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Delayed resonator (DR) as an active vibration absorber can achieve a zero antiresonance point of the primary
structure at a given frequency by manipulating the loop delay, yielding the so-called complete vibration
suppression. Achieving zero antiresonance, however, is usually penalized by the significantly raised resonance
peaks, risking structural safety. Here, we aim to limit the resonance while achieving zero antiresonance, leading
to the H_ optimization problem. To simplify analyses, we distinctively incorporate the primary structure-
based feedback force into the total control forces of the DR and activate them only when residual vibrations
occur. This reduces parametric coupling so that resonance peaks can be reduced without affecting zero
antiresonance. Given the benefits of tuning delay from the DR concept itself, the states of the primary structure
are also delayed in the feedback loop for additional performance enhancement, finally creating the so-called
hybrid multiple-delayed DR. By analyzing system stability, characteristic spectrum, and frequency response,
we show that pursuing an extremum reduction of resonance peaks can conflict with operable complete
vibration suppression, thus requiring a trade-off between the two. Furthermore, by properly optimizing control
parameters, both tasks can be significantly enhanced simultaneously. This work introduces a new design
framework to enhance vibration suppression in terms of both resonance and antiresonance.

1. Introduction methods to address stability issues. Sun and Xu [11,12] identified
and then increased the loop delay to enhance vibration suppression.
Kammer and Olgac [13] and Karama et al. [14] sensitized system
responses by tuning delays to harvest energy while suppressing vi-
brations. Pilbauer et al. [15], Kucera et al. [16], and Liu et al. [17]

adopted distributed-delayed control laws to reduce the effects of mea-

Dynamic vibration absorber (DVA) as a simple yet effective vibra-
tion reduction technique has been extensively investigated since its
invention by Frahm [1] in the 1900s. This work focuses on the delayed
resonator (DR), a type of active DVA proposed by Olgac et al. [2-5]
to achieve complete vibration suppression at a given frequency by

introducing proper time delays into the feedback loop. The known
benefits of manipulating delay include increasing the number of tun-
able control parameters without increasing control terms for stronger
robustness [6], modeling the inevitable loop delays for a more accurate
dynamical prediction and thus better vibration suppression, posing no
requirements on system states for tuning control forces thus facilitating
sensor uses [7], etc. The DR has a wide range of potential engineering
applications [8], e.g., vibration control of helicopter fuselages, gear-
boxes, and machining chatter, etc. The development of DR has also
experienced a booming increase since its invention, making it a critical
tributary of DVAs and a typical counter-intuitive example that larger
delays can enhance control performance.

Among the prosperous research over the past decade, Nia and
Sipahi [9] designed a delay-independent control law to enhance robust-
ness against delay perturbations. Vyhlidal et al. [10] proposed spectral
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surement noises, see also [18] for optimizing the delay distribution
to handle a small frequency mismatch. Eris et al. [19] optimized
system spectra to expedite responses. Zhang et al. [20] and Sinou
et al. [21] modeled friction effects when tuning DR. Cai et al. [22,23]
unified the tuning mechanism when incorporating different feedback
states using the fractional-order operator. Kufe et al. [24] extended
the antiresonance valley by assigning double imaginary roots to the DR
subsystem. Sika et al. [25-27] achieved multiple-directional complete
vibration suppression in robotic applications. In addition, the DR was
tuned to resonate a multiple-degree-of-freedom (MDOF) structure as
the absorber so that the force actuator can be installed independent
of the position of the primary structure alongside the reduction of
the absorber vibrations [28-31]. One also can refer to [32-38] for
combining the benefits of delayed control with mechanical advantages
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to enhance vibration suppression. We point out that active control (not
necessarily delayed control) has been increasingly applied to enhance
vibration reduction to meet higher or customized demands of modern
equipment or structures, as evidenced by [39-42], see also [43-45] for
the vibration absorber design in various forms.

A tuned DR achieves complete vibration suppression by creating a
zero antiresonance at the specified tuning frequency on the frequency
response curve of the primary structure, which, however, can signifi-
cantly raise the resonance peaks compared with the passive case. Given
that perturbations are inevitable in practice, such a DR amplifies the
maximum possible vibrations on primary structures, thus defeating the
original purpose of vibration reduction. Note that the consequences of
a resonant primary structure can be catastrophic even if the exciting
perturbation is small and lasts shortly [46]. Though briefly mentioned
in the previous work [22], effective ways to limit the raised resonance
peaks when implementing DRs are still a research gap.

On the other hand, the criterion of minimizing the resonant or
maximum (H_ norm) vibration amplitude of a primary structure has
been extensively applied to the structural design of passive DVAs,
yielding the so-called H_ optimization [47,48], the long history of
which has been well documented in [49-55] and the references therein.
Meanwhile, such an optimization criterion has also been generalized to
the design of active DVAs. For instance, Chatterjee [56] optimized a
PD-controlled DVA, resulting in significantly reduced resonance peaks
compared to a passive DVA using optimum structural parameters.
Cheung et al. [57] optimized both structural and control parameters so
that good vibration reduction can be achieved with a small absorber
mass. Li et al. [58] proposed and optimized a PID-controlled DVA
without needing explicit transfer functions. Zhao et al. [59] optimized a
control law consisting of two integrators and investigated the effects of
structural parameters on the optimized DVA performance, see also [60,
61] for addressing the possible force saturation problems. Besides,
Meng et al. [62-64] designed delayed nonlinear DVAs and conducted
optimization to reduce vibrations on nonlinear primary structures.
Wang et al. [65] and Sun et al. [66-68] deployed electromagnetic shunt
dampers to facilitate the realization of optimum parameters.

We note from the above that the existing research on H_, optimiza-
tion to reduce resonance peaks seldom focuses on the antiresonance
of the primary structure, and the effort aiming for an ideal zero
antiresonance by tuning DR does not consider the adversely raised
resonance peaks. To this end, this work proposes and addresses the H,
optimization problem of the DR to reduce the raised resonance peaks
when achieving complete vibration suppression at the designated tun-
ing frequency. One difficulty is due to the limited tunability of control
parameters since the resonance of the DR for complete vibration sup-
pression should be first guaranteed. Considering that H_, optimization
is to reduce the effects of perturbations, which can be regarded as any
excitation at a frequency different from the one where DR is tuned so it
causes residual vibrations, we additionally incorporate feedback forces
proportional to the nonzero responses of the primary structure into the
total feedback forces for perturbation resistance. In this way, the total
forces now stem from two aspects, one related to absorber states for the
DR resonance as the classical cases, and the other (newly introduced)
to the primary. Note that the feedback forces in the latter do not act
at the tuning frequency where zero antiresonance is to be achieved,
and thus such forces can suppress resonance peaks (nonzero vibrations)
without affecting the tuning of the absorber-based feedback force for
complete vibration suppression. Furthermore, given the known benefits
of the delayed control, the newly introduced control term related
to the primary structure is also delayed to seek further performance
enhancement, finally yielding the so-called hybrid multiple-delayed DR
(with both delayed states of the absorber and the primary structure).
In addition to addressing the H_, optimization problem, we show that
unduly reducing the resonance peaks can, however, significantly reduce
the complete vibration suppression performance in terms of response
speed and antiresonance band, and thus the trade-off between such
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two control tasks is also discussed to fully exploit the strength of the
hybrid control logic. This work shows its novelty and offers its scientific
contributions mainly in the following aspects:

» We propose and address the H_ optimization problem of the
DR to limit the raised resonance peaks while achieving complete
vibration suppression. For simplification, we design a hybrid
multiple-delayed control law consisting of both delayed states of
the absorber and the primary to reduce parametric coupling given
that feedback forces based on the primary only affect nonzero
responses thus unaffecting the tuning of the absorber-based force
for DR resonance.

An optimization framework is established. Particularly, system
stability is addressed and the optimum shapes of the frequency
response curves of the primary are investigated to simplify calcu-
lations. Furthermore, we discuss the trade-off between achieving
lower resonance peaks and better complete vibration suppression
performance so that significant performance enhancement can be
simultaneously achieved in both aspects.

In what follows, Section 2 establishes system dynamics. Section 3
proposes the control law and the H_, optimization. Stability regions
determining the bounds of optimum parameters are obtained in Sec-
tion 4. Section 5 conducts constrained H, optimization to balance
the aforementioned trade-offs. Optimized parameters are shown in
Section 6 and verified in Section 7. Section 8 draws conclusions. Italic
symbols without a bar superscript 7’ are dimensionless throughout the
text.

