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Generalized Adaptive Delayed Resonator
Design for Complete Vibration Suppression With
Force-Tuning Inaccuracies

Yifan Liu

Abstract—Delayed resonator (DR) is an active vibration
absorber that can enable complete vibration suppression
through proper tuning of the actuation forces based on
delayed (past) system states. However, the tuning requires
exact knowledge of system parameters, thus causing resid-
ual vibrations which are sensitive to parametric inaccura-
cies/uncertainties. To eliminate such residual vibrations, we
generalize an adaptation strategy to online correct the pa-
rameters of a classical control law by equating the effects of
the force output at the vibration frequency to the alteration
of the absorber’s stiffness and damping, thereby accommo-
dating the inaccurate estimations in all parameters involved
in the tuning process. Furthermore, the equivalent model
also allows the resulting adaptive DR to compensate for
the inaccurate realization of the control parameters arising
from the inaccurate hardware parameters. Simulations and
experiments both verify the effectiveness and the efficacy
of the general adaptation strategy, which significantly re-
duces the accuracy requirement for system parameter iden-
tifications and modeling for tuning DRs to achieve complete
vibration suppression, while maintaining the simplicity of
the delayed control logic.

Index Terms—Active vibration absorber, adaptive correc-
tion, delayed resonator (DR), parametric inaccuracy.

|. INTRODUCTION

ELAYED resonator (DR) is an active vibration absorber,
D which was proposed in the early work of Olgac and Holm-
Hansen [1] by introducing proper time delays into the control
loop to completely suppress the vibrations at a given frequency.
Compared with the nondelayed control logic, e.g., the PD con-
trol [2], the DR models inevitable loop delays thus yielding
more complete vibration suppression. Besides, manipulating
delays can directly alter the phase of the system states collected
for generating the actuation force without increasing control
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terms, so the DR scheme can be achieved by only incorporating
displacement [1], velocity [3], or acceleration [4] to simplify
sensor implementation or enhance control robustness. The DR,
through harnessing delay as a control parameter, has made
itself a typical counter-intuitive example that a larger delay
can enhance system performance. The patent [5] gave various
engineering applications of the DR, e.g., vibration control of the
helicopter fuselage, the gearbox, and the machining chatter.
DRs have been widely investigated. For instance, Sun and Xu
[6] identified the loop delay, which was then tuned to enhance
vibration suppression. Zhang et al. [7] modeled the friction
effects. To reduce the effects of the measurement noise, Pilbauer
et al. [8] and Kucera et al. [9] reported a distributed-delayed
control logic to process all absorber states within a designated
past time interval. Liu et al. [10] later evaluated the effects of
the loop delay on this control logic, showing that the loop delay,
albeit small, can result in no vibration suppression. Besides,
Eris et al. [11] expedited system responses by actuating a DR
with both nondelayed and delayed control terms. Yan et al.
[12] and Wu et al. [13] enhanced active vehicle suspensions by
optimizing the delayed control. Wang et al. [14] and Mohanty
et al. [15] deployed DRs to settle nonlinear primary structures,
see also [16]. Vyhlidal et al. [17] compared the tuning, stability,
and energy issues of the DR subsystem when incorporating
different absorber states. Cai et al. [18] further established a
tuning framework using fractional-order operators. Meanwhile,
the DR concept has also been extended to multiple-degree-
of-freedom (MDOF) structures, yielding the so-called noncol-
lected complete vibration suppression [19], [20], [21] to simul-
taneously confine the vibrations on the primary structure and the
absorber. Moreover, Sika et al. [22] realized complete vibration
suppression in multiple directions for robotic applications. In
addition to complete vibration suppression, the strength of the
delayed control is also reflected in various vibration control
setups to enhance vibration reduction [23], [24], [25], [26].
Tuning a DR for complete vibration suppression requires two
sets of parametric information: 1) parameters of the absorber
substructure; and 2) vibration frequency. These parameters are
usually regarded as perfectly known in existing works. How-
ever, in many practical applications, their a priori exact knowl-
edge may not be available, or they may change during oper-
ation without being noticed, thus yielding inaccurately tuned
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control parameters leading to residual vibrations. To tackle the
problem, Pilbauer et al. [27] used a polynomial-distributed-
delayed control law to handle the mismatch between the actual
vibration frequency and its detection. In this case, DR allowed
small residual vibrations within a small frequency band around
the tuning frequency rather than achieving complete vibration
suppression at that frequency, aiming to lower the sensitivity of
residual vibrations. Later, Kufe et al. [28] assigned multiplicity
to the imaginary roots of the DR subsystem, which lowered the
sensitivity without affecting the complete vibration suppression
at the tuning frequency. However, additional control forces need
to be independently exerted on the primary to cope with the
more severe stability issues. Note that the efforts in [27] and
[28] are “indirect” solutions as they do not address the essential
parametric mismatch, but rather reduce the resulting residual
vibrations, see also [29], [30] for the DRs with a lever or a
hybrid control law.

The direct solution to the problem of interest to eliminate
the residual vibrations caused by parametric mismatch or in-
accuracy dates back to 1999 when Renzulli et al. [31] first
pointed out that the stiffness and damping of an absorber could
undergo variations. The resulting mismatch between the real
and nominal values of these structural parameters can yield an
inaccurately tuned DR and subsequently residual vibrations.
To address this, a gradient-based adaptive correction method
for the control parameters of the DR prototype [3], including
a gain plus a delay, was proposed under the prerequisite that
the mismatch should yield limited deviations of the effective
tuned pair from the theoretical one. Hosek and Olgac [32] later
broke the small-deviation limitation by proposing a single-step
correction method, which online identified the real values of the
absorber’s stiffness and damping based on system responses.
Notably, different from [27], [28], [29], [30], the solutions in
[32] and [31] are adaptive and do not alter the control laws and
system structure, thus simplifying implementation.

From the above, we notice that existing works only deal
with the mismatch or inaccuracies in partial nominal parameters
required for tuning, e.g., the frequency mismatch [27], [28],
[29], [30] and deviations of absorber stiffness and damping [31],
[32]. To further enhance the robustness of the DR, this work
considers a more general case where all nominal parameters
involved in the DR tuning are assumed inaccurate a priori,
including the vibration frequency, absorber mass, stiffness, and
damping, with the final task of eliminating residual vibrations.
The idea follows [31], [32] to correct the control parameters of
the DR prototype [3], rather than designing an advanced control
law, in order to maintain the simplicity of the DR scheme. The
method generalizes the single-step method reported in [32],
given the core finding that the effects of all parametric inaccu-
racies on deviating the tuned actuation force can be equated to
an imperfect alteration of the absorber’s stiffness and damping.
Based on the equivalent model, we show that the resulting
adaptive DR can additionally cope with the mismatch between
the real output of the actuation force and the one designed in
the controller, a less-exploited but important topic related to
hardware performance. Furthermore, the previous work [32],
which only handled the inaccuracies in the absorber’s stiffness
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Fig. 1. Operating mode of the DR under investigation to settle the
vibration of a force-excited primary structure.

and damping, requires the number of equations to be equal to
the number of inaccurate parameters to be identified. This work
breaks this limitation by conducting the adaptive correction
without identifying the real system parameters, so the adaptive
DR can be expected to fit more complex or general applications.
In the following, Section II introduces the DR concept. Sec-
tion [II summarizes the previous work [32] and the general
adaptive problem to be handled. Section [V introduces the
design procedure of the adaptive correction strategy. Section V
numerically and experimentally verifies the effectiveness of the
adaptive DR. Main conclusion is drawn in Section V1.

