where Z is the impedance matrix, whose internal matrix elements are:

_ jwpﬂuidsu e Hkniady

(2);

Here, djj represents the distance from the i-th field point to the center
of the j-th elemental radiator. S, represents the area of elemental
radiator.

Similarly, sound power W can be discretized as:
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S, . S, . . . .
W= EuRe(wfpe) = E”Re(wawe) =W, R,W., (30
in which R, denotes the radiation resistance matrix, written as:

2 2 . . .
Ra _ w4pﬂuidsuﬁij; ﬁij{ sm. (Eﬂedddij) /kﬂuiddij: 1 75 ] i (31)
TCluid li=j

The sound pressure level is defined as
PI = 20log,, (p,.,,d / pref) (dB), (32)

with pres = 2 x 107 Pa. Sound power level (SWL), Sound pressure level
(SPL) and Sound Radiation Efficiency (S RE ) can be expressed as[60]:

SWL = 10 log (ﬁ) SPL = 20 log (pp ) SRE
ref

ref
WIR,W
- WetaWe (33)
PﬂuidcﬂuidSuWJZINIWe
in which Wref =1 x 1072 W. N; denotes the identity matrix.
The incident sound intensity (I;), incident sound power (W;) and
sound transmission loss (STL) take the following forms, respectively.

2 2
— pinci Cos (/)el, W _ pinciLXL)’ cos (pel,

I ;
“ 2P f1uidCfuid 2P fuiaChuid

STL = 10log,(Wi/W).

(34

2.5. Validation of the SC-IHB method

This subsection first verifies the SC-IHB method through comparison
with results reported in the literature, including vibro-acoustic coupling
results in Fig. 3 and nonlinear bifurcation computation in Fig. 4.

Fig. 3 compares vibro-acoustic results calculated by present SC
method with those reported in literature (Zhou K et al.[61], Chandra
et al.[60], and Geng et al.[62]). Zhou K et al.'s results are numerical
solutions based on improved Fourier series. Chandra and Geng’s re-
sults can be regarded as exact solutions because the displacements are
Levy-Navier type closed-form solutions under simply-support
boundary. Fig. 3 clearly shows that the acoustic-vibration coupling
model using SC-IHB established in this paper has excellent computa-
tional accuracy.

We continue verify the nonlinear amplitude-frequency bifurca-
tion solutions under different loads F and damping coefficient g,
shown in Fig. 4. Compared to the results using the perturbation
method (by F.B. [63]) and the shooting method (by Ribeiro [64]),
the results employing the current SC-IHB method exhibit excellent
agreement.

We clarify the influence of block-pressure method in Eq. (24),
which neglects the acoustic radiation pressure in dynamic equation.
This influence is considered negligible due to its light fluid loading
case (i.e., air), causing the plate's impedance approaching the rigid
boundary[65]. Roussos [59] and Chandra [60] had demonstrated the
validity for calculating plate’s STL in air. Then, we further analyze
the influence of the acoustic radiation pressure on the nonlinear
large-deformation plate. As illustrated in Fig. 5(a), we build the fully
coupled model considering the transmitted pressure and comparative
model deleting transmitted field. The results in Fig. 5(b~d) validate
the hypothesis of blocked-pressure method to establish the
vibro-acoustic coupling model, due to agreement between the two
models in time-domain, frequency-domain, and phase portraits.

3. Properties of nonlinear vibro-acoustic responses

This section primarily investigates nonlinear vibrations and associ-
ated nonlinear sound transmission caused by geometric deformations in
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Fig. 3. Verification of vibro-acoustic coupling results calculated by SC-IHB method with Ref.[60-62]: (a) vibration responses; (b) sound power level SWL; (c) sound

radiation efficiency SRE.
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Fig. 4. Computed nonlinear amplitude-frequency bifurcation solutions by
current SC-IHB method in comparison with Ref. [63,64]. w/h and w/w, denote
the normalized displacement response and normalized angular frequency
around the first resonance frequency, respectively.

plate subjected to strong incident sound. The average vibration trans-
mission on the plate is quantified by

Hvib.av = 2010g10(wav/Pinzi)» (35)

Here, w,, denotes the average vibration velocity of plate, which in-
cludes all harmonics. Pj,; denotes the pressure of the incident sound
waves.

