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Sonic black hole (SBH) effects in a retarding duct can be exploited for sound wave manipulation
and absorption. The phenomenon relies on two fundamental physical mechanisms: wave speed
reduction and energy dissipation. In this study, we demonstrate that these two physical processes
can be meticulously balanced through adjusting the perforation parameters in a perforation-
modulated SBH (PMSBH). To elucidate the mechanism of slow wave generation and the effect
of perforation parameters, an analytic model based on the Wentzel-Kramers-Brillouin (WKB)
solutions to the linear acoustic wave equation is established. Alongside transient finite element
simulations, the study unveils the roles that major physical parameters play in terms of regulating
sound speed and sound absorption. The perforation ratio of the PMSBH is identified as the
dominant factor affecting the slow-sound effect, with an optimal range of above 10 % for a
PMSBH with densely segmented internal rings. Owing to the inclusion of the perforated bound-
ary, prominent slow wave effects can still be maintained even with a reduced number of rings,
provided that the perforation ratio is properly chosen within a reduced variation range. In both
cases, the identified perforation ratio largely exceeds the conventional range widely adopted in
the micro-perforation community when the slow wave effects are absent. On top of this, tuning
the hole size can further enhance air friction for better sound absorption. Theoretical and nu-
merical findings are experimentally validated, and the performance of the PMSBH is demon-
strated. While bringing forward the concept of tunable design, this study offers physical insights
and guidance for realizing effective sound absorbers embracing slow wave principles and
perforation-induced sound absorption.

1. Introduction

The realization of various acoustic functions through the manipulation of sound waves has long been an area of great interest to the
acoustics community. Structural acoustic black hole (ABH), as a means of manipulating flexural waves in beams or plates, has gained
significant research attention in recent years [1-7]. In a one-dimensional ABH, for example, the thickness of the structure gradually
decreases according to a power law [8,9]. As flexural waves propagate towards the wedge-shaped termination, the velocity pro-
gressively decreases, before being trapped and absorbed at the tip end, albeit the existence of unavoidable residual truncation
thickness [10]. The phenomenon, referred to as slow wave effect, exhibits several salient features like wavelength compression and
energy accumulation, which are essential for effective energy dissipation [11-13]. Research on ABHs has been increasing rapidly in
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recent years, covering various aspects such as effective modeling methods [14,15], basic ABH structural designs [16-20], periodic
structures, complex functional structures [21-25], etc. The research on ABH provides new opportunities for technological break-
throughs in vibration control, noise reduction, energy harvesting, and many other applications.

Sonic black hole (SBH), as the counterpart of the structural ABH, also holds great promise in manipulating and absorbing sound
waves in air [26-29]. SBH is typically constructed inside an acoustic duct with a decreasing cross-sectional area formed by a large
number of rings (infinite in theory) with gradually reducing inner radius. Similar to ABH, SBH exhibits the slow wave effect owing to a
gradually varying acoustic admittance produced by the rings. In the ideal scenario, the sound speed can be reduced to zero at the duct
termination, leading to accumulated sound energy and minimal sound reflection with proper absorption treatment. The pioneering
work by Mironov provided the first theoretical framework and proof of the slow wave effect [30]. Subsequently, numerical and
theoretical methods have been developed to study the acoustic performance and underlying physical mechanisms of SBH structures
[31-34]. The influence of various parameters has also been investigated, laying the foundations for subsequent engineering design and
applications [35-38]. Furthermore, several studies have proposed different types of SBH structures inspired by the original SBH design
[39], such as the external SBH muffler [40,41], lattice absorbers with SBH [42] and periodic SBH structures [43]. Recently, some
preliminary studies on SBH with rectangular cross-section have also been initiated [44,45]. Meanwhile, experimental progress has
demonstrated effective sound absorption and slow wave effects in SBH structures [46]. Despite these efforts [29,47-49], SBH has
received less attention compared to structural ABH, which warrants more concerted research efforts to explore the physical mecha-
nisms and potential applications of the SBH.

Our recent work proposed a novel SBH-inspired retarding structure, which incorporates a perforated liner to enhance the SBH
performance [50]. While the use of the perforated boundary was shown to promote sound absorption and slow wave effect as
compared to the original SBH, the underlying mechanism and design flexibility offered by the perforated boundary were not fully
explored. In addition, numerous parameters involved in the system make it extremely challenging to achieve an optimal design
without theoretical tools and guidance. This adds to the lack of understanding of the roles they play in terms of affecting slow wave
phenomena and sound absorption. These research gaps motivate the present study.

More specifically, this study aims to advance the predictive theory on SBH and elaborate on the tuning ability of the perforation-
modulated boundary (PB) to enhance the black hole effects and ultimately SBH-enabled sound absorption. The structure under
investigation, referred to as the perforation-modulated SBH (PMSBH), is shown in Fig. 1. It comprises two essential components, the
original SBH configuration [30], consisting of a series of rings with gradually decaying inner radius, and the perforation-modulated
boundary, whose parameters can be adjusted in a wide range. The introduction of the perforation-modulated boundary allows for
tunability within the SBH structure so that the slow wave phenomenon and sound absorption can be tuned and properly balanced
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Fig. 1. Overall structure of the proposed PMSBH model.
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through perforation modulation. This study has three primary objectives thus showing its novelty: First, we establish an analytical
method to predict the wave speed variation inside the PMSBH structure, thus extending the pioneering Mironov’s model to include the
perforated boundary effects. Second, through mechanism exploration, we seek ways to tune the interplay between the slow wave effect
and sound absorption in the PMSBH. Third, we report experimental results to validate the predictive model and verify numerically
predicted results. The study aims to establish a set of criteria for modulating the PMSBH, which can guide future designs of sound
absorbers and other related devices based on SBH principles.

The rest of the paper is organized as follows. Section 2 first derives the Wentzel-Kramers-Brillouin (WKB) solutions for the PMSBH
in two different cases, where both continuous and discrete admittance variations are considered. The range of applicability of the
analytical solution is analyzed in Section 3. Section 4 validates the accuracy of the WKB solution and then investigates the influence of
perforation parameters and the number of rings on the slow wave effect and sound absorption, using both WKB and FEM approaches.
The section summarizes the criteria for tuning the perforation boundary to enhance the black hole effects. Experimental validations are
given in Section 5 before concluding the paper.

