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A B S T R A C T

Acoustic black hole (ABH) structures have garnered significant interest due to their unique wave 
characteristics, encompassing wave velocity reduction, wavelength compression, amplitude 
augmentation, and energy concentration. Existing wave parameters characterizing ABH features 
are derived from the geometrical acoustics theory based on local uniformity assumption. Despite 
their widespread use, they are not rigorously exact and their applicable range remains unknown. 
Leveraging a tactic variable substitution technique, this paper derives the exact solutions of 
Bernoulli-Euler ABH beams, cast in a wave-like form. Different from the existing exact solutions, 
the wave-like form of the solutions allows clear separation of different wave components, thus 
leading to a full set of explicit analytical expressions of ABH-specific wave parameters including 
phase velocity, group velocity, wavelength, energy distribution, and energy transport velocity. 
Valid for the entire frequency range, this new set of exact wave-like solutions allows for the re- 
assessment of the existing wave parameters based on uniformity assumption to determine their 
validation range. Meanwhile, the exact wave parameters given by this paper allow for accurate 
quantification of the ABH effects and inherent physical interpretation of wave motion within an 
ABH beam, which provides the benchmark and reference solutions for ABH-related research and 
applications.

1. Introduction

Acoustic black hole (ABH) structures, exemplified by beams or plates with a decreasing thickness profile according to a power-law 
functionh(x) = εxm(m ≥ 2), have aroused intensive research interest. When flexural waves travel towards the thin region of an ABH, 
the wavelength and wave speed of the incident wave gradually decrease as a result of the structural nonuniformity in thickness. In the 
ideal case where the thickness approaches zero, the phase velocity of the waves becomes zero, thereby annulling wave reflection. 
Concurrently, wave compression occurs due to the continuous aggregation of wavenumber and the modulation and amplification of 
wave amplitude, leading to an accumulation and concentration of vibrational energy. These salient features can be made use of in 
many applications such as wave focusing [1], wave attenuation [2,3], bandgap design [4], acoustic emission detection [5], and the 
design of medical device/equipment [6], etc.

The unique spatially varying wave properties of the ABH structures pose a significant challenge in accurately determining various 
wave parameters which are essential for characterizing wave propagation. To tackle this problem, the geometrical acoustics (GA) 
approximation [7–10] has been widely applied. The pioneering work of Mironov [7] on an ABH beam provided wave parameters based 
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on the GA, subject to the so-called ‘smoothness condition’, which stipulates that the wavenumber variation within the ABH should be 
sufficiently small over a distance of wavelength order [7]. This condition allows for approximating the local wave parameters in the 
ABH by their counterparts in the uniform structure of the same local cross section. The GA-based wave parameters, abbreviated as 
GAWPs hereinafter, qualitatively pinpoint the salient features of the ABH. In practical situations where a truncation makes zero 
thickness unattainable, Krylov and Tilman also used the GA approximation to demonstrate that the wave reflection coefficient can be 
significantly impaired by applying suitable damping material [11].

Despite its approximative nature, the GA-based theory has been serving as the cornerstone for ABH research, which has been widely 
applied in the open literature. The acquired understanding based on GAWPs also enabled a significant amount of research on ABH in 
terms of theoretical and numerical modelling as well as practical applications. Modelling effort includes the wavelet-decomposed 
method [12,13], the impedance matrix method [14–16], the transfer matrix method [17–20], and the finite element method [4,
21–23], etc. In the long pursuit for exact solutions of the wave equation of ABH structures, the one in the form of power functions to the 
Bernoulli-Euler equation for an ABH beam with power index m=2 was obtained and applied to calculate the reflection coefficient of 
bending waves and to perform dynamic analyses [10,24]. For m>2, the exact solution was also represented as hypergeometric series 
[24]. By deriving the exact solutions of parabolically tapered ABH plate, flexural vibrations [25] in finite circular plates with ABH pit 
and the scattering of flexural waves [26] within ABH inserted in an infinite thin plate were also studied. These works were also 
commented on in a comprehensive review on ABH [27]. Note the aforementioned exact solutions take different forms, e.g. power 
function or hypergeometric series, etc., rather than wave-like ones. Drawing on Euler’s experience [28] in studying the exact solutions 
of uniform beams, it is believed that exact solutions, especially if they can be cast into wave-like form, not only facilitate the resolution 
of specific dynamic problems but, more crucially, offer an intuitive and generalized depiction of wave propagation patterns before the 
introduction of specific numerical values. Among other conclusions, the inaccuracy of the GA in predicting the vibrational properties, 
especially in the low-frequency range was noted [29]. This inaccuracy is understandable, since the GA is established on the assumption 
of local uniformity, which can only be satisfied in the high frequency range [30]. These observations surmise that the exact solution 
should be rearticulated to better reflect the underlying wave properties and the wave parameters based on GA approximation, i.e. the 
GAWPs, should be re-examined and assessed.