Linear problems are first investigated before delving into the
nonlinear vibro-acoustic system. Fig. 6 and Fig. 7 present the modal
shapes, natural frequencies, and response for the clamp linear plate. The
STL curve exhibits obvious valleys caused by modal resonance of the
clamp plate under acoustic excitation, including the 1st (43 Hz), 4th
(119.64 Hz), 6th (176.22 Hz), 10th (253.03 Hz), 12th (279.3 Hz), and
19th (411.75 Hz) modes. Those mode shapes can be excited by plane
sound pressure, while the others cannot due to the normal incidence
nature. Moreover, only those mentioned modes can radiate the trans-
mitted sound according to the radiation cancellation principle by Fahy
[65]. Besides, those STL valleys are caused by modal resonance in Fig. 6
(b), particularly the 1st resonance frequency named as fs; in this paper.

3.1. Typical bifurcation analyses

We clarify fy and frs1 denote excitation frequency and 1st nature
resonance frequency of the composite laminated plate.

AS fres1 (43 Hz) in Fig. 6(b) is clearly the frequency where the most
intense vibration and the poorest sound insulation performance occur.
Therefore, this subsection focuses on analyzing the nonlinear bifurca-
tion characteristics near fr.;, as shown in Fig. 8. We distinguish the
properties in three frequency ranges: resonance band, non-resonance

band, and bifurcation band.

Within resonance band, H,, qy is lower than its counterpart in the
linear result, and STL is much higher. This indicates that geometric
nonlinearity can elevate sound insulation near f,.;. Besides, amplitude-
dependent curves of Hy, oy and STL exhibit the bifurcation properties of
hardening-stiffness nonlinear systems. In the resonance band, the
greater incident sound pressure provides higher sound insulation per-
formance. There are three branches after the bifurcation point. The
branch—1 and branch—2, denoting the stable solution by solid-line, are
shown in Fig. 8 for clarity. And the branch—3 is unstable solution,
depicted as dash-line. The arrow indicates the bifurcation point and the
unstable state, meaning the nonlinear STL response jumping from stable
branch—1 to stable branch—2. The larger incident sound, the higher
frequency the point shifts toward. In this range, nonlinearity reduces the
STL as compared with the linear results.

We take the responses under 135 dB as an example to investigate the
harmonic components, as displayed in Fig. 8(c). Within the resonance
band and bifurcation band, the fundamental harmonic remains the
dominant component of STL. Interestingly, there are two valleys,
marked by blue circles, along the STL curve in the low-frequency region
(the stiffness-dominated region). Here, nonlinearity suppresses vibra-
tion but enhances transmitted sound, thereby compromising the sound
insulation performance. Those frequency areas are closed to 9 Hz and
15 Hz, which correspond to about fr.s1/5 and fres1/3, i.€. fo = fres1/5 and
fo =~ fres1/3, exhibiting a distinct superharmonic resonance. Moreover,
from the analysis on harmonic components in Fig. 8(c), the valley near
9 Hz is dominated by the 5th harmonic while the valley near 15 Hz by
the 3rd harmonic.

We further investigate the bifurcation behavior of the STL under
different stacking sequences. as shown in Fig. 9. Although CLP depend
strongly on stacking sequence and anisotropic stiffness distribution,
similar STL are also observed for different stacking schemes, including
[30°/—30°/30°/—30°] and [0°/90°/0°/90°], demonstrating the
robustness and generality of the reported nonlinear sound transmission
phenomena. Different stacking sequence affects the 1st frequency by
anisotropic stiffness distribution, 39 Hz for [30°/—30°/30°/—30°] and
45.5 Hz for [0°/90°/0°/90°], and consequently influence the blue STL
valley (blue cycle) and the frequency bifurcation point (arrow).

3.2. Superharmonic enhancement of transmitted sound

This subsection further analyzes the time-domain responses based on
finite element simulation in COMSOL to demonstrate the nonlinear
sound transmission properties discovered in Fig. 8. We take the incident
frequencies of 15 Hz (in non-resonance band), 40 Hz (in resonance
band), and 70 Hz (in bifurcation band) as examples to clarify the phe-
nomena. To characterize the interaction between different harmonics,
we define energy pumping transfer indices T and superharmonic
enhancement index S, as [7]:
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Fig. 6. The linear vibration and sound responses for the clamp plate modelling by SC-IHB method. (a) average vibration transmission H,, q,; (b) Linear STL. The red
triangle star indicates the 1st resonance frequency f.s; for sound insulation valley.

