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ABSTRACT

Low-frequency vibration and noise control of lightweight structures remains a critical engineering challenge.
While acoustic black hole (ABH) structures offer a promising lightweight passive solution, existing designs suffer
from venerable structural stiffness and low-frequency deficiency. To address these issues, this study investigates a
composite double-layer periodic ABH plate that integrates lightweight property, broadband performance, and
high stiffness compared with conventional single-layer ABH plates. Through combining the Gaussian expansion
method (GEM) and radiation impedance matrix, the vibroacoustic response of the system can be efficiently and
accurately predicted by a semi-analytical sound radiation model, as demonstrated through comparisons with
Finite Element simulations. Both numerical and experimental results confirm the structure’s superior broadband
sound suppression ability when compared with a uniform plate of equivalent mass, evidenced by a substantial
reduction in radiated sound power within its flexural wave bandgap, and extension to frequencies far below the
cut-on frequency of a single ABH unit with damping treatment. Analyses reveal the asymmetric vibration and
sound radiation between the two plate facets when excitation is applied to the ABH region, a phenomenon
stemming from the synergetic effects of the ABH, bandgaps and the double-layer design: within bandgaps, energy
localization combined with ABH-induced wave retarding impairs the radiation efficiency of the excited plate;
outside bandgaps, the ABH effect and double-layer configuration facilitates a sequential energy concentration-
dissipation process, leading to strong suppression of the output plate’s vibration and sound radiation. This
work elucidates the underlying mechanisms of the composite periodic ABH structures, and provides an efficient
analytical tool for designing lightweight, low-noise engineering structures.

1. Introduction

passive solution for vibration and noise mitigation, as substantiated by
numerous theoretical [4-6] and experimental [7-9] studies.

The control of low-frequency vibration and noise in lightweight
structures remains a critical challenge in aerospace, high-speed trans-
portation, and many other fields. Conventional designs are constrained
by the mass law governing the sound transmission of panels, which
hinders the simultaneous achievement of lightweight construction and
superior sound insulation performance. The acoustic black hole (ABH)
effect provides a promising solution to address this dilemma by realizing
a power-law gradient design of structural thickness or material param-
eters [1-3]. The outcome is to reduce the phase/group velocities of
flexural waves, thereby concentrating vibration energy within the ABH
region, where it can be efficiently dissipated with minimal damping.
Therefore, ABH structures are regarded as a promising lightweight
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ABH structures also demonstrate considerable potential in sound
radiation control [10]. Prior research has employed methods such as
coupled finite element-boundary element [11], transfer matrix [12],
Rayleigh-Ritz wavelet expansion [13] to investigate the sound radiation
characteristics and suppression mechanisms of various ABH structures
(such as plates, beams, and cavity-coupled systems [14]). These studies
confirm the superior mid-to-high frequency sound radiation efficacy of
various ABH designs. Moreover, add-on ABH-based dynamic vibration
absorbers have also been proven to entail broadband sound radiation
suppression effect through vibration reduction of the radiating struc-
tures [15,16]. However, most existing research focuses on basic ABH
configurations, such as beams or plates with simple embedded single or
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multiple ABH indentations. These designs suffer from two inherent
limitations: first, the substantial thickness reduction in the ABH region
adversely compromises the overall structural stiffness [17]; second,
systematic ABH effects typically play out above the cut-on frequency
[18], which again severely restricts the applicability to low-frequency
range, which remains a bottle-necking challenge, critical to many en-
gineering applications.

To address these low-frequency limitations, researchers have
explored combining ABH with periodic structures. Bandgaps generated
through Bragg scattering or local resonance effects can effectively sup-
press elastic wave propagation within specific frequency ranges, offering
a viable approach for designing broadband, efficient vibration and noise
control systems [19-22]. Periodic structures based on simple embedded
ABH units have shown proven effectiveness in reducing vibration and
sound radiation [23-39]. However, these designs still suffer from the
compromised structural strength due to the thickness thinning. While
add-on ABH units as additional structures [40-44] can alleviate this
issue, they simultaneously introduce extra mass and increase structural
bulkiness. To overcome these drawbacks, our previous work proposed a
composite double-layer periodic ABH structures [45-48]. These con-
figurations not only achieve sub-wavelength broadband flexural wave
bandgap but also maintain lightweight properties and relatively high
structural strength, holding promise for low-frequency broadband vi-
bration and noise control. However, the layered vibration behavior
observed in more complex multi-layer designs [49] may give rise to
intricate acoustic radiation phenomena. The interplay among the
layered configuration, ABH effects, and bandgap characteristics remains
insufficiently understood. Furthermore, due to the complexity of such
composite structures and their associated sound radiation behavior,
existing studies rely on computationally intensive finite element simu-
lations or experimental tests. In this regard, more computationally
efficient and versatile simulation models are needed for analyzing and
optimizing engineering designs.