2. Theory

We investigate a PMSBH structure with variable perforation parameters. We first develop WKB solutions for the PMSBH,
considering two different configurations: continuous and discrete admittance variation.

2.1. Formulation of the PMSBH

We first derive the governing equations for the PMSBH model. Fig. 2 provides a schematic representation of the structure, for which
two different approaches are taken for modeling the PMSBH depending on the number of rings involved. For a PMSBH with a suf-
ficiently large number of rings (depicted in the left figure of Fig. 2), the admittance at the PB is treated as continuous. Otherwise, the
right figure illustrates the case where the PMSBH has a small number of rings, thus requiring the admittance at the PB to be treated as
discrete. In both cases, the x-axis is selected as the symmetric axis in the waveguide. By defining an infinitesimal layer of air element of
thickness dx, the linear Euler equation writes [30]:

op ov
_F_, 1
o~ P e}
where p is the sound pressure; p, the air density; v the acoustic particle velocity. According to the law of conservation of matter, air
enters this thin layer from the left side and upper cavity and exits from the right side, yielding the equation of continuity:

9
d(pySv) + (2arv.py)dx + a—‘;de =0, @

where S is the cross-sectional area of the thin layer; r the inner radius; v, the projection of the particle velocity at the PB along the
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Fig. 2. Wall admittance treatment of the PMSBH structure. Left: continuously varying admittance with a large number of rings; Right: discretely
varying admittance with a small number of rings.
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direction perpendicular to the symmetry axis. Note that the relationship between the velocity v, and the pressure p is easily obtained as
v, = Yp based on the definition of acoustic admittance, where Y represents the acoustic admittance at the PB. This formula can be
substituted into Eq. (2). Meanwhile, the equation of state should be satisfied in this thin layer, yielding

dp 1dp

2o 3
where c is the speed of sound in air. Then, by Eqs. (1)-(3), we can obtain the wave equation in terms of acoustic pressure,

1p 2Yp,op p dp,, .
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Subsequently, for time-harmonically varying pressures, Eq. (4) can be transformed into the generalized Webster equation,
” , / 2Yp .
p’ +p(InS) +p<kg+Tp(lw)) =0, (5)

where k is the wave number in air and i the imaginary unit. Eq. (5) needs to be solved to get the analytical solution of the PMSBH
model. The calculation of the admittance at the PB Y in the structure is of great importance in this analysis. Depending on whether the
admittance Y should be considered continuous or discrete, we can proceed to solve the wave equation and obtain the corresponding
solutions in two different cases, to be detailed hereafter.

2.2. WKB solution through continuous admittance treatment

When the PMSBH has a large number of rings, meaning the distance between two adjacent rings is sufficiently small, the admittance
at PB can be treated as continuously varying along x direction, as shown in the left schematic of Fig. 2. In this situation, the surface
impedance at PB can be expressed as Eq. (6), combining the impedance of the perforation-modulated boundary with that of the
backing air cavity:

2p,c%r 4h R, .o 4h R
Lol = Lo 7( 4> s Po Ry

TR =) \R, ?17@“”)*"(5*4) v ©

1
R, = 3 v/ 2nwp,, 7

2

where o is the angular velocity; R the radius of the duct; h the thickness of the PB; R;, the orifice diameter of the PB; ¢ the perforated
ratio of the PB; R; the surface resistance and  the dynamic viscosity of air. ¢, represents a correction length. The first term in Eq. (6)
represents the impedance of the back cavity, which is a continuously varying function because of the gradual change in the depth of the
cavity behind the perforated boundary. The remaining terms are related to the perforation boundary. Here, Beranek Ingard’s model is
selected to calculate the impedance of the PB. The real part of the chosen formula is the acoustic resistance, which is correlated with the
dissipation of sound energy due to viscous effects. The imaginary part, which is the acoustic reactance, represents the inertial effects.
The reasons and benefits of choosing this modeling method for the PB have been presented and validated in our previous work [50] and
are omitted here. By grouping the parameters in Eq. (6), the total surface impedance of the perforated boundary writes:

Ziota = A + iB7 ©)
A= —(ﬂl+4) R 10)
Rp @
2p,C%r wp, (4h > R,
=Pt ” P09, +h)— (= +4)= 11
o(R*-r2) ¢ (2ee +h) Ry ® an
The admittance Y at the PB can be obtained as Y = 1/Zq = 1/(A + iB). Substituting Y and S = #r? into Eq. (5) gives:
) / 2p,0
/1 / 2 0 _
p" +2p/(Ilnr) +p<k°+7r(3—iA)> 0. 12)

The WKB method can be applied to solve Eq. (12) for acquiring an approximate solution. It is important to note that the utilization
of the WKB method requires certain conditions, which will be discussed in detail in later sections. First, assuming the applicability of
the WKB method is satisfied, we assume p(x) ~ exp(ikx) and substitute it in Eq. (12). Then Eq. (12) can be replaced by the following
equation in terms of the local wave number k in the PMSBH,
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. / 2p,@
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k* + 2ik(lnr) + <k0 +r7(B — iA)) 0. 13)

Solving Eq.(13) yields the local wave number k(x) as,
k() = ¢ (k2 + =229 ) ((lor)2. (14)

07 (B —iA)

The inner radius of the PMSBH can decrease according to different power laws. Hereafter, we take the basic case in which the
PMSBH is assumed to be a linear acoustic black hole structure, i.e., the inner radius of the ring linearly reduces to 0, followingr = — Rx

/L, where L is the length of the PMSBH. In this case, the local wave number for the ideal linear PMSBH can be obtained from Eq. (14)
and expressed as,

2p,oL 1
k(x) = |k + Po® -5 1s)
4h Rs ; 2pyc®RLx wpy 4h Ry
Rx( - (th+ 4) S +Q77(R2227R2x2) + 2% (2e. +h) + (Rh + 4) w)
The corresponding phase velocity and the group velocity can be obtained according to their respective definitions, writing

® ®

CP = % = 2 2pywl 1 (16)
ks + 5 e %
Rx (7 (%+4) R71+(’:2/?2—j522)+% (2ec+h)+ (%M) RT)

do  (dk\™'

Ce=—=|(=] . 17
¢ dk (dw) a7)

Once the group velocity in the PMSBH is obtained, the time taken for the sound wave to travel and reach different positions inside
the PMSBH can be determined, which is conducive to the investigation of the slow wave phenomena, to be demonstrated in later
sections.