The above analysis motivated this study, which offers a twofold contribution. Firstly, we present an exact explicit wave-like so
lution to the flexural wave equation for ABH beams featuring quadratically varying thickness profiles. Specifically, the solution is 
expressed in an exponential form rather than the conventional power function representation. This reformulation intrinsically 
maintains the wave-like physical interpretation while enabling explicit characterization of the wave dynamics, thereby facilitating 
subsequent quantitative analysis of key wave parameters. Secondly, the full set of wave parameters, including wave amplitude, 
wavenumber, phase velocity, group velocity, wavelength, energy density, energy flux, and energy transport velocity, is analytically 
derived from the propagating wave components contained in the wave-like solution. Notably, the entire derivation does not rely on the 
local uniformity approximation, marking a significant difference from the GA approximation. As the derived new set of wave pa
rameters are the exact product of the exact solutions to the wave equation based on Bernoulli-Euler theory, the parameter group is 
referred to as the Bernoulli-Euler wave parameters (BEWPs) hereafter. The BEWPs enable accurate quantification of ABH effects and 
offer a fundamental physical understanding of wave dynamics within an ABH beam, thereby establishing benchmark and reference 
solutions for future ABH-relevant research and applications.

The paper is organized as follows. The main concepts of the GA and formulations of GAWPs are briefly restated in Section 2. Exact 
solutions are derived with unidirectional propagating wave components extracted for the derivation of the BEWPs in Section 3.1. The 
BEWPs are deduced or defined in the remainder of Section 3, thereby quantifying the ABH effects. Numerical examples in Section 4.1
demonstrate the accuracy of the present solution. In Section 4.2, variations of the GAWPs and the BEWPs, including wavelength and 
wave velocities, are numerically compared across a wide frequency range, to establish the validation limit of the former. Finally, 
Section 5 concludes the paper.

2. ABH wave parameters approximated by geometrical acoustics

Consider flexural waves in an ABH beam whose thickness varies proportionally to the square of the spatial coordinate x, i.e.h(x) =

εx2(whereεis a constant) as shown in Fig. 1. The beam has a constant width b. As an approximate theory, the GA theory assumes 
sufficiently smooth variation of the ABH thickness and equates the local wave properties of the ABH to those of a locally uniform beam 
of the same cross-section. Consequently, the local wavenumberkG(x)can be represented according to the wavenumber of the uniform 
beam based on Bernoulli-Euler theory as 

Fig. 1. An ABH beam in Oxy coordinate system and the local uniformity assumption of geometrical acoustics.
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kG(x) ∼
(

ρA(x)ω2

EI(x)

)1
4
=

(
12ρω2

Eε2

)1
41
x
, (1) 

whereρis the mass density;Ethe modulus of elasticity;A(x) = bh(x)the cross section area;I(x) = bh3(x) /12the moment of inertia;ωthe 
angular frequency. The subscript ‘G’ denotes parameters approximated by the GA and the ‘~’ implies that the wavenumber is 
approximated.

The criterion for the applicability of this approach generally requires that the spatial variation of local wavenumber should remain 
minimal across a distance comparable to the wavelength, which can be expressed as the following inequality: 

⃒
⃒
⃒
⃒
⃒

dkG(x)
dx

1
k2

G(x)

⃒
⃒
⃒
⃒
⃒

≪ 1. (2) 

Substitution ofkG − ωrelation from Eq. (1) into the smoothness condition, which is expressed in terms of the local wavenumber in 
Eq. (2), yields the smoothness condition, expressed in terms of frequency as: 

ω ≫ ε
̅̅̅̅̅̅̅̅̅̅̅̅̅
E/12ρ

√
. (3) 

Assuming the above condition is satisfied, the local phase velocitycpG(x)and the local group velocitycgG(x)write, respectively 

cpG(x) =
ω
kG

=

(
Eε2ω2

12ρ

)1
4
= ωξ− 1/4x, cgG(x) =

dω
dkG

=

(
4Eε2ω2

3ρ

)1
4
x = 2ωξ− 1/4x, (4) 

where 

ξ = 12ρω2 / Eε2. (5) 

The local phase velocity and group velocity tend to zero asx→0which implies zero reflection [7]. The condition of Eq. (3) indicates 
that the GAWPs become more accurate at higher frequencies [29]. We reiterate that although the GA can provide an intuitive and 
qualitative interpretation of wave behavior in ABH, this approach is not rigorously exact due to the imposed smoothness condition [9] 
and the local uniformity treatment. At low frequencies where the smoothness condition is not satisfied and local uniformity is 
questionable, wave parameters of the wave behavior in ABH remain theoretically unknown.