To bridge this research gap, this study establishes a semi-analytical
acoustic radiation model based on Gaussian expansion method (GEM)
[50] for composite double-layer periodic ABH plates. While the GEM has
been previously applied to single-layer ABH plates [51], its application
to double-layer periodic ABH plates with coupled layers and sound ra-
diation analysis has not been reported. This work presents the first
semi-analytical framework that extends GEM to vibroacoustic analysis
of such composite double-layer periodic ABH structures, enabling effi-
cient and accurate predictions of sound radiation performance that
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would otherwise require computationally expensive finite element
simulations.

The remainder of this paper is organized as follows. Section 2 es-
tablishes the semi-analytical acoustic radiation model for the composite
ABH structure and describes the wavenumber spectrum and structural
intensity methods used for mechanistic analysis. Section 3 validates the
model’s accuracy and verifies its computational efficiency via finite
element simulations. The sound radiation performance of the ABH plate
with that of a uniform plate is then compared and scrutinized. Wave-
number and structural intensity analyses are conducted to elucidate the
sound radiation mechanisms and the physical origin of the observed
sound radiation differences. Section 4 presents experimental validation
in terms of sound radiation. Finally, Section 5 summarizes the main
conclusions.

2. Theoretical model and analysis method
2.1. Problem description

As shown in Fig. 1(a), we consider a plate composed of a 5 x 5
periodically arranged ABH unit cells. The geometry of a unit cell is
depicted in Fig. 1(b), where a and H denote the lattice constant and the
total cell thickness, respectively. Each unit cell comprises two plate/
facets, each featuring symmetrical ABH indentations on the upper and
lower surfaces. These two plates are coupled via distributed virtual
springs with high stiffness aligned along the x, y, and z directions, as
illustrated in Fig. 1(c). The thickness of the ABH profile is tailored ac-
cording to h(x) = ex™ +hy with m being the taper power index, hg the
residual truncation thickness, as shown in a cross-sectional view in Fig. 1
(d). The radial length of the ABH islypy. To ensure structural integrity
and effective bandgap formation, the condition V2lapn < a < 2lapy is
satisfied [49]. Without loss of generality, a point force f(t) is applied at a
location(xsyy), as shown in Fig. 1(a), which can be positioned either in
the uniform region or within the ABH region. For clarity, the plate facet
directly subjected to the external excitation is referred to as input plate
(Plate 1), while the opposing plate output plate (Plate 2).

2.2. Vibration response of the composite ABH plate

We employ the GEM [50] to formulate the kinetic and potential
energies of Plate 1 and Plate 2, respectively. The system Lagrangian is
then constructed by incorporating the coupling energy from the virtual

_ Damping layer H¢
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Fig. 1. Structure model: (a) a plate composed of 5 x 5 unit cells under a harmonic point force excitation; (b) a single unit cell and its sectional view; (c) coupling
through distributed virtual springs ks, k3, and k3 along x, y, and z directions; (d) local cross section view corresponding to the area enclosed by the red dash line in (b).
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springs. By solving the Lagrange equations, the vibration response of the
composite ABH plate structure is derived. Specifically, the in-plane
displacements u, v, and the out-of-plane displacement w for each plate
(i=1,2) are expanded in terms of shape functions as follows:

ul(xyt)—a: ®)x(x.y)
vi(x,y,t) = (t)v( Y) @
wi(x,y, t) = cl T()5(x,y)

The displacement shape functions for each direction can be con-
structed as the Kronecker product of one-dimensional Gaussian basis
functions :

x(x,y) = o (x) ® B*(y)
1(xy) =o' (x) @ p'(y) 2
£0x,y) = af(x) @ B (y)

where @ denotes the Kronecker product; a or f§ is a column vector
containing Gaussian basis functions dependent solely on the x or y di-
rection, i.e.,

a(x):[alva%---yamT 3

ﬁ(x) = [ﬁlvﬁZa ---’/}n]
with

28x — X;) 2y - vp)*

a‘; (x) = 2§exp{ ( 3 } /i” (y) = 22exp{ 3 4

Here g and p are scaling parameters that control the stretching or
compression of the basis functions, and X and Y are translation param-
eters that move the functions. For the general case of a rectangular plate
comprising [x;,xg] X [yL,¥r], the parameters can be selected using the
expressions :

g > ceil <log2 6 ),X = [— 3 + floor(28xy,), 3 + ceil (28xz)]
XR — XL

)

p > ceil <log2 6 ), Y = [ — 3+ floor(2Py.), 3 + ceil (2yg) |
YR =L

where ceil(*) returns the smallest integer greater than or equal to *, floor
(*) returns the largest integer less than or equal to *.