2.3. WKB solution through discrete admittance treatment

When the number of rings in the PMSBH is small, the assumptions made in the previous case are no longer valid. The increased
distance between the rings necessitates treating the air cavity enclosed by the rings and the PB as a separate volume, resulting in
discontinuities in the admittance between the air cavities. In this case, we discretize it and consider the region between the two rings as
an individual unit. For a unit j, we extract and analyze a thin layer of thickness dx at the inner region. Although the unit follows the
same wave equation as Eq. (5), the calculation of Y is different from that in Section 2.2, specifically the treatment of the backing air
cavity. While still using Beranek Ingard’s model to calculate the PB’s impedance, the air cavity is treated as a lumped volume to get the
total acoustic impedance [50]. The average value, which is the surface impedance of the contact surface between the cavity and the PB,
can be acquired by dividing the lumped volume in the total acoustic impedance by the PB area. This yields

_ ,Z()Sj 4h RS ,LU[)O . 4h Rs
me,,J_lkOVj (Rh+4 ” l¢ (2. +h) 1Rh+4 . (18)

where Zj is the characteristic impedance of air; S; the area of the PB in the unit j and V; the volume of the air cavity. Similarly, the first
term in the Z,q_; expression represents the air cavity, and the other three terms are the impedance of the PB. Then Eq. (18) can also be
simplified as,

Ziowai-j = Aj + 1Bj, (19)
4h R
A=—(ra)= (20)
! (Rh ) @
ZoSi  wp 4h R
B =22 _YP0oe 11 —(—+4 =, @
TTkeV; @ ( ) Ry ¢

Likewise, the admittance Y; = 1/Ziqj =1/ (Aj + iBj). Substituting Y; into Eq. (5), we can obtain the transformed wave equation
similar to Eq. (12) as,

/ , / 2P,
2p'(1 K+————)=0. 22
P+ 2p/(Inr) +p< °+r(Bj7iAj)) (22)

Similarly, we use the WKB approximate to solve Eq. (22), which gives the local wave number k;(x) in the unit j, expressed as
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_ 2 2py® _ "2
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For the same linear PMSBH,

2p,wL 1
Rx 4h 4 o4 ) Rej 205 | opo 2 h 4h 4 4| Rs x2
) e gy e )+ (R, 4T
After acquiring the local wave number in each unit, the phase velocity and the group velocity can be determined via Egs. (16) and

(17). This solution will be used to investigate the physical properties of the PMSBH with a reduced ring number. In passing, the method
can also be used to model other complex structures, such as the PMSBH with different PBs in each unit.

24

k= |K+

2.4. Applicability conditions of the WKB solutions

The validity of the WKB solution for the PMSBH relies on the applicability of the WKB method, which is subject to certain con-
ditions that need to be satisfied. In this section, we outline the range of applicability of the WKB method for the PMSBH with
continuous admittance. Specifically, the WKB approximation is applicable if the coefficient in Eq. (12) only exhibits slight variations
within the wavelength range. Consequently, this leads to the following two inequalities,

d(lnr) 1 ,
o 4] <lm, (25)
d( (BliA)) 1
I{ 1 | 1 ‘
& k|~ |[rB-A) (26)

r
— 2
Ik| > (f ] @27
r (B—iA)
k — . 28
H>|r+(B—iA) 28)
Defining two new parameters, C; and C,, one has
=kl |51 >0, (29)
r r
r (B—iA)
Cy= k| - |=+-5—F-5| > 0. 30
2 = [k| -t B-iA) > (30)
Therefore, when using the WKB solutions, C; and C, have to be positively valued at each position in the PMSBH structure. Similarly,
if the PMSBH is a linear structure and the inner radius varies according to r = — Rx/L, one has
1
C = k| — 7‘ >0, BD
X
Zpoch(L2+X2)
1 (L2 —x2 2
Co= k|~ Ro(t2-2) 0. (32)
- 2p,c2RL: , . s
() iy e em (3 4) 2

The calculated values of C; and C, defined above will be used to ensure the validity of the WKB solutions.
3. Validation and applicability of the WKB solution
As a start, this section validates the accuracy and applicability of the WKB method derived in this work. First, the validity of the

WKB solution is assessed through comparisons with numerical simulations. Following that, the applicable range for the proposed
PMSBH structure is determined by investigating the influence of various parameters on the accuracy of the WKB solution.
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3.1. Validation of the WKB approximation

The proposed WKB method is first assessed. In this part, within the applicable range of the WKB method, the accuracy of the WKB
solutions for the PMSBH with continuous or discrete admittance treatment is verified through two different approaches: comparison
with Mironov’s model and with the finite element method (FEM). Thus, this section is divided into two parts to address each approach
separately.

3.1.1. Comparison with Mironov’s model

We first present a comparison between the results obtained from the WKB model and those from the Mironov’s model [30] in the
special case of a bare SBH structure consisting of rings only without perforated boundary. Meanwhile, the WKB solution is used to
theoretically demonstrate the existence of the slow wave effect. In the present WKB solution, the perforation ratio ¢ is set to 1. The
parameters of the linear SBH used are tabulated in Table 1, in which r, is the minimum inner radius of the rings at the SBH truncation;
N the number of rings and d the distance between two adjacent rings. Other physical quantities used in the calculation are: 7 = 1.86
%1075 Pa-s, p,= 1.215 kg/m® and ¢y = 340 m/s.

The variation of the sound wave velocity in the SBH structure at 1000 Hz is shown in Fig. 3, in which the present WKB solutions and
Mironov’s original solutions are compared, with Fig. 3(a) and (b) corresponding to continuous and discrete impedance models in WKB
solutions. As observed in both figures, the derived WKB solutions agree well with the benchmark solutions. Before entering the SBH
section, the sound wave propagates at a uniform speed of 340 m/s before gradually slowing down as it enters the SBH. Since the
selected SBH has a truncated end and its termination radius does not perfectly decrease to zero, the velocity does not reduce to zero
either.