2. Preliminaries

A common operating mode of the delayed resonator (DR) is shown
in Fig. 1(a), where a force actuator i is injected into the vibration
absorber to enhance the settling of the primary structure harmonically
excited by f,. The stiffness and damping of the primary structure are
denoted by k, and ¢,, respectively. Similarly, we have (k,.c,) for
the absorber. Energy losses due to the friction between bearings and
slides are modeled by linear dampers under good lubrication conditions
with sufficient excitation [69], otherwise, see [20] for the effects of
nonlinear frictions. Particularly, the damping related to the primary
structure is incorporated into ¢,, and that related to the absorber is
included by ¢,. The aim of DR is to completely settle the primary
structure for X, = 0 by properly tuning 4, as illustrated by Fig. 1(b).
Upon achieving the aim, (I_cp,Ep) pose no effects to the primary except
for balancing gravity due to X, = 0, yielding the so-called complete
vibration suppression. We next establish the basic system dynamics,
review the tuning rules of the DR, and clarify the basis of the proposed
hybrid control law.

2.1. Governing equations

Dynamics of the primary structure and the absorber in Fig. 1(a) are
governed by

WX, + C %, +8, (X, —X,) +k, (%, —%,) =4, O
+ +I_€P2P+Ea(ia_;ca)+I_‘a()_cp_)_‘a):fe_ﬁ’
where m, and m, denote the masses of the primary structure and
the absorber, respectively; %, and %, the absolute displacements; %,.),
i, and f, are all functions of the time 7. Performing the following
transformations
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Fig. 1. The system to be handled. (a). An operating mode of DR for settling a force-excited primary structure. (b). Reduced model of (a) when the primary structure is completely

settled.

in which I denotes the unit length, yields the dimensionless governing

equations
- X )+U2(Xa_xp)] =4

{ ees

By tuning the feedback actuation force u, the desired complete vibration
suppression aims for x, = 0 when f, # 0.

H [%, +28,0%, + 28,0 (%,

3
X, +20,%, +x +M[2§a (x —x)+uz( @

xp—x

2.2. Tuning rules of the DR for x, =0
The goal is to seek the condition for u to render Eq. (3) a fixed
solution x, =0. Letting x, =0, Eq. (3) reduces to
—p (2,0%, + V*x,) = fo. —u,

MoXy + EXy + Eu%, + kX, =,
or e v

- (C_a)_ca + kaxa) = fe —-u,
in which the first equation corresponds to the reduced absorber dy-
namics in Fig. 1(b), and the other one signifies that all forces exerted
on the primary structure are naturalized, an obvious prerequisite for
x, = 0. From the first equation in (4), the control law for u to achieve

x, = 0 must (partially) depend on absorber states. Applying the Laplace
transform, we have

u(%,+2 (8 + §g) vX, + Ux,) = u,

4

H(SP+2 (G +8) vs+07) X, = U, (9) X, (5)

where s is the Laplace variable, X, = ¢ (x,), with the notation
Z () denoting the Laplace transform operation, and U, is the transfer
function from the absorber states to the feedback force u in steady states
x, = 0. Denoting the actual excitation frequency as @ € R*, both x, and
u in steady states should be at the associated dimensionless frequency
® @®/®, as per the second equation in (4). Substituting s = jo,

j =V/—1 into (5) and separating the real and imaginary parts lead to

Re (U, (s = jw)) = 1* — o?, ©
Im (U, (s = jw)) =2 ({, + &) v,
which is the necessary condition for tuning u to achieve x, = 0,

regardless of the forms of the control logic for u. Following the DR pro-
totype [4], the absorber displacement-based control logic is considered
for comparison,

a(t—ra),

where g is the feedback gain and 7, > 1, is the time delay, two
dimensionless control parameters, with 7,,,, denoting the inevitable
loop delay. By introducing the delay r, as a control parameter, a
single control term is of two manipulable parameters, thus enhancing
the control robustness, in addition to taking into account the loop
delay for achieving vibration suppression in a ‘complete’ manner [25].

u, (t.8.7) = gx @)

Substituting (7) into (6), i.e., U, (s) = ge™ %, yields the tuned pair of

(8.7,) as

o (o) = /(2 -
Tat (a),) = % [atan(

where the subscript (-), denotes ‘tuned’; w, is the tuning frequency
stemming from the detection of the excitation frequency w; p = 0 when
g >0,and p = 1 when g, < 0; b € Z* stemming from the periodicity
of the tan(-) function is called branch number, see [4] for explaining
the mechanism of different » based on the root loci of (5). Note that
(& 74,) are both optional at a given tuning frequency w, and that the
complete vibration suppression necessitates that o, = w.

2
t

Z2(laty e

2 —e?

(Ca+¢)%

>+27r(b—1)+p7r s

4+ 412w?
(8

Remark 1. The delay parameter 7, should be corrected as 7, —1,,,, in
practice to exclude the loop delay [23]. However, this correction is not
considered in the text to reduce distraction. Alternatively, we take it as
a default operation of the controller. [ |

2.3. Frequency response function with a general form of u

The DR tuned with (g,,z,,) is effective in suppressing single-
frequency vibrations. Residual vibrations ‘xp‘ # 0 appear when fre-

quency mismatch w; # @ occurs. To reduce such residual vibrations, we
generalize the control law of u by additionally considering the states of
the primary structure

u(t) =u, (1) +u, 1), 9

which is the general form of the linear superposition of control terms re-
lated to the linear states of the absorber (u,) and the primary structure
(u,). The Laplace transform of the control law (9) is

U(s)=U, () X, + U, (5) X,, (10)

where X, = % (x,), and U, is the transfer function from x, to u,.
Substituting (9) into (3), system dynamics in the Laplace domain can
be written in a matrix form of

Z(s,U,U,)X=F, an
where X = [Xa,Xp]T,F = [O,FE]T, F,=%(f,),and

Z(5U,U,) =1 le(s)], 12
(S ‘ p) [121(5) 22 (5) a2
in which

z“(s):,u(sz+2(¢‘a+cg)vs+uz)—Ua(s),

212 () = —pv (28,5 +0) = U, (s), 13)
213 (5) = —uv (25,5 +v) + U, (s),

2y (8) = s2 4+ 28,5+ 1+ po (ZCHS + u) +U,(s).
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We can then obtain the transfer function from f, to x, by calculating
the (2,2) element of Z~!

X
G(s,U,U,) = F” =73,

e

y(s2+2(Ca+Cg)vs+vz)—Ua(s) a4

5

|2 (5.U,.0,)|
leading to the frequency response function of the primary structure

[x, (@) = Pl g @y, 4@ =165 = o as)
k,I

Note that the numerator of (14) concurs with (5) and is independent of

U,, and thus u, does not affect the tuning mechanism of u, for complete

vibration suppression, agreeing with (6). The characteristic equation

concurs with the denominator of (14),

CE (5,0, U,) = |2(5.U,.U,)| =0, (16)

the root spectrum of which must lie within the left half of the complex
plane for stability. Remarkably, U, appears in (16), and thus the
control force u, affects system stability and the residual vibrations
signified by |x,,| # 0 in light of (15). Hence, properly designing u, can
possibly enhance vibration suppression without affecting the tuning of
u,, i.e., Eq. (6).

3. Hybrid multiple-delayed control law and optimization problem

A tuned DR achieves complete vibration suppression by creating a
zero antiresonance of x, at o, as per (15) but compromises the raised
resonance peaks. We next show such adverse effects and how they can
be reduced by designing u,.

3.1. Hybrid multiple-delayed control law

To exploit the benefits of u,, in light of (14), we revamp the classical
DR scheme (7) by additionally including the displacement x, of the
primary structure into the feedback loop, yielding a hybrid control law
with both states of x, and x,

gy (1) =g [x, (t—7,) + Bx, (1= 7,)] a7

where § is the gain and 7, is an additional delay to seek possible
additional benefits without increasing the number of control terms
similar to 7,, thus creating the so-called hybrid multiple-delayed control
law. We point out this control law is inspired by [38], where, however,
different objectives for a different system are considered. For (17), the
control parameter composition (g, 74, B, ‘rp) denoted as © is meaningful

when the system is stable, and we define

®stable = {9 {max (Re (S)) <0 } ) (18)
s€X(CE(s,©)=0).

where X () denotes calculating the characteristic spectrum. Substitut-
ing Uyp into (15) following Egs. (9)-(14) leads to

(2 +2(Ca g vs+0%) ~ U, (5.8.7,)

‘Z (5.U, (5.8.7,) .U, (5.8 ﬂ’Tp))|

A (w,g, Ta,ﬁ,Tp) = , (19

s=jw
which is called amplitude magnification factor (AMF), where U, =
ge™%* and U, = gfle”"". For discrimination, the DR actuated with u,
in (7) and U,, in (17) is called A-DR and AP-DR, respectively.

