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Thick-walled hollow cylinders (TWHCs) are widely used in engineering structures and transportation systems,
exemplified by train axles. The early detection and precise localization of incipient damage in such structures is
of great significance for maintaining structural integrity and operational safety. In existing technologies, methods
based on nonlinear elastic waves exhibit high sensitivity in detecting incipient damage, but due to insufficient
understanding of nonlinear wave-damage interactions, progress in localization has been very limited. Previous
investigations have revealed that the interaction between quasi-surface waves and incipient damage in a TWHC
produces strongly directional nonlinear wave scattering. Building on this physical insight, this paper establishes a
strategy for damage localization in a TWHC. The proposed method starts with the definition of an effective
detection zone (EDZ) for each sensor placed along the inner the surface of a TWHC, followed by the construction
of a network-level detection zone through the merging of multiple EDZs. The nonlinear parameter variation
(NPV) of each sensor is quantified and incorporated as a weighting factor in Softmax algorithm. This zone-aware
and sensor-weighted strategy significantly improves the accuracy and the robustness of damage localization.
Numerical analyses and experiments confirm the effectiveness of the proposed method, pointing out its great
potential in applications such as early damage detection/localization of train axles.

1. Introduction earlier stage which in turn increases the operational safety of the

structures [2-5].

Thick-walled hollow cylinders (TWHCs) are widely used as major
load-bearing structures in mechanical and transportation systems, such
as train axles [1]. During operation, structural damage, such as cracks
and corrosions, etc., can initiate and evolve, which may eventually
jeopardize the safe operation of the system or even lead to catastrophic
failure. Prior to the occurrence of macroscale damage, materials usually
undergo a continuous degradation process. Alongside this is the gener-
ation of microscale or often invisible damage, referred to as incipient
damage, which manifests as the precursor of more visible macroscale
damage. For metal TWHGs, this process is closely tied with the plastic
deformation in metals formed under continuous tensile and compressive
stresses. Therefore, successful localization of the occurrence of such
incipient damage can significantly shift the maintenance schedule to an

As a higher level of structural health management, damage locali-
zation is more demanding than detection. For the former, rather mature
methods have been developed based on linear elastic wave-based
structural health monitoring (SHM) techniques [6-10]. For example,
damage diagnostic imaging algorithms [11,12] are particularly favored
due to their ability to provide interpretable and intuitive visual damage
locations. Some representative algorithms are phase arrays approach
[13,14], tomography technique [15-17], probability-based diagnostic
imaging method [12,18,19], and delay-and-sum algorithm [20-22]. In
hollow cylindrical structures, damage localization differs from that in
plates due to the presence of helical guided waves, which have been
widely studied [23-25]. For example, Zhu et al. proposed a helical
sensor network for internal damage localization in large-scale hollow
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Fig. 1. Sketch of a TWHC with axial and circumferential cross-sections.

cylinders, demonstrating that helical wave-based sensing can provide
flexible propagation paths and effective coverage for reliable damage
detection [26]. Hu et al. developed a Bayesian hierarchical
hyper-Laplacian prior-based imaging method for pipe structures,
demonstrating its capability to enhance imaging resolution and improve
defect localization accuracy through sparse reconstruction [27]. How-
ever, these methods have been predominantly applied to the detection
and localization of macroscale damage due to the causality limitation in
terms of wavelength versus damage size. Such macroscale damage dif-
fers significantly from the incipient damage associated with material
nonlinearity, which is presumably much less visible, less intrusive to
wave scattering, and therefore more difficult to be detected. To address
this challenge, nonlinear ultrasonic techniques [28-31] have been
exploited. For instance, tomography has been applied to the nonlinear
regime by synthesizing damage information from multiple
actuator-sensor paths [32]. The wave mixing technique has also been
used for incipient damage localization [33]. By tuning and controlling
the location of the mixing zone of a pair of guided waves, zone-by-zone
damage detection has been achieved using nonlinear Lamb waves.

Note the aforementioned nonlinear localization methods have
mainly been designed for thin-walled structures like plates. These
methods, in principle, cannot be directly applied to thick-walled struc-
tures like TWHCs, mainly due to several reasons. First, the scattering
nonlinear signals induced by incipient damage are relatively weak,
making them difficult to extract and more likely to be obscured by the
linear components which usually are much more dominant in energy
level. Second, it is difficult to obtain accurate time information from
these nonlinear signals to inform on the location of incipient damage.
Additionally, wave propagation in thick-walled structures is complex,
bearing multiple modes [34,35], which significantly increases the dif-
ficulty in apprehending and using nonlinear elastic waves.