Based on classical Kirchhoff-Love thin plate theory, the kinetic en-
ergy and potential energies of each ABH plate (i=1, 2) write:

1 5 b 1.1 -
= 5/ / pih; (x-,y) (lliz + Viz + Wiz)dxdy = Edi M;d; (6)
o Jo

(02wl> (t?zwi)z+ <62w, 62wl+62w,»62wi>
be ox2 2 Ox2 2 2 gx2
/ / ) > 2 A A
ow;
- )<a )
RRCREEE
‘o \ox oy "oy ox
/ / oy oy o) |
1o (0w o 2
2 \ox ody
_§dl K;d;
()

where d; = [aTb] ¢T ! , hi(x,y) denotes the spatially varying thickness
of the plate i, p; denotes the material density, v; stands for the Poisson
ratio, D;=E;'h(x,y)®/12(1—02) is the local flexural stiffness, Di
=E;*hi(x,y)/(1 —v;?) indicates the local tension-compression stiffness, E;
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=E;(1+jn;) is the complex Young’s modulus and #; is the material loss
factor.

The viscoelastic layer is treated as fully-coupled to the bare plate
with its kinetic and potential energy contributing to the whole system
[5], which can be expressed as:

E 4= %diTMi.ddhEi)_d == %diTKi,ddi ®

The work done by external forces can be expressed as:

o[ femten el | o]
=4/t ©

The coupling between the two plates via three sets of distributed
virtual springs (see Fig. 1(c)) is described by the following conditions:

. huni,l aWl huni.2 5W2 _
A‘ELK“I* 2 K)*(“ﬁ 2 W)}’O

. huni,l % _ _ huni,Z % _ (10)
(o552 5) - (1525 -0

lim (w1 — ws) = 0
koo

with hypi; being the thickness of the uniform region of plate i. This sign
convention follows the kinematic relations of thin plate theory: for
positive flexural rotation, a point on the lower surface moves in the
positive x-direction, while a point on the upper surface moves in the
negative x-direction. Therefore, the corresponding coupling potential
energy derived from Equation (10) can be written as:

1 hyni1 ow Runio 0w\ 2
Ecoup = Ekl/ (ul + L us + 2 —2> dAc
Ac

2 ox 2 ox
1 huml ow; Puniz OW2 2 an
TGRS o R L
1 9 1.
+§k3 (Wl - WZ) dAc = Eq Kcoupq
Ac

whereq = [d] dI] T A. denotes the connection area between the two
plates. From Equations (6), (7), (8) and (11), we can assemble the global
mass matrix and stiffness matrix of the coupled system:

| M; +Mygq | Ki +Kyg
M= { M; + M2.d:| B { Ko + Kaz4 o+ Keoup
12)
The Lagrangian of the system writes:
1. o1
L=Ex—Ep+W=24'Mq--q"Kq+q'f(t) (13)
Applying the Euler-Lagrange equation § ( dq(t)) — ‘,q =0 yields
the vibration equation :
Md(t) +Kq(t) = £(1) a4

Assuming a harmonic excitation and motion, i.e., f(t) = Feét and
q(t) = q¢*, the steady-state vibration response can be obtained by
solving:

[K—-w’M]q =F (1s)

2.3. Acoustic radiation model

The plate is assumed to be mounted on an infinite rigid baffle to
eliminate sound wave diffraction at the edges. Based on elementary
radiator approach, the plate surface is discretized into sufficiently small
rectangular elements through a finite element mesh. Using the normal
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velocity vector v of each surface element obtained from the vibration
analysis (Section 2.2), the sound pressure vector can be expressed by
using the radiation impedance matrix Z as:

P=2Zv (16)

where Zj; = jop,See R /2zR;; with p, being the density of air, ® and k
the angular frequency and wavenumber, respectively, S. the element
area, andR; the distance between the ith and jth elements.

Then, the total sound power radiated by the plate can be obtained by
summing the contributions from all elements:

N1 S
W= ;ESeRe{vi*pi} = EeRe{v”Zv} a7
<

in which * and H represent complex conjugate and Hermitian transpose,
respectively; N is the total number of surface elements.
The sound radiation efficiency is defined as :

w

_ _ 1
7 eSR) e

where ¢y is the sound Speed;<v_2> is the mean quadratic velocity (MQV)
over the whole vibration surface, which can be expressed as(v2) =
(Se/2S)vH'v with S being the total plate surface area.

2.4. Analysis method

The wavenumber spectra decompose the vibration field into its
constituent wavenumber components. The amplitude distribution
within the wavenumber spectrum informs the energy distribution
associated with supersonic (radiating) and subsonic (non-radiating)
waves, providing direct insights into the sound radiation mechanism of
the composite ABH plate structure.