Note that the AP-DR is reduced to A-DR when g = 0, and the tuning
rules of (g,,7,,) in (8) for complete vibration suppression apply to
both the A-DR and the AP-DR, regardless of the values of (8,7,). The
independence of the tuned pair (g,,7,,) from (8, rp) or u, significantly
simplifies the optimization of (f, z,) to reduce residual vibrations |xp| #

0. In addition, u, = 0 when ‘xl,‘ =0.

International Journal of Mechanical Sciences 300 (2025) 110381

Remark 2. Compared with classical DRs which are mainly driven
by purely absorber-based control laws, the restriction of the hybrid
multiple-delayed control law (17) can be the need for additional sensors
to get the states of the primary. However, this should not be a problem
in practice since in the cases where active control is required, the
primary is usually real-time monitored to determine whether active
control should be deployed or whether emergency actions to ensure
safety should be activated. [ ]

3.2. Frequency response analysis

To test the complete vibration suppression performance, we con-
sider a coupled system governed by

p = 0.5285,0 = 0.9862,¢, = 0.1097, ¢, = 0.051,¢, = 0.0665,

(20)
@, = 38.96 rad/s (6.20 Hz),®, = 38.42 rad/s (6.11 Hz),

and the corresponding experimental setup is to be introduced in Sec-
tion 7.1. Variations of the tuned pairs (g,7,,) at the branch
(& <0,b=1) with respect to the tuning frequency following @, = ©,®,
are shown in Fig. 2(a), where the minimum tuned gain amplitude |g,|
appears around the natural frequency @, of the absorber, signifying that
smaller feedback actuation forces u are needed here to alter the passive
absorber dynamics for complete vibration suppression, consistent with
the practice.

Let us further examine four specific tuning frequencies @, =
[5,6,7,8] Hz. Accordingly, the spectra of the characteristic Eq. (16)
calculated by the QPmR algorithm [70] and the AMF A (w) as per
(19) with respect to various control parameter compositions ® are
shown in Fig. 2(b-d). From Fig. 2(b), a tuned A-DR (f = 0) does not
necessarily lead to complete vibration suppression since the system can
lose stability, as exemplified by the case @, = 5 Hz. On the other hand,
Fig. 2(c) shows that a passive absorber yields nonideal antiresonance
around @,, and the tuned A-DR achieves ideal zero antiresonance
at the tuning frequency independent of @,. However, achieving zero
antiresonance by the A-DR significantly raises the resonance peaks.
Compared with the passive case, the resonance peak can be raised by
more than 930% (from 3.43 to 35.4 for @, = 6 Hz). Consequently,
while achieving effective vibration suppression at the tuning frequency
w, using the A-DR, an additional perturbation force at the resonance
frequency may cause significant vibrations, leading to high risks of
structural failures even if the perturbation force is temporary and
small. Note that such perturbation forces can also be explained as the
excitation force f, if @ # w,. In such cases, the tuned A-DR amplifies
vibrations thus acting contradictorily to its original design purpose.
Solutions reflected in Fig. 2(d) related to the AP-DR case are discussed
later in Section 3.4.

3.3. Optimization problem (theoretical): Minimizing resonance peaks by
tuning (B, rp)

The aim is now to minimize the highest resonance peak of the pri-
mary structure when (g,7,) = (g;,7,,) to limit the maximum vibration
amplitude caused by the frequency mismatch w, # . From Eq. (15),
we have

by @] < 1 (6700 8.55) X ol @

for the proposed AP-DR actuated with the proposed hybrid multiple-
delayed control logic Ugp in (17), where | fe|max denotes the maximum
amplitude of the dimensionless excitation force exerted on the primary
structure, and

o) = st
=max {A (w.8.7,.0.7,) } .

Note that £ is independent of w. Then, the task is to minimize the H,
norm A, yielding the so-called H_, optimization that is widely adopted

(22)
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Fig. 2. Demonstration of the raised resonance peaks when the tuned A-DR achieves complete vibration suppression and the effects of the AP-DR on manipulating frequency
responses for the system (20). (a). Variations of tuned pairs (g,,‘r,m) for (g, <0,b= 1) with respect to @,. (b). Spectral variations of the characteristic Eq. (16) for various control
parameter compositions @. (c). Variations of frequency responses following the AMF A (w) in (15) in the A-DR and passive cases. (d). Variations of A (w) in the cases of A-DR and

AP-DR with 7, = 1. Abscissas in (c, d) are scaled as @ = w@®,.

for designing passive absorbers to enhance (incomplete) vibration re-
duction, as aforementioned.

To simultaneously fulfill the two tasks of H_, optimization and the
complete vibration suppression, the classical A-DR is inoperable since
its two manipulable control parameters (g,z,) are always tuned as per
(8) for the latter task, see also Fig. 2(c). Alternatively, the additional
feedback force u, by adopting the AP-DR provides two independent
control parameters (4, rp) to additionally achieve the H_, optimization,
leading to the optimization rule of (8, rp) as

min {h (g, (w,) > Tay (wt) vﬂ’Tp)} ’

(87,

(8.7,)
s.t.t (g, (a),) > Tat (a),) ,ﬁ,‘rp) € Oy upre-

(ﬂapi’ Tp»opr) o] =

(23)

a min—-max problem subject to the stability condition (18), where the
subscript [w,] highlights that (g, 7,) =(g, (@), 7., (o)), i.e., optimizing
(8, rp) to minimize A should not affect the complete vibration sup-
pression at the tuning frequency »,. We here remark that Eq. (23)
only subject to stability constraint is valid for an ideal system for
theoretical analysis, and issues in practical applications are investigated
in Section 5, where additional constraint conditions are complemented.

3.4. Equal-peak feature

Fig. 2(d) previews the benefits of tuning (p, rp) in reducing A in
the case @, = 6 Hz. One can find that for a given delay 7, a critical
value of g, i.e., plE1 = —1.49 when 7, = 1, exists so that two different
resonance peaks are equal. Once § deviates from glF], either of such
two peaks raises, making a minimum of 4 appears when g = glfl. The
feature that such a minimum h&_;, = 6.05 appears at the critical moment
when different resonance peaks are at the same height makes the H_,
optimization also widely called equal-peak optimization [51,62,63].
Besides, the system is stable when (f,7,) = (-1.49,1) as per Fig.
2(b), and thus the highest resonance peak in the classical A-DR case is
significantly reduced by 82.9% by adopting an AP-DR optimized with
(B.7,) = (B, 1), as marked in Fig. 2(d). Note that f'F1 and h,,;, here

are local optima since 7, is fixed. The equal-peak feature provides a
critical analytical condition to simplify optimization calculations, while
it is not a necessary condition to perform the H optimization for the

considered AP-DR, as to be further investigated in Section 5.

Remark 3. In the passive case, if the absorber has a heavy ground
damping {,, hy;, can appear when A (w) only has a single resonance
peak [71]. However, this reduced case does not exist here since
the tuned pair (g,,7,,) always creates a zero antiresonance at w,,
ie, A(w,g.7,,) = 0 regardless of (p,,), see Fig. 2(c, d). Besides,
since one goal of tuning (g;,7,,) is to neutralize the absorber damping
effect at w, as per (6), smaller values (ca,cp) are adopted, which also
lowers energy consumption [7]. Hence, at least two resonance peaks
separately appear on the two sides of the tuning frequency w;,. [ |

4. Stable regions of (8,7,)

Before formally handling the optimization (23), the constraint con-
dition related to system stability (18) can be simplified by explicitly
determining the stable regions of (8,7,) for a given pair of (g,.7,,).
The knowledge of such stable regions determines the operable search
interval of (B,,.7,,,) without needing the numerical spectral checks
as in Fig. 2(b).