3.1.2. Validation against FEM results

To further verify the accuracy of the derived WKB solutions for the PMSBH, FEM results are employed as a reference. For FEM, the
PMSBH is modeled using transient simulation in COMSOL Multiphysics to calculate the sound velocity changes as the wave packet
propagates through the structure. The schematic of the PMSBH model is shown in Fig. 4. An incident plane wave is defined at the
entrance of the duct, which is filled with air with py=1.215 kg/m® and ¢, = 340 m/s. The damping loss in the PMSBH region is
considered by using a complex sound speed ¢y = 340 x (1 +0.01i) m/s. The “Interior Impedance” option in Comsol is applied to model
the PB attached to the SBH, with its impedance calculated using Beranek Ingard’s model [50]. The PMSBH has the same truncation at
the end as the one used above. To accurately detect the wavefront of the sound wave propagation in transient analysis, the reflection of
the sound wave should be eliminated as much as possible, which is achieved by connecting a duct extension of the same radius to the
outlet. Additionally, a perfectly matched layer is placed at the end of this elongated duct to eliminate reflections. The length of this
prolongated tube is 450 mm. The parameters of the PMSBH configuration are given in Table 2.

The sound velocity variations calculated by FEM are plotted in Fig. 5. Through transient simulations, the relationship between
position and time of wave propagation in the PMSBH structure can be obtained. A smoothly fitted curve further allows us to calculate
the local velocity at each point by determining the slope of the curve. The fitting method employed was polynomial fitting up to the
fourth order. The derived WKB approximated solution to the same PMSBH structure is then applied to obtain the velocity profile. The
results of the WKB solution for the continuous impedance model and the discrete impedance model are presented in Fig. 5(a) and Fig. 5
(b), respectively. From these two figures, it can be observed that the results obtained using the WKB method and FEM are in good
agreement, with slight differences at the termination of the PMSBH when position x approaches 0. These minor differences can be
attributed to the presence of reflected sound waves in the system, which makes the precise extraction of the arrival waves more
difficult in FEM simulations. Nonetheless, the overall agreement between the WKB method and FEM confirms the accuracy of the WKB
solution in predicting sound wave propagation inside the PMSBH structure. Furthermore, it is evident that the speed of the sound wave
progressively decreases as it propagates through the PMSBH structure, indicating the occurrence of the slow wave phenomenon.

3.2. Applicable range of the WKB solutions

As discussed earlier, the WKB solution is limited to a specific range of applicability. This is further elaborated here to guide the
implementation of the WKB solutions.

Adopting the definition of C; and C5 in Eqgs. (31) and (32), their values are calculated for various PMSBH configurations with results
shown in Fig. 6. These configurations involve different perforation ratios pand hole diameters Ry, covering a wide variation range for
these parameters. Specifically, the chosen range for ¢ is from 0.005 to 0.6, and that of R;, between 0.2 mm and 4 mm, covering both
micro- and macro- (typically larger than 1 mm) perforation cases. The remaining parameters are kept the same as those in Table 2, and
the admittance of these models is treated as continuous. A representative frequency of 1000 Hz is chosen for the analysis.

In Fig. 6, the purple area indicates the range of perforation parameters that satisfy condition 1 (C; > 0). It can be observed that

Table 1
Parameters for the selected SBH.
R(mm) I'm(mm) L(mm) N d(mm)
SBH 48 3 150 39 3.75
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Fig. 3. Comparison of sound velocity in the SBH structure. (a) WKB solution with continuous admittance treatment against Mironov’s model (b)
WKB solution with discrete admittance treatment against Mironov’s model.
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Fig. 4. Schematic of the PMSBH model in COMSOL.
Table 2
Parameters for the determined PMSBH.
R(mm) rm(mm) L(mm) N d(mm) h(mm) @ Rp(mm)
PMSBH 48 3 150 39 3.75 0.4 0.2 1

essentially all configurations fulfill this condition within the parameter variation range considered here, except for some cases with a
small ¢ and a large Rj. The orange area indicates the range of parameters that satisfy condition 2 (Cz > 0), which is smaller than that
for condition 1. The overlapped area obviously pinpoints the valid parameter range where the WKB method can be applied. To
illustrate this, two typical cases are chosen, one from the overlapped area with a ¢ of 0.4 and a R, of 2 mm, satisfying both conditions;
whilst the other one has a ¢ of 0.07 and a R, of 2 mm from the purple section, which only satisfies condition 1. The values of C; and C»
along the x positions for these two configurations are also presented in Fig. 6. It is evident that for the second case, C; is way below the
zero line at around x = —0.02 m, indicating that the associated perforation parameters in the second case do not satisfy condition 2.
Consequently, the WKB solution cannot be applied to this particular configuration.

4. Modulating PMSBH through perforated boundaries

In this section, we investigate the modulation mechanism of the PMSBH and propose design guidelines to maximize the wave
retarding effect and sound absorption of the structure. Influences of various parameters on the slow wave effect as well as the sound
absorption effect are first investigated. The possibility of using a reduced number of rings to simplify the structural design and
materialization without compromising the SBH effects is also elucidated.
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4.1. Modulation mechanism of slow wave phenomenon

To achieve optimal SBH design, the influence of the perforation parameters on the slow wave effect is first explored. The perfo-
ration parameters discussed here include the perforation ratio ¢ and the hole diameter Ry, of the PB. These two parameters together
determine the number of holes in the PB. In the subsequent analyses, the thickness of the PB is not varied. Furthermore, the impact of
reducing the ring number in the PMSBH on the slow wave effect is also examined to provide a reference for designing simpler PMSBH
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structures in the future, while still maintaining the desired slow wave functionalities.

