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Optimal design of distributed vibration absorbers for controlling broadband vibration of structures is chal-
lenging, mainly because of the modal coupling incurred inside the structure as well as the interplay among
multiple absorbers. Without analytical solutions, absorber design usually resorts to numerical optimizations over
the full parameter space, which is computationally intensive alongside the risk of being trapped into local op-
tima. Meanwhile, most existing methods are model based, mostly numerical ones, thus adding additional dif-
ficulties when the structure is complex with uncertain parameters which are difficult to be accurately
apprehended. In this paper, based on the structural response (either simulated or experimentally measured), we
propose a model-free and sequential approach for the design of distributed absorbers over an arbitrarily given
thin-walled structure to achieve pre-defined target vibration reduction. The proposed approach involves a sys-
tematic three-step procedure. Upon identifying the Excitation-Dependent Representative Basis (EDRB) of the
primary structure, locations of the absorbers are first determined to ensure their strong coupling with the tar-
geted and higher-frequency EDRB while minimizing the interaction with the lower-frequency ones. Subse-
quently, absorber masses are determined through an inverse design approach, followed by the optimization of
their uncoupled frequencies and damping coefficients through an iteration procedure in which only two pa-
rameters are involved. The effectiveness of the proposed approach is validated through both numerical simu-

lations on representative cases and experiments on a complex structure.

1. Introduction

Controlling structural vibration and its sound radiation is of signifi-
cant practical relevance for numerous engineering applications [1-3].
While high-frequency vibrations can be effectively mitigated using en-
ergy dissipation materials, dynamic absorbers remain one of the most
effective means to deal with low-frequency problems [4-6].

Studies on dynamic absorbers have been extensive and long-lasting,
as reviewed by many papers [7-20]. A single absorber is effective only
over a narrow frequency range dominated by a single vibrational mode
[21]. To achieve broadband vibration control, multiple absorbers should
be deployed [22-24], with their respective positions and physical pa-
rameters properly designed such as mass, frequency and damping. The
large number of interdependent parameters makes the design process
extremely challenging. When the vibration modes of the structures are
well separated, modal interaction can be simplified or even neglected to
some extent, thus simplifying the design process. As such, optimal
absorber parameters can be derived using traditional fixed-point theory
[25-28]. In the case of closely spaced resonant frequencies (of the
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primary structure or of the multiple absorbers targeting the same
structural mode), the coupling between different modes with the add-on
absorbers or the strong coupling among the absorbers themselves need
be carefully apprehended [29,30]. The challenge arising from this lies in
incorporating the complex coupling into the design process without a
substantial increase in optimization complexity.

Owing to their ability in learning complex coupling features directly
from data, machine learning techniques hold significant promise to
streamline absorber design in complex systems [31,32], a topic
deserving deep and systematic investigation. Another method consists in
attaching absorbers at tactic positions to simplify their complex in-
teractions with the primary structure. This makes it possible to obtain
optimal absorber parameters through the analysis of a coupled system of
a single absorber and a single mode [33]. To achieve this, it is essential
to ensure the weak coupling between absorbers and untargeted struc-
tural modes. However, locations chosen this way may not be optimal.
Consequently, this strategy might affect the vibration suppression per-
formance on one hand, and may even not be achievable with multiple
absorbers on the other hand. To alleviate the problem, the complex
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coupling between multiple absorbers and structural modes need to be
considered when optimizing absorber parameters. As there is usually no
analytical solution available for the coupled system, numerical optimi-
zations are commonly adopted to search for the optimal parameters
within the full parameter space [34-37]. This obviously relies on ac-
curate structural models and the accurate identification of excitations,
both of which turn out to be difficult to be accurately acquired in
practice [38,39]. In addition, the above methods are inherently
time-consuming for large structures and the solution can easily be
trapped to local optima. Therefore, the strong reliance of the design and
optimization methods on simulation models and the complex interplay
among numerous design parameters are seen as two major bottlenecks
in the design of multiple dynamic absorbers for effective and broadband
vibration reduction. This motivates the present study, in which an
effective solution is proposed to solve the aforementioned issues. More
specifically, a model-free and sequential design procedure is proposed
for designing distributed absorbers for an arbitrarily given thin-walled
structure to achieve pre-defined and targeted vibration reduction.

The salient features of the approach are its model-free nature and the
sequential determination of the major absorber parameters in the
context of multiple absorbers design. In the proposed approach, in-situ
structural dynamics, which can either be experimentally measured or
numerically simulated, serves as the basis of the design. Through prin-
cipal component analysis, each identified Excitation Dependent Repre-
sentative Basis (EDRB) can be used to characterize the structural
response caused by either a single or multiple closely-spaced structural
modes [40,41], thus circumventing the coupling complication arising
from the overlapping of structural modes [29]. Note the idea of using
EDRB has been partially exploited by other existing works. For example,
Wu and Li optimized absorber parameters by exclusively considering the
interaction between one EDRB and one vibration absorber [41]. In the
case of multiple absorbers for suppressing multiple resonance peaks,
however, the mutual coupling among absorbers on top of their inter-
action with the EDRBs of the primary structure add tremendous diffi-
culties in the design, an issue which has not been well addressed in the
literature. Besides, traditional absorber design methodologies typically
rely on predefined mass ratios, making the attainment of desired and
pre-defined vibration suppression more difficult if not impossible. The
method proposed in this paper provides a general solution to address the
above issues. Derived from the response of the structural EDRB, the
optimal location of the absorbers and their physical parameters can be
sequentially designed to achieve customized vibration control. In a
broader sense, the formulation presented in this paper is also useful in
understanding the complex interaction between a primary structure and
multiple add-on dynamic absorbers. In summary, this paper attempts to
make three key contributions:

1) a location selection strategy that accounts for mutual modal
coupling, enabling the determination of the optimal absorber
placement using only experimentally measured data;

2) a sequential design method that simplifies complex coupling to
streamline the absorber design process while preserving essential
resonant interactions in the structure; and

3) an inverse design method for achieving customized vibration
response.