4.1. Stability boundaries

Stability losses of linear systems must occur at the critical moment
when the characteristic equation exhibits at least one pair of imaginary
roots. To this end, substituting the Laplace transform of (17) and s =
jo,, o, € 0URT into (16) yields

CE (j0c, Bes Tpe) = |2 (5 = joo, Uy = g™/, U, = g, e <)

=0,
29

where the subscript (-), denotes ‘critical’. Clearly, the exhaustive solu-
tion pairs ( Be. Tp,c) of (24) signify the critical moments of destabilization
and thus are called stability boundaries. To solve Eq. (24), we start with
separating U, in (16), yielding

ﬂ e’ = Z?:0 Pi (gt”ra,t) Si
‘ g (us (20,) +s)

where ¢, denote real coefficients in (g, r,,). Substituting s = jw, into
(25) and separating the real and imaginary parts on both sides of this
equation leads to

(25)

(26)

B. (cos (prccoc) — Jjsin (rp,ca)c)) =0 (w,.8.Ts;) +JT (0 82 Tay) -
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Fig. 3. Stability analysis based on stability boundaries (ﬁc,rﬂ[) for the system (20). (a, b). Variations of (ﬂc!Tp,c) versus w, for @, = 6 Hz and ¢ = 1. (c—f). Stability maps on
the (4,7,) plane for &, € [5.6,7,8] Hz, where colored regions are stable. In all cases, (g,.,,) are tuned with (g, <0,b=1) following Fig. 2(a), and ‘NU’ denotes the number of

unstable roots.

where (o, w) € R? are parameterized in (o,,g,7,,) and stem from
the right-side term of (25). Balancing the real and imaginary parts of
Eq. (26), (ﬁc, rp!c) can be obtained in closed forms as

ﬁc ((UE) = i\/o-z (wc’ gt"ra,t) + wZ (CUL., gt’Ta,t)’

Tpe (@) = a% [atan <M> +27(q—1)+p.x|,

o (0c&1-71)

27)

where p, = 0 when g, >0, p, = 1 when g, <0, and g € Z* stems from
the periodicity of the tan(-) function similar to the branch number b of
the tuned delay z,, in (8). Note that one w, corresponds to two f, at
most and infinitely many critical delays 7, due to the effects of g. By
sweeping w, € R*, the stability boundaries (§,.z,.) can be obtained.

4.2. Stability map

Taking @, = 6 Hz and (g, <0,b =1) as an example, i.e., (g,7,,) =
(=0.1633,1.7455) as per Fig. 2(a), variations of (ﬁc’rp,c) with ¢ = 1
are shown in Fig. 3(a, b). From Fig. 3(b), at most two solutions of g,
exist for a given w,, and such two solutions are opposite to each other,
agreeing with the form of Eq. (27). Combining Fig. 3(a) and (b), the
relationship between f§, and 7, . on the (8, rp) plane constitutes stability
boundaries, as shown in Fig. 3(c).

Each point (f.,7,.) on the stability boundaries in Fig. 3(c) cor-
responds to at least one pair of imaginary roots s = =#jw, of the
characteristic Eq. (16). Particularly, such stability boundaries are con-
tinuous and divide the (8, rp) plane into infinitely many pockets.
Variations of (ﬂ, T,,) within each pocket do not alter the stability of this
pocket since destabilization requires that the rightmost characteristic
roots shift from the left half of the complex plane to the right [72]. To
this end, we numerically check the stability of one pocket by counting
the number of unstable roots (NU) related to one point within this
pocket as in Fig. 2(b). For the stability of rest pockets, we count NU
based on the number of boundary crossings from the checked pocket
with

ds
RT = R — s 28
sgn[ e(‘“ e )] @

which is known as the root tendency [73], where A € [ﬁ,rp] signifies
the variable that crosses the stability boundaries (ﬂc’fp,c)' Clearly, a
crossing with RT = +1 and RT = -1 increases and decreases NU,
respectively. The resulting distributions of NU at each pocket for &, =
6 Hz are marked in Fig. 3(c), where the stable regions corresponding
to NU = 0 are colored.

4.3. Comparisons

Following the analysis procedure in Fig. 3(c), the stable regions of
(B.7,) for @, = [5,7,8] Hz are colored in Fig. 3(d, e, f) for comparisons.
Revisiting the numerical spectral checks in Fig. 2(b), the system in the
A-DR case when @, = 5 Hz is unstable. Such instability is also reflected
in Fig. 3(d), where § = 0 lies outside the stable region. Note also
that such instability can be recovered by adopting an AP-DR, signifying
another benefit of AP-DR to extend the operable low-frequency band of
complete vibration suppression in addition to reducing the resonance
peak h of the primary structure, as to be further verified in Section 7.
Besides, Fig. 3(e) and (f) show that the A-DR is stable when &, =
[7,8] Hz, which also agrees with Fig. 2(b).

On the other hand, for optimizing the AP-DR with 7, = 1 when
@, = 6 Hz, as previously considered in Fig. 2(d), the search interval
for the optimum of # to reduce resonance peaks can now be limited
to f € [-2.168,0.232] as per Fig. 3(c). Clearly, gF! = —1.49 obtained in
Fig. 2(d) to achieve the equal-peak feature lies within the stable region,
and thus the system is stable, again agreeing with the spectral check in
Fig. 2(b). Hence, with the stability maps as Fig. 3(b-e), the constraint
condition in (23) for system stability (18) can be guaranteed by limiting
the search interval of (8,,.7,,,) within stable regions.

At last, one can find that the stable regions of (p, rp) are broader
when f < 0. A direct reason is that fg, > 0 holds in this case so that
the feedback forces related to u, tend to settle the primary structure.
For comparisons, Fig. 4 shows the cases where (g, 7,,) are tuned with
(& > 0,b=1). In this case, stable regions of (f,7,) now tend to appear
when g > 0.

5. H,, optimization of the AP-DR

Having obtained the stable regions of (§,7,), we next handle the
optimization problem (23) to minimize the resonance peak 4 at a
given tuning frequency w,. The analysis starts with investigating the
issues with this problem based on an intuitive numerical case. Then,
additional constraint conditions are complemented for remedies, with
analytical conditions established to simplify calculations. When tuning
(8/74,), the branch (g, < 0,5 = 1) is always considered without loss of
generality.
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Fig. 4. Stability maps on the (ﬁ,rp) plane for the system (20) when (g,.z,,) are tuned with (g, > 0,b= 1) for different tuning frequencies @, as per Fig. 2(a). Colored regions are
stable, which are obtained following the analysis procedure in Fig. 3. (a). @, =5 Hz. (b). & =6 Hz. (¢). @, =7 Hz. (d). @ =8 Hz.
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Fig. 5. Variations of the first two highest resonance peaks (A (w,, ). A (w,,)) with respect to (,7,) when @, = 6 Hz for the coupled system (20). Only (f.z,) pairs rendering system
stable are considered. (a). 3D view. (b, c). 2D projection. Solid curve Al (g,7,): Intersection of surfaces A (w,;) and A (w,,). Dashed curve A™I(g,z,): Minima of h without

intersection.

5.1. Optimization based on numerical sweeping and issues in practical
applications

We define w,; and w,,, w,; < w,,, as the frequencies of the first
two highest resonance peaks of A (w). For @, = 6 Hz, we sweep (f, rp)
within the stable region obtained in Fig. 3(c). Fig. 5 shows the resulting
variations of (A (w,), A (®,,)).

The equal-peak feature-based optimization to reduce the resonance
peak & can be intuitively found in Fig. 5(a), where the grids denote the
case 7, = | previously considered in Fig. 2(d). As f increases from g =

P
—2.177 when 7, = 1, A (w,, ) reduces and A (w,, ) increases. The critical

moment A (w,f) = A (w,,) = 6.05 when § = —1.49 yields a minimum of
h, i.e., point P;, agreeing with Fig. 2(d). Clearly, the intersection curve
of the two surfaces A (w,;) and A (w,,) corresponds to the equal-peak
feature, and we use the notation AF1(g,7,) to denote the amplitude
variations of the intersection curve with respect to (ﬁ, rp). Note that
A1 (. 7,) if exists for a given 7, always corresponds to a minimum of
h as p varies.

From Fig. 5(b), the aforementioned intersection point P; for AFl =
6.05 only corresponds to a local minimum of A, and the global min-
imum can be found as hﬂl = 1.94, which also appears on the curve
A1 (p,7,), i.e., point P;. Accordingly, we can obtain the optimum pair
(Bopt» Tpopr) =(—3.217,3.026) as per Fig. 5(c). We stress that although the
curve AIF1 (g, 7,) is truncated by stability boundaries (,.7,,), one has
(Bopt> Tpopt) # (Bes Ty, ), Otherwise A (@, Bops Tpop) — o0 and the system
is marginally stable, see the forms of (19) and (24). Consequently,
determining (B, 7,,,) by directly sweeping (8..7,.) is inoperable.
Note also that the analytical expression of the curve Alf!(g, rp) is
unclear. Next, the AMF A (w) associated with the obtained (8,7, op)
the passive case (g = 0), and the A-DR case (f = 0) are compared in
Fig. 6(a).