Specifically, the velocity field v(x,y,f) in the spatial domain can be
transformed into the wavenumber domain through a two-dimensional
Fourier transform :

V(kx,ky,f> ://v(x,y,f)e’jkxxe’jkyydxdy (19)

For a given frequency f, a radiation circle is defined in the wave-
number domain with a radius equal to the acoustic wavenumber k, =

/cy. Structural wavenumber components with ,/kf + k; < k. (inside

the circle) are supersonic and contribute efficiently to far field sound
radiation. Components outside this circle are subsonic and evanescent,
contributing negligibly to far-field sound radiation [52]. Therefore, by
analyzing the energy distribution of the wavenumber spectrum inside
and outside the radiation circle, the sound radiation behavior of the ABH
structure can be characterized.

On the other hand, the composite double-layer ABH structure ex-
hibits distinct layered vibration characteristics. Structural intensity
analysis, which calculates vibration energy flow from the product of
vibratory velocities and internal forces, is expected to reveal the energy
transmission paths, energy-sink distributions, and dissipation charac-
teristics within such structures [53-55]. This helps elucidate how the
ABH effect, bandgap characteristics and layered configuration interact
with each other to influence the overall sound radiation behavior.

Structural intensity is defined as the vibrational power flow per unit
cross-sectional area. Its vector form reflects both the magnitude and
direction of the energy flow. For a thin plate, it can be expressed as
[56] :

L= —Re (Nett' +NoV' + Qi + My, — My,
1 (20)
I, = —Re (Nt + Ny + Qi — M0 + My )
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where Ny, Ny, and N,, = N,, are complex membrane and in-plane shear
forces, Qx, Q, are complex transverse shear forces, My, M, are complex
flexural moments, M,, = M, are complex twisting moments, and 6y, 6,
are angular displacements. Detailed formulas are provided in Appendix
A.

3. Numerical results and discussions
3.1. Model validation

The proposed sound radiation model is first validated against FEM
simulations. The geometrical and material parameters for the input and
output plates are identical, as detailed in Table 1. When damping layers
are applied, the radius of 47.25 mm covers approximately 75% of the
ABH radial length (Ilapg = 63 mm) to ensure both effective energy
dissipation and limited mass increase. A parametric study on the influ-
ence of the damping coverage ratio is provided in Appendix B. In the
present model, we take g = p = 6.5, so that X = Y = [-3, 49] and thus
each displacement shape function have dimensions of 2809 x 1. For
comparison, the FEM model is established in the 3D Solid Mechanics
module of COMSOL Multiphysics. To ensure computational accuracy,
each wavelength must include at least 6 mesh elements, which results in
total 367,904 tetrahedral elements and 4963,434 ° of freedom (DOFs).
Considering the special structural design, ABH region constitutes
approximately 95% of the entire structure, implying that external forces
are therefore more likely to act on the ABH region rather than on the
uniform substrate in practical applications. To examine the sound ra-
diation characteristics under a typical loading condition, a unit har-
monic excitation force is applied to the ABH region at (17.5 mm ,
17.5 mm). The boundaries of the structure are set as all free.

Fig. 2 compares the radiated sound power of the output plate ob-
tained from the present theoretical model and FEM simulation, both
with and without damping layers. Good agreement is observed across
the entire frequency range, confirming the accuracy of the proposed
acoustic radiation model. The increasing error at higher frequencies is
likely due to the neglected shear effect in the theoretical model. Notably,
the theoretical model exhibits remarkable computational efficiency.
Under the same computing platform ( Intel® Xeon® Gold 6248 R ,
3.00 GHz CPU , 256 GB RAM ) , the theoretical model requires only
46 s to calculate the radiated sound power at a single frequency point,
whereas the FEM requires approximately 830 s. The computational time
of the theoretical model is merely 1/18 of that required by the FEM,
highlighting its high efficiency in analyzing the acoustic radiation of
composite periodic ABH plates.

3.2. Sound radiation performance

Fig. 3 compares the radiated sound power of the composite ABH
plate and that of a uniform reference plate, both with and without
damping layers. The bandgap ranges of the corresponding infinite pe-
riodic ABH plate are also indicated: the light gray region denotes the
directional flexural wave bandgap and the dark gray region the

Table 1
Geometrical and material parameters of the ABH plate and the damping layers
(denoted by subscript d).