The outline of the paper is as follows. Section 2 lays down the
theoretical foundation and establishes the proposed methodology. Sec-
tion 3 substantiates the proposed approach and demonstrates its efficacy
in dealing with three typical cases. Using a plate as an illustrative
example, the first case evaluates the feasibility of the proposed inverse
design method in meeting stringent response control requirements and
demonstrates the superior performance of the proposed sequential
design method. The second case examines the applicability of the design
method to structures with symmetric modes, highlighting its effective-
ness in achieving all-equal-peak response control. The last case applies
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the method to a rocket fairing structure, demonstrating its suitability for
dealing with complex structures subjected to distributed loads. Section 4
experimentally validates the proposed approach using a complex
structure, and the main conclusions are summarized in Section 5.

2. Theoretical formulation and design methodology

Consider a general structure coupled with multiple dynamic ab-
sorbers shown in Fig. 1. The structure is loaded by an excitation force
F(t), with its transverse response represented by X(t). A cluster of ab-
sorbers is attached to the structure, in which the mass, stiffness, damping
coefficient, position, and response of the nth absorber are denoted by m,,

kn, cn, rn and x;,, respectively. We next employ this model to develop

the proposed model-free sequential design method. It should be noted
that the present model is used solely for illustrative purposes, no model
information is employed in the subsequent derivations.

Motion equation of this coupled system can be cast into the following
form:

MX(t) + KX(t) = F(t) + XN: [ (%n(t) — BEX(E)) + cu (%n(t) — DEX(E)) ] bn
K (xa(t) — b X(£)) + Ca(%a(t) — bpX()) = —ma%n(t)
m

where M and K are the mass and stiffness matrices of the primary
structure; N the number of absorbers; b, a column vector representing
the position of the nth absorber, with non-zero element (equal to 1) only
at the degree of freedom corresponding to the connection point between
the absorber and the primary structure.

With a zero-initial condition, the Laplace transform of the above
equation writes

s>MX(s) + KX(s) = F(s) + Y [kn (%1 (5) — BEX(5)) +5€a (Xa(s) — biX(s)) ] bn
K (Xa(s) — b:X(s)) + 5 (Xa(s) — b,TlX(s)) = —82 M x(s)
(2)

where s represents the complex number.

This matrix equation, in principle, can be decomposed in modal
space, which, however, is difficult to be accurately determined through
mathematical modelling for complex structures. To solve this problem,
we project this equation into the vector space spanned by the so-called
Excitation-Dependent Representative Basis (EDRB) [40,41]. The use of
EDRB has two advantages: a) EDRB can be obtained by conducting
Principal Component Analysis (PCA) or Singular Value Decomposition
(SVD) on structural response that can be measured experimentally (as
shown in Fig. 1 where a laser-vibrometer is deployed), which is free of
the simulation model; b) structural response superimposed by multiple
dense modes can be represented by one EDRB, thus reducing the
dimension of the matrix equation, which is pivotal for the design of
absorbers to achieve broadband response control. Therefore, the ac-
quired structural response can be decomposed as

X(s) = UXVA(s), 3

where the columns of matrix U and V(s) represent eigenvectors of
response in space and frequency domains, respectively. Singular value
matrix ¥ is a rectangular diagonal matrix with non-negative real
numbers on the diagonal. The number of retained singular vectors is
determined using a cumulative energy criterion: the smallest subset of
the dominant singular vectors is retained such that the sum of their
corresponding singular values accounts for at least 90% of the total sum
of all singular values.
Substituting Eq. (3) into Eq. (2) yields
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Fig. 1. Schematic of a generic structure coupled with multiple absorbers. Only the measured response X(t) is utilized in the absorber design process.

N
<32MU +KU 4+ ha(5)0,0; ) =VH(s) = FU(s), (4)

n=1
where
MY = U'MU, K' = U'KU, F(s) = U'F(s), 6, = U'b,

- $2my (2,50, + ©2) Cn k, - %)

Wy =

& =
2+ 2850+ @2 7" 2mywy’ My

Note that although Eq. (4) is derived based on classical dynamic M-K-
C vibration absorbers, the above established formalism is also applicable
to other types of absorbers [42-47] (See Appendix B for more details),
such as the active absorber [48-51], inerter-based dynamic vibration
absorbers [52-61], electromagnetic shunt dampers [62-72], piezoelec-
tric shunt dampers [73-86] and Helmholtz resonators [87-98] in the
case of cavity noise control, etc. The corresponding governing equation
for each case can be readily obtained by substituting the corresponding
transfer function h, and coupling coefficient vector 6,,.

As previously mentioned, the structural response superimposed by
multiple dense modes can be represented by a single EDRB, so that the
peaks of the obtained EDRB curves can be regarded as well separated.
Indeed, if two EDRBs were too close in frequency, they would have been
consolidated into a single EDRB during the construction process. This
built-in filtering mechanism ensures that the final set of EDRBs always
satisfies the required separation for approximation. Therefore, coupling
between different EDRBs can be ignored and the response of a single
EDRB can be written as

Vils) = Fl(s)/oi
L - )
MY K+ S e

n=1 §242¢ sop+w2 = in

(6)

where MY, KV, FY, 8;, and o; are the ith element of MY, KY, F!, 0,
and X, respectively. In this paper, V;(s) and FY(s) are referred to as the
generalized coordinate and generalized force of the ith EDRB,
respectively.

It should be noted that the decoupling approximation between
EDRBs is not an ad hoc simplification but a natural consequence of the
EDRB formulation itself, which was originally introduced to address the
very challenge of strong modal coupling in broadband vibration control.