The equal-peak feature of the resonance peaks resulting from the
AP-DR optimized with (8,,,7,,,) can be clearly found in Fig. 6(a).
Compared with the A-DR, the AP-DR reduces the resonance peak &
by up to 94.5%, making hfu{ even smaller than 4 in the passive case.
However, such a significant reduction of 4 compromises the capacity
of complete vibration suppression. Compared with the A-DR, a small
mismatch between w, and the excitation frequency w in the AP-DR case
with (ﬂop,,rpyap,) leads to significant residual vibrations that can even
be more dominant than those in the passive case, thus jeopardizing
complete vibration suppression in practice. Besides, from the spectral
distributions in Fig. 6(b), the dominant (i.e., rightmost) root s,
related to (ﬂ,,p,, rp,op,) is very close to the imaginary axis, and thus the
duration for settling the primary structure can be undesirably long.
Based on the above, achieving the global minimum hfu{ may not be
the best choice.

To facilitate the realization of complete vibration suppression, we
now do not pursue the maximum reduction of h. Let us reconsider the
previous case 7, = 1, where the unique local minimum now denoted
as hgl‘li = 6.05 appears at f = —1.49. The corresponding AMF is also
shown in Fig. 6(c) and is zoomed in Fig. 6(d). In this case, the resonance
peak in the A-DR case is significantly reduced while extending the
antiresonance valley at w,. Besides, from Fig. 6(b), s,,, in the AP-DR
case lies further on the left half of the complex plane than that in the
A-DR case, signifying a favorably shorter settling time.

On the other hand, we remark that the equal-peak feature is not a
necessary condition to reduce 4 in the A-DR case. In Fig. 5, the dashed
curve marked as A™1(,7,) denotes the local minima hfﬂ when the
equal-peak feature does not exist. An alternative solution for A = 6.05
can be (ﬁ, rp) = (—1.98,3.395), i.e., point P;. The associated AMF and
characteristic spectra are superposed in Fig. 6(b-d). Clearly, although
h=6.05> hﬁi in both cases P; and P;, achieving complete vibration
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Fig. 5.

suppression is much easier when A = 6.05 from the perspectives of
settling time and the width of antiresonance valley. Note that the (4, rp)
pairs resulting in a h satisfying hiﬂ < h £ 6.05 is infinite, as shown in
Fig. 5(a, c), where the critical pairs yielding & = 6.05 are highlighted as
green curves. However, we mainly focus on A'F1 (g, rp) and AM1 (g, rp)
since the related equal-peak feature and minimum conditions help
simplify calculations, as to be further introduced.

5.2. Constrained H, optimization

We have shown that reducing the resonance peak 2 can be unfa-
vorable to complete vibration suppression by increasing the settling
time and narrowing the antiresonance valley at ,. Note that such
two indices have been taken as optimization objectives to enhance
the DR performance [17-19,24]. To this end, we constrain the H
optimization problem (23) as

Bopt>
(Bop p,opt)[m,,rsb”a"rlﬂﬁkfﬁjﬁu]

(r;nin) {h (& (@) 7as (@) . B, Tp)}’

- (ﬁ’ TP) s.t. 5d0m (gt (w,) s Tar (wf) ’ﬁ’ TP) < 532121 < 0’ |
5wa (Aw 81 (wt) »Tat (a)’) ’ﬁ’ Tp) > 6'[/“1'2%] > 0.

(29)

where three new parameters (52‘;’2 ,6l0w1 4 ) are introduced to achieve
operable complete vibration suppression. Particularly, in (29), 6,4, =
Re (54, signifying the real part of dominant roots is a function of
(& () 74; (@) . B.7,), and 55’2”,3, < 0 guarantees system stability and

limits the maximum settling time. We use the duration of 98% reduc-
tion of impact responses to approximate the settling time denoted as ¢,

e ddonls = 0.02 = 1, = —4/8 4, 0

where §,,,, < 0. Clearly, a smaller §,,,, is preferred, as aforementioned.
Besides, 6, in (29) signifies the width of the antiresonance valley at
w,, with the definition of

6

wa = Py — Dy p—1» (31)

where w,,,n=1,2,..., N, stem from

A (a)u,n’ g, (Cz),) 7Ta,t (wt) ’ﬂ’ TP) = AU’
Wy g < Wyo < v < Dy s (32)

C‘)U,n—l < @ < wv,n’

in which A, < 1 needs to be specified. For instance, we have N =2 and
Suwa = Bua®, = 0.89 Hz when A, = 0.3 in the case (f,7,) = (-1.49,1)
considered in Fig. 6(d). Clearly, A, should be desirably small, and
larger values of §,, and 5/°“! benefit complete vibration suppression
at w,. Note that the minimum of 4 resulting from Eq. (29), denoted as
Pinin, satisfies Ry, > h'9), where 9 is the global minimum resulting
from Eq. (23), see also Fig. 5(b) and Fig. 6. Particularly, the analytical
expressions of (11,84, 6,,,) are unclear, making Eq. (29) a non-convex
problem to be handled next.

5.3. Optimization logic and establishment of analytical conditions

5.3.1. Optimization logic
Since the form of & is unclear, the solution (f,,.%,,,) cannot be
directly obtained. Besides, the nonconservative values of (55’2‘:}1 , liow
to benefit complete vibration suppression while making optimization
operable are unknown without the brute-force sweeping tests as Fig.
5. To reduce computational loads, we start with determining all the
local minima hﬁ‘ by seeking the associated (ﬂ,rp) pairs denoted as
ﬁm,r{,” within stable regions since analytical conditions can be
established to simplify calculations, as to be addressed. Accordingly, we

calculate (8,,,,8,,) at each pair of (ﬁ[“, Tz[)L])' By checking (8o 6,00)

dom> “wa min

as per the desired (5[“" ! 5“”’”]), we select /1, from the set of AlX . If
the obtained (8,,,.6,,) are unsatisfactory, we then perform numerical
sweeping as Fig. 5 to check the cases where 4 does not appear as a
local minimum. If desirable solutions are still unavailable, one should
redesign the absorber structure and then repeat the above procedure.
The optimization logic is summarized in Fig. 7.

For the coupled system (20), we execute optimization by only
determining ( g, ‘L'I[,L] for h[]ﬂ, i.e., block @ of Fig. 7, given that the A-
DR can be significantly enhanced at limited computational costs. Note
that the simplification by focusing on hLﬁL is based on the fact that
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Based on brute-force sweeping

STAJ»[ Calculate (3, 711) } {Redesign the absorber structure (7, k,,2.,¢,)

I

Calculate (A, 68um;6wa) ]

*[ Sweep (8,7,) and calculate (k,6m,6..) Similar to Fig. 5}

i o
[ Desirable (81, 7) available?]» [ Desirable (3,7,) available? ]NO
@) YES YES ®
[ Optimize the AP-DR )

Fig. 7. H_, optimization logic of the AP-DR. Numerical solutions are available when following the procedure in block @, and block @ is an alternative based on brute-force

sweeping if desirable solutions are unavailable in block ®.

reducing 4 is the main task as per the definition of H optimization,
i.e., we do not maximize the performance enhancement resulting from
tuning (84, 8,04 )- This is also the salient difference between this work
to control the maximum vibrations excited by perturbations at any
frequency different form w, and the previous ones [18,24] to enhance
complete vibration suppression at w, or to reduce residual vibrations
caused by a small frequency mismatch from w;,.

Before determining (ﬂ[”,r}]“ , we revisit Fig. 5, where hLﬁJn can
appear when varying either f or 7, with fixing the other. Here, we
determine h[nﬁ]n while sweeping 7, (i.e., solve § for a given z,), which
benefits convergence by avoiding multiple solutions. Given that hxﬂl
can also appear when the equal-peak feature does not exist, i.e., (8, rp)
on curves AIF1(g,7,) and AIM] (ﬂ 'r ,) can both correspond to hlLJ the
following analyses to determine h are twofold separately correspond
ing to AlF1(,z,) and AMI (B, rp) For discrimination, the self-evident
notations hﬁi,ﬂm and h%],ﬂ[M] are used to denote such two
different cases. Note that the original 2D dense brute-force sweeping
of (B.7,) in Fig. 5 is now reduced to the much simpler 1D sweeping of
7, for numerical solutions of explicit equations.