Geometry Material

a =100 mm E=70GPa
H=7mm n=0.005

hy = 0.3 mm v=0.3

Iy = 63 mm p= 2700 kg/m>
m=3 E4 =5 GPa

hq = 0.25 mm ng= 0.3

R4 = 47.25 mm vg= 0.3

pa= 950 kg/m>
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Fig. 2. Comparison between the theoretical and the FEM results for the radiated sound power of the output plate (a) without and (b) with damping layers (DL).
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Fig. 3. Radiation sound power comparison between the periodic ABH plate and the counterpart uniform plate (a) without and (b) with damping layers (DL).

complete flexural wave bandgap (this convention is used hereafter). As
shown in Fig. 3(a), without damping layers, the ABH plate exhibits a
noticeable reduction in the radiated sound power within the bandgap
range of 389-819 Hz compared to the uniform plate, particularly at the
resonance peaks where reductions up to 16 dB are observed on the
output plate. This phenomenon aligns with the observations when the
excitation is applied to the uniform region [48]. A distinct feature,
however, is the marked difference in the radiated sound power between
the input and output plates. Within the bandgap, the input plate radiates
systematically less power than the output plate, reaching a maximum
difference of 6.5 dB. Outside the bandgap, the sound radiation levels of
the input and output plates are rather close to each other but are both
notably higher than that of the uniform plate.

With the deployment of the damping layer, as illustrated in Fig. 3(b),
the radiated sound power of the uniform plate only marginally de-
creases. In contrast, for the ABH plate, a pronounced reduction in sound
radiation is observed outside the bandgap. More importantly, above
982 Hz, the radiated sound power of the output plate becomes signifi-
cantly lower than that of the input plate, with an average reduction of
4.2 dB. This asymmetric radiation phenomenon is not observed when
the excitation is applied to the uniform region of the ABH structure.
Consequently, the output plate achieves comparable and even better
sound radiation suppression compared with the uniform plate, with a

Radiation efficiency(dB ref.1)

4 ---- Uniform
45} ----ABH-input 1
) ) —_ IABH—outplut
0 1000 2000 3000 4000 5000
Frequency(Hz)

maximum reduction up to 19 dB. Notably, this effective suppression
extends to frequencies far below the cut-on frequency (4268 Hz) of a
single ABH unit in this case, as obtained from
feut—on = 7/ (2laen)*/ERZ/3p(1 — 02) [47].

Fig. 4 further compares the sound radiation efficiency of the com-
posite ABH plate with that of the uniform plate. Except at very low
frequencies and within the bandgap region, the sound radiation effi-
ciency of the ABH plate is lower than that of the uniform plate,
regardless of whether damping layers are present, with no significant
difference between the input and output plates. Notably, within the
bandgap, the sound radiation efficiency of the output plate is compa-
rable to that of the uniform plate, while that of the input plate is
significantly reduced. This indicates an effective suppression of the input
plate’s sound radiation capability within the bandgap, which is consis-
tent with its lower radiated sound power observed in Fig. 3.

It is worth noting that the proposed double-layer ABH configuration
achieves these acoustic benefits with significant mass reduction while
effectively addressing the inherent stiffness challenge typical of ABH
structures. Specifically, the ABH plate considered here attains a 63%
mass reduction compared to a uniform plate. More importantly,
compared to a traditional single-layer ABH plate with identical ABH
parameters, the double-layer design exhibits approximately 2.65 times
higher overall flexural stiffness owing to its sandwich-like construction.

(b)

Radiation efficiency(dB ref.1)

---- Uniform+DL
_45 ---- ABH-input+DL J
) . — ABH—outputHI)L
0 1000 2000 3000 4000 5000
Frequency(Hz)

Fig. 4. Radiation efficiency comparison between the periodic ABH plate and the counterpart uniform plate (a) without and (b) with damping layers (DL).
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For further details on the enhanced structural stiffness, refer to our
previous study on double-layer ABH configurations [57].

To eliminate the influence of mass and stiffness differences, Fig. 5
compares the radiated sound power of the damped ABH plate with a
uniform plate with equivalent mass. The results show that the radiated
sound power of the ABH plate is significantly lower across nearly the
entire frequency range, demonstrating its excellent sound radiation
performance over an ultra-wide frequency range.

In summary, compared with a uniform plate of the same mass, the
composite periodic ABH plate demonstrates significant advantages in
sound radiation mitigation. This structure not only effectively sup-
presses sound radiation within the bandgap, but also extends the sup-
pression to the non-bandgap frequency range far below the cut-on
frequency after adding damping layers, while maintaining a generally
lower overall radiation efficiency. Particularly noteworthy is the unique
asymmetric sound radiation phenomenon observed under the excitation
in the ABH region: within the bandgap, both the sound radiation effi-
ciency and the power of the input plate are lower than those of the
output plate; outside the bandgap, the radiated sound power of the
output plate becomes significantly lower than that of the input plate
with damping layers.

