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Deep-subwavelength ultra-low and ultra-
broadband acoustic-black-hole
metamaterials

Yanni Zhang 1,2,4 , Wenjie Che 1,2,4, Haolun Qin 1,2, Xiaoting Rui 1,2 ,
Li Cheng 3 , Guoping Wang 1,2 & Fufeng Yang 1,2

Acoustic black holes (ABHs) offer broadband wave-manipulation capabilities
beyond conventional acoustic metamaterials (AMs) but are fundamentally
limited by compromised structural stiffness, high-precision machining
requirements and high cut-on frequencies. Here, we break these limitations by
adopting a power-law density-tailored composite, ρ-ABH. Analytical deriva-
tion, wave-energy analysis, and coupled-system modeling demonstrate that
both the cut-on and threshold frequencies of ρ-ABHs are reduced to one-fifth
of those in conventional ABHs, enabling operation at deep-subwavelength
scales (λ/11). This breakthrough arises from a remarkable wavelength com-
pression and energy density amplification. The inertial-grading-induced
amplitude decay also mitigates the fatigue and fracture risks inherent to
conventional ABHs. The device experimentally entails efficient wave absorp-
tion at ultra-low and -broadband frequencies (25–1200Hz) and with a 24.5 Hz
threshold. Our approach overcomes fundamental frequency-scale constraint
in AMs and vibroacoustic engineering, and circumvents manufacturing chal-
lenges via controllable material synthesis, offering a pathway for next-
generation noise and vibration mitigation technology.

Acoustic metamaterials (AMs)1–6 hold transformative potential for
manipulating sound and vibrationwaves, particularly in low-frequency
regimes critical for aerospace, transportation, and precision engi-
neering. While locally resonant (LR) AMs achieve subwavelength low-
frequency wave control1, their inherently narrow bandwidth necessi-
tates complex multi-unit integration with limited efficacy6–9. Alter-
native approaches leveraging nonlinear chaotic or thermoacoustic
mechanisms enable ultra-broadband attenuation10–12 but suffer from
structural intricacy, acute parameter sensitivity, and operational
instability. Consequently, realizing efficient, broadband, sub-
wavelength low-frequency wave control remains a fundamental
challenge.

Inspired by wave trapping via astrophysical black holes (Fig.1a),
acoustic black holes (ABHs) exploit power-law thickness tailoring to

trap flexural waves via vanishing phase velocity13,14. Unlike narrowband
LR metamaterials, ABHs allow for broadband wave manipulation in
lightweight structures through this trapping mechanism, entailing
unique phenomena including slow wave effects13,14, wave focusing15–17,
and enhanced damping18–20. These properties underpin applications in
vibration control21–23, sound radiation suppression24,25, noise
insulation26, and energy harvesting27–29, etc. Nevertheless, ABH func-
tionality is constrained by the cut-on frequencies requiring structural
dimensions comparable to operational wavelengths. Although com-
posite strategies (sandwich structures30, phononic crystal31,32, double-
leaf33,34, spiral designs35,36, etc.) have been attempted to improve low-
frequency performance, they fail to overcome this causality-governed
fundamental scale-frequency bottleneck. Innovative mechanism is
required to go beyond the current structural design paradigm.
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In principle, a proper tailoring of the material properties would
allow for the manipulation of the wave propagation. As such, func-
tionally graded materials also offer alternative solutions37–41, such as
stiffness-tailored37, modulus-graded38 or thickness-modulus-bi-
tailored39 designs. However, manufacturing complexities limit their
implementation40,41, and crucially, the effects of density tailoring on
wave control in the context of ABH–specially in terms of the impact on
cut-on frequency reduction, amplitude modulation, damping
enhancement, and wave absorption–remain unexplored. Compared
with conventional structural/thickness tailoring or modulus/stiffness
tailoring, density-tailoring offers a key advantage: alleviating the lim-
itations of conventional thickness/modulus-tailored ABHs, in which
the thinnest/softest sections typically undergo vibration with exces-
sive amplitude, thus compromising or even jeopardizing the structural
stiffness and leading to problems like structural fatigue, which is det-
rimental to the durability/integrity of the structures. Meanwhile, the
proposed solution offers an alternative to the existing solutions to
manipulate wave propagation in ABHs. Furthermore, the material-
based density control approach overcomes critical limitations inher-
ent in existing ABH manufacturing—such as high-precision require-
ments, gradient discontinuities, and complex/meticulous geometric
variations—by enabling tunable impedance gradients through com-
positional adjustment. This strategy not only ensures smoother
impedance variation but also expands design flexibility, thereby facil-
itating practical engineering implementation.

Here, we report a deep-subwavelength ABH metamaterial (ρ-
ABH) via power-law density tailoring. Analytical modeling demon-
strates that a fourth-order density gradient induces unprecedented
wave compression and energy accumulation, redshifting the cut-on
frequency to one-fifth that of the conventional thickness-tailored

ABHs (h-ABHs) and enabling deep-subwavelength operation at λ/11
(where λ is the incident wavelength). When implemented as a
dynamic vibration absorber (ρ-ABH-DVA), this design achieves
threshold-exceeding dual-ultra (ultra-low-frequency and ultra-
broadband) damping/absorption. Pioneering fabrication and
experimental validation confirm these dual ultra-properties. Inte-
grated analytical, wave-energy, and experimental analysis establish
that density tailoring–not geometricmodification–enables this deep-
subwavelength breakthrough, resolving the core frequency-scale
trade-off in acoustic metamaterials and conventional vibroacoustic
control.