Recently, a new nonlinear elastic wave scattering phenomenon has
been discovered in our previous work [36], which offers new possibil-
ities for incipient damage localization. The reported wave scattering
results from the interaction between elastic waves and a specific zone
with material nonlinearity. Furthermore, variations in wall thickness
and damage size in thick-walled structures have minimal effect on the
scattering angle. Although this finding has been confirmed in
two-dimensional (2D) cases, it is unclear whether 3D localization is
possible due to the foreseeable increasing complexity of wave propa-
gation and scattering in the presence of incipient damage. Therefore, it is
crucial to investigate the issue to gain a deeper understanding of the
incipient damage-induced scattering characteristics of the newly
discovered second harmonic elastic waves and ascertain how the find-
ings can be leveraged to achieve damage localization through proper
design of sensor configuration. Meanwhile, most methods for simulating

incipient damage in both experimental and simulation contexts involve
the modification of local material properties by techniques such as
heating [37-40], stamping [36], or tensile loading [41,42]. However,
replicating adjustable and controllable incipient damage in structures is
usually difficult. Motivated by these, this work is carried out with a
twofold objective, thus showing its novelty: 1) to investigate the
wave-damage interaction in a 3D TWHC and 2) to establish a dedicated
algorithm for incipient damage localization thorough numerical ana-
lyses and experimental validations by controlling a localized nonlinear
scatterer mimicking incipient damage in the TWHC.

Targeting these goals, this work carries out a comprehensive study
on incipient damage localization methods based on the understanding of
the nonlinear elastic wave propagation in TWHCs. The influence of
structural curvature on the nonlinear elastic wave propagation is first
evaluated. Then, through the mapping relationships of sensors on the
inner and outer surfaces of TWHCs, the area covered by each sensor is
determined, and the probability of damage occurrence in these regions is
quantified. In light of the scattering properties of nonlinear elastic
waves, a sensor network is designed, along with the proposal of a
dedicated localization algorithm. The efficacy of both the sensor layout
and the damage localization algorithm is validated through numerical
analyses and experiments.

2. Nonlinear elastic wave propagation in TWHC

We examine a thick-walled hollow cylinder (TWHC) as shown in
Fig. 1. The structure would represent a simplified train axle model,
featuring a hollow shaft with a thick wall. The outer surface of the
TWHC is deemed more vulnerable to incipient damage associated with
material nonlinearity, typically induced by impact, fatigue, or corrosion.
Quasi-surface waves are to be used to detect such damage. To this end, a
detection scheme is considered where an actuator is placed on the outer
surface, while receiving sensors are mounted on the inner surface for
practical reasons. The actuator generates quasi-surface waves that, upon
interacting with damage, produce nonlinear waves, which subsequently
scatter inward into the structure.

Building on this detection setting, a comprehensive understanding of
the wave propagation and scattering characteristics in such structures is
essential for conceiving proper damage localization strategies. Due to
the curved geometry of the TWHC, the analysis must account not only
for scattering patterns in a two-dimensional cross-sectional plane but
also for the influence of curvature on the propagation path, energy
distribution, and scattering modes of nonlinear waves. Accordingly, we
divide the TWHC into two primary study domains: the axial cross-
section and the circumferential cross-section, as shown in Fig. 1. For
each case, the scattering features of nonlinear waves generated by



Y. Zhang et al.

Incident

Engineering Structures 362 (2026) 123003

Local material

Quasi-surface wave nonlinearity Nonlinear "
: .qln.sl—surﬁce wave x10°
0 I 3 1
2 50 0.5
= -100 Tl 0
zn \ Nonlinear 40°
5 \ shear bulk wave
= -150 i -0.5
A 70°
200 o -1
0 100 200 300 400 500 600 700 800
Width (mm)

Fig. 2. Sketch of the nonlinear elastic wave scattering features caused by local material nonlinearity in the cross-section of a thick-walled hollow cylinder.
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Fig. 5. Sketch of inner-outer surface sensor mapping.

localized nonlinear material regions are investigated.

Our previous work [36] demonstrated that, under a tone burst
excitation, the local material nonlinear region acts as a secondary wave
source to generate second harmonic waves that propagate along the
structural surface and penetrate towards the interior of the structure,
referred to as nonlinear quasi-surface waves and bulk waves, respec-
tively. It was found that the nonlinear shear bulk waves scatter towards
the interior of the thick-walled structure, with the dominant scattering
angle ranging between 40° and 70°, as sketched in Fig. 2, which shows
an axial cross-section of the TWHC. Parametric studies also showed that
the scattering angle is not sensibly affected by the size or the shape of the
nonlinear material zone. In addition, the energy of the nonlinear
quasi-surface wave is mainly confined near the surface after interacting
with the local material nonlinearity. The nonlinear shear bulk waves are
generated by the interaction between the incident waves and the
nonlinear material region. Since the material under consideration is
isotropic, the higher order elastic constants that characterize the extent
of material nonlinearity mainly affect the amplitude of the generated
nonlinear shear waves. By contrast, the directivity of the generated
nonlinear waves is more related to the wave structure of incident waves.

Prior to the development of incipient damage localization method,
the influence of the structural curvature on the nonlinear elastic wave
propagation is evaluated. To this end, a semi-circular structural mode is
established in Abaqus/Explicit. The inner and outer diameters are
200 mm and 300 mm, respectively. Plane strain elements (CPE4) are
used with a mesh size of 0.5 mm x 0.5 mm, corresponding to approxi-
mately 14 elements per smallest wavelength of interest. The excitation is
applied as a prescribed circumferential displacement using a 5-cycle
tone burst at 200 kHz, simulating the effect of a surface-mounted
actuator. Five sensors are placed on the inner surface of the structure
with an angular interval of 10°, whose positions are marked in Fig. 3.
Each sensor is designed to capture the circumferential displacement
centered at the local material nonlinear region. Sensor S1 is located
directly below the damage zone, with an arc length of 19 mm away from
S4. Specifically, the second harmonic responses, captured at different
sensing positions, are extracted with the phase-inverse method [43] to
eliminate the linear components.