T, = WKl T, :% Sipi = ;Ll =3,57.... (36)
Here, subscript v denotes average velocity on plate. ‘p’ denotes
sound pressure (average pressure on a hemispherical surface 1 m from
the plate center); ‘i’ denotes superharmonic order. (e.g., T),3 = energy
pumping transfer index for the 3rd vibration harmonic).
The ratio T represents energy pumping from fundamental to super-
harmonic. Besides, S,,; measures the amplification from vibration

superharmonics to transmitted sound superharmonics due to geomet-
rical nonlinearity. Moreover, the following relationships exist between
these indicators from Eq. (27) to Eq. (37):

Tpi _ pi/p1r _ (bow)/(0-w1)

. i
piocwywl-:}«SVpi =n = = =

T,  Wi/ws w; /Wy

ii i=3,57,...

37)

Fig. 10 presents the averaged time-domain vibration waveform and
corresponding FFT spectrum at fy = 15 Hz (within non-resonance band
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Fig. 7. The linear modes and frequency for the clamp plate modelling by SC-IHB method.
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in Fig. 8) under incident pressure of 140 dB. As shown in Fig. 10(a), 3rd harmonic indicate the prominent superharmonic resonance condi-
geometric nonlinearity slightly reduces the total harmonic vibration tion. The nonlinear phase trajectory in Fig. 11 shows local distortion and
velocity (0.0746 m/s for linear while 0.0612 m/s for nonlinear), which self-intersection phenomena, which significantly differ from the linear
is consistent with the analytical bifurcation analysis. The velocities of results.

the 3rd (45 Hz) and 5th (75 Hz) harmonics can be extracted from the Though the velocity is slightly reduced by nonlinearity, the total
FFT spectra in Fig. 10(a), yielding T,3 =0.602 and T,s5 = 0.126. sound amplitude in time domain is greatly improved, nearly doubled
Moreover, the relation of fre51% 3fy and efficient energy transmission in due to the superharmonic resonance condition, as shown in Fig. 10(a. b).



Thin-Walled Structures 231 (2026) 115485

Linear-120dB/130dB/135dB |

X. Gao et al.
(a) T L T T
451 — Linear-120dB/130dB/135dB |
NonLinear-120dB
\ NonLinear-130dB
—— NonLinear-135dB
30 g
m
Z
-
°l \<///-
o NOS
0 20 40 60 80
Frequency(Hz)

/// 4
A

¢
~ i
2

b
® 45+
NonLinear-120dB
NonLinear-130dB
30 i —— NonLinear-135dB
)
Z
'_] 1 5 -
=
’ /
ok
0 20 40 60
Frequency(Hz)

80 100

Fig. 9. STL bifurcation of the clamp plate under various stacking sequence. (a) [30°/—30°/30°/—30°]; (b) [0°/90°/0°/90°]. Branch—1 and branch—2 denote the
stable solution while branch—3 is unstable.

(@) Linear Nonlinear
0.10F Velocity RMS (m/s) I
Linear 0.0746
- 0.05¢ Noninear 0.0612 Il
2z
E 0.00 e
2
S
2—0 05 F b
§ .
-0.10F 1
0 2 4 6
Time (s)
0.12 T T T T
0.1049m/s
Linear
Nonlinear
~0.08F 0.0714m/s 1
E Superharmonic vibration
z 0.0413m/s
23 T,:=0.602
2004} 1
0.009m/s
T,5=0.1275
fo 3f 5f
0'00 1 1 1 1
0 25 50 75 100
Frequency (Hz)

) 3.0 . . T
Linear Nonlinear
Transmitted pressure
RMS (Pa)
,3].5 I Linear 0.7183 B
& Noninear 1.1607
9
=]
=]
20.0 i
=]
2
E
§1.5 1
[am
730 1 1 1
0 . 4 6
Times(s)
' 95.9dB ' Lin
T,5=1.824 tear
Nonlinear
1.2 94dB Superharmonic sound 1
=
&
E
0.8 R
2 90.69dB 87.8dB
3 T,5=0.715
g
2041 ]
g
H
fo 3 5/
0‘0 I 1 1 I
0 25 50 75 100
Frequency (Hz)

Fig. 10. Time-domain integral results for the clamp plate with incident frequency f, = 15 Hz within non-resonance band. (a) nonlinear vibration; (b) nonlinear

transmitted sound.