5.3.2. Determining hl[fli based on the equal-peak feature

Since hhﬁi is a function of ('F1,7,) when (g.7,) = (g (o).
7, (@;)), the task is to determine 'F1 yielding the equal-peak feature
for a given z,. Based on the condition that two resonance peaks are at
the same height, we have

[E] ,IE] )
@, s
( rl r2 ﬂ [w,,r,,]

9A%(@.5) |
o w=o T
A% (@.0) |
2aw =y~ . ’ (33)
=9 (@, w5, p) A% (w1, 5) = A% (2. 5) . ,
Cond.1 : A>(w,p) < A (0,8),
s.t 2 2
. 0A%(01.p)  0A%(w.p)
Cond.2 : TXT <0

£f1,w£fl) denote the two frequencies related to the two

equal resonance peaks, (g.7,) = (g () .7, (»,)) and z, are omitted
on the right, and the AMF A (w, ) appears in the square form for

where (w

rationalization. Besides, the first constraint condition requires that
the equal-peak feature is achieved at the maximum of A(w,f), and
the second one corresponds to the local minimum condition of hLﬁl
Particularly, A% (w, §) has the fractional form of

N (w)

; 34
D (o, p) @34

2(o,p) =

where N and D are two polynomials following

N (w) =
D(w,p) =

St (€ Cp 5,0 S,)0.
58074 (8.Cor Cpr 5,5,

(35)

in which «; and y; are polynomial coefficients parameterized in g,
C, = cos (Ta‘,a)), S, = sin (Ta’,a)), C, = cos ('rpa)), and S, = sin (pr).
The extremum condition 042 (w, f) /dw = 0 in (33) is then equivalent
to

N (w)

Jw

From the form of (35), determining f'¥! while sweeping 7, rather
than the inverse reduces equation complexities since 7z, appears in
the transcendental terms (Cp,Sp), in addition to avoiding multiple
solutions. Eq. (33) governs three variables (a)l,wz, ﬂ) in three explicit

equations and thus is solvable.

N(@ )%Zﬁ) 0. (36)

D(w,p) -

5.3.3. Determining h
nance peak

based on the minimum condition of a single reso-

[M]

Next, we determine ™! related to s !. According to the curve

AM1 (g 7 ) in Fig. 5, as § varies while fixing z, h”i’{]] appears requiring

that the corresponding resonance peak is a local minimum with respect

to (w, B). Therefore, we consider

0A% (@, ) _ 0A* (@, ) 0A2 (w, ﬂ)

= dw 0, 37
1@h) | ow o ©7)

which should hold regardless of whether dw = 0 or dg = 0. To this end,

pM] can be determined as per

0A%(@.p)
ow I—wl 0,
(@4, o =1 (008) | 2200y g, ’ ©®
1.2 A (@,p) < A (0, B).
[M]

where @, is the corresponding resonance frequency; (g,7,) =
(& () .7, (w)) and 7, are given and thus are omitted on the right
similar to (33). In this case, one can conclude from the form of (34)
that

0A% (w,B) _ o =N (w) 9D (w,p)
op D2 (w,p) OB
Given that N # 0 otherwise A = 0, the equation dA2 (w, f) /0 = 0 in

(38) can be simplified as

=0. (39)

6

04 (@, p) 9D (@, §) i
Ty :E;K,. (.C0.Cp S, S,) 0 =0, (40)

where k; are real polynomial coefficients in (ﬁ, Cy, Cp Sys Sp), see (36)
for 0A2 (w, p) /dw = 0.



Y. Liu et al.

International Journal of Mechanical Sciences 300 (2025) 110381

@)  EEEE ) ) G @)

— A[h‘]
oll— AWM ;_/
Stable /

11 2 3 &5 0. 4
J Class-1gap

rve 1 Curve 2

Class-1gap Class-2 gap
}

(d.2)4
<95
B o7

Related to
AE
A

20 : 20

Related to|

—_ AE)
T Nwww
20

0.1 1 2 3 4 01 1 2 3 4
Tp Tp

0.1 1 2 3 4 0.1 1 2 3 4

T]} TP

Fig. 8. Stable solutions of Egs. (33) and (38). (a). @ =5 Hz. (b). ® =6 Hz. (c). ® =7 Hz. (d). @ =8 Hz. In all cases, (g,,7,,) are tuned at the branch (g, <0,b=1). First
row (a.1, b.1, ¢.1, d.1): Variations of (pl¥), pM]) versus 7,. Colored regions are stable, which can be obtained similarly to Fig. 3. Second row: Variations of resonance frequencies

(wE]EJ,wEZEJ,wﬁM J) versus 7,. Last row: Time costs for solving Egs. (33) and (38).

Remark 4. A proper initial guess benefits the desirable convergence
of numerical solutions. To obtain the initial guesses of (wl,wz,ﬂ) in
(33) and (col, ﬂ) in (38), we can utilize the continuity of the two curves
AlEY (B, 7.) and AT (B,7,) by recursively solving Egs. (33) and (38),
i.e., solutions at the last step of z, are used as the initial guess at the
current step. The starting initial guess is available by sweeping f. Be-
sides, continuous A'¥1 (8, 7,) and AI™1 (g, z,) correspond to continuous
variations of (p!F1, piM1), and operable solutions (pE!, piM1) must lie
within stable regions, in which the stable interval of § for a given 7,
can be known from the stability boundaries (4., Tp,c) in27). N

6. Results

The results demonstrated in this section are twofold: (1). Distribu-
tions of the solutions (BLF1, pIMI) of Eqs. (33) and (38) for different
tuning frequencies ,. (2). Enhanced vibration suppression perfor-
mance by the optimized AP-DR compared with the classical A-DR. As a
further step from Section 5, we only consider the branch (g, < 0,56 =1)
when tuning (g, 7,,).

6.1. Optimization results and analysis

The optimization following (33) and (38) in four cases &, =
[5,6,7,8] Hz is considered in Fig. 8, which only depicts the variations
of stable solutions (BLE!, pIM1) and the associated resonance frequencies
<w£f],w£f],w£M] with respect to 7,. Note that results in Fig. 8(b) for
@, = 6 Hz concur with Fig. 5. Accordingly, Fig. 8(a.3, b.3, c.3, d.3) show
the computational time costs denoted as 7.,, when solving Egs. (33) and
(38), which is performed on MATLAB 2023a (with an i19-13900HX CPU
and a 16 GB RAM) and is measured by the embedded command tic—toc.
The sufficiently reduced time costs compared with the previous brute-
force sweeping tests in Fig. 5, which only yield approximate solutions at
a heavy time cost (7., > 400 s when the grid space in both directions
of (B, rp) is 0.05), benefit the real-time or online optimization of the
AP-DR.

Let us now focus on the first two rows of Fig. 8, and several common
observations are discussed. First, the class-1 gaps as marked stem from

10

the artificial solution truncations to focus on stable solutions and thus
to reduce the number of checks for (84, 6,,,)- Second, the gap between
AlEl and AIM] when it is independent of stability, which is marked
as the class-2 gap, results from the discontinuity between such two
curves. That is, eliminating the class-2 gap requires that AlF] = AIMI]
i.e., Egs. (33) and (38) simultaneously hold for the same pair of (ﬁ, Tﬂ)’
see P, in Fig. 8(d.1, d.2) for the approximate case AlFl ~ AIM] when
P ~ pIM1 =—1.15 at z, = 2.6. Third, the two equal resonance peaks
do not necessarily lie on the two sides of the tuning frequency w;,.
From Fig. 8(c.1, d.1), two curves of AlF! exist for each w,, as marked
by Curves 1 and 2. As accordingly shown in Fig. 8(c.2, d.2), the two
resonance frequencies (“’ElE]’“’g]) related to Curve 2 both lie on the
left side of w,. More specifically, we consider two cases, i.e., (6151, 7,) =
(-2,2.7) for &, = 7 Hz and (p'¥1,7,) = (-1.225,2.5) for &, = 8 Hz. The
resulting self-evident AMF curves A (w) are shown in Fig. 9.

At last, Fig. 8 shows that as the curve Alf! approaches stability
boundaries (ﬂc»fp,c), it corresponds to the condition w, ~ w,. From
the forms of (16) and (34), one has D (w,, ﬁc’fp,c) = 0, and thus the
resonance frequency at o, = w, leads to A (@,.f,.7,.) — oo. If the
equal-peak optimization is operable and yields (f'£),7,) ~ (f..7,.),
then A (w,, plE!) must be limited since the co-existence of two infinite
resonance peaks is not allowed when (ﬁc’rp,c) correspond to a single
pair of imaginary roots s = +jw,. Thus, it requires that w, ~ w, so
that N (w,) ~ 0 neutralizes the effects of D (w,, (), z,) ~ 0. Note that
(8.74) = (8 (@) 74y (@;)) as per (8).

6.2. Enhanced vibration suppression

Having obtained the stable solutions (£, pM1) as Fig. 8, we now
evaluate the enhanced vibration suppression performance by adopting
an optimized AP-DR. The evaluation follows Section 5.2, i.e., reducing
the resonance peak 4 should not pose significant negative effects to
complete vibration suppression. Three indices (h, 8,,,.,,,) are consid-
ered, in which we select A, = 0.3 for §,, according to Egs. (31) and
(32). The results for @, = [5,6,7,8] Hz are shown in Fig. 10.