The linear and nonlinear responses captured by sensors S1-S5 in
terms of the circumferential displacement are shown in Fig. 4. It can be
observed that the linear signal (which should be the global signal largely
dominated by linear components) is rather irregular without clear
propagation pattern. In contrast, the nonlinear signal displays distinc-
tive scattering characteristics. Fig. 4(b) reveals that the nonlinear signal
intensity received by sensor S4, positioned at an angle of 60° relative to
the damaged area, is overwhelmingly stronger than the others. Upon

calculating the propagation time, the wave packet at around 100 us
marked by red dotted box for sensor S4 corresponds to the nonlinear
shear bulk wave. Meanwhile, the nonlinear shear bulk wave scatter in-
ward toward the inner surface, with a primary scattering angle of
approximately 60°, as shown in Fig. 3. The circumferential case in Fig. 3
aims to demonstrate that the scattering characteristics of nonlinear
waves are independent of structural curvature. Based on the wave
propagation features, the incipient damage localization method is
designed to identify damage on the outer surface of the TWHC.
Focusing on S4, the amplitudes of the nonlinear waves within a range
of 19 mm are extracted, resulting in the intensity distribution of the
scattering waves on the inner surface, as shown in Fig. 4(c). In this
figure, the origin (0 mm) corresponds to the position of S4. It can be seen
that the scattering waves have the maximum intensity at S4 position and
the scattered nonlinear energy decreases with the scattering distance
and scattering angle. This scattering characteristic confirms that the
structural curvature has little influence on the scattering features of
nonlinear shear bulk waves in terms of the scattering angle. Notably, the
scattering angle remains predominantly around 60°. This feature will be
capitalized to derive the subsequent damage localization method.

3. 3D incipient damage localization strategy

Based on the above understanding, a 3D incipient damage localiza-
tion strategy is proposed. First, an effective detection zone (EDZ) on the
outer surface is constructed for a specific sensor, using the mapped
scattering relationship between the inner and outer surfaces of the
TWHC. Then, the fundamental principle of the localization approach,
which relies on the second harmonic components of nonlinear elastic
waves, is introduced. Finally, the corresponding localization algorithm
is presented in detail.

3.1. Mapping relation between inner and outer surfaces

Based on the nonlinear wave scattering features, the layout of the
transducers is designed by positioning actuators on the outer surface and
sensors on the inner surface of the TWHC. This allows to transmit in-
formation of damage on the outer surface to the sensors on the inner
surface through the scattered nonlinear shear waves. In this regard, the
scattering angles play a pivotal role in guiding the layout design of the
sensors on the inner surface.

Given the scattering features of nonlinear bulk waves, the effective
detection range of each sensor is first determined, as sketched in Fig. 5.
Specifically, a sensor on the inner surface, labeled as Sensor (6y,71), is
first mapped onto the outer surface as MSensor (Oy, r2) using polar
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coordinates. In this polar coordinate system, 0y represents the angle
corresponding to the location of the sensors, while r; and r, represent
the inner and outer radii of the hollow cylinder, respectively. According
to the angle corresponding to the strongest scattering amplitude 6s, the
effective detection ranges are determined as Lo and L; for the outer and
inner surfaces respectively. L, represents the length of scattering path. In
the present case, the scattering angle 6s is set to 60°, and r; and r, are
100 mm and 150 mm, respectively. Accordingly, Lo and L; are deter-
mined as 49 mm and 19 mm, respectively. Fig. 5 provides a schematic
illustration of the inner-outer surface mapping to elucidate the damage
localization algorithm.

Based on the mapping relations, the scattering feature of the
nonlinear waves in Fig. 4(c), is mapped to the outer surface with the
damage zone center as the origin in Fig. 7. After normalization with
respect to the maximum amplitude of the captured nonlinear wave
signals, a Gaussian fitting is applied to approximate the scattering
pattern (Pg) as [44]
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where x is the arc distance between the center of the damage and a
mapped location on the outer surface. Using the mapped scattering
relationship in Fig. 6, an effective detection zone (EDZ) for a specific
sensor on the outer surface is constructed in Fig. 7 in terms of the pos-
sibility of damage localization. It indicates that the sensor at the position
with high possibility is more likely to capture the damage information.
The definition of EDZ will be further utilized in the proposed damage
localization algorithm. The EDZ is defined over a finite angular and
spatial range, rather than a single deterministic direction. As such,
moderate deviations in the scattering angle due to material variability or
experimental uncertainty lead only to limited shifts in the EDZ, while the
overall spatial coverage remains largely preserved. The Gaussian func-
tion is adopted as a convenient and physically reasonable approximation
of the observed nonlinear scattering intensity distribution, which ex-
hibits a smooth decay away from the dominant scattering direction.