2.1. Position selection of absorbers

In Eq. (6), the ith absorber targets the resonance response of the ith
EDRB. Since multiple absorbers are attached on the primary structure,
the presence of other absorbers (n # i) complicates the design. We can
therefore rewrite this equation to obtain an equivalent single absorber
model as

_F(s) 1

= @)
2
19“61‘ SZMi + Ki +

Vi (S )

$2m; (Zi,s(ui | (ul.z)"

52 +25ismi+m12

where

W 4 ZN mn(zfnsw,ﬁrwﬁ) 2

" U

n=1n#" 2128, swp+a? ©in Ki
Ki =—-. 8)

92 T2

ii ii

i

Eq. (7) holds the same form as the traditional 2-DoF absorber model
[28]. Optimal frequency, damping coefficient and maximum vibration
amplitude can therefore be obtained according to the fixed-point theory
as

w; 1 3y; Fo(s) |2+
i=a =1 S= g Vi)l =02 i 9
7 Q1+ & 8(1 +p) o) e 19§iKiUi Hi ©
where
Ki m;
Q= /L =L 1
i M M T (10)

For better performance, the maximum amplitude V;(s)|,,, needs to
be minimized. As shown in Eq. (9), V;(s)|.x contains two variables 9;;
and 9; , which are functions of locations of the ith and the nth absorbers.
This can be leveraged to guide the selection of absorber locations as
follows:

is inversely proportional to 82, indicating that the ith

a) Vi(s)‘max
absorber needs to be placed at the position to make the amplitude of
9;; large enough.

Vi(s)|max has a positive correlation with M;, which means the posi-
tions of the remaining absorbers need to be chosen to make M; small
mn(2§“sa}"+wﬁ)
§24+28,50n+07
value before its resonance frequency, and a negative value after, as
shown in Fig. 2. Around resonance frequency Q; of the ith EDRB, the
effective mass of absorber is a positive value if w, > Q;, which will
increase value of M;. The absorber therefore needs to be placed in

b

=

enough. The effective mass of the absorber is a positive

20 b

Effective mass
o =

T T

1 1

L
[=]
T
1

0.6 0.8 1.0 1.2 1.4
Frequency ratio: W/wn

m"(25"5a1"+m§>
2428, 500 +0F
value before its resonance frequency, and a negative value after.

Fig. 2. Effective mass of absorber. The effective mass is a positive



H. Ll et al

such a way that the amplitude of 9;, is small enough. Conversely,
absorber with @, < Q; should be placed to make 9;, large enough.

Summarizing these two observations, we can get the ith row of
Table 1, which leads the principle for the position selection of absorbers.
In this table, elements at the diagonal and the lower triangle (shadowed
area) should be made as large as possible and those within the upper
triangle of table should be made as small as possible.

The optimal location of the ith absorber can then be determined by
the ith column Table 1. Information/position choice given by the entire
column are generally redundant, so we can prioritize these elements and

select the first few to use. As mentioned, V;(s)|,., has a direct inverse
2
iis

max
proportional relationship with 97, the diagonal elements in this table are
therefore the most important entries. The adjacent elements with closer
resonance frequencies play a secondary role in controlling structural
response. Therefore, diagonal conditions need to be used first to deter-
mine the optimal absorber locations. Only if the locations cannot be met
by the diagonal elements, adjacent conditions can be used. The flow-
chart for the location selection strategy according to Table 1 is shown in
the flowchart in Fig. 3.

2.2. Customization of vibration control

Eq. (9) shows the dominant role of the absorber mass on the
maximum response of the primary structure. Therefore, to achieve the
desired and pre-defined vibration reduction target, we need to deter-
mine the corresponding mass distribution of absorbers. This is an inverse
design problem to be discussed in this section.

The average Power Spectral Density (PSD) of the structure can be
expressed as

X (s)X(s
Suxls) = TLXO) an
dim
where N, is the number of the measurement/estimation points.
Substitution of Eq. (3) into Eq. (11) gives
V(s)ZIMUZVH (s
Sxx(s) = LIEMEVILS), 12)
m
where
MY = ASm,U"U, m = ASmNyn, 13)

in which m; is the normalized mass [29]; AS denotes the surface area of
the sampling unit, as shown in Fig. 4 and m represents the total mass of
the primary structure.

Focusing on the resonance response of the ith EDRB, Eq. (12) can be
expressed as
Si(s) = AMVEG) 4

m

As shown in Fig. 2, the effective mass of an absorber can be
considered a constant value at the frequency away from its resonance
frequency. According to Eq. (9), when the mass ratio of the absorber is
much smaller than 1 (which is generally the case for resonant ab-
sorbers), the frequency ratio of the absorber is very close to 1 and the
damping coefficient is usually small. Taking these two assumptions, i.e.
Yn = 1, & = 0, the constant value at s=jQ; of Eq. (8) can be

Table 1
Principle for the position selection of absorbers.
DVA, DVA, DVA;
EDRB; [81,1] 912 [914]

EDRB, [921] [922] [92.]

EDRB; 911 812 [811]
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( Start )

Y
Filter positions through
diagonal elements in Table 1

4

Filter positions through

. L
Single position adjacent elements in Table 1

Fig. 3. Flowchart for selecting absorber positions. Diagonal conditions are to
be applied first, followed by adjacent conditions.

° ® ° )
measurement points
AS
® @ 3 ®
([ ] ([ ] [ ]

Fig. 4. Surface area of a sampling unit.

approximated as

N maQ2 g2
W + Zn:l.n#ifg?-szg' in K KP
_ i _

. K ==L 15
i ) = 15)
Substituting Eqs. (9) and (15) into Eq. (14) yields
N 0 Q2
MY [FU (s)] 22 <M}J + Zn1.n¢i$l_z+gg&§n> + 19i2imi
Si(s =ttt , 16
l( )lmax mlglGlKlz mi ’ ( )

where m; and m, are the variables to be designed. So far only FY(s) is
unknown. According to Eq. (6), before attaching absorbers, one has
FY(s) 1
(s) = FY(s)HY(s) = 12—~
Vl(s) Fl (S)Hl (S) o SleU +K1U7 (17)
where V;(s) is the ith column of matrix V(s) in Eq. (3) and ¢; the ith
diagonal element of singular value matrix X in Eq. (3). MY can be ob-
tained by Eq. (13), KY = (Q}J)leU, where QY can be determined by
finding the peak frequency of V;(s). F (s) is the only unknown parameter

in Eq. (17) which can therefore be obtained by the following
optimization:
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U
argmin|[Vi(s) - "L L), 0
() Oi {52 +(9) }M}J
€ (0.8QY, 0.9507) N (1.05Q, 1.2Q). (18)

Since absorbers are effective only over a narrow frequency band
around the resonant frequency of the primary structure, the analysis
based on Eq. (18) can be restricted to a small neighbourhood around the
EDRB resonant frequency Q. Within this narrow band, the generalized
force FY(s) may be reasonably approximated as constant. Furthermore, a
direct analytical evaluation of Eq. (18) at the exact resonant frequency
yields an unbounded response, which is non-physical and inconsistent
with real-world measurements that inherently include damping and
other limiting effects. Therefore, in the design process, frequencies
infinitesimally close to Q are deliberately excluded to avoid singularity
and ensure a practical solution.