Il. PRELIMINARIES

The operating mode of the DR under investigation is shown
in Fig. 1. The primary structure is harmonically excited by a
force f., and w is an actuation force following a delayed control
law to achieve active vibration suppression. The task of the DR
is to achieve |z,| =0 when | f.| # 0 by tuning u, yielding the
so-called complete vibration suppression.

We point out that the considered model is built upon the
one in [32] by adding grounded components (kg4,cq) to the
DR, aiming to show that our generalized adaptive DR design,
to be introduced later, can handle more inaccurate parameters
involved in the force tuning. Note that in the given context of
complete vibration suppression, the primary does not have to
be SDOF to conduct the force tuning and adaptation. To avoid
interrupting the flow of how this work evolves from [32], we
briefly discuss an MDOF case in Appendix B as an extension
to test the applicability of our results.

A. Dynamical Modeling
The dynamics of the 2DOF coupled system follows:
Madaq + Colq + koo + ¢o (Lo — Tp) + ko (Tg —2p) =u
Mpdp + Cplp + kptp + o (Tp — Ta) + ko (Xp—24) =fe—u
(1

where Ty, M), (), and k(,) represent absolute displacement,
mass, damping, and stiffness, respectively; (zq, Zp,u, fe) are
functions of the physical time denoted as ¢. Following the DR
prototype [1], the delayed control law simply follows:

u(t) =gra (t—7) (2)
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where ¢ is the gain and 7 is a time delay, which are the two con-
trol parameters. Substituting (2) into (1) and applying Laplace
transform lead to

X, 0
= 3)

w1 2| | Xp Iy

211 212

where X, =2 (x,), X, =2 (zp), and F.=.Z(f.), in
which .Z (-) denotes the Laplace transform. Besides, one has

z11 =Mas® + (co +¢g) s+ ko + kg — ge™™*
z12=—(cas + ka)

201 =—(cas + ko) +ge™ ™

200 = mp52 +(cp+ca)s+ky+ke

“)

where s is the Laplace variable. The active force u makes sense
only if the system is stable, i.e., the characteristic equation

CE(s,9,7) =zn1222 — 212221 =0 (5)

has all its characteristic roots on the left half of the complex
plane. When 7 # 0, equation (5) has infinite characteristic roots,
the distribution of which is numerically checked by the Quasi-
polynomial root-finder (QPmR) algorithm [33] in this work.

B. Tuning Rules of (g, ) for Complete
Vibration Suppression

Substituting the condition for complete vibration suppres-
sion, i.e., |z,| =0, into the first equation of (1) yields

u (t) =maiaq + (Cq + Cg) Za + (ko + kg) Za (6)

which depicts the SDOF absorber dynamics, where the fre-
quency of x,, concurs with that of the excitation f.. Equation (6)
gives the necessary condition for tuning u. With the control law
(2), the Laplace transform of (6) is

(mas2 + (cat+cg) s+ ka+ kg) —ge 77 =0. (7

Substituting s = jw, in which j = v/—1, and w is the frequency
of f., into (7) and balancing the real and imaginary parts of
the resulting complex equation yield the tuned pair of (g, 7)
denoted as

.;t(w) = i\/(ka + kg — mow?)? + [(Ca + Cg)w]z

*

Uy —
;t,b(w)zi [atanQ (%) +27(b — 1)+p7T}
(®)
where the subscript (-), means “tuned,” b € Z* denotes the
branch number, the mechanism of which is left to [1] and
[17]; p=0 and p=1 correspond to Et >0 and 5,5 <0, re-
spectively. Note from (8) that only the structural parameters of
the absorber, i.e., (Mg, kq, kg, Ca, ¢q), are needed to determine
the desired tuned active force ﬂt, in addition to the excitation
frequency w.

[ll. ADAPTATION PROBLEM: REVIEW AND GENERALIZATION

From (8), residual vibrations can appear due to the inaccurate
knowledge of (w, mq, kq, kg, Ca, cg). This section first reviews
the existing means for handling this problem, serving as a
reference for subsequent analyses, and then introduces the more
general case to be tackled in this work. To facilitate discussions,
the following symbolic definitions are used.

Definition 1: Real system parameters or effective values are
denoted as (w, mq, kq, kg, Ca, Cg, g, 7). Nominal values of such
parameters are denoted as (w, Mg, l%a, l%g, CasCq, J, %). O

Definition 2: Real and nominal actuation forces are denoted
by u and 4, respectively. That is, v and @ correspond to (g, 7)
and (g, 7), respectively. Note that u # 4 is allowed in this work,
as to be demonstrated. Besides, the nominal tuned force 1
corresponds to (g, 7¢), which are the tuned pair resulting from

substituting (&, /g, ka, kg, éa, ¢ ) into (8). O

A. Review of the Single-Step Adaptation Method

When (k,, 74) = (0,0), Hosek and Olgac [32] proposed a
single-step adaptation method to handle the case where only the
knowledge of (kq,c,) is inaccurate, i.e., (ffméa) # (ka, cq).
The method is based on the transfer function from z, to x,,

Xy mas (ot cy) s+ (ko +kg) —geT"
o CoS + kg

€))

which can be obtained by applying the Laplace transform to the
first equation of (1). Substituting s = jw into (9) leads to

kot kg — maw* + j (Cq + ¢g) w — ge™I7
a ko + jeqw '

Gh (jw)

(10)
Comparing the forms of (7) and (10), one can find that
G (jw) = 0 holds in the ideal case where (g,7) = (g¢, 7¢) =
(ét,;t) If (l%a,éa> are inaccurate, (g, 7¢) # Etﬂ*’t , and
thus G} (jw) # 0, so resulting in residual vibrations |z,| # 0.