3.2. Principle of incipient damage localization

In practice, the outer surface of a TWHC is more vulnerable to
damage. The inspection zone therefore primarily targets the outer sur-
face based on the scattering properties of the nonlinear bulk waves. As
illustrated in Fig. 8, assuming that the incipient damage is located on the
outer surface of a hollow cylinder, the damage-induced nonlinear shear
bulk waves will be captured by Sensors located on the inner surface. The
temporal information and energy of the scattering waves are then
extracted from the captured signals. By synthesizing this information
with the definition of EDZ, incipient damage can be localized.

In practice, actuators are permanently installed at fixed positions.
Even though multiple sensors are required, the physical system is still
simple without the need of switching actuators and sensors to form a
complex network. As damage localization is conducted on the outer
surface, it is unfolded into a 2D plane. Similarly, the sensors on the inner
surface (Sensor) are mapped onto the outer surface as virtual sensor
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Fig. 7. Spatial distribution of effective detection zone on the outer surface of the TWHC.



Y. Zhang et al.

Engineering Structures 362 (2026) 123003

Outer surface

o Ms!
P ® Ms2
Actuator (x, z,) ® MS3

Actuator MSensor (x; z,)

PN .
Outer surface = T L b

Inner surface

\ : Tc

A

Sensor (x,, z,)

Fig. 8. Localization strategy for the combination of inner and outer surfaces.

Scattered nonlinear signal

= Difference value

Amplitude (m)

Time

—

Wavelet transform

= Wavelet coefficient

Normalized wa

Time

Fig. 9. Arrival time of damage-scattered signal extraction method.

(MSensor) via their polar coordinates, as illustrated by MS1, MS2, MS3,
etc. in Fig. 8.

3.3. Damage localization algorithm

After illustrating the principle of the damage localization, a dedi-
cated algorithm is proposed to implement the strategy with the
following steps. The coordinate system is first defined, with the origin
positioned at the boundary on the outer surface of the cylinder, as shown
in Fig. 8.

1) Determining the effective detection zone (EDZ)

According to its definition, the EDZ of each sensor i is determined as a
circle with a radius of 2Lg, centered at the location of the MSensor (xys,
zy)- Given an inspection point (x, z) on the unfolded outer surface, the
distance from this point to a specific MSensor is denoted as D. If the point
is within the EDZ, the probability of damage detection is defined as Pgp;.
Conversely, if the point is located outside the EDZ, Pgp; is considered to
be zero. Consequently, Pgpz is defined as

D-Lg
02314

Pgpz = { 0.9758e <7< > > s D < 2Lo#Ht###H#AEH#H# @

0, D > 2Ly

2) Extracting temporal information of incipient damage-induced scat-
tering waves

The nonlinear signals captured by sensors are extracted with the
phase-inverse method [43] from both damaged and intact samples.
Subsequently, the damage-induced nonlinear signals induced by the
incipient damage are extracted by subtracting the intact signals from the
damaged signals. Complex Morlet wavelet transform [45,46] is then
applied to the damage-induced nonlinear signal and the wavelet co-
efficients are calculated at the instantaneous frequency of the nonlinear
signal. It provides a well-balanced time-frequency resolution, enabling
precise identification of the wave packet associated with the second
harmonic while maintaining robustness against noise. In addition, the
wavelet coefficients allow for a clear determination of the signal energy
distribution in the time-frequency domain, from which the arrival time
can be reliably extracted as the point of maximum response at the target
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Table 1
Material parameters of aluminum under different conditions.
p (kg/ A U A(Gpa) B C
m3) (GPa) (GPa) (GPa) (GPa)
Nonlinear Al 2700 55.27 25.95 -351.2 -140.4 -102.8
(NAD
Damaged Al 2700 55.27 25.95 -1053.6 -421.2 -308.4
(DAl

frequency. For a specific actuator-sensor path, the time Tg, corre-
sponding to the maximum position in the resultant wavelet coefficient,
is identified as the arrival time of the damage-induced nonlinear signal,
as sketched in Fig. 9. Meanwhile, for the same actuator-sensor path, the
propagation time of waves from the actuator (x4, 24), via an arbitrary
inspection point (x, z) on the outer surface, to the Sensor (x5 2;) is
defined as T¢:

V-0 + -2 L,
+

Tow
+ excitation 3)
Vsurface Vshear 2

Tc =

where Vyrfoce and Vineor are the group velocity of the quasi-surface and
shear waves, respectively. Texcitation denotes the excitation signal dura-
tion. Specifically, the scattering path from the arbitrary inspection point
to Sensor is defined as L, To better evaluate L, all positions are
expressed in cylindrical coordinates. Let the arbitrary inspection point
on the outer surface of the TWHC be denoted as (r3,0,,2,), and Sensor
position as (r1, Oy, zi). The total path length L, can be determined by
evaluating the corresponding integral expression.

"2 O — 02\ 2 — 20\
L- [ 1+<r”’ “)+(M “)dr “
r rn—nr n—nr
where r; and r; are the inner and outer radii of the TWHC, respectively.
The angles 9, and 0y correspond to the angular positions of the arbitrary
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inspection point and Sensor, respectively, while 2z, and 2y denote their
respective axial positions.