Results
Exact solution, cut-on frequency redshift and size reduction
The proposed ρ-ABH is sketched in Fig. 1b, which is a circular panel
with gradedmaterial density along the radial direction. To capture the
essential physics of wave propagation mainly along the radial direc-
tion, we consider a reduced-order model where the panel retreats to a
slender beam representation (Fig. 1c). The beammodel is strategically
adopted as a necessary and foundational step to rigorously derive the
analytical model and solutions, as well as to reveal the fundamental
wave properties/mechanisms without the obscuring complexities of
2D or more complex structures, aligned with the research paradigm
widely adopted in the field10,13,42. The beamof length x0 features a non-
uniform density ρðxÞ along the x-direction:

ρðxÞ=ρ0ðx0=xÞp ð1Þ

where ρ0 is the density when x = x0. The governing equation for the
transversevibrationof thebeam,whose thickness ismuch smaller than

Fig. 1 | Illustration,model, and dispersionproperties of a black hole-inspiredρ-
ABHmetamaterial. a Schematical diagramof the black hole in astronomy. The red
arrow depicts the trajectory of light that cannot escape the black hole’s event

horizon. b Schematical diagram of the proposed ρ-ABH. c The reduced-order
model of the ρ-ABH. d–g Dispersion curves of the ρ-ABH: real and imaginary parts
of Ki (i = 1,…, 4) are plotted versus the dimensionless wavenumber Kf x0.
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the shear wavelength (thus neglecting rotational inertia and transverse
shear effects), writes

∂2

∂x2 ðD
∂2wðx, tÞ

∂x2 Þ+ρðxÞA∂2wðx, tÞ
∂t2

=0 ð2Þ

wherewðx, tÞ is the transverse displacement;D= E0bh
3
0=12 and A=bh0

the flexural stiffness and cross sectional area, respectively, with E0,b
and h0 being the Young’s modulus, the width and the thickness,
respectively.

For the stationary harmonic case,

wðx, tÞ=W ðxÞejωt ð3Þ

Substituting Eqs. (1) and (3) into Eq. (2) yields

xp d
4W ðxÞ
dx4 � K4

f x
p
0W ðxÞ=0 ð4Þ

where Kf = ð12ρ0ω
2=E0h

2
0Þ

1=4
is the flexural wavenumber at x = x0.

When p=4, Eq. (4) becomes a Cauchy–Euler equation whose
solution can be represented by

wðxÞ=
X4
i= 1

Cix
Ki ð5Þ

where Ki =
3
2 ±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5
4 ±

ffiffiffiffiffiffiffiffiffi
1 + ξ

pq
, ξ = ðKf x0Þ4 and Ci are the undetermined

coefficients.
The above model and solution demonstrate that in the wave-

number space, the ρ-ABH can be characterized as a wave-propagating
medium governed by four distinct wave components Ki. The disper-
sion curves of the ρ-ABH, including the real and imaginary parts of
Kiði= 1, :::4Þ, are plotted versus the dimensionless wavenumber Kf x0

(Fig. 1d−g). For the time convention ejωt , when Kf x0 >0:866 or

ξ >9=16 =0:5625, the wavenumber K1, 2 =
3
2 ± i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 5

4 +
ffiffiffiffiffiffiffiffiffi
1 + ξ

pq
take

complex values (Fig. 1d, e), representing propagating waves in the
negative and positive x directions, respectively; when Kf x0 ≤0:866 or

ξ ≤9=16 =0:5625, K3, 4 =
3
2 ±

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5
4 +

ffiffiffiffiffiffiffiffiffi
1 + ξ

pq
take real values (Fig. 1f, g),

signaling divergent and convergent evanescent waves, respectively.
The cut-on frequencyof thisρ-ABH is thusobtainedwhenKf x0 =0:866

or ξ =9=16 =0:5625 as

f cut�on =
ffiffiffi
ξ

p h0

4πx20

ffiffiffiffiffiffiffiffi
E0

3ρ0

s
ð6Þ

which, despite the different value of ξ , takes the same form as that of
the conventional thickness power-law ABH or h-ABH, whose thickness
function satisfies hðxÞ=h0ðx=x0Þ2 and shares the same length and
width with those of the ρ-ABH. Note that in Eq. (6), ξ =9=16 (

ffiffiffi
ξ

p
=3=4)

for this ρ-ABH while ξ = 225=16 (
ffiffiffi
ξ

p
= 15=4) for the h-ABH counterpart.

This suggests that the cut-on frequency of the ρ-ABH is much lower
than and merely one fifth that of the conventional h-ABH43.