Assuming that the absorber design aims to satisfy the condition S;| .,
= Ti, according to Egs. (16) and (18), the following equation can be
obtained.

mo kAT, 9% N2
( Ul,l Ul L . _ﬁ m; — Z ; in Zmn — MlU (19)
2Mi [Fi (3)] n:l‘n#i_gi + Q‘n

For I absorbers, I equations can be obtained, expressed as

ms?,l Kf T ‘9%.1 Qir‘gf.n
IMY[FY(s))? 2 QI+ Q} m, MY
: : =] (20)
Qf'()lz,l m’gf’.l Klz T; ‘gﬁl m M}J
ISR MY[FUGs)]° 2

Solving this matrix equation, the mass distribution of all absorbers
can be determined to achieve the prescribed vibration reduction level.

2.3. Sequential design of absorber parameters

By now, the optimal positions and the mass distribution of absorbers
have been determined. We proceed to design the uncoupled resonance
frequencies of the absorbers (before they are installed on the primary
structure) and their damping coefficients.

As shown in Eq. (2), the damping force f, = sc, (xn (s) 7b,fX(s)) of an

absorber is positively proportional to frequency. For high frequency
response, damping can provide significant coupled force. For low fre-
quency response, however, the coupled force of absorber is mainly
controlled by the inertia force and stiffness force. As shown in Eq. (5),
only when o < wn, 2£,w<wp, the damping force (imaginary part) in h,
can be removed, which inspires a sequential design method. When
designing the 1st absorber (with the lowest resonance frequency), w ~
w1 < oy (n=2,3,...I), the damping force of all absorbers except the 1st
absorber can be omitted. At the same time, makingy, =1 (n =2,3,...1),
M in Eq. (8) does not contain any unknown parameters.

So far, M is a known function of s. Expanding M; by Taylor series at
s = j&; and keeping only the first term, we can obtain a constant M; (s =
j©1). Then the fixed-point theory represented by Eq. (9) can be used to
determine the optimal values of y; and & analytically. Having
completed the design of the 1st absorber, we can then proceed to the 2nd
absorber. Similarly, making y, =1, £, =0 (n=3,4,...I) and s = jQo,
and substituting parameters of the 1st absorber obtained in the last step
into Eq. (9), the parameters of the 2nd absorber can then be analytically
determined. Repeat this procedure one by one until the parameters of all
absorbers are obtained, as shown in Eq. (21).
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w; = «
b 14 mi&gi
MYy My 97, (2, Qin + 7 3 ma 97,925
Pl Q240 Qi + w2 T Q2 Q2
3 mi19fi
M, (2j€,Qiwn + 02 m,92 Q2
VS v 1 R N
£— —QF +2j&,Qi0n + @3 —QF +Qp
=
8|1+ i
MU +Zi71 mﬂl()fn (Zj‘fngiw" +w721) + ZN mnlgiz.ngi
i "= Q2 4 2jE,Qw, + 02 Q2 Q2
21

By retaining the functional form of M; in the design process, the H,,
method can be used to numerically design absorber parameters, as

below:
(o)) (92e) |
argmin . (22
§i«fi I . i1 mno2, (2nson+o? ) N mno? o2 lle 22)
) 2Mx +Zn:l 2 26nson (02 'En:ul 2102 K
$ 92 92
i

ii

s2m; (Zél»xrul +rui2)
5242850 +02

2.4. Summary

The proposed model-free sequential design of absorbers to achieve
the desired vibration reduction is summarized as follows:

Step 1: Measure/simulate the structural response of structure X(s).
Step 2: Conduct Singular Value Decomposition (SVD) on the
collected response data as shown in Eq. (3), and select the first few
singular vectors as the EDRBs to calculate MY using Eq. (13). Then

determine KY by KV = (Q}J)leU, where QY can be determined by
finding peak frequencies of V;(s).

Step 3: Use the proposed method to decouple absorber location pa-
rameters and material parameters. Then select optimal positions
according to Fig. 3.

Step 4: Conduct the optimization as shown in Eq. (18) to get the
generalized force FY(s).

Step 5: Substitute F}J (s) into Eq. (20) to obtain the mass distribution
of absorbers to achieve the desired response control.

Step 6: Sequentially design absorbers one by one, according to Eq.
(21) or Eqg. (22) to get the uncoupled natural frequencies and
damping coefficients of the absorbers.

The detailed flowchart of the model-free sequential design of ab-
sorbers for customized vibration control is shown in Fig. 5.

It is important to note that the proposed design formalism is appli-
cable to types of dynamic absorbers. Given that the M-K-C dynamic vi-
bration absorber is a widely recognized and well-understood device, it
will be used in the subsequent analyses for verification of the proposed
method.

3. Numerical simulations and discussions

Three representative case studies are conducted in this section to
validate the effectiveness of the proposed design method. The first case
involves a rectangular plate, where a stringent response control
requirement is applied. This case also compares the performance of
absorbers designed using the approaches in Sections 2 with that of two
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Experimentally measure response of the primary structure

Primary structure

Measure response X(s)
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Shapes of EDRBs
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' )

4 0
: 10 ISEDRB +=sv: FY(s)HY(s)
3 EDRB -+ FUSIHY(S) H) = e
0° 3 EDRB -eer FY(S)HY(s)
Frequency/Hz
L Y

Eq. (13): Generalized mass

Fig. (3): Optimal positions of DVAs

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Fig. 5. Flowchart of the model-free sequential design of absorbers for customized vibration control.

existing methods, to demonstrate the superior performance of the pro-
posed design. The second case utilizes a square plate to verify the
applicability of the method for structures with symmetric modes and its
ability to achieve an all-equal-peak response design. The last case in-
volves a complex rocket fairing structure, illustrating the applicability of
the proposed method to more complex structures subjected to distrib-
uted loads.