Assuming each inspection point on the outer surface of a TWHC is a
possible damage location, a damage index Pp(x,z) at each inspection
point is defined using a symmetric exponential function, as shown in Eq.
(5) [47]

. <JTS*TC‘>
Poxz)=Y e\ 5)

where 7 is a decay factor which is set as 0.01 ms in this study. N is the
total number of sensors.

3) Assigning sensor weight

In practice, when an incipient damage locates far away from a
certain actuator-sensor path, the energy level of the incipient
damage-induced nonlinear wave will be low and vulnerable to noise
and boundary reflections. Therefore, the temporal information car-
ried by the nonlinear signal measured by that sensor will be less
reliable and less informative. In this regard, different sensors should
carry different weights in the damage localization strategy according
to the amplitudes of their measured nonlinear responses. Specif-
ically, a nonlinear parameter variation (NPV) is defined as

‘Npinmct - diamage|

NPV =
NP intact

©

where NPjocr and NPggnqge are nonlinear parameters in the intact
and damaged cases which can be defined as
AV (20)

where AM (20) and AL () are the amplitudes of the second harmonic
and linear elastic wave signals, respectively, with the excitation at
the fundamental frequency w.

Furthermore, the NPV values of all the sensors are normalized
using a Softmax algorithm [48], thereby quantifying the contribution
of each sensor on the final damage localization results. The resultant
sensor weigh (SWi) after the Softmax normalization is defined as

PV,
SWi= L 8)

Zf‘i LeNPVi

This process amplifies the weight of these sensors sensitive to
damage while minimizing the impact of insensitive sensors, in views
of improving the damage localization accuracy.

4) Synthesizing signal features for damage localization

By synthesizing the EDZ from the Sensor location, Pp(x,z) and SWi
from the tests, probability of damage localization (PDL(x,z)) can be
calculated by

PDL(x,2) = > Penz @ Pp(x,2) o SWi 9

It is relevant to note that the proposed method requires a baseline for
the extraction of damage information. To ensure the consistency of the
baselines, transducers are permanently mounted on the structures,
which in the meantime can cater for the need for automatic and possibly
continuous monitoring. Through the continuous comparison between
the baseline response and the measurement responses, the structural
health status at each measurement instant can be evaluated and there-
fore such method allows for the tracking of the structural health status
during its operation, which is desirable in many engineering
applications.

To demonstrate the superiority of the proposed localization algo-
rithm, we define the method without SWi and EDZ as the traditional
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method (Pp(x,2)), which directly uses the temporal information
extracted from the signal for damage localization. A comparison be-
tween the two methods is conducted in the following numerical analysis.

4. Numerical validations

Numerical simulations are carried out to validate the proposed
damage localization strategy. First, an FE model is briefly described, and
a signal processing method is proposed to extract damage-related signal
features and temporal information. Finally, the reliability of the pro-
posed localization algorithm is demonstrated through comparisons with
the traditional method.

4.1. FE model description

A 3-D FE model is established in Abaqus/Explicit as sketched in
Fig. 10. The TWHC is 400 mm long, with inner and outer radii of
100 mm and 150 mm, respectively. Both intact and damaged cases are
considered. Since simulating incipient damage in numerical analysis is
difficult, we mimic it through changes in material properties. The ma-
terial parameters of the TWHC under different simulations scenarios are
tabulated in Table 1. Nonlinear Al (NAl) stands for the intact aluminum
material with weak nonlinearity through the TWHC. Damaged Al (DAI)
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Fig. 14. Incipient damage localization results (a) without and (b) with sensor
weight and EDZ.

mimics the material with incipient damage, introduced through Landau
constants, which are different from NAI with the damaged area. In the
former case, the TWHC is assigned with nonlinear Al (NAI) corre-
sponding to the case of weak material nonlinearity. In the latter case, a
damage zone is arbitrarily assigned over the outer surface with a size of
10 mm x 10 mm x 5 mm. The damage zone is specifically assigned with
damaged Al (DAI) to mimic the material with local nonlinearity. The
material nonlinearity is introduced to the model according to the
Landau-Lifshitz model via the VUMAT module, as described before. It is
worth noting that the Landau constants in DAl are chosen for the pur-
pose of investigating wave propagation and do not necessarily corre-
spond to any specific physical incipient damage [49]. In the present
simulation, the DAl is assigned to the local material zone while the rest is
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Fig. 15. Numerical validation of incipient damage localization algorithm.

assigned with NAl. The excitation is a prescribed displacement in the z
direction with a 5-cycle tone burst signal at 200 kHz to mimic the action
of a surface-mounted actuator. A 5-cycle tone burst excitation represents
a balance between time localization and frequency resolution. It is suf-
ficiently short to avoid excessive wave packet overlap while maintaining
a narrow enough bandwidth to clearly extract second harmonic com-
ponents. This excitation scheme has been widely adopted in nonlinear
ultrasonic studies and was found to provide stable and repeatable
nonlinear responses in both numerical simulations and experiments
[50]. Similarly, the displacements in the z direction at different sensing
locations are extracted as the sensor outputs. The maximum mesh size
used in the FE model is 1 mm, ensuring more than 10 elements per
shortest wavelength under consideration.

