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Bistable vibration isolators (BVIs), which can undergo intra- and inter-well motions, have recently
gained much attention as different motions can lead to different low-frequency isolation prop-
erties. To fully exploit the strength of BVIs, feedback actuation is injected into a classic three-
spring-two-link bistable structure, and the classic PD control is applied to tune system’s stiff-
ness and damping. Moreover, the effect of the inevitable loop delay on BVI performance is
considered. Operable regions of control parameters to maintain bistable characteristics and
robustness regions where active BVIs are operable regardless of delay perturbations are deter-
mined. Besides, bistable dynamics, complicated by the transcendentality caused by delay, are
investigated. By taking the BVI as phase zero, the number of variables to be solved is reduced, and
an efficient frequency-sweeping-based calculation procedure is proposed. The BVI is evaluated by
force and displacement transmissibility, showing that both intra- and inter-well motions benefit
vibration isolation. For the former, the BVI yields broadband vibration isolation similar to con-
ventional high-static-low-dynamics-stiffness vibration isolators. For the latter, an isolation valley
can occur, resulting in exclusive ultra-low-frequency vibration isolation. Furthermore, properly
tuning feedback actuation enhances the vibration isolation performance in both cases, and the
often-overlooked loop delay can play a very positive role. Finally, the mechanism of isolation
valley is qualitatively elucidated. The presented theories, including control stability analysis,
delay-coupled nonlinear dynamical analysis, and beneficial parameter tuning, establish a basic
design framework for active BVIs.

1. Introduction

The importance of vibration reduction cannot be over-emphasized. We consider vibration isolation techniques to reduce the vi-
bration transmission for structural protection. Early vibration isolators are typically linear structures [1-3], which take effect only

when the vibration frequency is greater than v/2 times the natural frequency of the vibration isolator itself [4,5]. Clearly, the trade-off
between a wider isolation frequency band and a stronger support capacity limits the applications of linear vibration isolators [6]. For
this, research interests rise in nonlinear vibration isolators with high-static-low-dynamic-stiffness (HSLDS) characteristics, which
achieve broadband vibration isolation without reducing the static supporting capacity [6-8].

The quasi-zero-stiffness (QZS) isolator is one extensively studied type of HSLDS isolators [9], and the classic three-spring
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configuration proposed in [6] is widely considered. Kovacic et al. [10] found that the nonlinearity and pre-compression of two oblique
springs improved the static QZS mechanism. Carrella et al. [11,12] demonstrated the superiority of HSLDS vibration isolators over
linear ones by evaluating the force and displacement transmissibility. Brennan et al. [13] determined the jump frequency of frequency
responses and the force excitation threshold for which jumping behaviors can occur. Later, various QZS or HSLDS structures were
proposed. The construction of HSLDS structures using springs and magnets can be found in [7,14]. Zhou et al. [15] achieved QZS
characteristics using cam-roller—spring mechanisms and obtained a piecewise nonlinear isolator with a low isolation frequency of 3
Hz. Ye et al. [16] designed a coupled translational-rotational QZS system to isolate both translational and rotational vibrations. Be-
sides, X-shaped structures were found to exhibit QZS characteristics over a broader displacement region without reducing the load
capacity [17-19]. Yan et al. [20] introduced the QZS construction using nonlinear structures. Wang et al. [21] investigated the stiffness
effect on vibration isolation and the associated design rules. In addition, the beneficial design of active HSLDS vibration isolators by
manipulating the delay in the feedback loop can be referred to [22-26], where properly delayed vibration isolators exhibited expedited
response speed and extended isolation bands.

Unlike QZS or HSLDS isolators that have only one equilibrium, bistable structures exhibit two equilibria, and the bistable dynamics
can be trapped either in one of the equilibria or between the two. Benefiting from the large amplitude of the inter-well motions in the
latter case, bistable structures are widely used for energy harvesting [27-29]. On the other hand, bistable structures have also been
used for vibration isolation over the last decade, thus creating the concept of bistable vibration isolators (BVIs). For instance, Johnson
et al. [30] achieved a high damping effect using inter-well motions to increase power dissipation. Lu et al. [31] constructed a two-stage
vibration isolator with composite plates and improved the isolation performance using bistable properties. Ishida et al. [32] reported a
bistable foldable structure-based isolator and suppressed the resonance frequency to 0.24 Hz. Yang et al. [33] designed an innovative
bistable electromagnetic actuator using elastic boundary and reduced vibration by more than 90 % via integrating feedback control.
Moreover, the benefits of BVIs over linear isolators were demonstrated by a dual-stage case in [34], where a valley frequency response
was also observed to enhance vibration isolation. Thereafter, Yan et al. [35] designed a BVI by injecting permanent magnets into a
linear mass-spring-damper system and observed that the valley frequency response induced by inter-well motions achieved
ultra-low-frequency vibration isolation. The experimental setup in [35] was then modified in [36], where the newly introduced
nonlinear electromagnetic shunt damping further enhanced isolation. Subsequently, a design theory of passive BVIs was summarized
in [37]. Besides, Noh et al. [38] showed that a BVI can offer a broader isolation band and lower resonance compared with conventional
HSLDS vibration isolators.