4.1.1. Effect of perforation ratio on slow wave phenomenon

The effect of the perforation ratio ¢ of the PB on the slow wave phenomenon is examined first. The structure of the PMSBH model
used in this analysis is the same as that in Fig. 4, with detailed parameters listed in Table 2, except for the perforation ratio which is
now considered as a variable. Eleven configurations with different ¢ values are selected, ranging from 0.01 to 0.6, including 0.01, 0.03,
0.05, 0.07, 0.1, 0.15, 0.2, 0.3, 0.4, 0.5, 0.6. Both the WKB method and FEM are employed to analyze the slow wave effect. Using
transient FEM simulation, the elapsed time for sound waves to pass through the PMSBH section is calculated and compared across the
different ¢ values. By tracing the same wave peak in the waveform at each time step, the relationship between the position and the time
of the propagating sound wave in the duct can be obtained. The elapsed time can then be calculated by determining the time interval
between the arrival of the wave at the entrance and its subsequent departure from the exit.

Fig. 7(a) presents the elapsed time for the incident wave to pass through the PMSBH and the variation trend with respect to
increasing ¢, from the WKB method and FEM, respectively. Since the current PMSBH structure has a fairly larger ring number of 39, the
WKB solution presented in Section 2.2 can be used, as the impedance variation is rather continuous. It should be noted that for models
with small ¢, the applicability conditions for the WKB method, as discussed in Fig. 6, are not met, and therefore, there are no WKB
results corresponding to this parameter range. In such cases, only FEM is used as a reference. The slight differences between the WKB
and the FEM results may also arise from the presence of the reflected waves in the FEM calculations as mentioned before.

A longer propagation time within the PMSBH portion indicates more pronounced slow wave effect. From Fig. 7(a), it can be
observed that the slow wave effect is prominent when ¢ reaches approximately 0.1 and persists even as ¢ continues to increase. The
effect, however, is significantly weakened at a lower ¢. Additionally, the elapsed time in the PMSBH models, normalized to the time
required for sound waves to propagate freely through a duct of the same length without SBH, T/T), is also calculated and shown in the
right-hand side y-axis of Fig. 7(a). It follows that when ¢ is low (approaching zero), this time ratio is nearly one, suggesting the quasi-
absence of the slow sound effect. When ¢ is 0.1, the time ratio is T/T(=3, meaning the average sound speed across the PMSBH is
reduced by three times. To further examine the variation of the wave propagating velocities in the PMSBH models, the local velocities
for PMSBH with ¢ = 0.3, 0.4 and 0.6 are calculated using the WKB method, as shown in Fig. 7(b). The results demonstrate that the slow
wave effect in the structures remains persistent for these three configurations. The speed of the sound wave gradually decreases
roughly following a linear trend.

The phenomenon observed in Fig. 7(a) can be explained by Fig. 8. The upper left picture of Fig. 8 displays the sound pressure
distribution at a given instant from the transient simulation of a PMSBH with a ¢ of 0.01, and the bottom plot shows the admittance at
the PB of this model against the admittance of the SBH with the best slow wave effect, as proposed by Mironov. Fig. 8 also illustrates the
sound pressure distribution and a comparison of the admittance of the PMSBH with ¢ = 0.2. From Fig. 8, it can be seen that when the
admittance distribution of the PMSBH is closer to that of Mironov’s ideal admittance model, the slow wave effect is obviously better.
When ¢ is small, there is a singularity in the admittance at a certain location of the PB. The backing cavities near this point creates a
local resonance region and most of the energy of the sound wave is confined by this resonance region, thus compromising the slow
wave effect. However, for a PMSBH with properly chosen parameters, the sound wave will indeed slow down alongside a compression
in the wavelength, energy is gradually dissipated by the cavities and the PB as the wave propagates.

4.1.2. Effect of hole diameter on the slow wave phenomenon
The second parameter that may affect the slow-sound effect is the hole diameter of the PB, Rj. The structural parameters of the
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Fig. 7. (a) Elapsed time of the sound wave propagating through the PMSBH with different perforation ratios calculated by WKB method and FEM.
(b) Comparison of sound velocity in the PMSBH structure with different perforation ratios by WKB method.
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Fig. 8. Instantaneous sound pressure distributions and admittance distributions at PB in the PMSBH with a perforation ratio of 0.01 and 0.2.

PMSBH used in this section remain the same as tabulated in Table 2, except for R, which is now considered as a variable. To investigate
the effect of Ry, eight PMSBH configurations with different R, values are selected, namely 0.2 mm, 0.5 mm, 0.8 mm, 1 mm, 1.5 mm, 2
mm, 2.5 mm and 3 mm. The perforation ratio is fixed at 0.4, within the optimal region above 0.1.

Similar to the previous section, the time taken for sound waves to propagate through each model is calculated using both the WKB
method and FEM, with results presented in Fig. 9(a). The frequency of the incident wave is set to 1000 Hz. Note that for the selected
parameters, all PMSBH configurations can be analyzed using the WKB solutions, as previously determined in Fig. 6. In addition, the
previously defined T/Tj is also presented in Fig. 9(a). Apart from the reflection-induced slight differences, the WKB and FEM results
basically agree. More importantly, the hole diameter seems to have little effect on the slow wave phenomenon. Irrespective of the hole
diameter, the PMSBH can entail a persistent slow wave effect as long as other parameters, especially the perforation ratio, are
appropriately chosen.

To further understand the variation of the sound velocity in the PMSBH models, three cases with R, = 0.2 mm, 1 mm and 3 mm are
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Fig. 9. (a) Elapsed time of the sound wave propagating through the PMSBH with different hole diameters calculated by WKB method and FEM. (b)
Comparison of sound velocity in the PMSBH structure with different hole diameters by WKB method.
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investigated, and the corresponding local velocities across the duct length are calculated by the WKB method, as shown in Fig. 9(b). A
consistent effect of strong wave retarding is observed in all three configurations, which are in line with the results presented in Fig. 9
(a). Finally, Fig. 10 elucidates the underlying reasons explaining the phenomenon observed in Fig. 9(a) and (b). Once again, the
admittance distribution at the PB in these PMSBHs is similar to that of the SBH proposed by Mironov for the best slow wave effect,
regardless of whether the hole diameter is large or small.