Actually, the fundamental component at 15 Hz is reduced by 30% from
1 Pato 0.7 Pa. However, the transmitted superharmonic sound p3 and ps
reaches 1.2 Pa and 0.5 Pa, respectively. The 3rd harmonic even exceeds
the fundamental harmonic by 5 dB. The Tj, 3 = 1.824 and T}, 5 = 0.715
indicate that the 3rd and 5th harmonics are 182.4% and 71.5% of the
fundamental harmonic components, respectively. Obviously, geometric
nonlinearity significantly enhances the superharmonic components
from velocity to transmitted sound (i.e., T,3 > Ty,3 and T5 > Ty5).
Analyzing the relationships between them, we obtain that S,3
=3.03 ~ 3 for 3rd harmonic and S,,5 ~ 5.6 for 5th harmonic, con-
firming that the enhancement index S, is closely equals to the harmonic
order. This can be quantitatively demonstrated by the simplified Eq.
(27) to Eq. (37): Sypi=i(i=3,5,7,...).

The time-domain results for fo = 40 Hz (within resonance band in
Fig. 8) under 140 dB incident sound are shown in Fig. 12. There is only

one branch (no bifurcation) of periodic solution as shown in Fig. 8. We
obtain Ty, 3 = 0.169 and T, 3 = 0.5023, indicating that the 3rd harmonics
for velocity and transmitted sound are 16.9% and 50.23% of the
fundamental harmonic, respectively. Therefore, the large deformation
plate retains fy ~fres1 primary resonance condition. We also have S, 3
= T),3/Ty,3= 2.97 =~ 3, confirming the persistent effects of the vibration-
to-sound superharmonic enhancement mechanism in the resonance
band. Therefore, the total transmitted sound is reduced by 10 dB, as
predicted by the bifurcation analyses in Fig. 8: STL at 40 Hz is signifi-
cantly increased by geometrical nonlinearity.

In addition, as shown in Fig. 6 and Fig. 7, 1st and 4th nature frequency @
and w4 (42.79 Hz and 119.64 Hz) satisfy w1: w4 = 1:3, suggesting the pos-
sibility of 1:3 internal resonance. As shown in Fig. 13, we perform the time-
domain integration and its FFT results near those two modal frequencies, f,
= 40 Hz and fy, = 120 Hz. The similar superharmonics can be identified
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Fig. 12. Time-domain integral results for the clamp plate incident frequency fo

mitted sound.

both in fo = 40 Hz and 120 Hz. The system response is dominated by pri-
mary resonance when fy =40 Hz approaches 1st natural frequency.
Although 3th harmonic 3fy = 120 Hz coincide with 4th nature frequency
w4, no modal energy exchange phenomenon is observed. Similarly, we do
not observe any evident energy transfer from the 4th modal frequency to the
1st modal frequency when fy = 120 Hz. Therefore, the observed behavior
does not correspond to 1:3 internal resonance, but governed by primary
resonance and superharmonic generation.

We further investigate the time-domain integral results at fo = 70 Hz,
within bifurcation band in Fig. 8 under 135 dB. From Fig. 14, it can be

10

= 40 Hz within resonance band. (a) nonlinear vibration; (b) nonlinear trans-

observed that geometric nonlinearity slightly enhances the plate vibra-
tion and increase the transmitted sound, finally reducing STL, which is
consistent with bifurcation results in Fig. 8. Additionally, this observed
slight increase in vibration and decrease in STL confirm that the bifur-
cation solution branch in Fig. 8 jumps from branch—1 to branch—2. We
obtain T,3 =0.0017 and T,3 = 0.0047, indicating the negligible
superharmonics.

3.3. Mechanism for superharmonic enhancement

To clarify the mechanism for superharmonic enhancement, this
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subsection analyzes the variation trends of the transmitted sound
pressure P4, and transmission efficiency Pyqn/Pinci with the incident
sound amplitude Pj,.; based on the SC-IHB method. This is like the
bifurcation analyses for varying amplitude. Here we pick two fre-
quencies 15 Hz and 20 Hz as examples, which are around the valley
in Fig. 8(c) and exhibit superharmonic resonance in Fig. 10. As
illustrated in Fig. 15, there is only one branch (no bifurcation) of
periodic solution for each incident frequency due to their remoteness
to the resonant frequency.