According to the proposed damage localization strategy, the actuator
on the outer surface excites the waves, while the remaining transducers
on the inner surface act as sensors. A transducer network configuration,
shown in Fig. 10, is considered, which is mapped onto the outer surface
of the cylinder, following the mapping scheme described before. In this
process, the signal is captured with a sampling frequency of 10 MHz.

4.2. Signal processing and feature extraction

Response signals are captured before and after the introduction of
the incipient damage, referred to as the intact and damaged states,
respectively. Typical linear and nonlinear signals captured at sensor S2

KEYSIGHT 33500B

GA-2500A Gated RF lifi
Waveform Generator ae ampiiier

Controller NI PXlIe-5105

Outer surface
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are presented in terms of z-direction displacement in Fig. 11. It is worth
noting that the linear wave responses are first examined before and after
the introduction of DAl into the damage zone, indicating no noticeable
changes in Fig. 11(a). This suggests that the introduced damage is
indeed minor which can be considered as incipient damage. By contrast,
Figs. 11(b) and 11(c) show the nonlinear responses captured at S2 with
little difference. Note that a Butterworth filter is adopted with a pass-
band from 350 kHz to 450 kHz to enhance the clarity of the signals. The
black and red lines represent the signals in the intact and damaged
status, respectively. Their difference, termed as residual nonlinear
signal, is then extracted as shown in Fig. 11(c), which is induced by the
incipient damage.

Complex Morlet wavelet transform is applied to extract the arrival
time of the damage-induced nonlinear waves. After normalization with
respect to the maximum value of S2, the magnitudes of these wavelet
coefficients for sensors S1-S5 are plotted in Fig. 12. The signal ampli-
tude captured by S2 is the largest because S2 is in closer proximity to the
damage. In this figure, the time-of-flight of damage-induced nonlinear
signals can be identified by the maximum normalized wavelet coeffi-
cient captured by each sensor.

4.3. Evaluation of the proposed localization method

Prior to applying the proposed damage localization strategy, it is
essential to define the effective detection zone of the sensor network to
ensure the accuracy and physical interpretability of subsequent locali-
zation results. As illustrated in Fig. 13, five sensors (S1-S5) are deployed
on the inner surface of the TWHC structure. The color-coded region in
the figure indicates the area where the sensor array exhibits sufficient
sensitivity to damage, constructed through the superposition of the in-
dividual EDZs of each sensor. To ensure the reliability of the localization
outcomes, all subsequent analyses are confined within this defined zone.

The proposed damage localization strategy is then applied to assess
its efficacy. The location of the maximum PDL value is taken as the
calculated damage position. Subsequently, the distance between the
predicted position and the actual damage center is then calculated to
quantify the localization error. To better visualize the damage locali-
zation, the localization probability imaging is mapped onto the outer
surface of the TWHC.

A comparison is made between the proposed (PDL(x,2)) and tradi-
tional (Pp(x, z)) methods. Fig. 14(a) shows that the damage localization
obtained using traditional method is (0.03, 0.218) m, with a 22 mm
error regarding the actual damage position (0.017, 0.2) m. By compar-
ison, the proposed method locates the damage at (0.013, 0.204) m,
resulting in a 5 mm error, as shown in Fig. 14(b). Then, another case
considering a different location of damage is also carried out to further
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Fig. 16. Experimental setup and sensor arrangement on the outer and inner surfaces of the hollow cylinder.

10



Y. Zhang et al. Engineering Structures 362 (2026) 123003

T T T T T

- -« = With damping glue
Intact

e
n
T
1

o
n
T
!

Normalized amplitude (m)
<>

'

P
T
1

20 40 60 80 100

=}

Time (us)

(a)

0.4 T T T

= Intact —Intact
----- With damping glue -===- With damping gll\!

Normalized amplitude (m)

04 . . A
0

20 40 60 80 80 90
Time (ps) Time (ps)

0.06 T T

= Difference value 1

e e
<3 =3
] s
T T

Normalized amplitude (m)
(=3
(=3
(=}

-0.02 1
1 1
-0.04 | 1 1 4
U | L
-0.06 . .
40 60 80
Time (ps)

(©)

Fig. 17. (a) Experimentally measured linear response signals at S2, (b) nonlinear responses and difference signals, (c) difference value of nonlinear responses.

11



Y. Zhang et al.

j=——S1

LOF L s 5, T
= |=——S3 / )
g |—o— sS4 , \
2081 [omss T \ |
O \
: [
506} A 1
o) [ \
: £
504t I -
2 !
= ’

0.
:
Z

0.0

Time (us)

Fig. 18. Wavelet coefficients of the damage-scattered nonlinear signals at
various sensors.

substantiate the above observation, resulting in a localization error of
7 mm, as shown in Fig. 15. The whole set of simulations demonstrates
that the proposed strategy markedly allows for accurate damage
localization.

5. Experimental validation

Experiments are finally conducted to validate the effectiveness of the
proposed localization strategy. Specifically, a flexible approach for
simulating incipient damage in experiments is devised, with its feasi-
bility demonstrated.