It should be noted that the analytical or finite-element model used in
this section serves only to generate response data for absorber design.
The mechanical structure itself is not directly utilized in the actual
design process.

3.1. Case 1: Customized vibration control of a plate
In this case, a 500 x 200 x 1 mm simply supported rectangular

aluminum plate is examined. The plate is excited by a point force at (10
mm,10 mm).

Step 1: The plate vibration response is evaluated at 51 x 21 uni-
formly distributed points (numerically simulated in this case).

Step 2: Singular Value Decomposition (SVD) is performed on the
measured data obtained in Step 1, with the first six EDRBs selected for
analysis. Shapes and frequencies of these EDRBs are shown in Fig. 6 and
Fig. 7, respectively. Calculate MY from Eq. (13) using Fig. 6 and obtain
Q7 by finding the peak frequency of curves in Fig. 7. Then calculate
KV = (@F)'MY.

Step 3: Select the optimal positions for absorbers according to Fig. 3.
Take the 3rd absorber as an example: to obtain its optimal position, the
3rd column of Table 1 is used. According to Fig. 3, the diagonal element
93 3 is first used to filter out positions, which represents the coupling
between this absorber and the 3rd EDRB. According to Fig. 6 (c), to make
the coupling strong enough, the absorber should be placed in Zone 1,
Zone 2 or Zone 3. Since multiple choices are available, we refilter these
positions using adjacent elements 92 3 or 94 3. Since the 2nd EDRB has a
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Fig. 6. Shapes of the first six EDRBs, corresponding to the first six columns of U in Eq. (3): (a) 1st EDRB, (b) 2nd EDRB, (c) 3rd EDRB, (d) 4th EDRB, (e) 5th EDRB, (f)

6th EDRB.
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Fig. 7. Generalized coordinates of the six targeted EDRBs as defined by V(s) in
Eq. (3). The y-axis represents the values of the corresponding singular vectors.
The close agreement between the curves in the vicinity of resonances demon-
strates that the identified force FY(s) effectively characterizes the resonant
behavior of the EDRB.

peak frequency much closer to the 3rd EDRB as shown in Fig. 7, the 2nd
EDRB will be used to filter positions next. As shown in Table 1, we need
to make the coupling between the 2nd EDRB and this absorber 9, 3 weak
enough, then Zone 1 and Zone 3 should be removed according to Fig. 6.
(b). Finally, the central position of Zone 2 is selected as the final optimal
location for the 3rd absorber. Similarly, positions for all absorbers can be
determined, with results listed in Table 2 and Table 3.

Step 4: Optimize Eq. (18) to obtain FY(s). Substituted into F?(s)-

Table 2
Absorber parameters obtained by the proposed sequential design method based
on fixed-point theory.

Location/mm Mass/kg Frequency/Hz Damping ratio
DVA1 (250,100) 1.8E-05 70.6 9.94E-03
DVA2 (370,100) 8.7E-04 99.3 6.89E-02
DVA3 (250,100) 7.9E-06 150.1 6.62E-03
DVA4 (310,100) 1.6E-04 218.0 2.95E-02
DVAS5 (250,150) 4.1E-07 255.1 1.51E-03
DVA6 (380,150) 5.4E-05 284.6 1.74E-02

Table 3
Absorber parameters obtained by the proposed sequential design method based
on H,, numerical optimization.

Location/mm Mass/kg Frequency/Hz Damping ratio
DVA1l (250,100) 1.8E-05 70.6 9.61E-03
DVA2 (370,100) 8.7E-04 99.3 6.91E-02
DVA3 (250,100) 7.9E-06 150.0 6.62E-03
DVA4 (310,100) 1.6E-04 218.0 2.96E-02
DVA5 (250,150) 4.1E-07 255.1 1.46E-03
DVA6 (380,150) 5.4E-05 284.6 1.73E-02

m and compare the response with V;(s) obtained in Eq. (3) to

verify the correctness of this optimization. As shown in Fig. 7, curve of

FY (s).m matches well with curve V;(s) around peak frequency,

indicating that the obtained FY(s) can well characterize the resonant
response of EDRB.

Step 5: Suppose we aim to design the absorbers in such a way that
the maximum displacement amplitudes of the 1st, 3rd and 5th peaks are
reduced to 24 dB (where dB is defined in Eq. (23)), and those of the 2nd,
4th and 6th peaks are reduced to 7 dB. This volatile response control
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requirement is presented to verify the design method proposed in Sec-
tion 2.2. The mass values of the absorbers obtained by Eq. (20) are listed
in Table 2 and Table 3.

Substituting Eq. (11) into the decibel conversion yields

Sxx(s)

Przef ’

PSDgs(s) = 10log,, 23)

where Py =2 x 10-°m?/Hz.

Step 6: According to Eq. (21) and Eq. (22), frequency and damping
coefficient of absorber can be obtained as shown in Table 2 and Table 3
respectively.

Fig. 8 illustrates the performance of the absorber designed based on
Egs. (21) and (22). For comparative purposes, results from the two
methods reported in Refs. [24] and [41] are also plotted. As these two
established methods do not provide a method to determine the absorber
mass to achieve customized response control, the mass value derived in
Step 5 is applied to ensure a fair comparison.

The results show that the maximum amplitudes of the 1st, 3rd and
5th resonance peaks are indeed reduced to approximately 24 dB, and
those of the 2nd, 4th and 6th resonance peaks roughly down to 7 dB.
This demonstrates the efficacy of the proposed method and highlights its
capability for achieving customized vibration control. Note the perfor-
mance of the method proposed by LI et al. [41] is very similar to that of

International Journal of Mechanical Sciences 312 (2026) 111280

[24], the presented sequential design method can achieve better per-
formance. The method based on the fixed-point theory as shown in Eq.
(21) is easier to use since analytical expressions have been obtained for
the sequential design of absorbers. The method based on H,, numerical
optimization as shown in Eq. (22) can achieve better performance as
fewer assumptions are made. Performance improvement of the proposed
sequential design method compared to that of ZHU et al. [24] is sum-
marized in Table 4. Results show that the proposed sequential design
method (Egs. (21) and (22)) can achieve better performance than the
established methods reported in Refs. [24] and [41], resulting in
improved performance by a maximum of 55 dB and 5.9 dB,
respectively.