To understand the underlying physics for the redshifted cut-on
frequency, recall that ξ = ðKf x0Þ4 in the Cauchy–Euler equation and the
cut-on frequency formula for both ρ- and h-ABH is a parameter
dependent upon frequency, shape and material parameters. There-
fore, ξ is rewritten as

ξ = ð2π x0

λf
Þ
4

ð7Þ

in which λf is the wavelength of the incident wave. From above
we know that ξ for the ρ-ABH is much smaller than that for the h-ABH

counterpart. Thus, from Eq. (7), for an equivalent ABH length or x0, ρ-
ABH exhibits operational efficacy for incident flexural waves of much
larger wavelengths. This means ρ-ABH can deal with incident waves
of a much lower frequency than its ρ-ABH counterpart, and thus
explains why its cut-on frequency is much redshifted compared with
its conventional h-ABH counterpart.

Besides, from Eq. (6), one has

x0 =
ffiffiffi
ξ4

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E

3ρ0
ð h0

4πf cut�on
Þ
2

4

s
ð8Þ

which is proportional to
ffiffiffi
ξ4

p
. Equation (8) demonstrates that for a ρ-

ABH to yield the same cut-on frequency as its h-ABH counterpart, the
physical size of the former is reduced to 1/

ffiffiffi
5

p
of the latter—less than

half. This establishes the theoretical foundation for designing and
realizing subwavelength acoustic black holes (ABHs) based on the
power-law density tailoring.

Boostingwavelength compression, energy density anddecaying
amplitude
To further illustrate the physics behind redshifted cut-on frequency
and the reduced structural dimension, we reformulate Eq. (5) in a
wave-form expression considering K1, 2 =

3
2 ± ik1,K3, 4 =

3
2 ± k2, and

k1 =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 5

4 +
ffiffiffiffiffiffiffiffiffi
1 + ξ

pq
, k2 =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5
4 +

ffiffiffiffiffiffiffiffiffi
1 + ξ

pq
as

wðx, tÞ= c�b� + c+ b
+ + cn�b

�
n2 + cn+ b

+
n2, f > f cut�on ð9Þ

where

b� = x3=2 expðik1 ln xÞ,b+ = x3=2 expð�ik1 lnxÞ ð10Þ

represent the two propagating waves in the negative and positive
directions, respectively, and

b�
n2 = x

3=2 expðk2 lnxÞ,b+
n2 = x

3=2 expð�k2 ln xÞ ð11Þ

represent the twoevanescentwaves in the twodirections, respectively.
To elucidate the spatially varying properties of waves, the

left-going waves b� is extracted as the wave function which conforms
to42

wðx, tÞ=AE ðxÞ expðiϕE ðx, tÞÞ ð12Þ

where AE ðxÞ= x3=2 and ϕE ðx, tÞ= k1 ln x +ωt are the amplitude and
phase functions, respectively. The wave function is plotted against
the spatial variable x at four different frequencies (Fig. 2a). One can
see a reduced wave amplitude and compressed wavelength as wave
propagates at all frequencies. The wave amplitude decays in the form
of x�3=2 as the wave propagates positively (leftward). This amplitude
decay feature is completely different from the amplitude amplifica-
tion of the h-ABH42 in the form of x3=2 and that of the E-ABH37 in the
form of x1=2, which, in both cases, are most pronounced near the
beam tip (thinnest region of h-ABH and the least stiff part of E-ABH),
making the structure vulnerable to fatigue damage and fracture risk.
By contrast, the wave amplitude attenuation property of the ρ-ABH,
due to the increased inertia near x = 0, allows for avoiding these
structural drawbacks. For the phase function, although taking the
same form as that of the h-ABH, its spatial variation is different from
the latter. This is reflected by the wavenumber kE for ρ-ABH, derived
as the first-order partial derivative of the phase with respect to the
spatial variable x:

kE =
∂ϕE ðx, tÞ

∂x
=
k1

x
ð13Þ
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It is evident that the ρ-ABH displays a larger wavenumber kE due
to its higher k1. Consequently, over the same distance x, the wave
phase accumulates more rapidly within the ρ-ABH.

The phase velocity cph of the flexural waves in the ρ-ABH can also
be derived according to a constant phase condition44 as

cph =
dx
dt

����
����=ω x

k1
or cph =

ω
kE

=ω
x
k1

ð14Þ

From Eq. (14), while sharing the same form as the conventional h-
ABH38, the ρ-ABH exhibits a smaller phase velocity cph due to its higher
k1. Thus, over the same distance x, waves in the ρ-ABH propagate
slower than those in an h-ABH under the same frequency, shape and
material conditions. This results in a stronger slow-wave effect within
the ρ-ABH.

The compressed wavelength within the ABH can be derived as44

λE =
2π
kE

=
2πx
k1

, or λE =
cph
f

=
2πcph
ω

=
2πx
k1

ð15Þ

FromEq. (15), the compressedwavelength is proportional to x but
inversely proportional to k1 (λE / x

k1
). Thus, for the same ABH type

(constant k1), λE is the largest at x = x0 and decreases as wave propa-
gates leftward toward x = 0, demonstrating the inherent wave com-
pression capability of both ABH types. Crucially, because k1 is larger in
the ρ-ABH than in the h-ABH, the compressed wavelength λE is smaller
over any given distance (constant x or x0–x). This enhanced wave
compression capability enables the ρ-ABH to compress incident waves
of longer wavelength (lower frequency) to the same level as the h-ABH
does over an equivalent propagation distance (Fig. 2b), where the two
waves with two different frequencies in each subfigure share the same
compressed wavelength. This mechanism fundamentally explains the

downshifted operating frequency and redshifted cut-on frequency
observed in the ρ-ABH.