3. Exact solution without local uniformity assumption and wave parameters for a quadratic ABH beam

3.1. Exact wave-like solutions for flexural wave motion in ABH beams

To disclose the wave parameters underlying the wave equation for flexural wave motion in the ABH beam, we first derive the exact 
solution in wave-like form. Considering a quadratic and symmetric ABH profile in a lossless medium, the differential equation for the 
flexural wave in such structural waveguide based on Bernoulli-Euler theory reads [31] 

∂2

∂x2

[

EI(x)
∂2w
∂x2

]

+ ρA(x)
∂2w
∂t2 = 0, (6) 

wherewrepresents the transverse displacement. Assuming harmonic oscillation 

w(x, t) = W(x)exp(iωt), (7) 

whereWis the amplitude ofwandithe imaginary unit, one has 

∂2

∂x2

[

EI(x)
∂2W
∂x2

]

− ω2ρA(x)W = 0. (8) 

Using the analytical quadratic form of h(x) in A(x) and I(x) gives 

x4d4W
dx4 + 12x3d3W

dx3 + 30x2d2W
dx2 − ξW(x) = 0, (9) 

whereξis defined in Eq. (5). Eq. (9) is a differential equation with variable coefficients. Through a variable substitution [24–26], 

z = lnx, (10) 

Eq. (9) is cast into an equation with constant coefficients as 

d4W
dz4 + 6

d3W
dz3 + 5

d2W
dz2 − 12

dW
dz

− ξW(z) = 0. (11) 

Then we may assume a trial solution in the formW = exp(rz)to obtain the following characteristic equation as 
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r4 + 6r3 + 5r2 − 12r − ξ = 0, (12) 

whose roots write 

r1,2 = −
3
2
± ik1, r3,4 = −

3
2
± k2, (13) 

where 

k1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

− 17/4 +
̅̅̅̅̅̅̅̅̅̅̅
ξ + 4

√√

, k2 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

17/4 +
̅̅̅̅̅̅̅̅̅̅̅
ξ + 4

√√

. (14) 

Obviously,r3,4are always real numbers which imply two non-propagating terms of wave solutionsb−
n2and b+

n2, respectively written as 

b−
n2 = x− 3/2exp(k2lnx

)
, b+

n2 = x− 3/2exp( − k2lnx
)
, (15) 

in which the superscripts ‘-’ and ‘+’ denote the propagation directions.r1,2can be either real or imaginary numbers, depending on the 
frequency values. If the frequency makesk1 ∈ IwhereIis the set of imaginary numbers, that is, 

ω < ω0 =
5
8

̅̅̅̅̅̅̅̅̅̅

3Eε2

ρ

√

⇒ k1 ∈ I, (16) 

the solutions contain another two non-propagating wavesb−n1 andb+n1: 

b−
n1 = x− 3/2exp(k1lnx

)
, b+

n1 = x− 3/2exp( − k1lnx
)
, (17) 

where 

k1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

17/4 −
̅̅̅̅̅̅̅̅̅̅̅
ξ + 4

√√

, (18) 

and the subscript ‘n1’ and ‘n2’ denote non-propagating wave related tok1andk2, respectively. The frequencyω0in Eq. (16) was firstly 
discovered and discussed by Mironov [10], indicating a threshold frequency value above which waves start to propagate. If the fre
quency makesk1a real number, it implies two propagating wavesb− andb+given by 

b− = x− 3/2exp(k1lnx
)
, b+ = x− 3/2exp( − k1lnx

)
. (19) 

In summary, the wave solution containing propagating terms is the linear combination of four waves: 

W(x) = c1b− + c2b+ + c3b−
n2 + c4b+

n2,ω > ω0, (20) 

wherec1 ∼ c4are undetermined coefficients. Note that the variable substitution is only valid in the case of a quadratic ABH profile in a 
lossless medium. Clearly, the exact solutions derived above can be cast into the exact solution given by [10,24]. However, the proposed 
wave-like solutions lead to essential improvements in physical interpretation by separating wave components.