3.3. Sound radiation mechanism analyses

To explore the mechanisms underpinning the low sound radiation
efficiency and asymmetric sound radiation of the composite periodic
ABH plate, wavenumber spectrum and structural intensity analyses are
performed. Typical frequencies, both inside and outside the bandgap,
are selected and compared with the corresponding uniform plate. Since
adding damping layers has no significant effect on the sound radiation
efficiency of the ABH plate, the following analysis mainly focuses on the
undamped cases.

Outside the bandgap (e.g., 2500 Hz), the wavenumber spectra are
compared in Fig. 6. For both the input and output plates of the ABH
structure, the vibration energy shifts markedly toward higher wave-
number regions outside the radiation circle. This results in substantially
reduced energy in the supersonic components within and near the ra-
diation circle compared to the uniform plate, thereby attenuating far-
field sound radiation. This explains the lower sound radiation effi-
ciency of the ABH plate shown in Fig. 4(a), which fundamentally arises
from the ABH-induced reduction in flexural wave phase velocity, pro-
moting energy transfer from supersonic to subsonic components [48,
58].

Within the bandgap (e.g., 720 Hz), Fig. 7 reveals that the input plate
of the ABH structure exhibits a more pronounced energy shift toward
higher wavenumber regions outside the radiation circle compared to the
output plate. This distinct difference in wavenumber-domain energy
distribution leads to lower sound radiation efficiency observed for the

[
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1000 2000 3000 4000 5000
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Fig. 5. Sound power comparison between the output plate of the damped pe-
riodic ABH structure and a uniform plate with equivalent mass.
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input plate relative to both the output and uniform plate.

To further elucidate the origin of the observed differences in sound
radiation efficiency and radiated power between the geometrically
identical input and output ABH plates, their vibration response and
structural intensity fields are analyzed.

Fig. 8 compares the MQVs of the ABH plate and the uniform plate.
Without damping layers as shown in Fig. 8(a), outside the bandgap, the
vibration levels of the input and output plates are nearly identical,
which both are significantly higher than the uniform plate, attributable
to the 63% reduction in mass and 30.8% decrease in overall flexural
stiffness. Within the bandgap, the vibration level of the ABH plate de-
creases significantly, verifying the crucial role of the bandgap in vibra-
tion suppression. Notably, the output plate exhibits a lower vibration
level than the input plate. With damping layers added (Fig. 8(b)), the
vibration of the ABH plate is effectively reduced. Furthermore, as fre-
quency increases, the vibration response of the output plate becomes
systematically lower than that of the input plate. Given that the sound
radiation efficiencies of the two plates do not differ significantly (see
Fig. 4), it indicates that the distinctive difference in radiated sound
power primarily originates from the disparity in their vibration levels.

To quantify the vibration level difference, Fig. 9 displays the MQV
difference between the input and output plates with and without
damping layers. Without damping layers, a significant difference ap-
pears mainly within the bandgap, where the output plate shows lower
MQV. With damping layers, the difference is markedly amplified above
1500 Hz, exhibiting a systematic separation where the vibration of the
output plate is substantially more impaired. This indicates that damping
treatment enhances the vibration control capability of the composite
periodic ABH structure from a localized bandgap dominant manner to a
global broadband character. Interestingly, within the complete
bandgap, the vibration difference under damped conditions is slightly
smaller than undamped conditions, implying the counteraction between
the efficient damping dissipation induced by the ABH effect and the
energy distribution regulation arising from the periodic bandgap in the
composite double-layer ABH structure.

To better understand the energy regulation mechanism, Fig. 10 and
Fig. 11 present the structural intensity and vibration displacement fields
of the input and output plates at representative frequencies. Within the
bandgap, for the undamped case (Fig. 10(a) and (b)), vibrational energy
input at the excitation point on the input plate is confined near the
excited unit due to the bandgap effect. Specifically, the input energy is
largely concentrated within the ABH region where it is excited. In
contrast, for the output plate, vibrational energy enters through the
uniform connecting region near the excitation point and does not fully
penetrate the ABH region. Consequently, the ABH-induced wave ve-
locity reduction in the input plate shifts its energy distribution toward
higher wavenumbers (as shown in Fig. 7(a)), leading to its reduced
sound radiation efficiency in Fig. 4(a). The impeded energy transfer
from the input to output plate also results in the observed vibration level
difference. A similar pattern is observed with damping layers (Fig. 10(c)
and (d)). In addition, the displacement of the damped input plate is
slightly smaller than undamped one, while that of the output plate re-
mains almost unchanged, resulting in a larger vibration level difference
for the case without damping layers.

Outside the bandgap, for the undamped case (Fig. 11(a) and (b)),
energy flow distributes across the entire plate and primarily concen-
trates in the ABH regions, reflecting the typical ABH energy focalization
effect. The vibration responses of the two plates remain similar without
effective energy dissipation. After coating damping layers (Fig. 11(c)
and (d)), the highly concentrated input energy of the input plate is
effectively dissipated. Only a small fraction of energy is transmitted
through the connecting region to the output plate, where it is again
concentrated and efficiently dissipated. This unique double-layer energy
flow mechanism results in a much lower vibration response in the output
plate compared to the input plate.