Beyond the mathematical derivations, the superior wavelength
compression capability of the ρ-ABH over the h-ABH is illustrated by the
cloud maps of phase filed distributions (Fig. 2c). For an incident wave
with the same initial phase at x= x0, the number of wave cycles within
the ρ-ABH is consistently greater than that in the h-ABH counterpart at
all three frequencies shown. This visually confirms that the ρ-ABH
exhibits stronger wave compression. It is noteworthy that above the cut-
on frequencies of bothABHs, this enhancedwave compression becomes
more pronounced as frequency decreases. This can be attributed to the
wavelength ratio λE,ρ=λE,h increasing at lower frequencies (Fig. 2d).
Here, λE,h and λE,ρ represent the compressed wavelengths inside the ρ-
ABH and h-ABH, respectively. For further illustration, the vibrational
energy density is then derived for the ρ-ABH. The kinetic and potential
energy densities (per unit length) are derived as

Ek =
1
2
ρAðxÞ Re

∂w
∂t

� �� �2
=
1
2
bhρω2x3sin2ðk1 ln x +ωtÞ ð16Þ

Ep =
1
2
EIðxÞ Re

∂2w

∂2x

 !" #2
=
1
2
bhρx3ω2sin2ðk1 lnx +ωt + θÞ,θ= arctan

4k2
1 � 3
8k1

ð17Þ

The total time-averaged vibrational energy density is thus
obtained as the summation of the time-averaged kinetic energy den-
sity and the time-averaged potential energy density as

hEiρ = hEki+ hEpi=
ω
2π

Z 2π=ω

0
Ekðx, tÞdt +

ω
2π

Z 2π=ω

0
Epðx, tÞdt =

1
2
bhρω2x3

ð18Þ

Fig. 2 | Wave-field tailoring and energy enhancement via ρ-ABH. a Wave func-
tions of the ρ-ABH vary with frequencies and spatial variable x. b Phase functions of
the ρ-ABH and h-ABH at different frequencies. c Logarithmic representation of
phase field distributions of the ρ-ABH (light shades) and h-ABH (dark shades) at

different frequencies.d Ratio of the compressed wavelengths inside the ρ-ABH and
h-ABH. e The normalized time-averaged vibrational energy densities for both ABH
types for a constant ABH length. x0 = 0.2m, h0 = 3mm, ρ0 = 1 g/cm3, E0 = 2GPa. The
arrows in panels (a) and (c) represent the wave propagation direction.
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Applying ρðxÞ=ρ0ðx0=xÞ4, the total time-averaged vibrational
energy density hEiρ writes

hEiρ =
1
2
bh0ρ0

x0

x

� 	4
ω2x�3 =

1
2
bh0ρ0ω

2x3
x
x0

� ��4

ð19Þ

For h-ABH with the same incident wave or
wðx, tÞ= x3=2 expði½k1,h ln x + ðk1,ρ � k1, hÞln x0 +ωt�Þ, the total time-
averaged vibrational energy density hEih are similarly derived as

hEih =
1
2
bh0ρ0ω

2x3
x
x0

� �2

ð1 + 3ð2�
ffiffiffiffiffiffiffiffiffiffi
4+ ξ

p
Þ=ξÞ ð20Þ

Equations (19) and (20) reveal that the vibrational energydensities
in both ABH types are inversely proportional to x, signifying energy
accumulation near the tip of the ABHs (x = 0). To compare the vibra-
tional energy densities in different ABH types, the normalized vibra-
tional energydensities or h�Ei= hEi=ð12bh0ρ0x

3Þ forbothABH types for a
constant ABH length x0 are demonstrated (Fig. 2e). It is observed that
normalized time-averaged vibrational energy density in ρ-ABH h�Eiρ is
always above that of its conventional h-ABH counterpart h�Eih at all
frequencies and locations except the boundary. That is, the relation-
ship

< E > ρ

< E > h
> > 1 holds across the ABH domain (except near the

boundary). This indicates that for a given ABH length, the total time-
averaged vibrational energy density of a ρ-ABH substantially exceeds
that of its conventional h-ABH counterpart. This enhanced energy
accumulation stems directly from the ρ-ABH’s superior wave com-
pression capability. Consequently, a ρ-ABH of smaller physical

dimensions can achieve energy accumulation equivalent to a larger h-
ABH, providing the theoretical foundation for designing and realizing
deep-subwavelength ABHs.

Dual-ultra damping enhancement & wave absorption
In the previous section, a ρ-ABH is designed with its maximal density
goes to infinity. In reality, there is always a truncation of the density
so that the maximal density takes a finite value, denoted as ρt , with
the corresponding length of ρ-ABH as LABH = x0ð1� ðρ0=ρtÞ1=pÞ. We
then use the truncated ρ-ABH as a dynamic vibration absorber (ρ-
ABH-DVA) to explore its dynamic, damping enhancement and
vibration absorbing characteristics. As shown in Fig. 3a, a ρ-ABH-DVA
is attached to a host cantilever beam, forming a combined system.
The system is subjected to a transverse harmonic force F = F0 sinðωtÞ
at the free end of the host beam. This ρ-ABH-DVA consists of a
connector and a ρ-ABH with p = 4. The latter includes a density
power-law section (the color gradient portion in Fig. 3a) with an
attached thin viscoelastic damping layer (orange color in Fig. 3a) and
a uniform section. The densities, Young’s Moduli and thicknesses of
the ABH uniform section and the damping layer are denoted by
(ρ0,E0,h0) and (ρd ,Ed ,hd), respectively;η0, η and η1 represent the
material loss factor of the ABH uniform section, the damping layer
and the host beam, respectively; L, H and lj, hj denote the length and
thickness of the host beam and the connector, respectively; lxj
represents the length of the ABH uniform section. The eigen-
frequencies and the driving point mobilities of the combined system
are calculated using the reduced multibody system transfer matrix
method (RMSTMM, see Methods)45, with the associated topology