From Fig. 10(a.2, b.2, c¢.2, d.2), which show the variations of the
real part of the dominant roots s,,,, of Eq. (16), the AP-DR tuned with
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Fig. 9. Demonstration of the special cases of the optimum solutions in Fig. 8, i.e., the
equal resonance peaks of the optimized AMF curves A (w) can lie on the same side of
the tuning frequency @,. Abscissa is scaled as @ = w@,.

the obtained stable solutions (pl£], piM]) and the corresponding z, do
not destabilize the coupled system, i.e., 6,,, <0, verifying the stability
maps in Fig. 3. Note from Fig. 10(a.2) that the system in the A-DR
case for @, = 5 Hz is unstable, agreeing with Fig. 2(b), and stability
can be recovered by adopting the optimized AP-DR, as aforementioned
in Section 4.3. On the other hand, the cases §,,, — 0 in Fig. 10
correspond to the truncations of (A!F], AIM1) by stability boundaries
(B.»7).), which are expected since (f,.7,,.) correspond to imaginary
roots s = +jw,, as discussed in Fig. 8.

Next, we focus on Fig. 10(b-d) for the cases @, = [6,7,8] Hz, where
the system in both the A-DR and AP-DR cases is stable. For reducing
h in the A-DR case by adopting the AP-DR, the reduction can reach
up to 94.5%, 83.7%, and 69% when @, = 6 Hz, @ = 7 Hz, and
@, = 8 Hz, respectively, as marked in Fig. 10(b.1, c.1, d.1). However,
pursuing such extremum reductions is practically inoperable, given that
it corresponds to either 6,,, ~ 0 or §,, ~ 0, which significantly
deteriorates the performance of complete vibration suppression at @,.
Since smaller values of (h,,,, <0) and a larger 5, are preferred, the
regions where such three indices are all enhanced compared with those
in the A-DR case are highlighted as the AE (all-enhanced) region. The
AE region guides the selection of 7z, for optimization, and the width
of the AE regions is mainly limited by §,,. Within the AE regions,
we seek the maximum reduction of 4, leading to 85.7%, 57.9%, and
33.3% reductions when 7, = 1.6 for @, = 6 Hz, 7, = 1.3 for @, = 7 Hz,
and 7, = 3.15 for @, = 8 Hz, respectively, as marked in Fig. 10. Note
that the reductions of 4 are still significant and that achieving them
also beneficially reduces §,,,, without narrowing §,,,, leading to 86.4%,
29.3%, and 42% reductions of the settling time 7, in such three cases
as per the definition (30). More intuitively, the related spectra and the
AMF A (w) are shown in Fig. 11.

From Fig. 11(a.1, b.1, c.1), the dominant roots s,,,, in the optimized
AP-DR cases lie further than those in the A-DR case on the left half
of the complex plane, agreeing with the distributions of §,,, shown
in Fig. 10(b.2, c.2, d.2). The significantly reduced resonance peaks by
adopting the optimized AP-DR can be found in Fig. 11(a.2, b.2, c.2).
Besides, from the zoomed plots in Fig. 11(a.2, b.2, c.2), the optimized
AP-DR does not narrow the antiresonance valleys at w, of the A-DR, as
expected. Fig. 11(c) shows that the AE regions can also correspond to
the case without the equal-peak feature, agreeing with Fig. 10(d).

On the other hand, if the mismatch between the actual frequency
and the detected one w, is small or residual vibrations are small, one

11

International Journal of Mechanical Sciences 300 (2025) 110381

can further reduce §,,, to expedite response speed by compromising
a slightly reduced §,,, according to Fig. 10. Similarly, if one expects
to enhance the suppression of residual vibrations, §,, can be further
increased by lowering the requirements on 8,,,,. Note from Fig. 10 that
h can be further reduced in both cases. Particularly, the performance
of the A-DR is taken as the benchmark in the above discussions to
determine the pairs (§,7,) for optimizing the AP-DR. Alternatively,
with Fig. 10, one can also select (ﬂ, rp) based on the desired bounds

do

(5["‘;]1 , 5%2’”1) following (29), which, however, is not exemplified in this
work to focus on the comparisons between the A-DR and AP-DR.

7. Case studies

Simulations and experiments are conducted in this section to verify
the claimed benefits of the AP-DR compared with the classical A-DR, in-
cluding the extended operable low-frequency band, reduced resonance
peaks, and enhanced complete vibration suppression. The SIMULINK-
based simulation models and video recordings of experiments can be
found in Appendix.

7.1. Experimental setup

The experimental setup following Fig. 1 is shown in Fig. 12. The
mechanical body is depicted in Fig. 12(a, b), which is mainly con-
stituted by two platforms respectively acting as the primary structure
and the absorber. Two voice coil motors (VCMs) are used to separately
generate the excitation f, (by VCM1) and the feedback actuation force
i (by VCM2), and two laser sensors are fixed on the frame to monitor
the absolute displacement of the primary structure and the absorber.
Each VCM consists of a stator (magnet) and a mover (coil) and takes
effect based on the electromagnetic effect. The hardware loop for
driving VCM2 is shown in Fig. 12(c), where the dSPACE MicroLabBox
serves as the controller, and the VCM driver (SDS01-A010CA) linearly
converts the control signal in analog voltage to the current input to
VCM2, thus yielding the desired coupling forces between the VCM
mover and stator. Based on measurements and system identification,
the mechanical system parameters are obtained as

=0.51 kg,¢c, =43 Ns/m,c’g =2.0 Ns/m, l_ca =753 N/m,

~ 41
=0.965 kg, &, = 5.0 Ns/m, k, = 1465 N/m,

rhll
m,
which correspond to the dimensionless parameters in (20) as per (2).
Besides, the sampling frequency is 1 kHz. Following Sections 5 and 6,
we only consider the tuned pair (g,,7,,) at the branch (g, <0,b=1)
in the tests. Note that (g,%,.7,) =(gk,.7,/®,.7,/®,) and that the two
delays should be corrected as per Remark 1 (7,,, = 1 ms is adopted
here).

7.2. Case 1: Complete vibration suppression and extended operable low-
frequency band

From Fig. 10(a.2), the A-DR cannot achieve complete vibration
suppression at @ = 5 Hz due to instability. However, experimentally
observing the unstable dynamics at such a low frequency is not allowed
as the rapidly diverging system responses significantly exceed the
operable working space thus leading to collisions. As per the numerical
method in [17], the tuned A-DR destabilizes the system when @, <
5.76 Hz. To this end, we consider the case @, = @ = 5.7 Hz to
test the instability, yielding (g, z,,) =(-0.168,2.158) or (§,.%,,) =
(=246.331 N/m,55.4 ms). When |f,| = 4 N, the resulting unstable
responses of the primary structure in simulations and experiments are
shown as the blue divergent curves in Fig. 13(a) and (c), respectively.

By alternatively deploying the AP-DR, the desired complete vibra-
tion suppression at the low frequency @ = 5 Hz can be achieved. In this
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case, the tuned pair becomes (g, 7,,) = (—318.57 N/m,78.7 ms), and we
select f = —1.7 and 7, =2(7,=513ms) in light of Fig. 8(a.1). The ideal
complete vibration suppression )Xp| = 0 can be found in simulations
shown as the red solid curves in Fig. 13(a), see also Fig. 13(b) for the
root mean square (RMS) of all X, grids dynamically sampled at the
last 400 time steps. The experimental complete vibration suppression
is shown in Fig. 13(c, d), where the AP-DR suppresses vibrations in
the passive case by more than 90%. The small residual vibrations stem
from noises and implementation errors of ii. Hence, the AP-DR extends
the operable low-frequency band of the A-DR by 1 —5/5.76 = 13.2% at
least. Exactly determining the extension is left to another report since
the main task here is to reduce the resonance peak 4 as shown next.
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7.3. Case 2: Reduced resonance peak by optimizing the AP-DR

Fig. 13 shows that theoretical results well predict system responses
under single-frequency excitations. We here test the capacity of the
AP-DR for manipulating the frequency response function to reduce the
resonance peak h. Let us now consider the case @, = 6 Hz, yielding
(& %4,) = (=239.17 N/m,44.8 ms). In simulation, we apply a random
excitation following Fig. 14(a), and the AP-DR is optimized by (/i, fp) =
(=1.296,41.1 ms) as per Fig. 11(a). The resulting responses X, in the A-
DR and AP-DR cases are compared in Fig. 14(b), and the corresponding
AMF curves A () are estimated using tfestimate function of MATLAB as
the hollow circles in Fig. 14(c), where the AMF is verified and the zero
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with the A-DR. (a, ¢). Time history of %,. (c, d). RMS of the sampling grids of X, at last 400 time steps before 7. A-DR is with f =0, and (ﬂ, f,,) = (1.7,51.3 ms) are adopted for

the AP-DR.

antiresonance at @, appears as expected. Clearly, the AP-DR effectively
alters system frequency responses, and the H_, optimization effectively
reduces the resonance peak /. Note that the reduced £ is also reflected
in Fig. 14(b), where the maximum amplitude |>‘cp in the AP-DR case is
smaller than that in the A-DR case. However, experimental tests for this
part are omitted since the adopted VCM driver is not adept at tracking
rapidly changing signals and since £, is generated by manipulating the
VCM current via an open loop.