While various passive and active BVIs have been proposed and analyzed, we believe that how to fully utilize the advantages of this
relatively new concept has not been fully explored. For instance, the active BVI in [33] focuses more on intra-well motions. The passive
BVI in [38] is mainly used to isolate force excitations. Indeed, the ultra-low-frequency vibration isolation achieved by the valley
response when undergoing inter-well motions found in our previous works [35-37] are exclusive, while the valley width is narrow, and
how it can be manipulated to be practically used has not been enough discussion. Hence, we introduce an additional feedback
actuation to tune the isolator dynamics in real-time, aiming to fully exploit the strength of BVIs whether operating with intra- or
inter-well motions or handling force or motion excitations. On the other hand, delay is inevitable in real control loops with notable
effects widely observed to benefit HSLDS isolators [22-26], vibration absorbers [39-44], and some multi-stable systems [45]. Thus,
the possible beneficial roles that the delay can play in an active BVI system also deserves to be investigated. Given that asymmetric
dynamics would lead to unilateral wear and that shallower potential wells benefit the switch between inter- and intra-well operating
modes, the analysis is based on a classic symmetric three-spring-two-link construction to focus on properly designing and tuning the
feedback actuation. Without loss of generality, a delayed PD control is adopted to tune the stiffness and damping while considering the
delay effect, yielding our threefold main contributions as follows.

First, feedback actuation design criteria for bistable characteristics and robust control stability are proposed, and the inherent loop
delay is taken as an additional tunable control parameter to seek performance enhancement. Second, the resulting delay-coupled
bistable dynamics are established by generalizing our recent work [46], yielding a frequency-sweeping procedure for efficient
dynamical analysis. Third, the tuning mechanism of feedback actuation to enhance the BVI performance is investigated. The extended
isolation valley and the operable valley positions indicate that active BVIs provide a practical solution to isolate ultra-low-frequency
vibrations. Particularly, the mechanism of isolation valley is qualitatively elucidated. In this sense, the unique strength of BVIs over the
conventional HSLDS vibration isolators can be clearly established.

51)1\ c k, Base

Fig. 1. Schematic model of a bistable structure with three springs and two links.
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In what follows, Section 2 establishes bistable characteristics. Section 3 introduces the design rules of feedback actuation and
determines the operable regions of control parameters for stability and control robustness. Section 4 handles the bistable dynamics.
Section 5 evaluates the BVI performance by force and displacement transmissibility, analyzes the parametric effects on vibration
isolation, and qualitatively investigates the isolation valley for ultra-low-frequency vibration isolation. Section 6 draws conclusions.

Italic symbols without a bar superscript ‘]’ stand for dimensionless quantities.
2. Mathematical model

The considered BVI construction shown in Fig. 1 was initially designed as a QZS vibration isolator [21,22]. Three linear springs are
used: one denoted by k, is placed vertically for suspension, and the other two by k;, lie horizontally to create negative stiffness in the
vertical direction. The proof mass 71 is connected to the two horizontal springs k; with two links I, while the connection to the vertical
spring k, is rigid. Clearly, the two horizontal springs must be compressed to activate the bistable characteristics, and the compression is
h. In addition, f and X, are the force and base excitations, respectively. The linear viscous damper is denoted by ¢, and i represents the
feedback actuation to be designed.