To study the spatially varying properties of waves in the ABH beam, we extractb− , the left-going propagating term, as the wave 
function which conforms to the wave-like form [32]: 

w(x, t) = AE(x)exp(iφE(x, t)), (21) 

whereAE(x)is the amplitude;φE(x, t)the phase; and the subscript ‘E’ signifies that the parameters are one of the BEWPs which are 
disclosed, deduced, and defined from the exact solution of the wave equation based on the Bernoulli-Euler theory. They are expressed 
by 

AE(x) = x− 3/2,φE(x, t) = k1lnx + ωt. (22) 

Different from the classical wave solution [33],exp(i(kx+ ωt)), in which k is the wavenumber, the wave-like interpretation 
generally allows the wave amplitude and the phase to be spatially related due to the nonuniformity of the structure. More specifically, 
the first-order derivative of phase with respect to x is no longer a constant, which means the distance between successive maxima (or 
minima) is not constant. The BEWPs, including wave amplitude, wavenumber, phase velocity, group velocity, wavelength, energy 
density, energy flux, and energy transport velocity, are to be derived or defined in the following sections, thanks to the wave-like 
interpretation of the propagating wave in ABH beam.

3.2. Amplitude, dispersion relation, phase velocity, and group velocity

3.2.1. Amplitude
The wave function of Eq. (21) pinpoints the wave amplitude augmentation arising from the ABH effects: the wave amplitude along 

ABH beam is inversely proportional tox3/2.
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3.2.2. Wavenumber and dispersion relation (ω-k relation)
According to the kinematic derivation in a nonuniform structure [32], the wavenumber can be defined as the first-order partial 

derivative of the phase with respect to the space variable. Thus, we define the wavenumberkEfor the flexural waves in the ABH beam as 

kE(x) =
∂φ
∂x

=
k1

x
. (23) 

Substitution fork1in terms of frequency gives the dispersion relation: 

ω = Ω(kE) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Eε2

12ρ

[(
k2

Ex2 + 17/4
)2

− 4
]

√

. (24) 

3.2.3. Phase velocity
The phase velocity can be derived as 

cpE(x) =
ω
kE

=
ω
k1

x. (25) 

The phase velocity can also be derived as a product of constant phase. Even though the propagating waves in the ABH beam are 
dispersive, monochromatic and unidirectional waves still satisfy the constant phase condition during their propagation within the ABH 
beam. To keep the phase in Eq. (22) constant, the total differential of the phase function must be zero, which is 

dφE =

(
∂φE

∂x

)

dx +

(
∂φE

∂t

)

dt =
k1

x
dx − ωdt=0, (26) 

which yields the phase velocity 

cpE(x) =
⃒
⃒
⃒
⃒
dx
dt

⃒
⃒
⃒
⃒ =

ω
k1

x. (27) 

3.2.4. Group velocity
The group velocity can be derived as 

cgE(x) =
dω
dkE

= 2ωk1ξ− 1/2x, (28) 

whereξ = 12ρω2 /Eε2. To derive the group velocity in accordance with constant phase, we consider a wave packet composed of two 
wave solutions expressed by w1 and w2 with the real part taken into consideration: 

w1 = x− 3/2cos(k1lnx + ωt),
w2 = x− 3/2cos[(k1 + Δk1)lnx + (ω + Δω)t]. (29) 

They share the same amplitudex− 3/2but differ slightly inωand thusk1, which means 

Fig. 2. Diagram of the superposition of two waves in ABH beam. The black solid line represents the superimposed wave. The silver dashed line 
represents the modulated amplitude. The primary waves move with the phase velocity cpE while the wave packet propagates at group velocity cgE.
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Δk1 ≪ k1,Δω ≪ ω. (30) 

Similar to other linear wave-bearing structures, the superposition principle gives a resultant wave wp by: 

wp = w1 + w2

= 2x− 3/2cos
(

Δk1lnx + Δωt
2

)

cos
(

k1lnx + ωt +
Δk1lnx + Δωt

2

)

∼ 2x− 3/2cos
(

Δk1lnx + Δωt
2

)

cos(k1lnx + ωt),

(31) 

which indicates a superimposed wave at frequencyωwith a modulated amplitude. In Fig. 2, the superimposed wave is presented in a 
black solid line and the modulated one by a silver dashed line. Clearly, a large number of primary waves occur within a segment of the 
wave packet. Each of the primary waves moves with the phase velocity cpE. The propagation of the wave packetÃmfollows the 
modulated amplitude as 

Ãm = 2x− 3/2cos
(

Δk1lnx + Δωt
2

)

. (32) 

Thus, the constant phase of the modulated amplitude requires 

Δk1

x
dx + Δωdt = 0, (33) 

which can be applied to the definition of the group velocity of the wave packet as 

cgE(x) =
⃒
⃒
⃒
⃒
dx
dt

⃒
⃒
⃒
⃒ =

Δω
Δk1

x→
dω
dk1

x = 2ωk1ξ− 1/2x. (34) 

Note that both the phase velocity and the group velocity derived from the exact solution are proportional to x, in consistent with the 
GAWPs. Thus, the classical GA descriptions on the ABH effects firstly suggested by Mironov [7], including the reduction of velocity, 
infinite transit time towards the tip, and zero reflection, are qualitatively correct, and phenomenologically verified by the present exact 
solutions. However, the constant phase condition examines the phase velocity and group velocity, thereby implying that the phase and 
group velocities given by the GA do not strictly fulfill the condition.