Next, we consider a more specific case to illuminate the original
motivation of this work. We let the harmonic excitation f, of (&, |/,|) =
(6 Hz,4 N) be perturbated by a small periodic force, which is denoted
as f, and is of 10% amplitude (i.e., | f p‘ = 0.4 N), during a short period
(f €[9 s, 11 s]). Moreover, f, pisat®=4.5Hz, which corresponds to the
highest resonance peaks in both the A-DR and AP-DR cases as per Fig.
14(b). The time history of the resulting perturbated excitation force f,
is shown in Fig. 15(a), and the corresponding responses of the primary
structure are recorded in Fig. 15(b-e).

The time interval 7 € [2 5,9 s] of the simulation results in Fig. 15(b,
c) shows that tuned feedback control again helps achieve the desired
complete vibration suppression. However, once a perturbation fp at
the resonance frequency is introduced, the tuned A-DR amplifies the
resulting vibrations. From Fig. 15(b), the amplitude ‘)‘cp’ is increased
by up to 130% compared with that in the passive case, even if f, is
small and lasts shortly. In contrast, the optimized AP-DR limits the
raised amplitude ‘)’cp‘ by resulting in 68.9% reduction of the maximum
vibration amplitude, thus significantly reducing the risks of structural
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failures in the cases with perturbations. Similar conclusions can also be
obtained from the experimental results in Fig. 15(d, e).

7.4. Case 3: Enhanced complete vibration suppression by optimizing the
AP-DR

In addition to reducing the maximum amplitude of (%,|, we can find
from Fig. 15(b—e) that the convergence of system dynamics to steady
states is much faster in the optimized AP-DR case. According to Fig.
10(b.2), we have 841 = —0.006 for the A-DR and /") = —0.044 for
the considered optimized AP-DR, leading to the corresponding settling
time defined in (30) as 4 = ILA]/(DP = 17.11 s and #4"1 = 233 5 in
such two cases. Since fEA] is unduly long, only E[SAP ! is marked in Fig.
15(b—e), where the theoretical settling time 7, based on the dominant
roots of the characteristic Eq. (16) agrees with system responses. Hence,
the optimized AP-DR enhances the complete vibration suppression by
expediting the transient process.

On the other hand, note from Fig. 15(d, e) that non-negligible
residual vibrations exist in the steady states of experimental results.
Such residual vibrations may stem from system noises, inaccurate tuned
control parameters (g,,7,,) due to inaccurate knowledge of system
parameters, small frequency mismatch @ # @,, etc. Particularly, the
AMF A (w) should not vary much if such parametric inaccuracies are
limited, which is the case for the considered experimental setup to
satisfy linearity. Clearly, reducing the sensitivity of |x,| by extending
the antiresonance band at @,, signified by 6,, as per (31), helps

wa
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AP-DR.

suppress residual vibrations. For the given case @ = 6 Hz, we revisit
Fig. 10(b), where §,, can be extended by reducing 7, from 7, = 41.1 ms
(i.e., z,=1.6) while optimizing g. Furthermore, such an extension poses
limited effects on the reduction of /4 and the settling time 7,. Note that
(h.84om» 810q) all vary within the AE region during such a process. To
this end, we reduce 7, from 7, = 1.6 to 7, = 0.2 while optimizing f,
leading to variations of (‘Ep, ) shown in Fig. 16(a, b).

The A-DR and optimized AP-DR take effect when 7 € [2 5,5 s] and
f > 5 s, respectively. From the system responses recorded in Fig. 16(c,
d), it is evident that vibrations in the A-DR case start to decrease at
an accelerated rate from 7 = 5 s onwards with the activation of the
optimized AP-DR. When 7 € [13 s, 18 s], where experimental responses
arrive at steady states, vibrations in the passive are reduced by 93.8%.
We point out that such a reduction ratio is good enough to claim
the complete vibration suppression since the test is performed around
the natural frequency of the absorber, i.e., ® ~» @,. Compared with

~
~
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the experimental results RMS (%,) = 0.16 x 10~ in Fig. 15, residual
vibrations are reduced by 1 — 0.07/0.16 = 56% as expected thanks to
increasing §,,. To test that this does not significantly affect (%, 84,,,),
we introduce a perturbation of 10% amplitude and at the resonance
frequency @ = 3.28 Hz (see Fig. 8(b.2)) when 7 € [18 5,20 s] similar
to Fig. 15. Clearly from the time interval 7 > 20 s, excited vibrations
are limited and are decreased fast enough. Hence, by properly design-
ing (7,,8), system performance governed by (h,3,,y.5,,) can all be
significantly improved.

8. Conclusions

This work proposes and addresses the H_, optimization problem of
the DR, aiming to limit the raising of resonance peaks while achieving
zero antiresonance for complete vibration suppression. To this end, we
adopt a hybrid multiple-delayed control law consisting of delayed states
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of both the absorber and the primary structure. The newly introduced
feedback forces related to the primary structure provide two additional
control parameters (4, rp) to manipulate system responses. Beneficially,
the values of (p, ‘rp) do not affect the tuning of the classical two (g, 7,)
to achieve complete vibration suppression since the corresponding
feedback forces are zero when the primary is completely settled. Hence,
H,, optimization can be achieved by solely tuning (8,7,), which is
decoupled from tuning (g, 7, ), thus reducing the optimization complex-
ity. Comparisons are then conducted between the resulting AP-DR with
(17) and the classical A-DR with (7) to demonstrate the strength of the
hybrid control logic.

First, system stability must be guaranteed for a controlled system.
Given a frequency where to achieve complete vibration suppression,
(g.7,) are determined so that stable regions of (f,7,) can be non-
conservatively determined as per stability boundaries. Such stable re-
gions also confine the search interval of (p, rp) to reduce optimization
computations. However, analytically determining the global optimum
of (B, ‘L'p) is inoperable due to the independence between stability and
frequency responses. Alternatively, we show that local minima of the
amplitude of the highest resonance peak, denoted as h, exist when
fixing one of (g, rp) while sweeping the other. Based on this, analytical
conditions can be established in two categories to seek numerical
solutions: one is the equal-peak feature, and the other is the minimum
condition of a single peak. To reduce calculations, we iteratively solve
the optimum § at each 7, grid, which avoids multiple solutions and
reduces the number of variables and transcendental effects. We show
that an optimized AP-DR can significantly reduce 4 compared with the
A-DR.

On the other hand, the complete vibration suppression performance
in terms of response speed and width of antiresonance valley at the
tuning frequency, related to the optimized AP-DR, are evaluated by
the two indices (84,,,06,,) defined in (29). We show that pursuing
an extremum reduction of 4 can be unfavorable since it can unduly
increase §,,,, and decrease §,,, so that the complete vibration suppres-
sion cannot be practically implemented. However, there exist regions
of (ﬂ, rp) where such two indices can both be enhanced while keeping
h desirably small compared with those in the A-DR case. Thus, by
properly optimizing (f.7,), complete vibration suppression can be
significantly enhanced while significantly reducing 4. In addition, the
optimized AP-DR extends the operable low-frequency band compared
with the A-DR. All claimed benefits of the optimized AP-DR are experi-
mentally verified, resulting in at least 13.2% extension of the operable
low-frequency band, a much shorter settling time, 67.2% reduction
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(18 s<7<20s). ADR is with =0, and (z,.5)

of vibrations excited by perturbations at resonance frequencies, and
56% reduction of residual vibrations, which finally leads to an up
to 93.8% reduction of vibrations compared with the passive absorber
to achieve complete vibration suppression even around the natural
frequency of the absorber. In practical applications, compared with
the classical A-DR, the AP-DR additionally requires the online states of
the primary structure, which, however, will not significantly increase
hardware requirements, as aforementioned in Remark 1. The resulting
reduced resonance peaks and enhanced complete vibration suppression
performance can well handle the cases where vibrations on the primary
have multiple frequency components. For instance, when suppressing
the vibrations on a gearbox at a given frequency, each gear inside with
eccentric mass and different rotating speeds can be a vibration source
of different frequencies.
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The SIMULINK-based simulation models, simulation results, and
video recordings of experiments in Section 7 can be found at https:
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