Fig. 3 | Dynamicmodeling and validationof a cantilever beamcombinedwith a
ρ-ABH-DVA. a Schematic diagrams of the combined system. b Topology diagram
of the combined systemas a planar branchedmultibody system. cDerivation of the

combined system driving-point steady-state response using RMSTMM.
d Eigenfrequency validation and relative errors against FEM. e Validation of the
driving point mobility against FEM.
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diagram and derivation process shown in Fig. 3b, c. The calculated
first ten eigenfrequencies of the system by RMSTMM and the relative
errors compared with those calculated using the COMSOL finite
element method (FEM) are shown in Fig. 3d. The calculated mobility
of the system, i.e. Mobility = 20log10jiωY j=F0, at the driving point is
presented in Fig. 3e. It is observed that the eigenfrequencies and
mobilites calculated by both the theoretical method or RMSTMM
and FEM are in good agreement.

Next, based on the validated model and method, we investigate
the threshold frequency for damping enhancement by the ρ-ABHs.
For the conventional thickness-tailored ABH (h-ABH), a threshold
frequency ( f et�hABH) exists from which the loss factor starts to
increase to a high level14. Considering the fact that the length of the h-
ABH is one-quarter of the wavelength of the incident flexural wave at
f et�hABH or18

LABH � 1=4×2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0h

2
0=12ρ0ð2πf et�hABHÞ2

4
q

ð21Þ

the threshold frequency f et�hABH of the h-ABH could be estimated by

f et�hABH � πh0

16L2ABH

ffiffiffiffiffiffiffiffi
E0

3ρ0

s
ð22Þ

The modal loss factors of different components in the system:
conventionalh-ABHasaDVA, denotedbyh-ABH-DVA,ρ-ABH-DVA, and
their respective corresponding combined systems with a host beam
are presented (Fig. 4a, b). It is worth noting that although a mass
difference exists between the two types of ABH-DVA configurations,
key equivalencies have been preserved, mainly in three basic aspects:
a) the geometric andmaterial properties of both thehost structure and
ABH uniform section; b) the dimensional parameters of the ABH gra-
ded section, and c) the local phase velocity within the ABH uniform

section. As shown in Fig. 4a, the threshold frequency for damping
enhancement in the h-ABH-DVA and its combined system is around
17.1Hz. Based on Eq. (22), the threshold frequency of this ABH
is f et�hABH =25:1Hz. Note that the presence of the connectors slightly
reduces f et . From Fig. 4b, the modal loss factor of the ρ-ABH-DVA and
that of its corresponding combined system start to increase abruptly
from 3.4Hz, indicating that its threshold frequency f et�ρABH is ~3.4 Hz,
which is only one-fifth of the threshold frequency f et�hABH of con-
ventional h-ABH-DVA, i.e.

f et�ρABH � 1
5
f et�hABH ð23Þ

From Eqs. (22) and (23), we can estimate the threshold frequency
of the ρ-ABH as

f et�ρABH � πh0

80L2ABH

ffiffiffiffiffiffiffiffi
E0

3ρ0

s
ð24Þ

The corresponding flexural wave wavelength λet�ρABH =

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0h

2
0=12ρ0ð2πf et�ρABHÞ24

q
at f et�ρABH =3:4Hz is 1.5088m, which isffiffiffi

5
p

times the wavelength of threshold frequency of the h-ABH,

i.e.,λet�ρABH =
ffiffiffi
5

p
λet�hABH . Since the lengths of the power-law varying

sections for both types of ABH are the same (LABH =0:1388 m), this
means that a ρ-ABH can control a larger wavelength. And the length of
the ρ-ABH approaches one-eleventh of the wavelength of the incident
flexural wave at frequency f et�ρABH as

LABH � 1
11

× 2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0h

2
0=12ρð2πf et�ρABHÞ24

q
ð25Þ

Fig. 4 | Dual-ultra damping enhancement and wave absorption by the ρ-ABH-
DVA. a Loss factors of conventional h-ABH-DVA, host beam, and their combined
system. b Loss factors of ρ-ABH-DVA, host beam, and their combined system.