3.3. Wavelength evolution

The GA utilizes the wave parameters of locally uniform beams to describe waves within the ABH beam. The wavelength thus writes 

λG(x) =
2π

kG(x)
=

2π
ξ1/4 x. (35) 

Upon closer examination of the distances between local maxima of the wave function, one can observe that for any point x, there 

Fig. 3. Diagram of the definition of wavelength in ABH beam. The blue solid line denotes the wave function. The red solid line denotes the phase. 
Time is frozen at t0. For any point x, the spatial distances required to achieve a phase shift of 2π towards the forepart and posterior part are referred 
to as the fore-wavelengthλfEand the post-wavelengthλpE, respectively.
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are two nearest neighbors with a phase shift of 2π, one towards the forepart and the other towards the posterior part. The distances of 
these two points from x are evidently different, as shown in Fig. 3. Thus, we define two wavelengths at one point x due to the 
nonuniformity of the ABH beam. The distance between x and its neighbor with a phase shift of 2π towards the thinner part is expressed 
by the fore-wavelengthλfE, and that with its opposite neighbor by the post-wavelengthλpE. At a given time t0, the phase shift condition 
requires that: 

φE(x, t0) − φE
(
x − λfE, t0

)
= 2π, (36) 

φE
(
x+ λpE, t0

)
− φE(x, t0) = 2π. (37) 

3.3.1. Wavelength
By employing the phase expression, Eq. (22), the post-wavelengthλpEand the fore-wavelengthλfEcan be deduced as 

λpE(x) = [1 − exp( − 2π / k1)]x, (38) 

λfE(x) = [exp(2π / k1) − 1]x. (39) 

3.3.2. Wavelength compression ratio
The ratio between the post-wavelengthλpEand the fore-wavelengthλfEcan be used to describe the wave compression, which writes 

r0 =
λpE

λfE
= exp( − 2π / k1). (40) 

Noter0is independent of space and time. Thus, the wavelength of the propagating waves towards the ABH tip decreases geomet
rically with a constant rate. Also note that the commonly used notion of ‘half-wavelength’ is not exactly the half of the wavelength due 
to the nonuniformity of the beam. But the variation of the phase of the half-wavelength is still halved, thus one can just replace 2π with 
π when studying half-wavelength. Additionally, the formulation of fore-wavelength and post-wavelength defined within traveling 
waves are also valid for standing waves, as verified in Section 4.1.

3.4. Energy propagation

Consider the left-going propagating waves in the ABH beam whose displacement is expressed by Eq. (21). The kinetic and potential 
energy densities (energy per unit length) are [34] 

Ek =
1
2

ρA(x)
[

Re
(

∂w
∂t

)]2

=
bερω2

2x
sin2

(k1lnx+ωt), (41) 

Ep =
1
2

EI(x)
[

Re
(

∂2w
∂x2

)]2

=
bερω2

2x
sin2

(k1lnx+ωt+ϕ),ϕ = arctan
15 − 4k2

1
16k1

, (42) 

where Re(z)denotes the real part of z. For harmonic motion, the time-averaged energy densities write 

〈Ek〉 =
ω
2π

∫2π/ω

0

Ek(x, t)dt =
bερω2

4x
, (43) 

〈
Ep
〉
=

ω
2π

∫2π/ω

0

Epdt =
bερω2

4x
. (44) 

3.4.1. Time-averaged energy density
The equality of the time-averaged kinetic energy density and time-averaged potential energy density conforms to the principles of 

energy balance [35] for purely propagating waves. A simple summation yields the total time-averaged energy density as: 

〈E〉 =
bερω2

2x
. (45) 

Thus, the energy concentration of the ABH effects can be characterized by the total energy density: the total energy per unit length 
accumulates towards the tip in an inversely proportional manner. The energy flux can be attributed to two primary sources: firstly, the 
shear force acting through deflection, and secondly, the bending moment acting through section rotation. The shear force V and 
bending moment M are given byM = EI(x)∂2w /∂x2andV = − ∂M /∂x, respectively.

3.4.2. Time-averaged energy flux
Thus, the time-averaged active energy flux for propagating bending waves in an ABH beam is given by [36] 
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〈P〉 =
ω
2π

∫2π/ω

0

Re(V)Re
(

∂w
∂t

)

+ Re(M)Re
(

∂2w
∂x∂t

)

dt

=
Ebε3ω

12
k1

̅̅̅̅̅̅̅̅̅̅̅
ξ + 4

√
.