As shown in Fig. 15(a), the fundamental harmonic for Py, and Pygn/
Pini is continuously decreased relative to the linear result. At low inci-
dent amplitudes (<130 dB), superharmonics are significantly smaller
than the fundamental wave and nonlinearity slightly suppresses the
transmitted sound. As the incident amplitude increases, the total Pyq,
and total Pgugn/Pin: protrude two ‘bumps’, corresponding to high
amplitude and non-negligible 3rd and 5th harmonics. From harmonic
components in Fig. 15(a), we know that ‘Bump—1’is primarily caused by
3rd harmonic, and ‘Bump—2' at higher amplitude is induced by 5th
harmonic. In addition, the total nonlinear transmission efficiency Pyqn/
Pinci is significantly improved, resulting in the reduced sound insulation
in Fig. 8(b,c).

As illustrated in Fig. 15(b), the overall pattern for Py.q, and Pyqn/Pinci
at 15 Hz is really similar to that at 20 Hz, except for the difference in the
critical point. The threshold for triggering nonlinear effect at 15 Hz is
only 130 dB (lower than 135 dB for 20 Hz), owing to the closeness of the
3rd harmonic (3fy =45 Hz) to the 1st resonance frequency (43 Hz).
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3.4. Superharmonic sound radiation mode shape

Based on the SC-IHB method, this subsection can examine the
acoustic radiation modes in large deformation plate based on the linear
modes displayed in Fig. 7. We note that the 2nd and 3rd modes are anti-
symmetrical, thus are not excited by the incident plane wave. The 1st
and 4th modal modes are excited.

In Fig. 16(a) for fy = 15 Hz, the fundamental, 3rd, 5th, and 7th
superharmonic acoustic radiation modes are dominated by the 1st linear
mode due to superharmonic resonance. The 9th harmonic (9fy) =135 Hz)
acoustic radiation mode is approximately dominated by the 4th modal
mode. In Fig. 16(b) for fo = 20 Hz, 7th harmonic (7f, = 140 Hz) acoustic
radiation mode is approximately the 4th modal mode. In Fig. 16(c) for fp
= 51 Hz ~fie1, radiation mode for the fundamental harmonic is pro-
vided by 1st mode while 3rd harmonic radiation mode is provided by
4th frequency mode. In addition, the 5th and 7th harmonics are pro-
vided by more complex nonlinear frequency modes. These results
demonstrate that the sound radiation of a harmonic is dominated by the
excited vibration mode near the corresponding harmonic.

Moreover, nonlinear frequency mode depends on vibration ampli-
tudes. As shown in Fig. 17, we employ the SC-ITHB method to investigate
superharmonic acoustic radiation mode excited by different incident
sounds. Low incident sound (110 dB) can hardly trigger nonlinearities.
Therefore, the acoustic radiation mode for the fundamental harmonic is
consistent with the 1st linear frequency mode while for 3rd harmonic is
consistent with 4th linear frequency mode. As incident sound level in-
creases, the acoustic radiation mode of fundamental harmonic remains
unchanged while those of superharmonics begin to exhibit the fusion of
modal peaks. Observing numbers and position of superharmonic mode
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Fig. 15. Transmitted sound Py.,, and transmission efficiency Pyn/Pinci with different incident sound pressure levels. (a) excitation frequency fo = 20 Hz; (b) Average
excitation frequency fo = 15 Hz. The green/red solid line represents linear/nonlinear transmitted sound pressure. The green dot, orange square, and grey pentagram

represent the fundamental, 3rd, and 5th harmonics.
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Fig. 16. Fundamental and superharmonic acoustic radiation modes of large deformation plate with various incident frequency fo. (a) fo = 15 Hz; (b) fo = 20 Hz; (¢)
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peaks, and based on radiation cancellation principle[65], the super-
harmonic sound radiation efficiency is increasing.

4. Conclusions

This paper addresses the nonlinear vibration and sound transmission
of large deformation plates under strong acoustic excitation. A nonlinear
amplitude-frequency analysis method is proposed that integrates the
Spectral Chebyshev (SC) method with the Incremental Harmonic Bal-
ance (IHB) method. Additionally, the geometric nonlinear effect on
nonlinear vibration and sound transmission characteristics is elucidated.
The main conclusions are summarized as follows:

1) A computational model based on the SC-IHB method is established to
balance the high-precision and efficiency of the computational
requirement, overcoming the traditional time-domain integration
method intensively computing the nonlinear response.