3.2. Case 2: Customized all-equal-peak vibration control of a square plate

In this case, a 500 x 500 x 1 mm simply supported aluminum plate is
used to verify the feasibility of the proposed design method for structure
with symmetric modes. A point force at (125 mm,125 mm) is applied to

Table 4
Performance improvement of the proposed sequential design methods compared
to the one proposed by ZHU et al. [24].

ZHU et al. [24]. This is because a simple structure with well-separated Istpeak 2ndpeak 3rdpeak  4thpeak  Sthpeak  6th peak
modes is used in this case. SD_FP 5.5dB 0.0dB 0.6dB -0.0dB 4.3dB 0.7dB
Compared with the parameter design method proposed by ZHU et al. SDH, 5.9dB 0.0dB 1.5dB -0.0dB 4.7dB 0.7dB
1 1 1 1 I 1
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Fig. 8. Power Spectral Density of displacement response of primary structure with different design methods. Response before attaching absorbers is labelled by ‘Bare
plate’, result of method in [24] is labelled by ‘ZHU et al.’, result of method in [41] is labelled by ‘LI et al.’, result of Eq. (21) is labelled by ‘SD_FP’ and result of Eq.
(22) is labelled by ‘SD_H,,’. The absorber design aims at controlling the response to 24 dB and 7 dB, respectively.
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Fig. 9. Vibration shapes (a) and generalized coordinates (b) of the five targeted EDRBs as defined by U and V(s) in Eq. (3). The y-axis in (b) represents the values of
the corresponding singular vectors. The close agreement between the curves in the vicinity of resonances demonstrates that the identified force F(s) effectively

characterizes the resonant behavior of the EDRB.

this structure.
Imposing equal peak control, the design procedure is very similar to
Case 1, so only results are shown in this Section. The first 5 EDRBs are

shown in Fig. 9, showing that the curve of FY (s)-m matches well

with curve V;(s) around peak frequencies.

Since accurate force identification is crucial for the inverse design of
absorbers, the robustness of the proposed identification procedure is
investigated under varying spatial measurement resolutions. Moreover,
recognizing that measurement noise is inevitable in real-world engi-

(2)

40

I —@— Identified force of the 1st EDRB
= Identified force of the 2nd EDRB
| =A— Identified force of the 3rd EDRB
—@— Identified force of the 4th EDRB
| =W— Identified force of the 5th EDRB

— &) w
=N N &)
T

Force identification error/%

o0
T

0.04 0.06 0.08

Noise level

0.00 0.02 0.10

neering applications, the method’s performance is also evaluated in the
presence of noise to assess its practical applicability. The contaminated
response is simulated by adding Gaussian white noise to the clean data
as follows:

Xnoise =X+ aox-¢€, (24)
where X is the original structural response; Xpeise the noise-
contaminated response; ¢ a matrix of independent standard normal
random variables; ox the standard deviation of X, and a controls the

(b)
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Fig. 10. Force identification error under varying (a) noise levels and (b) measurement grid densities. In the noise sensitivity study (a), the number of measurement

points is fixed at 11 x 11.
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Fig. 11. Power Spectral Density of displacement response of primary structure with different design methods. Response before attaching absorbers is labelled by
‘Bare plate’, result of method in [24] is labelled by ‘ZHU et al.’, result of method in [41] is labelled by ‘LI et al.’, result of Eq. (21) is labelled by ‘SD_FP’ and result of
Eq. (22) is labelled by ‘SD_H,,’. The absorber design aims at controlling all response peaks to 34 dB.
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Fig. 12. Power Spectral Density of the displacement response of the primary structure under different design objectives. The response of the uncontrolled structure is
labeled “Bare plate,” while the responses of the controlled structure, designed to achieve target suppression levels of 34 dB, 36 dB, 38 dB, and 40 dB, are labeled
“SD_FP_34 dB,” “SD_FP_36 dB,” “SD_FP_38 dB,” and “SD_FP_40 dB,” respectively.

noise level.

The force identification error under varying noise levels and mea-
2.546 z surement grid densities is presented in Fig. 10. The results indicate that
when the noise level is below 0.06, the identification error is capped at
05 15%. At higher noise levels, the forces associated with low-order EDRBs
1y [ | % are still identified with reasonable accuracy, whereas those of higher-
i order EDRBs exhibit significant degradation. This discrepancy arises
i because the noise assessment is performed using a relatively coarse 11 x
) S 11 measurement grid, which is more susceptible to noise, particularly in
the high-frequency range where spatial response variations are finer and
L | more sensitive to spatial distribution. Increasing the number of sensors
or optimizing their placement, rather than using a uniform distribution,
could mitigate this limitation and improve high-frequency force iden-
tification. Since the present study focuses on low-frequency vibration
control, a sparser grid (e.g., 5 x 5 points) is sufficient to ensure accurate
— D identification of the dominant EDRBs. In principle, further reduction in
the number of measurement points may be achievable through optimal
[ - sensor placement. However, such an investigation falls beyond the scope
of this paper.

— Sequentially designed absorbers yield the final results in Fig. 11.
j P Results of two established methods reported in Refs. [24] and [41] are
also included in this figure for comparison. It can be seen that all five
resonance peaks have been attenuated till the pre-defined vibration level
of 34 dB, which validate that the proposed method can achieve
fi j Unit: m all-equal-peak response design. Besides, the proposed sequential design

method can also achieve better performance and can improve the per-
formance by a maximum of 10 dB and 1 dB compared to the methods in
[24] and [41].