2.1. Bistable characteristics
The parametric conditions for the bistable characteristics of the construction in Fig. 1 have been established in our previous work

[46] based on potential energy analysis, and we here adopt an alternative procedure using restoring force for simplification. Let us first
exclude the feedback actuation & and the two external excitations f and X;. The dynamics are then governed by

% +¢x + F(¥) = 0, ®
where the displacement X is a function of the physical time ¢, and F is the restoring force of the springs satisfying
F() = k3 — 2k, [z - (z ERVY S )} S — @

Introducing the following parameters

% : F & % &
wn—\ﬁ,g— =i, F == k= x =T h=", ®
m 2ma, k,l i i

where |x| < 1 due to the mechanical constraint |x| <I, into (1) leads to dimensionless governing equation

X+20x+ F(x) =0, “@

in which the dimensionless total restoring force is

X
— oy _ — y2
F(x)=x 2k(h 1+VI—x )m (5)
The bistable characteristics mean that the proof mass is unstable at x = 0, leading to negative stiffness at this point
OF (x) 1—h
K(x) ==, 12k<1(1_x2)3/2>n—>K(X0)12kh<0. 6)

Once the bistable proof mass at x = 0 encounters a small perturbation, it leaves from this point to two new stable equilibria
symmetric about x = 0. Besides, the total restoring force should be balanced at such two stable equilibria leading to F(x) = 0, which
has a fixed solution x, = 0 corresponding to the unstable saddle equilibrium, and the other two for the stable ones labeled as

—4k2h? + 8k2h — 4k + 1
X2 = $\/ ()]

(2k —1)*

exist only if the condition (6) holds. Note that the two equilibria x; » make sense only if |x; »| < 1 so that h < 1 as per (7). Combining
with (6), we can obtain the parametric condition for bistable characteristics as

1 1 1
{he<ﬁ71)7k>5}or{k>ﬂ,h<l}. (8)
Furthermore, the stable and unstable equilibria correspond to the potential well and peak, respectively, and the potential energy
stored in the three springs can be derived from (5) as

E(x):%x2+k[h7 (17\/@)]2. 9
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With the bistable condition (8), the energy barrier is defined as

2
Eb :E(x:xo) —E(x:xu) :% (10)

2.2. Potential well

The smaller the energy barrier Ej, is, the easier for the proof mass to cross the energy peak x, and then oscillate between the two
stable equilibrium points x; and x; once excited. Selecting h = 0.4 yields the bistable condition k > 1.25 in light of (8), and the
associated variations of the potential energy E concerning the k values are depicted in Fig. 2(a).

From Fig. 2(a), potential wells appear when k > 1.25 agreeing with (8), and the red curve denoting the positions of the two stable
equilibrium points x; and x; always crosses such wells. Besides, increasing k deepens the potential wells and separates the two stable
equilibrium points. More specifically, Fig. 2(b) and Fig. 2(c) depict the variations of the energy barrier Ej, and the equilibrium positions
with respect to the parametric pair (h, k), respectively, showing that an increase in either k or h raises E, and enlarges the distance
between the two stable equilibrium points. Hence, we can tune (h, k) to activate bistable characteristics by tactically manipulating the
energy barrier Ej,.

2.3. Phase portrait

Phase portrait depicts the transient process of bistable dynamics. Selecting h = 0.4, the phase portraits governed by Egs. (4) and (8)
for four pairs of ({,k) are shown in Fig. 3.

The two stable equilibria x; and x; governed by (7) and the unstable one xo = 0 can be more clearly observed in Fig. 3. Comparing
the left two subplots Fig. 3(a) and (b)) with the right two shows that raising the energy barrier E, by increasing k makes it more difficult
for the proof mass to escape from the stable equilibrium point. On the other hand, comparing the upper two subplots with the lower
two reveals that increasing the damping ¢ would help achieve convergence, although it does not affect equilibrium points as per ((7).
Note from Fig. 3(a) that a magenta orbit crosses both x; and x3, which is the so-called inter-well or snap-through motion and is widely
used for energy harvesting owing to the large motion amplitude. Furthermore, one can find that raising the energy barrier E, and the
damping ¢ both suppress the snap-through motions. Also, it is relevant to note that the dynamical orbits with the initial condition at the
critical mechanical constraint x| = 1 do not exist since the two links are vertical in this case, leading to a force-dead link configuration.

3. Feedback control and system stability
We now inject feedback actuation into the BVI while considering the inevitable loop delay. For bistable characteristics, the
feedback actuation should not change system equilibria and their stability. For robustness, the operable parametric ranges where the

system stability and bistable characteristics are independent of delay perturbations are determined.