In this case, we reconstruct (10) based on the actual responses
of (xp, z,), leading to

ép(. - ko + kg _maw2+j(ca+cg)w_gteijﬂw
a ]CU) - k -
atJCw

Y

in which G? (jw) is a complex value, and (g, 7;) are known but
inaccurate. Taking (k,, ¢,) in (11) as two variables, balancing
the real and imaginary parts on the two sides of (11) yields
two algebraic equations so the exact values (k,,c,) can be
obtained. Then, the desired condition (g, 7;) = (g,, ;t) can
be achieved by performing another tuning mechanism (8) after
correcting (lAca, éa) to the obtained (kq, ¢, ), thus eliminating
residual vibrations and completing the single-step adaptation.

B. General Adaptation Problem

Since the single-step correction method needs to solve the
complex equation (11), it can only handle the inaccuracies in
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two variables requiring all the other variables to be known, i.e.,
nominal values concur with the real (actual) ones. As a further
step, we handle the general case where the knowledge of all
variables in (11) can be inaccurate. The said inaccuracies can
stem from two aspects.

1 GD,Tha,ka,kg,éa,ég) £ (w, Ma, kas kg, carcy).  This
case indicates that errors exist in identifying or measuring
the vibration frequency and the parameters of the absorber
substructure, or their variations are not detected.

2) (§,7) # (g, 7). It means that a mismatch exists between
the nominal and the real force output, which can be at-
tributed to the uncalibrated actuators and inherent loop de-
lays. That is, even if (§;,7;) = (5“ ;t), one has ug # .

Note that the involved variables cover all parameters needed for
tuning u, so the solution to the adaptation problem can lower the
requirement for system identification and measurements, thus
extending the applicability of the DR in practice.

Remark 1: Different from the single-step method, the con-
sidered adaptation problem does not identify the real system
parameters. Since we can alter system dynamics only by ma-
nipulating (g, 7) in the control loop, the task is to correct the
nominal tuned pair (g, 7;) to eliminate or neutralize the effects
of the parametric inaccuracies on complete vibration suppres-
sion. Besides, the inaccuracy by itself means that the differences
between the nominal and the real values, if they exist, are small,
so system stability still holds, and the consequences are residual
rather than amplified vibrations. O

Remark 2: The problem lies in that one does not exactly
know all the required parameters of a determinative system
when tuning the DR. That is, during the following correction
process, although (w, mg, kq, kg, ¢q, ¢g) are (partly) unknown,
they are constant or vary sufficiently slowly making the effect
of the transient process negligible. In case b) defined above,
although (g, 7) # (g, 7), the relationship governing the differ-
ences between such two pairs is linear and fixed (e.g., constant
scaling, shifting, or the combination). The above guarantees the
linearity, causality, and controllability of the complete vibration
suppression and the adaptation. O

IV. ADAPTIVE CORRECTION STRATEGY

The proposed adaptive correction strategy generalizes the
single-step method and is still based on the transfer function
(10), therefore requiring the online monitoring of the system
responses (Zq, Tp).

A. Effects of the Tuned Force u; and Equivalent Model

Revisiting (7) or the numerator of the right-hand-side term
of (10), to achieve |z, | = 0, it necessitates that

{(ka + kg — mew?) — ky =0 {kzu = gcos (Tw)

12
(ca+cg)w—+c,=0 (12)

¢y = gsin (Tw)
which holds only when (g,7) = (g;,7;). That is, the ideally

tuned force w; for complete vibration suppression can be re-
garded as an alternation of the equivalent stiffness and damping

of the absorber at w, i.e., ¢, eliminates the damping effect, and
k, moves the equivalent natural frequency of the absorber to
w by having\/(kq + kg — ky) /mq = w. When actually achiev-
ing 4 as uy, i.e., (¢, 7¢) are achieved as (g, 7¢), we can con-
clude from the inverse of (12) that

{gt cos (1) = a1 gy cos (Tiw) = (l%a + l%g — maaﬂ)

gt sin (Ttd)) = Blgt sin (7%(2}) = 51 ((éa + ég) ‘D)
(13)

where (a1, 31) € R? signify the inaccurate realization of (g, 7¢)
as per case b) in Section III-B. Clearly, if («y,51) # (1, 1),
u; deviates from u;. We next incorporate the inaccuracies of

<w7ma,f€g,ég> into (l%méa) by enforcing

(14)

gt cos (Tyw) = sk, + kg — mqw?
gisin (rw) = — (Baly + ¢g) w

where (au,32) € R? are two balancing coefficients, and
(v, B2) # (a1, B1). From the perspective of (14), when actually
achieving ¢, or equivalently, (§:,7:), we “mathematically”
reduce the general case where w,gt,ﬁ,ma,ka,z&g,éa,ég)
are inaccurate into the case where only the knowledge
of the absorber stiffness and damping respectively
governed by azlzza and f,¢, are inaccurate. In this case,
if (azl%a, Bacq ) # (ka, ca), the real force output u; governed
by (g¢,7t) cannot achieve the desired alternation of the
equivalent stiffness and damping of the real absorber, so
residual vibrations appear.

B. Correction Strategy

Based on the equivalent model (14) for actually achieving
as u, we substitute (g, 7) = (g, 7¢) into (10), yielding

GP (jw)

B kot+kyg—maw?+j (catcy) w—gi [cos (Tyw) —j sin (rw)]
o kg + jeqw

_ Akg + jAcqw Akg + jAcqw

. = - (15)

ko + jeqw Akq + aaky + j (Acy + Paéa)w
where G? (jw) is real-time constructed as per the actual re-
sponses (zp, zq), and

{Am:%—m@

16
Aca =Ca — 52611 (10

which are the errors of altering the equivalent stiffness and
damping. Note that the right-hand-side terms in (15) govern
the actual frequency responses when the actuation force is

tuned according to the nominal values (d}, Ma, /;:a, lAcg, Ca, Cq
while taking into account the inaccurate realization of (g, 7).
Besides, the desired complete vibration suppression |z,| =0
corresponds to

{)ég (jw)‘ =0,o0r (17)

(Akq, Acy) = (0,0)
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in which the former condition is the causal result of the latter
one. Since (15) is indeterminate (i.e., the number of variables

exceeds that of the equations), to achieve (Ak,, Ac,) = (0,0),
we update the nominal values (l%a, Cq ) following:
RS = kD 4 AR
(18)

Al(ln) ét(lnfl) + Aéan)

where (-)(") denotes the n'” updating step, and the to-be-
designed step (Al%((l"), Aéé”)) must satisfy

lim
n—oo

(4K, AeM) = (Aky, Aca) = (0,0)  (19)

in which (Ak,, Ac,) are defined in (16). In this process, (g, 7¢)
at each step are corrected in the controller as

g (R
) g 2 (s ?
[ (R g = a?) o+ [ (87 4 ¢) ]
2 (i, )
>+cg)w

=1 [atanZ (k(ﬂ()_:k_mw> +2r(b—-1) +p7r]
(20)