5.1. Artificial incipient damage

In previous research, we leveraged the stamping method to create a
localized plastic zone in a thick-walled beam [36]. However, generating
a plastic zone through stamping on the surface of a thick-walled cylin-
drical structure poses considerable challenges. In traditional stamping
methods, the size of the plastic deformation zone is difficult to be
controlled. In addition, the plastic damage is irreversible. Once formed,
the fixed location offers very limited flexibility in experiments.

To address this issue, an alternative approach is adopted here by
deploying an adhesive layer on the surface of the structure to mimic a
nonlinear material region. This facilitates the interrogation of damage at
different locations for the purpose of validation. The adhesive layer used
in the experiments is 3 M 9473 clear double-sided plastic tape, made of
acrylic material. Its thickness is 0.36 mm, with an adhesion strength of
1 N/cm. The presence of the adhesive layer, through its nonlinear ef-
fects, allows the incoming quasi-surface waves to generate nonlinear
components, propagating along both surface and thickness-through di-
rections. Prior experiments were designed and conducted to verify the
feasibility of the incipient damage mimicking technique, as detailed and
discussed in Appendix A, in which the selection of adhesive layer
thickness and a comparison of different excitation frequencies are also
thoroughly discussed.

5.2. Validations of the proposed damage localization strategy

Experiments are then conducted to validate the proposed localiza-
tion strategy using an aluminum hollow cylinder shown in Fig. 16 with a
total length of 500 mm and inner and outer diameters of 200 mm and
300 mm, respectively. Six circular piezoelectric wafer transducers
(PZTs), each with a thickness of 0.5 mm and a diameter of 6 mm, are
bonded to the outer and inner surfaces of the hollow cylinder using
instant glue. The measurement system operates as follows: a KEY-
SIGHT® 33500B waveform generator outputs an excitation signal. The
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Fig. 19. Experimental damage localization results of two cases with different
damage locations.

signal is then amplified by the RITEC® GA-2500A power amplifier and
sent to the PZT actuator. The elastic waves are measured by the PZT
sensors and recorded by the NI PXIe-5105 data acquisition module.
Finally, the response signals are stored and processed by a controller.

Guided by the finite element analyses, a PZT is mounted on the outer
surface of the structure as actuator, while the other five are installed on
the inner surface as sensors. A 200 V, 5-cycle Hann-windowed tone burst
signal, centered at 400 kHz, is utilized for excitation. The signals
captured by the sensors are averaged over 100 measurements to mitigate
the adverse effects of measurement noise. Additionally, a square adhe-
sive layer, approximately 20 mm long and 0.36 mm thick, is applied to
simulate an incipient damage, as depicted in Fig. 16.

In practice, due to the curvature of the cylindrical surface, the planar
PZT actuator cannot achieve perfectly uniform bonding, leading to slight
non-uniformity in excitation and consequently minor directional
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variations in wave propagation. In principle, the direction-dependent
propagation characteristics can affect the incipient damage localiza-
tion results. Nevertheless, within the experimental and analytical
framework adopted in this study, the influence of such spatial non-
uniformity on the final results is limited. First, the analysis is per-
formed within selected time windows to extract the target wave packets,
making the approach insensitive to amplitude variations across different
directions. Even when the signal energy is relatively weak in certain
directions, the difference signal can still be used for damage localization
as long as it can be measured. Second, multiple sensors are employed,
and the information from different propagation paths is integrated
during post-processing, which effectively mitigates the influence of
directional variability associated with individual paths.

Similar to the finite element simulations, linear responses are
examined before and after the application of the adhesive layer. A pair of
typical signals are presented in Fig. 17(a). It confirms the insensitivity of
the measured linear responses to the application of the adhesive layer.
Extracting the second harmonic responses at sensor S2 and comparing
the results in the intact and damaged states, one notices clear wave
packets associated with the damage-scattered signals at 81 us in Fig. 17
(b). By subtracting the intact signal from the damaged one, the damage-
induced nonlinear signal is shown in Fig. 17(c). Complex Morlet wavelet
transform was applied to extract the arrival time of the damage-induced
signals. After normalization with respect to the maximum value of S2,
the magnitudes of the normalized wavelet coefficients of the residual
signals for sensors S1-S5 are plotted in Fig. 18. In the present study, the
damage-induced nonlinear longitudinal waves that can potentially
interfere with the measured signals. This effect is controlled through the
time-window selection within the proposed localization framework.
Specifically, the signal is first filtered using the EDZ, based on which a
time window associated with the target nonlinear shear bulk waves is
determined. This window is defined to capture the arrival of the domi-
nant damage-induced nonlinear shear components, thereby minimizing
the inclusion of subsequently generated longitudinal waves.

The proposed damage algorithm is then applied, resulting in the
localization result shown in Fig. 19(a). The actual damage location is
also marked in the side expansion map of the cylinder. The localized
position is (0.012, 0.206) m, 5 mm away from the actual location (0.01,
0.202) m. Then, another case was tested with the adhesive layer glued in
a different position. The resultant localization error is 8 mm, as shown in
Fig. 19(b). These experimental results further confirm the efficacy of the
damage localization strategy.