(46) 

3.4.3. Energy transport velocity
Energy transport velocity [36] is defined by the ratio of time-average energy flux to time-average energy density, which in the ABH 

beam case becomes 

ce(x) =
〈P〉
〈E〉

= 2ξ− 1
̅̅̅̅̅̅̅̅̅̅̅
ξ + 4

√
k1ωx = cgE(x)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 + 4ξ− 1
√

∼ cgE(x). (47) 

As can be seen, asx→0,ce(x)goes to 0 due to the linear dependence. The energy transport velocity is expressed in terms of the group 
velocity. Contrary to the common understanding applicable to uniform structures, the group velocity in a nonuniform beam like ABH 
beams here, does not rigorously characterize the energy transport speed; instead, it exhibits a high-frequency asymptotic relation.

Note that the energy transport velocity is not exactly equal to the group velocity in the present case. Similar phenomenon was 
reported in [37] in which bending waves of a tapered one-dimensional waveguide were investigated. The phenomenon, however, 
remains unexplained. Based on our analysis, we attempt to propose the following explanation. As seen from the derivation process, the 
group velocity derivation employs the stationary phase condition of wave packets, inherently defining the group velocity as the 
propagation velocity of a point (which satisfies the stationary phase condition) on the amplitude envelope (Fig. 2). Energy transport 
velocity is evaluated based on the point corresponding to the maximum amplitude of the wave. In a medium such as uniform beams, 
these two points precisely overlap, yielding the same values of the energy transport velocity and the group velocity. In a spatially 
dispersive media (in which the amplitude of the envelope changes) like ABH beams, these two points are slightly offset, because of the 
amplitude modulation term (x-3/2 in Eq. (22)). As a result, the point estimated over the envelope (used for group velocity estimation), 
slightly away from the maximum amplitude point of the wave (used for energy transport estimation), has a lower value than the 
maximum amplitude of the wave. Therefore, the estimated group velocity is lower than the energy transport velocity, and the dif
ference reduces when frequencies get higher, all consistent with the theoretical prediction by the proposed wave parameter formula.

Summarizing the above results, the derived parameter group is tabulated in Table 1, providing readers with a full set of exact 
analytical expressions informing on how geometric and material parameters affects wave propagation of flexural waves in an ABH 
beam with m=2, particularly in terms of spatial evolution.

4. Discussions and numerical results

In Section 4.1, the displacement field of an ABH beam is computed by using the exact solution and finite element method, as a way 
to confirm the accuracy of the present exact wave-like solution. In Section 4.2, the GAWPs and the BEWPs are numerically compared to 
elucidate the application range of the former in terms of frequency.

4.1. Verification of the exact wave-like solution

A bounded ABH beam shown in Fig. 1 is subjected to a harmonic point force excitation. The geometric, material, and excitation 
parameters are listed in Table 2. The boundary condition is free at both ends of the beam and the harmonic unity point force is applied 
at the beam tip. A finite element model (FEM) with 800 cubic Lagrange elements in COMSOL Multiphysics 6.2 is used. For the proposed 
method, the steady-state displacement field of the ABH beam is already formulated by Eq. (20) where the unknown coefficients are 

Table 1 
ABH wave parameters derived from the exact solutions of the wave equation based on Bernoulli-Euler 
theory (BEWPs).

BEWPs Variation law

AmplitudeAE x− 3/2

WavenumberkE k1/x
Phase velocitycpE ωk− 1

1 x
Group velocitycgE 2ωk1ξ− 1/2x
​ Fore-wavelengthλfE: [exp(2π /k1) − 1]x
Wavelength Post-wavelengthλpE: [1 − exp( − 2π /k1)]x
​ Wavelength compression ratio r0: exp( − 2π /k1)

Time-averaged energy density〈E〉 bερω2/2x
Time-averaged energy flux〈P〉 Ebε3ωk1

̅̅̅̅̅̅̅̅̅̅̅
ξ + 4

√
/12

Energy transport velocityce 2ωk1ξ− 1 ̅̅̅̅̅̅̅̅̅̅̅
ξ + 4

√
x

Variables k1 =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
− 17/4 +

̅̅̅̅̅̅̅̅̅̅̅
ξ + 4

√√

ξ = 12ρω2/Eε2
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determined by the boundary and load conditions. The numerical calculation is conducted using MATLAB.
In Fig. 4, the displacement field distribution is depicted, by a purple straight line from the present method and solid black circles 

from FEM. Results coincide with each other, which reveals a good agreement between the two methods. The propagating terms (b− +