ﬂﬁ") —

where (k(o) A(O)) = (l%a, éa) are used for initial values, and
nominal values (@, M, l%g, Cg4 ) are fixed in the correction pro-

cess. If (AkS W AA(I) = (Akq, Acy), i€, ap =02 =1, we
retreat to the reduced case of the single-step correction method.
When recursively executing (15), (16), (18) and (20), equation
(14) has the generalized form of

ggn) cos (Tt(n)w) = agn) (fc((lnfl) + Al%,(ln)> +kg — Maw?
= agn) [ka + (1 — aén_l)) IAC((Z"_I)} + kg — Mgw?
ggn) sin (Tt(n)w) = [ﬁz(n) (cé” D4 AA(H)) + cg} w

_ [ én) (Ca + (1 *ﬂé”L_])) é((ln—l)) +Cg:| w

Under the prerequisite (19), implying that each correc-
tion transfers the effects of the nonzero (Ak™ Aé,(z”)) to

( (n) 7'( )> we have (’a ﬂzn)

(gt ), ) governing the real force output u; converge to

ey

) — (1, 1) as n increases,

the desired pair (gt, 7',5> as per (21), thus eliminating residual

vibrations. The updating step (Ak(n) AA(")) is determined
next.

Remark 3: Since the recursive correction process (20) is
based on the equivalent model (14) of u;, the final conver-

gence (‘ (115 ) — (1,1) or (A]Afa, Aéa) =(0,0), does
not yield (k:(”) éé”) = (kq,c,) since (l%((ln),é,(ln)) now also

take into account the inaccuracies of (w,ma, kg, ég> and in

achieving (g, 7¢), see also Remark 1. O
Remark 4: Incorporatini the inaccuracies of all nominal

values in (14) into (l%a, Cq | 1s reasonable given the form of

(15). If we replace (l%a, éa) with (o&, Ma, l%g, ég), the number
of variables of the denominator on the right side of (15) will be
increased, thus complicating the correction process. [

C. Updating Step

To achieve the correction process (20), we need to determine
AR A in (18) under the prerequisite (19). Note that

Ak, A
then start with investigating the form of (Ak,, Ac,). Letting
iy 2 (X (1) ,
Gh(jw)= S =0+

U= F ety ~ 7
where .# (-) denotes the Fourier transform, (o, ) € R?, and

(xp,Xq) denote the time-domain datasets of (xp,z,), we can
solve (Akq, Acg) from (15) as
ok (02 4+0%)+Prwpta—arcka

o2 4+p2—20+1

w(o?+¢?)+Pawoia+onpka
(02492 —20+1)w

are the approximations of (Ak,, Ac,). Let us

(22)

Aky = —
(23)

Acy = —f2ta

in which the exact values of (ay, £, w) are unknown. Next, we
reconstruct (Ak,, Ac,) as

Aka = Aka,M + Ok (OQv 627 w) (24)
Ac, = n [Aca,M + O, (a27 B27 w)]

where n = w/w ~ 1, and (Akq ar, Aca,ar) are defined as main
terms, which are independent of (ay, 3, w), satisfying
I%a (02 + <p2) + Pl — alAca

o2+ ¢?—20+1

Ak oy = —
R (25)
—CqW (02 + cpz) + 0C,w + kg
(2 + =20+ 1)w
Besides, the remainders (O, O.) in (24) are functions of
(a2, B2, w) following:

Aca,M =

I%a(02+4p2)(a271)+@6a (Brw—@)—cka(cr—1)

Ok (Oéz, BZa (.d) = o2t —20+1
O, (0, o, w) = 7éa(02+892)(Bzw*®)+aéa(Bzw*@))JréPka(&z*l).

(o2 4pr—20+1)&
(26)

When ‘éﬁ (jw)‘ =0, ie., (o,9)—(0,0), the main terms
(Akq nr, Acg,nr) dictate the values of (Ak,, Ac,) given that

lim O, (a2, B2, w)|o—0 — 0
@—0

—0
o—0
©—0

Aka,n

lim O (2,82,w)

lim O, (az, B2, w)|o—0 — 0
=0 27

AC,J,M

Oc(az,B2,w) —0.

o—0
@—0

lim
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Hence, in the correction process (18) and (20) to eliminate
residual vibrations governed by ‘ég (jw)‘ = |xp| / |2a| = 0,
we have (Akg ar, Acgar) > (O, O;). Also, since the effects
of enforcing n =1 in (24) can be incorporated into 3, of (16)
similar to (14) and since 7 takes no effect when Ac, — 0, we
design (AIAQ(I”), Aéfp) as per main terms (25), yielding

A];;(") . ;;((In—l) [(U(n,))2+(@(n))2] +(P(n)é((lnfl)wio,(n)k((lnfl)
‘o (e) 4 (o) 200 41

Aé(n) - ,551”—1)@[([,<n))2+(¢(n))2] oM =D (M =D
o =

[(J<n>)2+(¢<n>)tzg<n>+1} @
(28)

in which all variables are known. Clearly, the remainders
(Ok, O.) ignored in (28) should impose no significant effects

on the differences between (gt("), Tt(")> and (gt(”), %,5(”)> $0
residual vibrations can be reduced as n increases.

Note also from (27) that (O, O.) — (0,0) as |zp| / |za| —
0. Therefore, the effects of (O, O.) do not affect the arrival
at the final convergence to |z,|=0. That is, |z,| =0 and
(O, O.) = (0,0) are achieved simultaneously, satisfying the
prerequisite (19). Now, by online activating the adaptive correc-
tion strategy governed by (18), (20), and (28), we can tune the
DR to achieve |z,| =0 or (g4, 7¢) = g, 7+ ) without needing
to know the real values of (w, mq, kq, kg, cq, ¢q) and the exact
relationship between (¢, 7;) and (g;, 7¢) to confront the general
adaptation problem proposed in Section I1I-B.

Remark 5: Each correction step n assumes (O, O.) = (0,0),
ie., (a2, fhw) = (1,0) as per (26). Combining with (15), it
assumes that ( Ak, AcS™) = (Ak,, Ac,) exactly holds at
each n. That is, the above recursive adaptation, with conver-
gence proved, can be regarded as recursively executing single-
step corrections to handle inaccurate (l%,(ln), ét(z")). O

D. Complementary Conditions in Practical Context

Since the adaptation is based on the transfer function (9) or
(15), which governs steady-state responses, every two consecu-
tive correction steps should be separated by a certain time elapse
[32], say T, for settling system dynamics and then collecting
the data (x,, z,) to construct (22). We then let

T >ts 4 tac (29)

where ¢, is the settling time of the coupled system and %4 is
the time taken for data collection of (x,,z,) in steady states.
e.g., if we collect three cycles of data, then ¢4, = 3/0, with @
in Hz. For tg, it can be estimated by the real part, say ocg,
of the rightmost pair of characteristic roots of (4). Given that
the transient responses being reduced by more than 98% can be
represented as exp (ocgts) < 2%, we let ty = —4/ocg, where
ocg < 0 must hold for a stable system.