To verify the influence of the ABH effect on the vibration level
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difference between the two plates, Fig. 12 further compares the MQV
difference under different truncation thicknesses hg. As hg decreases, the
MQV difference increases significantly. This is because a smaller hy
strengthens the ABH energy concentration, causing more energy to be
concentrated and dissipated during the transmission between the two
plates, thereby promoting asymmetric vibration responses. This directly
demonstrates the important role of the ABH effect in regulating vibra-
tion energy distribution in composite double-layer structures.

4. Experimental validation

To validate the numerically predicted sound radiation characteristics
of the composite periodic ABH plate, experiments were performed on a
specimen with 4 x 4 unit cells in an anechoic chamber (cut-off fre-
quency: 80 Hz). The specimen was fabricated via 3D printing, with a
mass density of 2593 kg/m? , Young's modulus of 70 GPa, Poisson's ratio

of 0.3, and damping loss factor of 0.002. The geometric parameters of
the structure were: a = 100 mm, H= 9.2 mm, hy = 0.6 mm, m = 3 and
Iapy = 63 mm. A multi-layer 3 M™ F9473PC tape was applied to the
surface of the ABH region as the damping layer, with a radius of 45 mm
and total thickness of 0.5 mm. To further increase the energy dissipation
capacities of the soft damping material, a polycoated Kraft liner was
bounded on the outside surface of the damping tape. This liner serves as
a constraining layer, creating a constrained layer damping configuration
that enhances shear deformation and energy dissipation in the soft
viscoelastic damping tape. Similar sandwich damping treatments have
been employed in other ABH experimental studies [59,60].

The experimental setup is shown in Fig. 13(a). The tested plate was
suspended by two thin strings at the center of a thick wooden baffle of
2400 mm x 2400 mmx 18 mm, with a 1.5 mm gap between the spec-
imen and the baffle. As shown in Fig. 13(b), the excitation system con-
sisted of an electromagnetic shaker (DongHua Testing DH40200) driven
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by a power amplifier (DongHua Testing DH5872). A swept sine signal
generated by a signal generator (DongHua Testing DH1301) served as
the excitation source, applied on the panel at (17.5 mm, 17.5 mm). The
excitation force was measured with an impedance head (Kistler
8770A5), while the radiated sound pressure was acquired with micro-
phones (Megasig M663 +A802). To minimize background noise, the
shaker was enclosed in a thick-walled box filled with sound-absorbing
cotton. All data were collected using a data acquisition system (Dong-
Hua Testing DH5922D) for subsequent processing and analyses.

The radiated sound power was obtained through sound pressure
measurements according to the international standard ISO 3744 [61,
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62]. Twenty microphones were located over a hemisphere with a radius
R = 1200 mm to measure the sound pressure level L};i(sr) (i =1,2,..20).
Due to the limited number of microphones, the sound pressure levels at
the 20 measurement positions were measured sequentially by moving
three microphones according to the standard’s coordinate grid. The
radiation sound power was obtained by Ly =L, + 101g %, where S =
27R? is the area of the hemispherical surface, So = 1 m? is the reference
area, and L, is the surface time-averaged sound pressure level obtained

from I, = 101g {,}—M A 100'”;71(5”} — K. Here, K is the background
noise correction given by K; =-101g(1-10"%14k) with AL, =
101g [A}_M P} 10041%51»} _

101g [A}—M b 100‘1'“1,’“3)} » Lig) (i=1,2,...20) being the background

sound pressure level and Ny, = 20.

The experimental results are presented in Fig. 14. Without the
damping layer (shown in Fig. 14(b)), a broad attenuation band in sound
radiation is observed within the predicted bandgap of approximately
650-1100 Hz, where the radiated sound power is significantly reduced.
Notably, within this bandgap, the radiated sound power of the input
plate is obviously lower than that of the output plate. Outside the
bandgap, the radiated sound power curves of the input and output plates
show good consistency without obvious differences. The overall trends
of the experimental measurements and theoretical predictions are
basically consistent in terms of peak positions and amplitude levels,
confirming the reliability of the theoretical model. The discrepancies
mainly originate from the local machining errors of the ABH plate and
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= 720 Hz within the bandgap (a) (b) without and (c) (d) with damping layers. The black arrows, red dots and red lines denote the structural intensity vectors,
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environmental background noise. After adding damping layers (Fig. 14
(c)), a comparison with Fig. 14(b) reveals a significant overall reduction
in radiated sound power for both the input and output plates. Moreover,
the output plate exhibits a more pronounced suppression, systematically
radiating less power than the input plate within the 1322-1754 Hz
range and above 2360 Hz. This observation aligns with the theoretically
predicted phenomenon of asymmetric radiated sound power between
the two plates.