3.1. Control logic design

Revisiting Fig. 3, tuning damping ¢ and stiffness k (i.e., the energy barrier Ep) both benefit convergence. Since the restoring forces
resulting from such two parameters respectively correspond to the displacement X and velocity X, we consider the classic PD-type

® o6fhzos ' =

Fig. 2. (a). Potential energy E versus k for h = 0.4. (b). Potential barrier E}, versus k for four selected h values. (c). Positions of the two stable
equilibria versus k for four selected h values.
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Fig. 3. Phase portraits concerning four different (¢, k) pairs. Magenta orbits are with the initial condition (x,x) = (0,0.2).

control logic to take these two effects into account,
u(?,p,P,D,7) = P(x(1 — %) — p) + Dx(i — 7), 1)

where P and D are the two gains, the parameter 7 > 0 denotes the inherent delay of the feedback loop due to the inevitable operations
such as sensing and data communication; the bias term f is introduced to specify the desired convergence position so that the feedback

force i is always nonzero until the two convergence conditions X = § and X = 0 are both achieved. Besides, the parameter 7 points out
the inevitable controller delay on the one hand, and on the other hand, it provides additional tuning freedom to seek performance
enhancement. Plugging (11) into (4), the resulting new dynamics can be reshaped as

X =v,
(12)
v=—-20v—F(x)—P(x(t—7)— ) — Dv(t — 1),
where P = F/EWD = D/(Mwy), T = 7wy, and f = B/i are dimensionless parameters following (3). Note that we have

x(t) =x(t—1) =0,
{ ¥(t) = ¥(t — 1) = 0, 13)

in the steady state t—oo, and therefore when the feedback actuation is activated, the two stable equilibrium points x; and x» given in
(7) are invariant if we set that # = x; 2. That is, the considered control logic (11) does not affect equilibria, and tuning g allows
specifying which equilibrium is effective, i.e., f = x; and § = x3 for x = x; and x = x3, respectively. Furthermore, letting # = 0 helps
activate inter-well motions, which is conducive to ultra-low frequency vibration isolation, as mentioned in [37] and as will be further
demonstrated in this work.

3.2. Stability criteria

The stability issues of an active BVI must be considered and can be evaluated by the Jacobian matrix of (12),

0 1

Ji= ) , 14
1 _6F(x) _Pet 2 De (14)
Ox

where 4 denotes the characteristic variable, and dF(x)/dx = K(x) is the stiffness given in Eq. (6). With the bistable condition (8), one
can obtain

Kier =K(x=x=0)=1-2kh <0,

1 —2k)(2hk — 1)(2k(h —2) + 1 (15)
Kinira = K()C = xl.Z) = ( )( B )( (2 ) ) > 0.
4k (h—1)
Consequently, when P = D = 0 (i.e., null feedback actuation), we have trace(J;) = — 2{ < 0, and |J1| =Kiner < 0 and |J1| =Kingra >

0 for the equilibrium point x, and the two x; and x,, respectively, which agrees with the equilibrium stability determined by the
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bistable condition (6). When the feedback actuation is activated, the stability of the BVI is then governed by the characteristic equation
CE(A, P, D, 7, Kuu) = |Alpa — J1| = 2> + 204 + Kpue + (P+DA)e™™ =0, (16

where Ky, is an auxiliary variable. Clearly, Kayx = Kiner and Kayyx = Kingrq correspond to the BVI operating with inter- and intra-well
motions, respectively. From the form of (16), the bias constant # does not affect stability. Furthermore, to retain the bistable char-
acteristics when the feedback actuation is activated, the spectrum of

CE(4,P,D, 7, Ky = Kinra) = 0 a7)

must have negative real parts for intra-well motions around the two stable equilibria x; and x,. However, if the BVI is designed to
operate with inter-well motions, we require that the associated characteristic equation

CE(A,P,D, 7, Ky = Kipira) = 0 (18)

has roots with positive real parts, considering that the BVI tuned with any control parameter composition (P, D, 7) must be unstable at
Xo. Otherwise, the convergence at this point leads to no inter-well motions.

Remark 1. The stability condition governed by Eq. (17) only applies to the vicinity of the two equilibrium points x; and x, since the
Jacobian matrix (14) combined with Eq. (15) only considers point stiffness. Consequently, we exclude the cases where the BVI is
excited with large external forces so that system dynamics are not within the basins of attraction of the two stable equilibrium points,
exemplified by the dynamical flows satisfying |x|—1 in the phase portraits shown in Fig. 3.

3.3. Stability analysis

The aim is to obtain the operable regions of control parameters for tuning the BVI, which now becomes to determine the spectral
distributions of the two quasi-polynomial Eqgs. (17) and (18).