Considering that the time-based criterion (29) to determine
the steady state may be not robust enough in practical applica-
tions given possible perturbations. As an additional and direct
insurance, one can check if

RMSE (x, x, Xpn 1) &0 (30)

Primary | n=1

3] _[3 @ma k20,3,
%:"’} -

200 (@70, B2, 22, &)

a0 =372, (= 71)

x, =[x,(2:end),z,]
X, =[x, (2:end),z,]

K] _[Re-0+ Ak
a0 |~ |ao-v+ e

Ak® (a(n)’ <p‘"7,é,§" =bcas l))

A (c,w)MAm,EV y o= n)

=

o Z05,0)
(. (0)

Adaptive correction

Fig.2. Flow chart of the adaptive correction process. nan meaning “not
a number” signifies that correction is inoperable.

where RMSE (+) calculates the root mean square error, and
Xp,n and x, y_; denote the datasets of x,, for the most recent
cycle and the preceding one, respectively. Besides, to meet the
condition ‘Gﬁ ( jw)‘ ~ 04 in (28) before each step of executing
the correction, we can check if

rms (x,) < dyp (31)

in addition to (30), where rms (-) calculates the root mean
square, d,p is a user-defined threshold value, and x,, is the
dataset of x;,, dynamically sampled over at least one past cycle.
On the other hand, a lower threshold value should be set, i.e.,

rms (Xp) > Olow (32)

where 04 < djow < dup, given that the measurement noise be-
comes dominant as |z,| — 0. Otherwise, the resulting errors
in constructing (o, ¢) in (22) or (g, 7;) can amplify residual
vibrations and even lead to destabilization.

Remark 6: By manipulating (7', 010y ) defined in (29) and
(32), one can determine the rate and sensitivity of the correction,
which together determine the computational resource consump-
tion of the adaptive correction. U

E. Correction Flow

The main steps of the overall adaptive correction process are
recapped in Fig. 2, where (x,, X, ) have the same fixed length as
per t4¢, and the operation Holder means maintaining the output
(g§”>, 7)) until their values are changed. Remark 2 holds for

a complete correction process from START to END.

V. CASE STUDIES

Numerical and experimental tests are performed for demon-
stration. Particularly, the possible sources causing the inaccu-
racies/uncertainties in achieving the nominal values (g, 7) are
discussed. When tuning (g, 7), the positive gain and the smallest
branch rendering a positive tuned delay are considered without
loss of generality, so (p,b) =(0,2). The SIMULINK-based
simulation models and video recordings of the experiments are
available at Appendix C.
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TABLE |
REAL STRUCTURAL PARAMETERS OF THE COUPLED SYSTEM IN FIG. 1 AND THE NOMINAL
VALUES OF THE ABSORBER SUBSTRUCTURE

Mass [kg] Stiffness [N/m] Damping [Ns/m]
Primary structure  m, = 0.965 kp = 1465 cp=5.0
Absorber ma =0.51 (ka, kg) = (753,11) (carcg) = (4.3,1.8)
g = 1.02ma (ica, icg) = (1.05ka,2ky)  (ayéq) = (0.92¢4, 1.06¢,)
60 4 - .
o5 —0.63  jl2m [He=ulor) —w=i(r)] 9ty Tt> and the effective one (g;,7;) are superposed as red
30 [j/ Complete vibration suppression . . . .
=  |EEmass deviated & crosses and cyan circles, respectively. Clearly, the desired pair
= wi “,,”r, g ko k . . . .
ER S DR(T) with 873 :* 0 T [ Tt) places the rightmost root of (7) on the imaginary axis
esidual vibrations . . . .
-30 o - j12m -2 ControlON concurring with the excitation frequency w for resonance, and
-60 4 ' the effective one (g;, ;) leads to spectral deviations and thus
-1 -0.5 0 02 0 2 4 6 8 10 : hrati i i
Re(s) Time ¢ [§ residual vibrations. The corresponding numerical responses for

(a) (b)

Fig.3. (a) Spectra of the coupled system (4) and the DR subsystem (7)
for different pairs of (g, 7). (b) Dynamics of =, when the DR tuned with

(gt, ) and the desired pair (Et, 7*1) is activated at t = 2.

A. Numerical Simulation

1) Parameter Settings: In simulation, the real structural pa-
rameters of the coupled system in Fig. | are given in the first two
rows of Table I, and the nominal values of the absorber, which
deviate from the exact values for tuning the DR, are shown
in the last row, where IAcg =2k, is considered given the small
value of k, compared with k,. The corresponding experimental
setup is to be introduced later. A harmonic excitation f, of
amplitude |f.| =4 N at the frequency w = 6 Hz is considered
in the test. Equations (30) and (32) are not considered, given
the ideal simulation environment.

Given the real values (w,mq,kq,kq,Cq,Cq), the desired
tuned pair for complete vibration suppression can be obtained

from (8) as (Et, ?t) = (233.2N/m, 129.5 ms). When tuning u

as per the inaccurate nominal values (w,mm ka, kg, éa,ég>,

where the excitation frequency is detected as @ = 0.98 x w,
we have (gt("), %t(o)> = (239.7N/m, 139.5 ms). To additionally
evaluate the effects of inaccurately realizing control param-
eters due to the uncalibrated actuator and loop delays, the
effective tuned pair follows (g¢, 7¢) = (aggt, 7t + Br), where
(ag, Br) = (1.04,6ms). Before activating the tuned DR, we
estimate the spectrum of the characteristic (4) using nominal
values ((my, kp, ¢p) are used here), leading to the blue squares
in Fig. 3(a).

From Fig. 3(a), the rightmost root of (4) is far enough from
the imaginary axis, and thus it is reasonable to assume that cor-
recting 4, does not induce stability issues. However, if destabi-
lization occurs, which can be captured by the divergent system
responses, a supervisory control routine should interfere, which
is not considered in this work. On the other hand, the spectra
of the DR subsystem (7) actuated by the desired tuned pair

verification are shown in Fig. 3(b).