5. Conclusions

This study establishes an efficient and accurate semi-analytical
theoretical model for the acoustic radiation analysis of composite peri-
odic ABH plates. The model is used to systematically investigate their
sound radiation performance and to elucidate the underlying physical
mechanisms. The main conclusions are as summarized follows:

(1) The proposed semi-analytical model demonstrates excellent
agreement with FEM simulations in predicting both radiated sound
power and vibration responses, thereby verifying its accuracy and effi-
cacy. In terms of computational efficiency, the proposed model requires
only about 1/18 of the time consumed by a comparable FEM analysis,
thereby providing an efficient and reliable tool for acoustic analysis and
optimal design of similar complex structures.

(2) Both theoretical and experimental results confirm that the com-
posite double-layer periodic ABH plate entails remarkable broadband
sound radiation suppression compared with a uniform plate of equiva-
lent mass. This structure not only effectively reduces sound radiation
within its bandgap, but also extends the suppression effect to a wide non-
bandgap frequency range far below the cut-on frequency of the ABH unit
when damping layers are applied, while maintaining a lower overall
sound radiation efficiency. A salient feature arising from the double-
layer ABH design is the asymmetric sound radiation from the input
and output plates with an excitation directly applied to the ABH region.
Within the bandgap, this phenomenon contributes to lower sound ra-
diation from the input plate; outside the bandgap, it leads to the drastic
sound radiation suppression from the output plate.

(3) The structure’s excellent sound radiation performance and
unique asymmetric sound radiation phenomenon is attributed to two
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synergistic mechanisms. First, the ABH effect plays a fundamental reg-
ulatory role in reducing the flexural wave velocity, transferring vibra-
tion energy from supersonic to subsonic component, thereby
systematically reducing the sound radiation efficiency. Concurrently, its
energy concentration effect allows for highly efficient energy dissipation
through the damping layers. Second, synergetic effects among periodic
bandgap, the double-layer configuration and damping dissipation are
observed. Within the bandgap, the periodic layout localizes energy near
the excitation point, which, combined with the ABH effect, confines and
concentrates energy differently in each plate, namely primarily within
the ABH region for the input plate and the connecting uniform region for
the output plate. This energy distribution difference leads to the asym-
metric sound radiation efficiency between the two plates. Outside the
bandgap, the double-layer design works in concert with damping
treatment to achieve a sequential energy concentration-dissipation
process. Input energy is first concentrated and dissipated in the ABH
region of the input plate, and the residual energy transmitted to the
output plate undergoes further concentration and dissipation. This
process enables vibration reduction of the output plate and the conse-
quent radiated sound power.

In summary, the semi-analytical model developed in this study,
while building upon the established GEM, demonstrates its effective

10

extension to double-layer periodic ABH plates and provides an efficient
tool for analyzing such complex layered metastructures. The study re-
veals the synergistic mechanisms involving wave velocity regulation via
the ABH effect, energy localization via periodic bandgap, and energy
flow and dissipation in a layered design. The proposed composite
double-layer periodic ABH plate, with its lightweight feature, higher
structural stiffness than conventional single-layer ABH plates, and
broadband sound suppression, shows promise for applications in aero-
space structures (e.g., satellite panels, aircraft cabins), high-speed
transportation vehicles, and marine vessels where both weight reduc-
tion and vibration/noise control are critical. The observed asymmetric
vibration and sound radiation phenomena also offer new insights for
developing smart structures with direction-dependent acoustic
properties.
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Appendix A. . Derivation of Equation (20)

The internal forces and moments of structure can be described as:
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Appendix B. Effect of damping layer coverage ratio on sound radiation performance
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Fig. B1. Comparison of the radiated sound power of the periodic ABH structure under different damping coverage ratios.

Figure B.1 compares the radiated sound power of the periodic ABH plate under three different damping coverage ratios, i.e. 50%, 75% (the value
adopted in the main manuscript), and 100% (full coverage of the ABH region). The undamped case Rq= 0 is also included as a baseline. Compared with
the undamped structure, all three coverage ratios significantly reduce the radiated sound power. The 75% coverage yields a reduction that is almost
indistinguishable from the full 100% coverage across most of the frequency range. The 50% coverage, while slightly less effective than 75%, still
provides a substantial suppression compared to the undamped case. Based on these results, the 75% coverage was selected in the main manuscript as a
balanced choice that achieves near-optimal performance while minimizing the use of damping material. The observation that the structure remains
effective even at 50% coverage further confirms the robustness of the proposed design.
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