4.1.3. Modulating mechanism through perforation parameter tuning

While the previous two sections analyzed the individual impact of each parameter on the slow wave effect, this section focuses on
the effects of adjusting multiple parameters to achieve the best slow wave phenomenon. To ensure the parameters are varied in a
sufficiently wide range, numerical results using FEM are presented, which are not constrained by the valid range, as opposed to WKB
solutions. A total of 870 configurations with varying perforation ratios and hole diameters are considered. The perforation ratio ¢
ranges from 0.01 to 0.6 at an interval of 0.02, resulting in a total of 30 values that cover a wide range; the hole diameter R, from 0.2
mm to 3 mm at an interval of 0.1 mm, resulting in a total of 29 hole diameter cases. Altogether, this yields a total of 870 data entries,
which are obtained from 870 transient FEM simulations. Other parameters constituting the PMSBH structure are the same as those
tabulated in Table 2.

The elapsed time for the sound wave to travel through the PMSBH section in different PMSBH structures is calculated and plotted in
Fig. 11(a). From this figure, it is evident that ¢ has the greatest impact on the slow wave effect, while the effect of Ry is much less.
Therefore, as long as the perforation ratio is appropriately chosen, the slow wave can always be ensured, regardless of the hole
diameter. This indicates the possibility of ensuring effective slow wave performance by tuning the perforation ratio and then adjusting
the hole diameter to achieve maximum acoustic energy dissipation.

Subsequently, a specific case, picked from Fig. 11(a), is selected for further analysis. By conducting time-domain simulations, the
acoustic waveform on the median axis of the duct at each time instant can be obtained, as demonstrated in Fig. 11(b). By tracking the
propagation position of the first wave peak, its position curve versus time can be acquired (red curve with stars). The WKB method can
also be used to predict the propagation process of the sound wave in this PMSBH (red dotted curve). These results are plotted in Fig. 11
(c). Meanwhile, the figure displays the propagation position curve versus time of the first peak of the sound wave in the SBH, which has
the most effective slow wave, as a reference (yellow curve with squares). Furthermore, the propagation process of the sound wave
passing through a duct without PMSBH is also presented in Fig. 11(c) (blue curve). Note that the slopes of these lines represent the local
velocity of the sound waves and the area between the two red dotted lines represents the PMSBH or SBH region. In the absence of SBH
structure in the duct, the sound wave obviously propagates freely at a nominal sound speed of 340 m/s, as evidenced by the constant
slope of the blue line. Fig. 11(c) illustrates that the slopes of the sound wave propagation curves decrease with respect to the prop-
agation distance in both the SBH and PMSBH regions, indicating the occurrence of slow waves as evidenced by a reduction in the sound
speed in both structures. Moreover, both structures have very comparable slow wave effects, suggesting that the incorporation of the
PB with suitable parameters does not affect the slow wave effect of the SBH. Instead, the deployment of the PB offers the additional
advantage of increasing energy dissipation.

4.1.4. Effect of ring number on the slow wave phenomenon

It has been discussed in previous research that to achieve appreciable slow wave effects in SBH design, a large number of internal
rings is generally required, which is not ideal for practical applications and could pose fabrication challenges [50]. Without the in-
clusion of PB, reducing the number of rings can lead to a deterioration in the slow wave effect. This section further examines whether
the presence of PB might facilitate the generation of the slow wave phenomenon with reduced number of rings in a PMSBH.

To answer this question, the ring number is reduced from 39 to 9, resulting in a reduction of total chamber sections from 40 to 10.
Firstly, the elapsed time for the sound waves to pass through different PMSBHs is presented in Fig. 12(a). For both cases, the thickness
and hole diameter of the PB, which were shown to exert less effect, are fixed as 0.4 mm and 1 mm, respectively. The perforation ratio,
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Fig. 10. Admittance distributions at PB in the PMSBH with a hole diameter of 0.2 mm and 3 mm.
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and SBH.

@, which greatly affects the slow sound, is varied between 0.01 and 0.6. As a reference, the elapsed time for the 39-ring SBH and 9-ring
SBH is also plotted in Fig. 12(a).

It can be seen from Fig. 12(a) that the 39-ring PMSBH produces strong slow-sound effect when ¢ is greater than 0.1, which is in
agreement with the previous findings in Fig. 11(a). When the number of rings in the PMSBH is reduced to 9, the pattern of the curve
drastically changes. When ¢ is near 0.1, the slow-sound effect of the 9-ring PMSBH is comparable to that of the 39-ring PMSBH with a
large perforation ratio. However, the 9-ring SBH is unable to maintain the optimal slow wave effect as the ring number decreases. This
suggests that the proposed PMSBH, by adding PB, provides the possibility of reducing the number of rings without affecting the slow-
sound performance, as long as the perforation ratio is carefully selected. This can greatly simplify the design and fabrication of the
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PMSBH structure.

To further explain the underlying reasons, the variations of the wall admittance along the axial direction of the 39-ring PMSBH, 9-
ring PMSBH, and the ideal SBH with an infinite number of rings are presented in Fig. 12(b). The perforation ratio is set to 0.4, where the
slow-sound effect in the 9-ring PMSBH has deteriorated, since this perforation ratio is not the optimal value for the 9-ring cases as
shown in Fig. 12(a). The ideal SBH with an infinite number of rings shows a smooth, continuous admittance curve. In comparison, the
39-ring PMSBH model exhibits an admittance distribution that is close to the ideal SBH, which explains the better slow-sound per-
formance observed for this configuration. In contrast, the admittance curve for the 9-ring PMSBH is discrete, and deviates significantly
from the ideal SBH. This deviation likely accounts for the reduced slow-sound effect.

Note the above analyses on slow wave phenomenon were conducted for a arbitrarily chosen frequency of 1000 Hz as an illustrative
example. Verifications on other frequencies are briefly discussed in Appendix A (Fig. Al(a) and (b)).