Distributed Load

Fig. 13. Dimensions of rocket fairing structure and the distributed load.
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Fig. 14. Vibration shapes (a) and generalized coordinates (b) of the four targeted EDRBs as defined by U and V(s) in Eq. (3). The y-axis in (b) represents the values of
the corresponding singular vectors. The close agreement between the curves in the vicinity of resonances demonstrates that the identified force FY(s) effectively

characterizes the resonant behavior of the EDRB.
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Fig. 16. Scaled-down airplane model.

To verify the robustness of the proposed design method, different
vibration control objectives are specified for the inverse design of ab-
sorbers. As shown in Fig. 12, the method successfully achieves the
desired vibration suppression across all target scenarios. Moreover, the
suppression bandwidth, defined as the frequency range over which the
controlled response outperforms that of the uncontrolled structure [61],
increases with more stringent vibration control requirements.

3.3. Case 3: Customized all-equal-peak vibration control for a rocket
fairing structure excited by distributed load

Finally, a rocket fairing structure with distributed load, shown in
Fig. 13, is used to verify the applicability of the proposed design method
to complex structures with multiple point loads. In the simulation,
Rayleigh damping is applied to this structure, thus requiring the use of
Eq. (22) through including the damping into the objective function. As a
design target, the structural response is limited to a maximum of 67 dB

13
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within the frequency range of 0-45 Hz.

The estimated first four EDRBs are shown in Fig. 14. Sequentially
designed absorbers according to Eq. (22) yield the final results shown in
Fig. 15.

Results show that the structural response within 0-45 Hz has been
controlled within 67 dB as targeted. However, response around 17 Hz
and 24 Hz slightly exceeds this target, because of two reasons: a) Eq. (20)
is derived based on undamped primary system, which is not an exact
solution for this structure with damping, although results at 15 Hz and
38 Hz indicate this treatment is still acceptable in most cases; b) As
shown in Fig. 14, resonance response at 17 Hz and 24 Hz cannot be
perfectly characterized by a single EDRB. The design method shown in
Eq. (22) ignores the coupling between different EDRBs, which com-
promises the optimal result. This problem can possibly be addressed
through a more accurate estimation of the EDRB, as well as by
revamping Eq. (22) to account for the coupling effects among different
EDRBs in the absorber design process.

4. Experimental validations

In this section, experimental validation is performed on a scaled-
down airplane model illustrated in Fig. 16. The test sample consists of
three panels of uniform thickness (4 mm for the body part and 2 mm for
the wing and tail), bolted together over their respective overlapping
regions as shown in Fig. 17. The sample is clamped on the tail edge and
excited by a point force. Due to the complexity of this model, obtaining
an accurate analytical model for absorber design is challenging. This
highlights the advantage of the proposed model-free design method. In
this experiment, absorbers are designed solely based on the measured
structural response data to achieve customized vibration control.

As shown in Fig. 17, the airplane model is excited by an electrome-
chanical shaker, with the applied force measured by a force transducer.
The dynamic response of the model, in terms of transverse displacement,
is captured by a laser Doppler vibrometer (Polytec PSV-500).

Prior to attaching the absorbers, the dynamic response of the
airplane model is measured. According to the design approach estab-
lished in Section 2, SVD is first applied to identify the generalized force,
which is essential for achieving customized vibration control. To verify
the accuracy of this identification, the product FY (s)~m is
compared with Vj(s), which corresponds to the ith column of V(s)
derived from Eq. (3). As shown in Fig. 18, the identified generalized
force accurately captures the resonant behavior of the model.

The design objective is set to limit the maximum displacement
amplitude of the first three peaks to 40 dB, 30 dB and 20 dB, respec-
tively. Based on the obtained EDRBs shown in Fig. 18, the absorber
masses, tuning frequencies, and damping ratios are determined using
Egs. (20) and (21), yielding the results tabulated in Table 5. The airplane
model used in this experiment has a mass of 935.3 g; the three absorbers
collectively add 4.36% to this mass. As shown in Fig. 17, the damping of
DVA2 and that of DVA3 are implemented by wrapping damping mate-
rial (Blue-Tack rubber) around the stiffness rod. For DVA1, however,
due to its low operating frequency, this damping approach turns out to
be ineffective. Instead, a dedicated damping structure (serpentine
structure fabricated from Blue-Tack rubber) is attached to the end of its
mass block. Because mechanical damping is difficult to apply in a
controlled and quantitative manner, the actual damping values of the
absorber are not exactly the designed optimal values. This deviation is
most pronounced for DVA1, which requires the highest damping ratio, a
level that is particularly challenging to achieve at low frequencies.

Before experiment, the absorber masses are measured using an
electronic scale. The resonant frequencies and damping ratios of the
absorbers are identified from the measured base displacement xp,se and
DVA displacement xpya shown in Fig. 17 (See Appendix A for more
details). The measured and fitted transfer functions of the three ab-
sorbers are shown in Fig. 19.
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Force Transducer
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Fig. 17. Experimental setup. The structure is excited by an electromechanical shaker, with its dynamic response measured using a laser Doppler vibrometer.

measurement provides the data to be used in the absorber design.
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Fig. 18. Vibration shapes (a) and generalized coordinates (b) of the three targeted EDRBs as defined by U and V(s) in Eq. (3). The y-axis in (b) represents the values
of the corresponding singular vectors. The close agreement between the curves in the vicinity of resonances demonstrates that the identified force F?(s) effectively

characterizes the resonant behavior of the EDRB.
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Table 5
Designed and measured parameters of absorbers.