b+) and non-propagating terms (b−n2 + b+n2) can be identified from the exact solution and they are delineated in Fig. 4 by the green 
dashed line marked by deep green hollow circles and the red solid line, respectively. In the far field, the deep green hollow circles 
overlap solid black circles, whereas disparities are evident in the near field. This indicates that the propagating terms make major 
contributions to the entire displacement field, while the non-propagating terms only have a notable influence at the boundaries. Thus, 
the ABH effects can be quantified using the BEWPs derived from the propagating wave of the exact wave-like solution: with their 
salient features like wavelength compression following a geometrical progression, wave amplitude increasing inversely proportional to 
x3/2, and inverse proportionality of the wave energy density concentration. The light dashed line represents the amplitude envelope for 
the sharply increasing trend of the wave amplitude, particularly in the far field. The wavelength validation is conducted in the next 
section and the data of energy density is omitted for brevity.

4.2. Comparison of the wave parameters derived from the exact solution and the geometrical acoustics approximation

The GAWPs and the BEWPs including the wavelength, phase velocity, group velocity, and energy transport velocity are numerically 
compared. We note that the subscribe ‘E’ and ‘G’ denote quantities originating from the exact solution based on Euler theory and 
approximated by the geometrical acoustics, respectively.

The wavelength comparisons between the exact solution, GA, and FEM are shown in Fig. 5 (a). The wave nodes in the displacement 
field of Fig. 4 using FEM are extracted for the quantification of post-half-wavelength, which is denoted by red squares. The post-half- 
wavelengthƛpE(Eq. (38) with 2π replaced by π) is plotted by the black solid line. The half-wavelengthƛG(Eq. (35) divided by two) is 
drawn using the light dashed line. A good agreement betweenƛpEand the FEM results in the far field is observed. The noticeable 
inconsistency in the near field is caused by the non-propagating waves, which is already illustrated in Section 4.1 in terms of the 
displacement field. However, there is an undeniable error in the estimation ofƛG. A more detailed comparison of the wavelength versus 
the normalized frequency is shown in Fig. 5 (b). The normalized frequency is a ratioω/ω0whereω0is from Eq. (16). The frequency ratio 
greater than one implies the presence of propagating waves in the ABH beam. We have mentioned that the applicability of the GA relies 
on the smoothness condition which requires higher frequencies. The frequency condition can be written in terms ofω0as 

ω /ω0 ≫ 8 /15, (48) 

which is represented by the green line in Fig. 5 (b). The relative error between the post-half-wavelengthƛpEandƛGis shown in the black 
solid line and the relative error of the wavelengthλpEandλGis plotted in the black dashed line. A clear decreasing trend is found with the 
increase in frequency. It should be noted that the estimation error of the half-wavelength given by the GA is greater than 5% until the 
frequency ratio reaches 276, which is marked by red point in Fig. 5 (b). The error decreases very slowly and remains at 5% over a broad 
frequency range. Moreover, the estimation error for the full wavelength is much larger, exceeding 5% within 500ω /ω0.

The parameters in Table 2 are used to calculate other wave parameters. Fig. 6 (a) shows the variation of the relative error in terms of 
phase velocities (cpEandcpG) against the frequency ratio. Relative errors in terms of the group velocities (cgEandcgG) and energy 
transport velocityceare compared in Fig. 6 (b). Three relative errors are defined, respectively as 

RE
(
cpE, cpG

)
=

⃒
⃒
⃒
⃒
cpE − cpG

cpE

⃒
⃒
⃒
⃒× 100%,RE

(
ce, cgG

)
=

⃒
⃒
⃒
⃒
ce − cgG

ce

⃒
⃒
⃒
⃒× 100%,RE

(
ce, cgE

)
=

⃒
⃒
⃒
⃒
ce − cgE

ce

⃒
⃒
⃒
⃒× 100%. (49) 

In Fig. 6 (a), the relative error betweencpEandcpGranges from 0 to 20% with the frequency ratio ranging from 0 to 40. The green 
dashed line indicates the frequency that must be significantly exceeded to satisfy the smoothness condition, i.e.0.53ω0, as shown in Eq. 
(48). The red line corresponds to the frequencyω0above which propagating waves start to exist. Three red points highlight specific 
values for the relative error and frequency. In the lower frequency range whereω < 5.83ω0, the estimation error of the phase velocity 
from the GA is greater than 10.0%, which drops significantly below 5.0% when the frequency is larger than11.49ω0.