4.2. Effect of perforation parameters on the sound absorption

We now examine the impact of perforation parameters on the sound absorption performance. To achieve better sound absorption, it
is essential to balance the slow wave effect with the energy dissipation effect, although the common perception is that smaller holes can
enhance energy dissipation. Using the FEM model, we calculate the sound absorption coefficients for 870 cases of 9-ring PMSBHs,
whose PB parameters have the same variation range as the PMSBHs previously analyzed in Fig. 11(a), except for the ring number. In
addition to the dissipation provided by the small perforations, the damping loss is also introduced in the cavities behind the PB by using
a complex sound speed ¢y = 340 x (1 +0.03i) m/s. For each unique combination of the PMSBH parameters, the sound absorption
coefficients from 10 to 2000 Hz (linearly sampled with 10 Hz step-size) are calculated, and the average sound absorption coefficients in
this frequency range are compared in Fig. 13(a).

The results reveal that both parameters (¢ and Rp,) have significant impacts on the sound absorption performance. For the 9-ring
PMSBH, Fig. 12(a) shows that the optimal slow-sound region is when ¢ lies between 0.07 and 0.15. It can be seen from the contour plot
in Fig. 13(a) that the average sound absorption exhibits a narrow peak region above 0.9, which closely coincides with the optimal
range for the slow sound effect, indicating the substantial advantage of harnessing this phenomenon. Interestingly, varying the hole
diameter from 0.1 mm to 2 mm within the optimal ¢ range does not cause a significant deterioration of the sound absorption in the
PMSBH, with an average value maintains above 0.8. This suggests that the selection of hole diameter ranges can go beyond the
conventional micro-perforated panel (MPP) range, deviating from classical micro-perforation theories. Traditionally, the commonly
accepted optimal parameter range for designing a MPP absorber is typically ¢ ~ 0.01, R, < 0.5 mm. In Fig. 13(a), this range corre-
sponds to the lower-left corner, which indeed shows impressive sound absorption above 0.8. However, the lower edge of the contour
shows the adverse effect of enlarging the hole diameter. When ¢ is small (close to 0.01) where the slow sound effect is absent,
increasing the hole diameter results in inadequate dissipation, leading to a sharp drop in the absorption performance. At other
perforation ratios above the optimal region where the slow wave effect becomes worse albeit existing, such as ¢ = 0.4, the general
trend indicates that reducing the hole size enhances energy dissipation, thereby improving sound absorption and resulting in an
average sound absorption coefficient near 0.9, contrary again to traditional micro-perforation theories. These observations allow us to
make effective choices in selecting perforated plate parameters while considering design trade-offs.

Among the 870 analyzed cases, the optimal result with the highest average sound absorption is identified, where the PB parameters
are ¢ = 0.1, Ry, = 0.2 mm. Fig. 13(b) shows the sound absorption curve from 10 to 2000 Hz, in comparison with the curve for a bare 9-
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Fig. 13. (a) Contour plot showing the average sound absorption coefficient of 870 9-ring PMSBH configurations with varying perforation ratio and
hole diameter. (b) Comparison of the absorption coefficients between 9-ring PMSBH and 9-ring SBH.
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ring SBH without PB but with the same geometrical parameters. It is evident that the PMSBH outperforms the original SBH across the
entire frequency range, exhibiting a nearly flat curve close to 1 from 500 to 2000 Hz. This demonstrates the significant advantages of
incorporating PB into SBH designs. Even if the ring number is small, the performance of the 9-ring PMSBH is still outstanding over a
broadband frequency range. Therefore, from a sound absorption perspective, the PMSBH offers the advantage of reducing the number
of rings and simplifying the structure while maintaining its performance.

We further conclude guidelines for designing an effective slow sound absorbing device by fine-tuning the perforation parameters.
To facilitate a simple and low-cost design of PMSBH, the number of rings should be kept low. Our findings suggest that a 9-ring PMSBH
can provide satisfactory sound absorption, contingent upon the careful selection of PB parameters. To this end, the perforation ratio ¢
is identified as the primary parameter to be considered. According to Fig. 12(a), ¢ ranging between 0.07 and 0.15 yields the most
effective slow wave propagation. By setting ¢ to 0.1, further adjustments to the hole diameter R;, can enhance energy dissipation. To
illustrate this, Fig. 14 presents the sound absorption coefficients for PMSBHs with varying hole diameters (0.2 mm, 1 mm, 1.5 mm)
while ¢ = 0.1. It can be seen that smaller holes exhibit higher absorption coefficients throughout the frequency range, which can be
attributed to increased energy dissipation. Although the average sound absorption coefficient in the entire frequency may not differ
significantly, the low-frequency performance with smaller holes is generally better. In summary, designing an efficient PMSBH
absorber with fewer rings lies in the careful selection of appropriate perforation parameters. These guidelines serve as a valuable
reference for the design of slow sound absorbing devices.

5. Experimental validation

The previous sections discussed the regulation mechanisms of perforation parameters based on analytical and numerical results. In
this section, two experiments are conducted to verify these findings. The first time-domain experiment aims to experimentally examine
the influence of perforation ratio ¢ on the slow wave phenomenon. The second frequency-domain experiment verifies the effect of hole
diameter Rj, on the sound absorption performance.

5.1. Effect of perforation ratio on the slow wave propagation

To experimentally examine the impact of the perforation ratio ¢ on the slow wave phenomenon, a customized acoustic duct system
was constructed for conducting the experiment. Fig. 15 shows a schematic diagram of the experimental setup. This system allows for
measuring the elapsed time for sound waves to reach any distance in the PMSBH in the time domain.

Three 9-ring PMSBH models with varying ¢ were fabricated based on the results discussed in Fig. 12(a). The SBH parts were
manufactured by 3D printing using resin material. Their structural details and parameters are given in Fig. 4 and Table. 1. The
perforated boundary was made using steel plates and then combined with the SBH part to form a PMSBH. The hole diameter R, is 1
mm, and the thickness is 0.4 mm. Three 9-ring PMSBH samples were fabricated with ¢ selected as 0.01, 0.1 and 0.35, respectively.