2) Adaptive Correction: Given ocg = —0.63 in Fig. 3(a) and
w ~ 6 Hz, the adaptive correction is executed every T' =7 as
per (29) starting from ¢ = 10s. The resulting responses (z, )
are shown in Fig. 4(a), and the root mean square of the dataset
x, over the past three cycles is depicted in Fig. 4(b), where
residual vibrations are reduced each time executing the correc-
tion, before finally reaching |z, | — 0 as expected. Accordingly,
Fig. 4(c)—(i) detail the correction process. The variables (o, )
defined in (22) are depicted in Fig. 4(c), showing that suffi-
cient time is required for settling (o™, (™), and T follow-
ing (29) gives a good prediction. Besides, (Afc((l"), Aég")) in
Fig. 4(d) and (e) converging to zero as |z,| — 0 concur with
(15). The resulting updated nominal values (l%én), é((l”)> as per
(18) are depicted in Fig. 4(f) and (g), where the convergence
is not achieved at the real values (k,,c,), in agreement with
Remark 3. Furthermore, the nominal tuned pair (g§”), %t(n))
is corrected following Fig. 4(h) and (i), where convergence
is achieved at (§¢,7) = (g;/cy, Tt — B ) to complement the
inaccurate realization of control parameters.

At last, we point out that the recursive correction procedure
is efficient so residual vibrations can be significantly reduced
within three steps, which also verifies the dominance of the
main terms (Akq pr, Acg,pr) in (27). Note that the parametric
inaccuracies considered here are constant and satisfy the pre-
requisites outlined in Remark 2. Additional tests to show the
performance of the adaptive correction when handling the time-
varying inaccuracies are given in Appendix A.

Remark 7: According to Remark 5, n = 1 corresponds to the
single-step correction. One can then find from the time interval
t € [10s, 17 s] in Fig. 4(a) and (b) that residual vibrations persist
so the single-step correction cannot handle multiple inaccurate
parameters. Similar results can also be observed in the experi-
mental tests later and thus are not discussed. (]

B. Experimental Conditions

1) Experimental Setup: The main body of the experimen-
tal setup related to Fig. | is shown in Fig. 5(a) and (b).
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Fig. 4. Simulation tests of the adaptive correction process with (w, |fe|) = (6 Hz,4 N). (a) and (b) System responses. (c)—(i) Time history of the
intermediate variables during the correction process. The tuned actuation force is applied from ¢ = 2 s and the correction with T = 7 s is applied from

t=10s.
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Fig. 5. Experimental setup. (a) Front view. (b) Back view. (c) Hardware
loop for controlling VCM2 and monitoring x,,. (d) Data exchange among
different stages when executing the adaptation.

TABLE Il
KeY PARAMETERS FOR DRIVING VCM1 AND VCM2

pr IN/A] v [A/V]  ps [V/mm]  Stroke [mm]
VCM1 6.4 0.25 1/6 +12.5
VCM2 8.0 0.20 1/6 +17.5

The absolute displacements (z,,x,) are online monitored by
two laser sensors (linearity error: +0.2%, maximum measure-
ment error: 0.05 mm) fixed on the frame. Through measurement
and identification, the structural parameters are estimated in the
first two rows of Table 1. Note that no specific dampers are used
and that the coupling dynamics between the absorber and the
frame are the contacts between the absorber bearings and the
slides fixed on frame, so (kg, ¢ ) are relatively small.

To generate the excitation force f,. and the actuation force u,
two voice coil motors (VCMs) are used. Each VCM is consti-
tuted by a stator (magnet) and a mover (coil). By manipulating
the coil current, one can control the coupling force between
the mover and the stator. Taking VCM2, used for generating
u, as an example, the hardware loop is shown in Fig. 5(c).

8 9 10

S
(a)

~——— Experimental responses
—— Theoretical envelope with (m., k. k,,c.,c,
===:Theoretical envelope with (7, ka,ky, 0, ¢,

E 10
j Forward Frequency Sweep
E—
s S
0 i
4 o1 6 /] 8 9 10
w [He]

(b)

Fig. 6. Frequency sweeping test to verify the structural parameters
identified in Table | and the VCM parameters in Table 1.

The dSPACE MicroLabBox as the controller online processes
the displacement signal (z,, z,) and outputs control signals in
analog voltage V' to the VCM driver (SDS01-A010CA). The
driver then outputs current I proportional to the control signal
to drive VCM2. Hence, the nominal delayed force (2) governed
by (g, 7) is practically realized as

u(t)=prl(t—11)
It)=pvV (t—Tv)
14 (t) =1NpzJTaq (t - 72)

where (pr, pv, p.) are three conversion coefficients performed
in VCM2, in VCM driver, and in laser sensors, respectively;
= (psx pAIﬁV)71 is a conversion coefficient customized as per
the nominal values of (pr,pv,p,) and is performed in the
controller; (77, Ty) are two inherent delays related to the track-
ing performance of the driver and the VCM. Fig. 5(d) shows
the relationship of (33) and the data exchange among different
sections when executing the adaptation as per Fig. 2.

2) Inaccurate Realization of Control Parameters: From

(33), the actual gain output g depends on the knowledge of

U—U: (33)
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Fig.7. Experimental tests of the adaptive DR with (w, | fe|,T") = (6 Hz,4 N, 7s). (a) and (b) Responses z, when experimentally testing the adaptive

correction for oy = [0.96, 1.04] and 7y = 7; + 2 ms. (c) Evaluation of (a) and (b) by the root square root of the last three cycles of x,,. (d)—(g) Parametric

variations in the correction process. The tuned actuation force is applied

(p1,pv,pz), and the actual delay 7 is affected by (77, 7).
More specifically, one has

gz/gvm
z PV PI

=1NpzpvpIg = g

T—T+TI+TV.

(9,7) = (g,7): (34
When actually realizing g, py is user-defined as per the rated
current of the VCM, p, is inherent in the laser sensor, and
pr signifies the thrust constant (electromagnetic coupling co-
efficient) of the VCM. In practice, (pv, p,) can be accurately
known, so (pv, pz) = (pv, p=). However, p; usually needs to
be calibrated or identified before use to specify 7 in the con-
troller, and the inaccuracy p; # pr leads to g # g. The key
parameters for driving the two VCMs are listed in Table II.
Similarly, we have 7 # 7 for realizing the delay 7 due to the
loop delays (77, Ty ).

For a linear system, the relationship between (g, 7) and (g, 7)
as (34) should be fixed or slightly fluctuate around constant lev-
els, as aforementioned in Remark 1. With the adaptive correc-
tion method, (py, pv, p.) and (77, 7y ) for VCM2 in addition to
(W, Ma, ka, kg, ca, ¢g) all do not need to be exactly identified for
tuning the DR to achieve complete vibration suppression, which
can help significantly reduce the complexities and enhance the
robustness for practically deploying the DR.