6. Conclusions

The present study investigates the scattering features of nonlinear

Appendix A. Verifications of incipient damage generation
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bulk waves arising from the interaction between quasi-surface waves
and an incipient damage on the curved surface of a TWHC. Based on the
generation and propagation characteristics of nonlinear waves, an
incipient damage localization strategy is proposed, with its efficacy
demonstrated by both FE simulations and experiments.

Results reveal that when quasi-surface waves encounter a localized
nonlinear zone on the structural surface, nonlinear shear bulk waves
generate and propagate toward thickness-through direction of the
TWHLC till its opposite side at a predominant angle, irrespective of the
curvature of the structure surface. The scattering pattern with respect to
the arc roughly follows a Gaussian function. Taking this feature into
account, an effective detection zone for each sensor can be established,
which allows for effective assignment of the sensor weights in the pro-
posed localization algorithm. Incorporating the effective detection zone
for each sensor into the localization algorithm enable enhanced locali-
zation capability and accuracy.

The presented method offers a new avenue for incipient damage
localization in a TWHC through the exploration of the nonlinear bulk
wave scattering. The proposed incipient damage localization method
may also offer useful guidance for engineering applications such as the
early detection and localization of damage in train axles as a typical
example of the TWHCs. In a broader sense, SHM of other complex thick-
walled structures can also be envisaged for the safety management and
maintenance of a large class of critical engineering equipment.
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A series of experiments were designed and conducted to verify the reliability of the artificial incipient damage. Specifically, ultrasonic mea-
surements were conducted on the thick-walled beam with dimension of 550 mm x 35mm x 70mm as illustrated in Fig. Al. A
30 mmx 16 mmx 0.5 mm piezoelectric transducer (PZT) wafer was bonded to the upper surface of each beam, 100 mm away from the beam end, for
wave generation, as shown in Fig. A1. Furthermore, four square sensors (5 x 5 x 0.5 mm) were installed on the bottom surface, with Sensor S1 aligned
with the location of the adhesive layer, while the remaining three sensors are spaced 40 mm apart. The dimension of the adhesive layer is
20 x 20 x 0.36 mm. The measurement system employed is same as that used in previous experiments.

First, the linear wave responses are examined before and after installing the adhesive layer. Fig. A2 shows the responses of S2, as a representative of
typical signals received by the sensors. It can be observed that the linear responses hardly change after the interaction with the adhesive layer. The
same observation applies to all other sensors. This proves that linear elastic waves are not sensitive to the changes brought about by the added ad-
hesive layer, due to its incipient nature.

The second harmonic responses were then extracted using the phase-inverse method. In addition, a Butterworth filter was adopted with a passband
from 750 kHz to 850 kHz to further enhance the clarity of the signals. A pair of typical responses from S2 are presented in Fig. A2. A significant
increase in the nonlinear response signals occurs in S2 at 80 us. In comparison to the intact signal, the signals triggered by the adhesive layer give rise
to considerable nonlinear shear bulk waves. This further confirms that quasi-surface waves generate nonlinear shear bulk waves that propagate inward
into the structure when passing through the adhesive layer, as a further evidence that the adhesive layer can indeed be employed to mimic the
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incipient damage on the surface of thick-walled structures, analogous to the plastic zone generated by stamping.
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Fig. Al. Sketch of experimental set-up with damping adhesive layer.
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Fig. A2. Typical (a) linear and (b) nonlinear responses at sensor S2 with and without the adhesive layer.

To quantify the effect of the adhesive layer thickness on the nonlinear bulk wave signals and determine the proper experimental configuration,
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multiple experiments were conducted. Firstly, the adhesive layer thickness was increasing from one layer to 3, 5, 7 and 9, while the excitation fre-
quency was fixed at 400 kHz. The values of Nonlinear parameter variation (NPV) defined in Eq. (6) were used to quantify the changes in nonlinear
responses.

The variation trends of the NPV captured by the four sensors at the bottom surface of the test beams with different adhesive layer thicknesses are
shown in Fig. A3(a). It is noteworthy that, despite the differences in the layer thickness, the relative energy levels of the four sensor signals remain
consistent, initially increasing and then decreasing, with S2 sensor (positioned at 60° relative to the adhesive layer) being the largest. Moreover, it is
observed that with one layer, the nonlinear shear wave energy received by S2 is the most significant, indicating the optimal scattering effect.

Coming back to the one-layer configuration, the central excitation frequency of the 5-cycle tone burst was varied as 400, 600, and 800 kHz to verify
the scattering properties due the adhesive layer. Following the same signal processing procedure, the NPV captured by the four sensors at different
frequencies are plotted in Fig. A3(b). It follows that the variation trends of the sensors remained consistent with previous observations, with S2 still
receiving the strongest nonlinear shear bulk waves. It can be concluded that, irrespective of the excitation frequency, the interaction between the
quasi-surface waves and the adhesive layer generates nonlinear shear waves, scattering primarily toward 60° direction, as predicted numerically
before. Additionally, the scattering directivity is more pronounced for 400 kHz excitation. Therefore, the experiments in the main context adopt the
configuration of 400 kHz excitation frequency with one adhesive layer to mimic incipient damage.

30% T T T
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Fig. A3. Nonlinear parameter variations for (a) different layers and (b) different excitation frequency.
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