The influence of geometrical nonlinear on sound transmission
characteristics is elucidated. Within resonance band (fo ~ fres1),
nonlinearity typically suppresses the vibration and significantly in-
creases the STL, due to its primary resonance condition. In non-
resonant band, two specific STL valleys are observed at fy ~ 1/3
fres1 and fo = 1/5 frs1. Those area exhibits a new and different
physical phenomenon: while nonlinear suppressing the vibration,
transmitted sound field is enhanced, thereby compromising the STL.
Harmonic component analysis shows that those specific valleys are
attributable to superharmonic resonance condition. Furthermore,
geometrical nonlinearity reduces the STL in the bifurcation band.
The SC-IHB method allows for the understanding of the impact of
incident sound pressure level on the transmitted sound pressure

2)

3)

Appendix A. Stiffness of fiber composite materials

Thin-Walled Structures 231 (2026) 115485

(Prqn) and transmission efficiency (Pgqn/Pinci)- In contrast to the
linear system, nonlinearity typically generates ‘two bumps’ re-
gions of nonlinear enhancement, which are caused by super-
harmonic resonance. By analyzing the acoustic radiation mode,
we know that the sound radiation of a harmonic is dominated by
the excited vibration mode near the corresponding harmonic, and
the incident amplitude can change the radiation mode.
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The appendix main introduces the stiffness of fiber composite material in Eq. (3). According to the Fig. 1(b.2), the elastic stiffness coefficients Qk

writes as:
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Here,Q and Tk denote elastic stiffness coefficients, the material properties of the orthotropic layer and composite transformation matrix.
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Here, E; and E» symbol the elastic module of the unidirectional fiber-reinfored material in x and y directions shown in Fig. 1(b.2). u;2 denotes the

main Poisson’s ratio in Fig. 1(b.2).
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Here, A, B, D denote the stiffness coefficients.
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Appendix B. Detailed system dynamic matrix

The appendix main introduces the displacement solutions in Eq. (10) and detailed dynamic matrix in Eq. (12).
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Where @ indicates Kronecker product. (M+1) and (N + 1) represent the truncation numbers of the Chebyshev polynomials selected in the x and y
directions, respectively.
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The matrix of the elastic plate is represented in detail below:
Ly, Ly
F= / / [T7p(x,y, t)]dxdy,
0 0

C=aM+pK,

here, a. and f. are the Rayleigh damping coefficients, a.= 0 and f.= 1e—5. In addition, this paper also considers sound radiation damping, with
reference to Norton et al.[66].
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The subscripts ‘,x” and ‘,y’ denote the partial derivatives of the Chebyshev polynomial vector function I' with respect to x and y, respectively.

Ly [Lx
Ky = / / [Anrir,x + AT, + AL, +A16r§r_y] dxdy
0 0
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Appendix C. Detailed Matrix of IHB method

This appendix details the IHB method for nonlinear solutions in Eq. (19)(20).

& = (610,200 -+ jos ...,cmo,o;? Ago = [4¢1,48,, ...,Ag-,...,Aclroo]T
fo= [fl,mfz,o,---7f}.07---7f100.o] ; Af = [Athfz,---,Af}«,---,Afloo} .

C,=[1 cost cos2c - cosNpr sinz sin2z - sin Np7]
A=[go @1 @» - an, by b - b
AAJ = [Aaj‘() Aaj_l Aaj_z Aaj,Nh Abj_l Abj_z Abj,Nh ]T

Superharmonic expansions can be obtained for all matrix elements similar to Eq. (20) rewritten as

¢ = SA, AL = SAA.
A =[A1,Az, ..., Ai0]; AA = [AA;,AA;, ..., AAj]; S = diag[C;, G, ..., Csl.

the algebraic equations for solving Eq. (19) can be written as

KncAA = R — Rycdo + ReAf,
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0 ey
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21
Ry = / S (200mS + c$) Ade
0
To more clear represent the formation of the matrix and facilitate programming, the matrix can be rewritten as:

___ — = —(1
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here,
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