C. Experiment Verifications

1) Parametric Test: We start with testing the effectiveness of
the parameters identified in Tables [ and II using a frequency
sweeping test. Given the operational space of the setup and
the VCM performance, the excitation of |f.| =2.8 N sweeps
from 4Hz to 10Hz, with a sufficiently low sweeping rate
adopted to reduce the interferences at adjacent frequencies.
As per Table I, it corresponds to the amplitude |V[1]| =

[fel/ (p[ll]pg]) =175V ((.)[1] denotes VCM1) of the control

from ¢ = 2 s and the adaptive correction is applied from ¢ = 10s.

signal in analog voltage to drive VCMI. The results are shown
in Fig. 6, where theoretical results are obtained by solving (1).

The red solid curves in Fig. 6 correspond to theoretical
envelopes based on real values (mq,kq,ky,ca,cq), and
the blue dashed curves correspond to nominal values
. Clearly, the real values better predict
experimental responses. Note that even if we use such
real values, which are obtained by fitting the envelopes
of experimental responses, a small mismatch still appears
within w € [5, 8] Hz. That is, system dynamics predicted by
a constant parameter composition can fail within a specific
frequency band, which is also the case for tuning the DR to
achieve complete vibration suppression. This again indicates
the necessity of developing a general adaptation method to
reduce the reliance on exact system modeling.

2) Adaptive Correction: Following Fig. 4, the experimental
tests are performed under (w, |f.|) = (6 Hz,4 N), and nominal
values | Mg, k;a, k:g, Cq, €y ) in Table I with & = 0.98w are used
for tuning the DR. Additionally, we consider two cases where
gy is deviated by either +4% (ay = 1.04) or —4% (ary = 0.96),
which can be achieved by manipulating 7 in (33), to mimic the
cases where p; of VCM2 is inaccurately estimated. Given that
the two inevitable loop delays (77, 7y ) in (33) can be small, the
output of 7; follows 7; 4+ 2 ms to increase deviations while not
amplifying vibrations in the passive case, i.e., to satisfy (31).
The correction is still performed every T = 7's once activated.
The experimental results are in Fig. 7.

From the time interval ¢ € [2s, 10| of Fig. 7(a) and (b), the
inaccurately tuned DR suppresses vibrations in the passive case
while residual vibrations appear as expected. Once the adaptive
correction is activated, residual vibrations are significantly sup-
pressed within three correction steps. The root mean squares
dynamically calculated following the last three cycles of ),

(maa kq, kg,Ca, Cg)
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Fig. 8. Experimental tests of the adaptive DR at (w, | fe|) = (7 Hz,4N)
with 7" = 5s. (a) and (b) Case oy = 0.96. (c) and (d) Case ay = 1.04. The
tuned actuation force is applied from ¢ = 2 s and the adaptive correction
is applied from ¢ = 10s. Parameters of the inaccurate DR follow Fig. 7.

shown in Fig. 7(c) depict the enhanced performance. The adap-
tive DR reduces the residual vibration by 88.06% (—18.46 dB).
Compared with the passive absorber within ¢ € [0,25s], the
vibration is finally suppressed by up to 93.4% (—23.15dB).
Note that this percentage number is rather high since the test
frequency w = 6 Hz is around the natural frequency of the ab-
sorber, see also the antiresonance peak in Fig. 6(a). Besides, in
this process, rms (x,) = 0.08 mm is set as the lower threshold
value d),,, of activating the correction as per (32) to reduce the
risks of correction deviations given the increasing noise effects
in x).

Fig. 7(d) and (e) details the parametric variations during the
correction process. Different from Fig. 4(h) and (i), the final

convergences at (g§5>7@(5)), as shown in Fig. 7(g) and (f),

do not match (§t /oy, Te— 2ms) since inaccuracies exist in
the identified (mq, ka, kg, ca, ¢4) and since the ideal complete
vibration suppression |z,| = 0 is not achieved at last. However,
one should notice that gt(s) when oy = 0.96 is larger than that
when o4 = 1.04, which is desired to complement the scaled
gain deviations in the two cases. On the other hand, %t(s) in the
two cases tend to converge to the same value since the delay
deviations in the two cases are the same.

At last, to show the generality nature of the adaptation
method, an additional test is performed at w = 7 Hz following
the same procedure of Fig. 7 except for changing T'to T'=5s
based on the spectral analysis similar to Fig. 4(a) and main-
taining the inaccurate deviations of other nominal parameters.
The resulting responses x,, are shown in Fig. 8. One can see
that the adaptation correction is still effective and efficient so
that residual vibrations resulting from the inaccurate DR can be
suppressed by more than 89% within four steps, finally yield-
ing up to 94% vibration reduction compared with the passive
absorber.

V1. CONCLUSION

This work aims to eliminate the residual vibrations caused
by an inaccurately tuned DR arising from the inaccurate knowl-
edge of the parameters needed to calculate the nominal values
of the tuned pair (g, 7¢) in the controller, including all structural

parameters of the absorber, (Mg, l%a, lAfg, Cq, Cq), the vibration
frequency, @, and the relationship between the effective (g, 7)
and nominal (g, 7) control parameters. To this end, an online
recursive adaptive correction strategy is proposed by equating
the effects of the inaccurately tuned actuation force u; to the

inappropriate alteration of (ka, éa). Based on the equivalent

model, the resulting adaptive DR can directly correct (gq, 7¢)
as per real-time system responses without needing to identify
the real values of all parameters involved in force tuning, thus
simplifying implementation.

The effectiveness and efficiency of the adaptive DR are both
numerically and experimentally validated. Simulations show
that residual vibrations by an inaccurately tuned DR can be
significant. Alternatively, the adaptive DR can theoretically
eliminate the residual vibration and reach convergence within
very limited correction steps. In experiments, residual vibra-
tions caused by the inaccurately tuned DR can be suppressed by
over 88%, finally settling the primary by up to 93.4% compared
with the passive case, even if the test frequency is around the
absorber’s natural frequency. Besides, the mechanism of the
inaccurate realization (g, 7) in practice is discussed.

Generalizing from the previous work [32], which focuses
on the inaccuracies in ka, Cq ), the adaptive DR can now be
more easily deployed to maximize its capacity for complete
vibration suppression thanks to the reduced accuracy require-
ments on parameter identification and the stronger robustness
against parametric variations. Our future work would address
MDOF absorbers, which have been recently demonstrated to of-
fer significant advantages in specific scenarios [19], [20], [21].
Besides, more specific conditions are needed to guide the design
of dyp in (31), and a more general adaptation method capable
of handling time-varying parametric inaccuracies beyond the
prerequisites in Remark 2 is also worthy of investigation.

APPENDIX A
LIMITATIONS WHEN HANDLING TIME-VARYING
PARAMETRIC INACCURACIES

We here test the limitations of the recursive adaptive cor-
rection when the parametric inaccuracies are time-varying. For
demonstration, we consider a time-varying frequency w. Based
on the test conditions in Fig. 4, we first let w increase at the
rate of +0.015Hz/s from 6 Hz during ¢ € [10, 52] s. To mimic
a possible practical case where such frequency variations are not
detected due to a poor sensor or calculation errors, the nominal
frequency w = 0.98 x 6 Hz is fixed in the controller. The varia-
tions of w and the resulting system responses in simulation are
shown in Fig. 9(a).