Driving-point mobility of the host beam c without and with the attached h-ABH-
DVA, d without and with the attached ρ-ABH-DVA, and e without and with the
attached ρ-ABH-DVA of different ABH material loss factors.
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Equations (23) and (25) demonstrate that the density power-law
design achieves a redshift of the threshold frequency and a deep-
subwavelength scale. To verify the threshold frequency formula in Eq.
(24), the first eigenfrequency of the host beam is set as 3.75Hz. From
themobility comparisonwith andwithout theh-ABH-DVA (Fig. 4c), it is
observed that all resonancepeaks after f et�hABH � 25:1 Hz are reduced.
By contrast, the ρ-ABH-DVA achieves comparable vibration reduction
above its much lower threshold frequency f et�ρABH � 3:4 Hz (Fig. 4d).
These results validate the correctness of the predicted threshold fre-
quency and demonstrate the dual-ultra vibration absorbing perfor-
mance of the proposed ρ-ABH.

We further investigate the role of material damping in ABH
structure itself for vibration suppression, and present the velocity
mobility response when the material damping of the density power-
law varying section of the ABH is altered, with the loss factors of
damping layers fixed at η =0.6 (Fig. 4e). It is observed that increasing
the material loss factor reduces all resonant peaks, albeit to different
degrees. This demonstrates that the inherent material damping of the
ABH itself can also effectively attenuate resonance peaks and suggests
that utilizing high-dissipative materials such as polymers for ABH
fabrication can provide additional vibration damping benefits.

Dual-ultra features in 2D ρ-ABH plate
We then extend the study of redshifted threshold frequency and dual-
ultra damping enhancement properties from the 1D ρ-ABH beam to a
2D plate and its combined system with a host plate. This section pre-
sents a comparative evaluation of the modal loss factors and damping
enhancement threshold frequencies between the 2D ρ-ABH and con-
ventional h-ABH plates when used as DVAs on a host plate. The
material parameters of the ρ-ABH, the connector and the host struc-
ture remain consistent with the 1D case, while the geometrical para-
meters are listed in Supplementary Table 2.

As shown in Fig. 5a, a circular ρ-ABH plate, acting as a DVA, is
attached to a polygonal host plate, forming a combined system.Thisρ-
ABH-DVA system consists of a connector (identical to the 1D config-
uration) and a circular ρ-ABHplate with power-law exponent p = 4. The
latter includes a density power-law section (indicated by color gra-
dient) attached with a thin viscoelastic damping layer (depicted by the
dotted curves) and a uniform section. The eigenfrequencies of the

combined system calculated using the COMSOL shell and solid
mechanics models are presented (Fig. 5b). It is observed that the
eigenfrequencies calculated by both models are in good agreement.

Next, we investigate the modal loss factors and threshold fre-
quencies for damping enhancement of the 2D ρ-ABHs with a thin
damping layer acting as a DVA based on the validated COMSOL solid
mechanics model. The modal loss factors are presented for different
components: conventional h-ABH as a DVA (denoted by h-ABH-DVA),
ρ-ABH-DVA, and their respective corresponding combined systems
(Fig. 5c, d). Similar to the 1D case, three fundamental equivalences are
maintained between the two types of 2D ABH-DVAs: a) the geometric
and material properties of both the host plate and ABH uniform sec-
tion; b) the dimensional parameters of the ABH graded section, and c)
the local phase velocity within the ABH uniform section.

From Fig. 5c, the modal loss factors of the h-ABH-DVA and its
corresponding combined system start to increase abruptly from
9.44Hz, suggesting a threshold frequency of 9.44Hz. Similarly, the
modal loss factors of the ρ-ABH-DVA and its corresponding combined
system increase abruptly starting from 1.93Hz (Fig. 5d), suggesting a
threshold frequency of 1.93Hz. This reduction to one-fifth of the
threshold frequency is consistent with the 1D beam case, thus con-
firming the redshifted threshold for damping enhancement in the
proposed ρ-ABH-DVA in 2D case and demonstrating its dual-ultra
damping enhancement performance.

Fabrication and experimental validation
The ρ-ABH is then fabricated using the principles of composite mate-
rials. The raw material for this ABH consists of high-density tungsten
particles uniformly dispersed within low-density PU polymer com-
posed of a softer PU rubber and a harder PU resin with mass ratio
R2 =Mresin=Mrubber. The mass ratio of tungsten to PU is denoted as
R1 =Mtungsten=MPU. The total weights of PU and the compositematerial
are MPU =Mresin +Mrubber = ðR2 + 1ÞMrubber and
Mtotal =MPU +Mtungsten = ðR1 + 1ÞMPU . The specimens of each material
are shown in Fig. 6a. Since the densities of PU rubber and PU resin are
equivalent, the densities of their respectivemixtures with the tungsten
are identical46. The approachwe take to obtain the ρ-ABHmaterial is as
follows. Firstly, tungsten particles are mixed with two PU materials
separately, both in the ratio of R1, with the mass of tungsten powder

Fig. 5 | Dynamic modeling and validation of a host polygonal plate combined
with a 2D ρ-ABH-DVA. a Schematic diagrams of the combined system.bValidation
of eigenfrequencies and relative errors against FEM. c Loss factors of conventional

2D h-ABH-DVA, host plate, and their combined system. d Loss factors of 2D ρ-ABH-
DVA, host plate, and their combined system.
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and two PUs as Mresin =Mrubber =0:5MPU =0:5Mtungsten=R1. From this,
we can obtain composite material samples with different proportions
ofR1. Bymeasuring themass and volumeof each sample,we canderive
the mass density corresponding to different values of R1. The material
parameters of each sample are then tested using a Dynamic Mechan-
ical Analyzer (DMA). Subsequently, we adjust the ratio R2 of the PU
resin to PU rubber and remix the sampleswith differentR2 valueswhile
keeping R1 constant. This process ultimately yielded samples posses-
sing different densities but consistent Young’s moduli. In other words,
we manipulate the density of the composite material without altering
its Young’s modulus. The sample numbering, preparation, and testing
are shown in Fig. 6b−f. Detailed preparation procedures are provided
in the Supplementary Note 3.