As for the measurement system, a single-frequency burst signal with 5 peaks was generated from the loudspeaker at the entrance of
the duct. The frequency of the burst wave was chosen to be 1000 Hz. To trace the propagation of wave packets, two MEMS micro-
phones were installed in the system. One MEMS microphone was used as the reference, fixed at 20 cm from the tested PMSBH model
upstream. The other MEMS microphone is movable, which can be positioned at various locations in the duct and within the PMSBH
section. From the pressure signals recorded by the two microphones, the burst waveforms were first identified, and then the propa-
gation time from the reference microphone to the movable microphone was determined using the correlation method. The moving
range of the movable microphone is 50 cm, with a total of 22 positions in the duct chosen for measurements. These include 8 equi-
distant points within 20 cm from the reference microphone to the PMSBH left boundary, 10 equidistant points within the PMSBH, and
4 points in the narrow duct attached to the PMSBH termination. The movable microphone was attached to a straight carbon fiber rod
with a cross-section of 4 mm in diameter.

The time of sound wave propagation from the reference microphone to each measurement position indicates the variation in sound
speed. A straight line indicates a constant propagation speed, whereas a curved line with reduced slope indicates the occurrence of
slow sound. The experimental results for the three different PMSBH samples are plotted in Fig. 16. Furthermore, the numerical results
from FEM calculations are also presented. It can be observed that the experimental results agree well with the FEM results, which
validates the previous numerical results, and vividly illustrates the slow sound phenomenon in the PMSBH structure. Comparing these
results, one can observe that the slow wave effect is the strongest when ¢ equals to 0.1, and weakest with ¢ equaling to 0.01. These
findings are in line with the observations from the numerical simulations. The results clearly demonstrate that the perforation ratio has
a significant impact on the slow wave effect, and a suitable perforation ratio can ensure an excellent slow wave performance.

5.2. Effect of hole diameter on the sound absorption

We further experimentally verify the influence of hole diameter R, on the sound absorption performance. As outlined in Section 4,
variation in the hole size mainly affects the sound dissipation. To demonstrate this, two new PMSBH samples with identical perforation
ratio (¢ = 0.2) but different hole diameters (0.5 mm and 2 mm) were fabricated. By conducting the transient experiment as depicted in
Section 5.1, the measured slow wave performances for the two samples, as illustrated in Fig. 17(a), show very similar behavior. The
measured results again agree well with transient FEM simulations. This confirms that the hole diameter has a negligible role in slow
wave propagation in the proposed PMSBH system.

Fig. 17(b) further compares the sound absorption performances for the two hole sizes. The sound absorption coefficient can be
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conveniently measured in a standard impedance tube, thus the detailed procedures are omitted here [33]. It can be seen that smaller
hole diameter of 0.5 mm indeed performs better than the 2 mm hole, which is consistent with the trend previously observed in Fig. 14.
Note the tested configurations are not the optimal ones due to the manufacturing limitations. Moreover, further reducing the hole size
down to 0.2 mm was not attempted due to high fabrication costs. The result for 0.5 mm sample already shows satisfactory broadband
performance. These experimental insights confirm the major conclusions from the preceding mechanism analyses, and underscore the
importance of selecting appropriate perforation parameters to enhance the sound absorption efficiency of PMSBH.

6. Conclusions

In this work, a perforation-modulated SBH (PMSBH) retarding structure is investigated, which introduces tunability into the SBH
design. By adjusting the perforation parameters, two crucial physical phenomena in the PMSBH, namely the slow wave effect and
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models with different hole diameters.

energy dissipation, can be balanced to eventually enhance the overall sound absorption performance. Two sets of WKB solutions are
developed for predicting the sound wave propagation in the PMSBH structures with continuous and discrete admittance variations,
respectively. The range of applicability for these WKB solutions are also examined using analytical method and numerical methods.
The validity of the WKB solutions is verified through comparisons with Mironov’s ideal model and FEM results.

The influence of the perforation ratio and the hole diameter on the slow wave effect is investigated using the established WKB
solutions and the FEM results, with experimental confirmation in a later section. The perforation ratio is shown to have a much greater
impact on the slow wave phenomenon than the hole diameter. An appropriate perforation ratio can reliably ensure significant slow
sound phenomenon, even at a reduced ring number. Furthermore, the effects of these two parameters on the sound absorption per-
formance are also explored. Both parameters affect sound absorption. Depending on the ring numbers, the optimal range for the
perforation ratio and the hole size go beyond the typical range widely adopted in the MPP community when the slow wave effect is
absent. While the former ensures effective slow wave effects, the latter adds effective energy dissipation to the process, both combined
together yielding superior sound absorption. In summary, the modulation mechanisms through tuning the perforation parameters in
the PMSBH provide a new perspective to the existing SBH design and offer a guideline to design a PMSBH with reduced ring number
and simplified structural configuration which are able to simultaneously achieve effective slow wave effect and excellent sound ab-
sorption performance.
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Appendix A. Slow waves at other frequencies

The previous calculations and analyses are only discussed in relation to the case of acoustic frequencies at 1000 Hz. It needs
clarification whether the slow wave phenomenon still exists in the PMSBH at other frequencies and whether the slow wave effect
remains consistent at different frequencies. The WKB method is employed to explore these questions. Firstly, the local wave number in
a PMSBH at different frequencies (800 Hz, 1000 Hz, 1500 Hz, 2000 Hz) is obtained and plotted in Fig. A1(a). Except for its perforation
ratio of 0.4 and the hole diameter of 1 mm, other parameters of this PMSBH model are tabulated in Table 2. The cut-off frequency is
2074 Hz. The PMSBH is placed between -0.15 m and 0 m, corresponding to the inlet and outlet ends, respectively. It is clear that at
different frequencies, the wave number of the sound wave gradually increases as it enters the PMSBH structures, which implies that the
velocities gradually decrease in the PMSBH and the presence of the slow wave. Further, the velocity variations of the sound wave of
different frequencies in the same PMSBH are exhibited in Fig. A1(b). The velocity curves at different frequencies are in agreement,

suggesting that the structure has a comparable slow wave effect on these sound waves at different frequencies. Thus, the previous
conclusions remain valid over a wide frequency range.

PMSBH structure PMSBH structure
500 - r . - 500 |- : - »
—800Hz —800Hz
400 - = 1000Hz 1 400t == 1000Hz
= 1500Hz - 1500Hz
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Fig. A.1. (a) Local wave number in the PMSBH at different frequencies. (b) Velocity variations of the sound wave in the PMSBH at different
frequencies.
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