From the interval ¢ € [10,31] s in Fig. 9(a), each execution
of the correction with 7'= 7s can confine residual vibrations.
However, the vibration suppression is far from complete even
after multiple steps since the correction is transfer function-
based as per (15). More specifically, the steady-state data of
(x4, xp) are required when constructing (22) to ensure accuracy
since a transfer function evaluated with s = jw governs steady-
state responses, while such data are unavailable here due to the
time-varying w, as also mentioned in the definition of (29). On
the other hand, since the vibration can be effectively controlled
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17 . 24 31 38 45 52
Correction ON |
F————— ControlON,_

Residual vibrations
significantly suppressed g

6.14

17 24 31 38 45 52
Time ¢ [s]

Fig. 9. Simulation test of the recursive adaptive correction with time-
varying frequencies, with w linearly increasing from 6 Hz during ¢ €
[10,52]s. (a) Sweeping rate is +0.015Hz/s. (b) Sweeping rate is
+0.003 Hz/s. Remaining test conditions are identical to those specified
in Fig. 4.

by and large as w varies, we can naturally infer that the resid-
ual vibrations can be theoretically eliminated if w varies more
slowly than a complete correction process, or the varying rate
of w during the correction process is sufficiently low to yield
a negligible transient process. To test the latter condition, we
reduce the frequency-sweeping rate to +0.003 Hz/s (the lower
the smaller residual vibrations), thus yielding Fig. 9(b). In this
case, the residual vibrations can be suppressed to a sufficiently
low level, see also the frequency response prediction in Fig. 6.
The above analysis again verifies the prerequisite of the adaptive
correction given in Remark 2.

Particularly, we add that even with a good estimation of w
when starting the correction and if w varies sufficiently slowly,
frequency detection is still required since the stability esti-
mation and the selection of 7" as done in Fig. 3(a) may lose
effectiveness due to the increased mismatch between w and
w, as verified by the destabilization that occurs when ¢ > 31s
in Fig. 9(a). The above conclusions also apply to the case
where (Mg, kq, ca, ¢q, g, T) are time-varying, albeit slowly. The
SIMULINK-based simulation model and results corresponding
to Fig. 9 are given in Appendix C.

APPENDIX B
APPLICABILITY OF THE ADAPTIVE CORRECTION FOR MDOF
PRIMARY STRUCTURES

The primary structure may have internal degrees of freedom
in practical applications. We here show that the generalized
adaptive correction procedure proposed in Fig. 2 can still be
applicable under specific conditions. We consider a 2DOF pri-
mary structure for demonstration, leading to Fig. 10, where
(myg, ¢q, kq) are newly introduced compared to Fig. 1.

System dynamics are now 3DOF and are governed by

MaZa + Cola + kga + o (T — &) + ko (g —xp) =1
Mpdp + CpEp + kpp + o (Bp — &o) + ko (xp — x4)
teq (@p — &q) + kg (Tp —2¢) = fe —u
MgEq + cq (Bg — Tp) + kg (2q — 2p) =0.
(35)

Fixed frame

Fig. 10. Possible operating mode where the primary structure has an
internal degree of freedom.

Note that the first equation of (35) is identical to that of (1),
so the tuning mechanism (8) still holds without modifications.
This is a natural result of the fact that the dynamics of m,, take
no effect when |x,| =0, i.e., x, is essentially the excitation of
mg. On the other hand, revisiting (9) and (15), the adaptive
correction needs to construct the transfer function from x,
to x,, which is still determined by the first equation of (35),
where the dynamics of m, take no effect. This aligns with
the fact that the inherent dynamics of the primary structure
do not affect the force transmission relationship between m,,
and m,. Hence, compared to Fig. |, no modifications to the
correction calculations are required either when handling the
present 2DOF primary structure. The only parameter being
affected is the time gap 7' between the two consecutive cor-
rection steps. As per (29), the lower bound of T" depends on
the settling time 5 and thus the spectrum of the characteristic
equation.

We consider (my, cq, kq) = (0.4kg,2Ns/m, 900 N/m) for
verifications. The test conditions, including the settings of
the remaining structural parameters, the excitation, and the
parametric inaccuracies (nominal tuned pair (g§°), %15(0))) fol-
low those in Section V-A. Similar to Fig. 3, the real part of
the rightmost characteristic roots can be obtained as ocg =
—1.33 (the characteristic equation related to (35) is omit-
ted), so we let T'=35s. The simulation results are given
in Fig. 11.

Comparing Figs. 4 and 11, one can see from the time interval
t € [2,10] s that the additional structure m, inherent in m,, can
amplify the residual vibrations caused by the inaccurately tuned
DR (with the same nominal tuned pair) so that the vibration
level can unfavorably exceed that in the passive case (i.e., t <
2s). Even so, it does not affect the efficacy of the adaptive DR,
which eliminates the residual vibration (99% reduction) within
three steps since the activation at ¢ = 10s.

Based on the above, one can conclude that increasing the
number of the substructures inherent in m,, i.e., the primary
structure has multiple internal degrees of freedom, does not
affect the direct applicability of the correction procedure fol-
lowing Fig. 2 to achieve complete vibration suppression, as long
as the tuning mechanism (8) and the transfer function (9) are
still effective. This test with an MDOF primary structure also
signifies possible wider applications of the DR technique, which
is less-reported in the open literature. The used SIMULINK-
based simulation model and results corresponding to Fig. 11
are provided in Appendix C.
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Fig. 11.
structure as Fig. 10, where (mgq,cq, kq) =

@ g o

£ il =

i A \ﬁwﬁ.d‘if\f!ﬁffi.f‘r..fﬁ”fh[!f',u“!mﬁ‘»!M
08/ 6 15 25

(b) Correction ON

g 1.5 —ControtON ‘

%0.5 Inaccurate DR\ Adaptive DR %‘

A N — zz

0 2 6 10 15 20 25

Time ¢ [s]

Simulation test of the adaptive correction with a 2DOF primary
(0.4kg, 2 Ns/m, 900 N/m).

(a) Time history of the system responses. (b) Dynamical evaluations of
the rms of x;,. The tuned actuation force is applied from ¢t = 2s and the
adaptive correction with T'= 5 s is applied from ¢t = 10s.

APPENDIX C
OPEN-SOURCE MATERIALS

The SIMULINK-based simulation models and results related
to Figs. 4, 9, and 11, as well as the video recordings of the
experiments related to Figs. 7 and & are available at https://bit.
ly/4nJOVDY.
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