International Journal of Mechanical Sciences 312 (2026) 111280

Mass/g Frequency/Hz Damping ratio
Designed Measured Designed Measured Designed Measured
DVA1 38.9 38.6 8.84 9.38 0.251 0.103
DVA2 1.5 1.3 70.15 71.88 0.076 0.092
DVA3 0.5 0.5 162.80 162.80 0.047 0.071
: : : : : : 5. Conclusions
In this paper, based on the experimentally measured structural
o response of the primary structure, we propose a model-free and
107 § & ) - E sequential approach for the design of distributed absorbers over an
4 arbitrary thin-walled structure. As a component of the design procedure,
................ - ’ an inverse method is proposed to achieve customized global broadband
E 10k " """"""""""" | vibration control. The effectiveness of the proposed methodology is
S ......... verified through both numerical analyses and experimental validations.
Yaa N 0 Tl Main conclusions are summarized as follows:
102k . - | 1) The proposed inverse design method offers an effective approach for
Measured TF of DVAL Fitted TF of DVAI achieving customized broadband vibration control. The optimization
Measured TF of DVA2 Fitted TF of DVA2 process is straightforward, as the solution can be directly obtained by
Measured TF of DVA3 Fitted TF of DVA3 solving a matrix equation.
1 1 1 1 1 L 2) The absorber location is determined to guarantee a) its maximum
0 40 80 o 160 200 coupling with the target EDRB to be controlled; b) weak interaction
Frequency/Hz

Fig. 19. Measured and fitted transfer functions of absorbers. The close agree-
ment between the curves near resonances demonstrates that the identified
absorber frequency and damping accurately represent its dynamic behavior.
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Fig. 20. Power spectral density of the structural displacement. The response
before attaching the absorbers is labeled ‘Bare airplane model’, while the
response after attaching the designed absorbers is labeled ‘Airplane model +
DVAs_with damping’. For comparison, the response with the absorbers installed
but without damping, labeled ‘Airplane model + DVAs_no damping’, is also
included. The absorber design aims at controlling three peak response to 40 dB,
30 dB and 20 dB, respectively.

The overall response (represented by the displacement power spec-
tral density, calculated using Eq. (11) for 575 uniformly distributed
measurement points) is presented in Fig. 20. The results demonstrate
that the three targeted resonant peaks have been effectively attenuated
close to the predefined vibration levels, with the largest deviation for the
first peak, which remains above its defined target due to the insufficient
damping in DVA1. Nevertheless, the experimental results reasonably
confirm the ability of the proposed design method to achieve customized
vibration reduction targets.

15

with the EDRB with lower peak frequencies; and c) strong coupling

with the EDRB with higher peak frequencies.
3) Absorber parameters can then be determined sequentially based on
the fixed-point theory or H,, numerical optimization. The former
offers an analytical and easy-to-use solution, while the latter pro-
vides superior vibration suppression performance involving fewer
simplifying assumptions. Given that absorbers are optimized indi-
vidually and sequentially, the two unknown parameters for each
absorber (uncoupled resonance frequency and damping coefficient)
can be straightforwardly derived.
Strong coupling can occur between different EDRBs, even when their
peak frequencies are well separated. This is due to the similarity in
their vibrational shapes (spatial matching). To mitigate this issue,
specific requirements should be introduced during the Singular
Value Decomposition of the measured response.
The proposed design method effectively achieves targeted broad-
band vibration control and is shown to outperform some existing
approaches through comparative analyses.

4

—

5

-

It should be noted that, though illustrated using examples of dynamic
vibration absorbers, the proposed absorber design method is applicable
to a broad class of absorber design problems, such as piezoelectric shunt
absorbers, Helmholtz resonators etc..
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Appendix A. Identification of absorber parameters

As shown in Fig. 21, subject to a displacement excitation xp,se, the equation of motion for the absorber writes:

mDVAJE.DVA = kpva (Xbase — Xpva) + Cpva (J&base —-X DVA); (25)

yielding the transfer function:

_ Xpva scpva + kpva

TF = = .
Xpase  $2Mpya + SCpva + kpva

(26)

Upon measuring TF, the absorber parameters kpya and cpya can be identified by fitting the measured data to Eq. (26).

m pva  f
I

k[)VA ; I_— | Cowa

T T
lease

Fig. 21. Model for absorber parameter identification.

Appendix B. Transfer functions of common absorber types

The commonly used vibration absorbers are illustrated in Fig. 22, and their corresponding transfer functions are derived in this section.
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Fig. 22. Common types of vibration absorbers: (a) Active absorber, where m, k, ¢, and f. denote the absorber’s mass, stiffness, damping, and active control force,
respectively; (b) Inerter-based absorber, where m, k, ¢, and b represent mass, stiffness, damping, and inertance; (c) Electromechanical shunt absorber, with shunt
circuit elements R, L, and C denoting the resistor, inductor, and capacitor; (d) Piezoelectric shunt absorber, where C is the inherent capacitance of the piezoelectric
patch, and R and L are the shunt resistor and inductor; (e) Helmholtz resonator, where Sy and Vy are the cross-sectional area of the neck and the cavity volume,
respectively.

The equation of motion for the active absorber shown in Fig. 22 (a) can be expressed as
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s?mxo = (sc +k)(x — xo) +f;
f=(c+k)(x—x0)+f @27

Using this equation, the transfer function of the active absorber can be derived as

f_ s’m(sc+ k) s’m

= h,, 28
x  s2m+sc+k  s2m+sc+k 28)

where h, :f;‘ denotes the transfer function of the active force actuator.
Similarly, motion equation of the inerter-based absorber shown in Fig. 22 (b) can be expressed as

s*mxo = (sc + sb +k)(x — xo)
F=(sctshtk)x—xo) 29

The transfer function for this type of absorber can then be derived as

2
h:J:_sm(sc+sb+k) 30)

x  s2m+sc+sb+k
When an electromagnetic absorber (Fig. 22 (c)) is attached to the primary structure, the generated force can be expressed as f = sK.q, and the
voltage across its electrodes as v = sKenX, where K., denotes the motor constant [99-101]. The corresponding transfer function can then be derived as

f Kens”

J_ o Keps™ 1
x s2L+sR+1/C (81

For the piezoelectric shunt absorber (Fig. 22 (d)), the transfer function can be expressed in terms of the admittance of the shunt circuit [76] and is
derived as

s 1 s’L+sR
h= =— . 32
sC+Y(s) Cs?L+sR+1/C (32)
The Helmholtz resonator (Fig. 22 (e)) can be modelled as an acoustic source with volume velocity q expressed as
q = Spx(s’m + sc + k)x = pSy, (33)

where m, k, and c denote the mass, stiffness, and damping of the equivalent lumped-parameter model, and x and p represent the particle displacement
and acoustic pressure response near the neck opening, respectively.
Transfer function of Helmholtz resonator can then be expressed as
j s282
h= q_ ___""H (34)
p s2m+sc+k
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