The R1–ρ (R2 = 0.52) curve obtained from the tests is presented in
Fig. 7a. After multiple mixing, preparation, and measurement cycles,
different density values are stabilized around seven values (Fig. 7a),
with amaximum error within 3%. By adjusting R2, the storagemodulus
of the samples with different densities are all maintained within
100 ~ 200MPa, and could all reach around 140MPa (Fig. 7b−h). Addi-
tionally, the loss factors of the samples with different densities are all
around0.4 (see SupplementaryNote 3). For thematerial curing, a step-
by-step curingmethod is adopted to ensure that eachmaterial section
of the ρ-ABH is effectively cured into a single unit and maintain
structural strength (see Supplementary Note 4). Consequently, we
obtain the ABH material samples with varying density gradients but
constant modulus. Based on composite material principles, this
method eliminates the need for micron-level geometric precision
required by traditional h-ABHs. It transforms manufacturing from
ultra-precision machining to controllable material synthesis—a more
scalable and practical approach for engineering applications. The rest
of the ABH sample and the combined system parameters are referring
to Methods. Based on these parameters, the threshold frequency of
the designed ABH is obtained as 24.5Hz using Eq. (24). The host beam
is designed such that its first eigenfrequency (27.2 Hz) is slightly higher
than the ABH’s threshold frequency, in order to validate the ABH’s
damping performance above the threshold frequency and across the
entire frequency range.

Finally,wepresent themeasureddriving-pointmobilities fromthe
tests conducted on a vibration isolation platform. One end of the host
beam is clamped by a bench vise with the other end free, creating a
clamped-free boundary condition. The connection position of the ρ-
ABH-DVA is located at 60% of total length of the host beam from the

clamped end. The measured mobility is compared with that predicted
by the RMSTMM (Fig. 8a). The detailed measurement process is
detailed in Methods. Agreement is observed between the two, which
validates the proposed theoretical method. The deviations can be
attributed to the neglected rotational inertia and shear deformation
effects in themodel, the dynamic variation of damping with frequency
in the theoretical model as well as the material synthesis imperfec-
tions. Themeasured driving-point mobilities of the host beamwithout
andwith the ρ-ABH-DVA are also compared (Fig. 8b). It shows that with
the deployment of the ρ-ABH-DVA, all resonance peaks of the host
beamwithin the concerned frequency range aremarkedly suppressed.
Specifically, the first resonance peak is reduced by 7.4dB, with an
average reductionof 13.6 dB across all resonance peaks. Thesefindings
demonstrate that the ρ-ABH-DVA can effectively suppress vibration
responses of the host beam across a broad frequency range above its
redshifted threshold frequency, thereby validating its excellent dual-
ultra wave absorption performance.

Discussion
Acoustic metamaterials (AMs) offer unprecedented potential for
manipulating acoustic and elastic waves in noise and vibration control
applications. While conventional thickness-tailored ABH metamater-
ials—which overcome the narrowband limitation of conventional AMs
and enable broadband wave manipulation with lightweight structures
—have attracted substantial interest, they still face several constraints.
These include difficulties in operating at deep-subwavelength scales
within low-frequency regimes, inherent structural weakening, and
ultra-precision machining requirements. Here, we transcend these
limitations through a paradigm-shifting approach: deep-
subwavelength ABH metamaterials (ρ-ABH) engineered via power-
law density tailoring. Integrated theoretical and experimental analyses
demonstrate that ρ-ABH achieves a fivefold redshift in both the cut-on
frequency and the damping-enhanced threshold frequency compared
to conventional thickness-tailored ABHs, arising from unprecedented
wave compression induced by fourth-order density gradients. This
breakthrough unlocks dual-ultra vibration damping/absorption at a
deep-subwavelength scale of λ/11, where energy accumulation is
amplified by over an order of magnitude. Furthermore, the inertial
grading mechanism induces intrinsic wave amplitude decay, in stark
contrast to the amplitude amplification exhibited by thickness- or
modulus-tailored ABHs. Through avoiding structural weakening by
design, ρ-ABH eliminates the fatigue and fracture risks inherently
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Fig. 6 | Preparation and testing of ρ-ABH material. a Raw materials: PU rubber, PU resin and tungsten powder. b Sample numbering diagram. c Weighing. d Mixing.
e Curing. f Material parameter testing.
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associated with stiffness-reduced regions in conventional ABHs. Sys-
tematic parameter studies further quantify the influence of key factors
on performance metrics, identify their influential ranges and provide
practical guidelines for implementation (see Supplementary Note 2).
Critically, composite-fabricated ρ-ABH as a DVA experimentally vali-
dates this exceptional dual-ultra performance. This breakthrough

design addresses the critical frequency-scale bottleneck inherent in
both metamaterial designs and conventional vibroacoustic control,
eliminates inherent fatigue and fracture vulnerabilities of traditional
ABH designs, and transforms the formidable manufacturing challenge
of ABH from one of ultra-precision machining to controllable material
synthesis—paving the way for next-generation vibration and noise