Given that the concept of the group velocity has always been considered to signify the speed of energy transport, we assess the 
errors of the group velocities (cgEandcgG) with respect to the energy transport velocityce, rather than comparing the group velocities 
themselves. The solid black line marked with squares in Fig. 6 (b) indicates the error ofcgGrelative to ce. The solid light line marked with 
triangles depicts the error ofcgErelative toce. As the frequency increases,cgErapidly approachesce. However,cgGconverges towardsceat a 
much slower trend. Once the frequency ratio exceeds 1.62 (which is close to the threshold for the appearance of propagating waves), 

Table 2 
Geometrical, material and excitation parameters of a free-free ABH beam in Fig. 1.

Geometrical parameters Material parameters Excitation parameters

Thickness h(x)=0.024x2 Elastic modulus 200 Gpa Load point xf = x1

​ x1 ≤ x ≤ x2 ​ ​ Load direction (0,1)
Width 0.02 m Density 7850 kg/m3 Frequency 2 kHz
x1 0.1 ​ ​ Amplitude 1 N
x2 0.4 Poisson’s ratio 0.3 Displacement field x1 ≤ x ≤ x2

L. Chang and L. Cheng                                                                                                                                                                                               Journal of Sound and Vibration 608 (2025) 119082 

9 



Fig. 4. Displacement field distribution along the ABH beam computed by the present exact solution and FEM. Results reveal a good agreement 
between FEM and the present method. The propagating terms dominate the entire displacement field.

Fig. 5. Comparison of wavelength calculated by the exact solution and the GA. (a) Half-wavelength of the displacement field extracted from Fig. 4. 
The inconsistency of FEM results and the half-wavelength originating from the exact solution in the near field is caused by the non-propagating 
waves. (b) A clear disparity of wavelength versus the normalized frequency is observed. The subscribe ‘E’ and ‘G’ denote quantity originating 
from the exact solution based on Euler theory and approximated by the geometrical acoustics, respectively.ƛandλdenotes the half-wavelength and 
wavelength, respectively.

Fig. 6. (a) Relative error of phase velocities: GA result versus exact solution. (b) Relative error of phase velocities originating from the exact solution 
against the frequency ratio, which is normalized by ω0 of Eq. (16). The frequency condition derived from the smoothness condition in geometrical 
acoustics and ω0 are denoted by green dashed and red dashed lines, respectively. Typical values of the frequency and the relative error are marked 
by red points.
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the error ofcgErelative toceis less than 5%, whereas it requires the frequency ratio above 11.82 to achieve the same level of accuracy 
forcgG. With the help of BEWPs, the applicable frequency range of the GA approximation is now accurately quantified from the 
perspective of wave parameters.

5. Conclusions

The exact wave-like form solution of the wave equation in quadratic ABH beams is derived based on Bernoulli-Euler theory. The 
obtained wave-like solutions entail better physical interpretability compared with existing power function solutions through clear 
wave components separation, thereby conducive to disclosing essential wave features. As a result, the full set of wave parameters, 
describing the salient features of the ABH, are derived from the propagating wave components of the solution without relying on the 
local uniformity approximation. Main conclusions are summarized as follows: 

1). By separating different components in the wave-like solution, wave amplitude function is extracted, which depicts a wave 
amplitude increase proportional to x-3/2.
2). Wavenumber is defined as the first-order partial derivative of the phase with respect to space.
3). The phase velocity and group velocity are deduced. They follow the constant phase condition where the phase of the wave 
remains unchanged during the propagation.
4). Fore-wavelength and post-wavelength are defined due to the nonuniformity of the ABH beam. Expressions are derived using the 
phase shift condition. Wavelength evolution is found to follow geometrical progression described by a ratio between the two 
wavelength components.
5). Energy density intensifies towards the tip of the ABH beam, inversely proportional to the distance from the tip. The energy 
transport velocity asymptotically equals the group velocity.

The ABH effects can be specified and quantified by the above wave parameters including zero reflection (in ideal zero tip thick
ness), amplitude increase, wavelength compression, and energy concentration.

The solution is numerically confirmed and the wave parameters derived from the exact solutions and geometrical acoustics 
approximation are numerically compared. It is shown that the widely used geometrical acoustic solution offers acceptable estimation 
of wave parameters only at high frequencies, roughly over 12ω0 given by Eq. (16). Therefore, the exact wave parameters given by this 
paper allow for accurate quantification of the ABH effects and inherent physical interpretation of wave motion within ABH beams, 
which provides the benchmark and reference solutions for ABH-related research and applications.

Note the current work does not consider structural damping or any added damping treatment, the effects of which have been 
extensively elaborated in the literature. We believe that, under the lossless assumption, the theoretical work reported in this paper, 
reveals the most fundamental and salient features pertinent to the ABH-specific wave propagation in an ABH beam. Should damping be 
considered, we expect that, apart from the wave amplitude, other wave parameters discussed in the paper may not be significantly 
affected. This, however, warrants more concerted effort as future research.
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