Fig. 7 | Density and modulus curves of material samples across varying
constituent ratios. a Measured density power-law material R1–ρ curve.
b–h Measured R2-E curves for samples with different densities: b ρ = 2000 kg/m3,

R1 = 0.95, c ρ = 3000 kg/m3, R1 = 2.11, d ρ = 4000kg/m3, R1 = 3.41, e ρ = 5000 kg/m3,
R1 = 5, f ρ = 5500 kg/m3, R1 = 6.61, g ρ = 6500kg/m3, R1 = 8.59, h ρ = 7500 kg/
m3, R1 = 11.

Fig. 8 | Experimental validation and demonstrated performance of the ρ-ABH-DVA. a Comparison of the measured and calculated driving-point mobilities.
b Comparison of measured driving-point mobility with and without the ρ-ABH-DVA.
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mitigation technology. It is also noteworthy that this study primarily
focuses on the underlying physical principles and experimental reali-
zation of a ρ-ABH. Further investigation into other applications such as
wave isolation will be pursued as future research topics.

Methods
Methodological framework of RMSTMM
The combined system in Fig. 3a can be regarded as a planar bran-
ched multibody system shown in Fig. 3b which is modeled using the
RMSTMM: The host beam and the ρ-ABH-DVA are both modeled
based on the Euler-Bernoulli beam theory; element 1 is the ρ-ABH
beam; element 2 is the connector; element 3 is the connection
point between different transmission paths, modeled as a massless
virtual element; elements 4 and 5 comprise the host beam. In
Fig. 3b, Ojxjyj and Oxy represent the local (for element j) and global
inertial coordinate systems, respectively. The state vector for the
input and output ends of the jth element is defined as
Zj, P = ½X ,Y ,Θz ,Mz ,Qx ,Qy�Tj,P , where P denotes input I or output O.
The basic flow of the RSMTMM is as follows. First, the transfer
equations and geometrical constraints at the inputs and outputs of
each element are determined. Subsequently, according to the
topology of the combined system, the elements are assembled
to obtain the reduced transfer matrix at each connection, the col-
umn vectors of the load function, and the state vectors at the out-
puts of the system. Finally, the eigenfrequencies and steady-state
response of the system at each point are obtained by combining the
reduced transformation with the system boundary condition. The
RMSTMM formulations are summarized in the Supplementary
Note 1. As an example, we use VeroClear from the Stratasys Digital
Materials Series 1647 for the uniform parts. The material density
gradually varies from VeroClear (density: 1160 kg/m³) according to
Eq. (1) with p = 4. All elements have a width of b = 20mm. Supple-
mentary Table 1 lists the material and geometric parameters of the
system.

2D model parameters
The material parameters of the 2D model are kept consistent with
those of the 1D case. The associated geometrical parameters are listed
to Supplementary Table 2.

Sample and system parameters
For the fabricated sample, the length and the thickness of the ABHpart
with power-law density variation measure 0.06m and 0.004m,
respectively. The length li of each discretized density value is calcu-
lated by li = lx, i + 1 � lx, i, i 2 ½1, 6� with lx, i = ððh0=ðρi=ρ0Þ0:5 � htipÞ=εÞ

0:5
.

PU resin is selected for the uniform section, with a Young’s
modulus of 1 GPa, density of 1070 kg/m3, loss factor of 0.0609 and
length and thickness of 0.02m and 0.004m, respectively. A viscoe-
lastic damping layer, featuring a thickness of 1mm, Young’s modulus
of 30MPa, density of 980 kg/m3, and loss factor of 0.6, is attached to
the density power-law varying section of the ABH. Aluminum alloy is
used for the connector (dimensions: 0.008m×0.016m) and the host
beam (dimensions: 0.55m×0.01m), with Young’s modulus of 71 GPa,
density of 2810 kg/m3, and loss factor of 0.001.

Measurements of driving-point mobilities
The experimental setup comprised an excitation system and a signal
acquisition system. The excitation systememployed a signal generator
(DG 1022Z) to produce frequency-swept signals ranging from 1 to
1200Hz. These signals were amplified by a power amplifier (YE5871A)
before being transmitted to a modal shaker (JZK-5), which applied
sinusoidal excitation forces at the free end of the host beam. An
M5 × 5mm threaded hole was fabricated at the free end to facilitate
connection with the shaker via a dual-end stud.

The signal acquisition system utilized an impedance head (CL-YD-
331) and a laser scanning vibrometer (PolytecOFV-505) tomeasure the
excitation force and vibration velocity at the driving point. These sig-
nals were then transmitted to a PC-based data analysis system through
a data acquisition device (INV3062-C12) to calculate the driving-point
mobility frequency response of the host beam. A sampling frequency
of 3072Hzwasmaintained, corresponding to 2.56 times themaximum
excitation frequency to ensure data accuracy.

Data availability
All data supporting the findings of this study are available within the
article and its Supplementary Information. Source data are provided
with this paper.

Code availability
The methodologies and equations required to reproduce the findings
and figures are fully described within the manuscript and Supple-
mentary Information.
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