3.3.1. D-curves and root tendency

D-curves [47], defined as time-domain parameters that correspond to at least one pair of imaginary roots, divide the entire
parameter plane into either stable or unstable regions. For this, substituting 1 = +jwy, ®g=>0 , where the subscript (e)y denotes the
Hopf bifurcation, into (16) leads to

Kuue — 0% + j2lwy = —(P +jDwy)e ™. (19)

Taking the gain D as a constant for operable parameter pairs (P, 7) (a similar analysis holds when fixing P) and denoting the critical
parameter pairs constituting the D-curves on the (P, 7) plane as (P.,7.), plugging wy = 0 into Eq. (19) gives

P. = —Kyu,
(20)

0 x e 70 =,

which indicates that the critical delay 7, can be any real value when P = —Kjy,,, and that Eq. (19) has no definite solutions for  when (P,
oy) = (Kaux,0). When wg > 0, balancing the real and the imaginary parts of Eq. (19) yields
P2 (w4, D, Kpue) = 03, (48 + 0}y — D> — 2Ku) + Kj

ux?

1 2P.L + D(w?, — Ky 2D
Ten(@p, Pe, D, Knu) = — |atan2 w”z[ £+ D@ — K] +2(n— x|,
Wy ; (P, — 2D¢) — KauPe

where n € Z* results from the periodicity of e 7*##2(-1)7 — ¢~j7ou and atan2(-) € [—x, z] is the four-quadrant inverse tangent [48] to
match the variety range of the complex exponent e /"%, Note that we have

0 _ ) 7, KpunP 20,
atan2 <m) n {O,KAMPC <0, (22)

and thus the critical delay 7., can be arbitrary only when wy = 0 and KaP. < 0, agreeing with Eq. (20). Remarkably, the value of 7.
has two options in the case wy—0,, considering that



Y. Liu et al. Journal of Sound and Vibration 573 (2024) 118196

P, = Po(0y—0,) = Pe(y = 0) = %|Ky,l,
2PL—DKyu [ . 1 , 2(n—1
Ten(Wp—0,) = ‘gi.A lim —,atanZ(a)H) + lim u
_KAuxPC 0, =0, Wy or=0+ (] (23)
Pv = Kauxs
i 201 =D 00t = M
= 1 _
o0 n _(D ha 2C))P = —Kuux,

KAux ¢

where wﬁ = wy X (ZPCQ‘ — DKpux)/(— KAUXPC). Hence, when wy varies from wy = 0 to wg = 0,4, the critical delay 7., converges to a

fixed value 7, = (ZPCC —DKaux)/ (—KA,LXPC) whenn = 1 or to infinity co when n > 1. Given Egs. (20), (21), and (23), the parameter pairs
(P, 7.) constituting the D-curves can be characterized as

Pc(wHaD7 KAL{X) = i\/wz(“{z + wi[ - D2 - 2KAMX) + Kiwﬂ

Any Value,wy = 0, P.(wy = 0) = —Kyy,
Not Defined,wy = 0, P.(wy = 0) = Ky,

2 p—
1 {atanZ (a)H 2[2ch + D(w} — Kuw) |
wH (PC - ZDZ:) - KAuxPc

(24)
Ten (wH7 Pl‘1 D7 KAux) =

) +2(n— 1)77},0);1 > 0.
Oy

In light of the root continuity rule [47], the characteristic roots shift smoothly on the complex plane as time-domain parameters
continuously vary. Therefore, if the number of unstable roots (NU) changes as the pair (P, ) varies, it must change at the critical
moments when (P, 7) crosses the D-curves depicted by (P.,7.). We can then determine the operable parameters.

3.3.2. Stability map and operable region

Given a BVI with (h,k,{) = (0.4,1.5,0.05), the D-curves (P.,7.) by sweeping wy>0 as per (24) in the intra-well case Kayx = Kinger
= —0.2 for D = 0.05 are shown as the red curves in Fig. 4(a).

From Fig. 4(a), the D-curves divide the (P, 7) plane into subregions. Particularly, P = —Kjyer = 0.2 is shown as the dashed line. Note
that each point only on this line corresponds to a static root 4 = 0 regardless of the values of 7 as per (24). Besides, such a static root is a
fixed root since it is only related to (P,wn) = ( — Kintr,0). Furthermore, the convergence of the delay 7., withn =1 to 7. = —(D +2¢)
/Kinter = 0.75 when wy varies from wy = 0 to wy—0. is verified by the intersection point A. Since NU only changes when crossing the
D-curves, the NU in each sub-region is identical. With the QPmR [49], a numerical tool for calculating the spectrum of a
quasi-polynomial equation, we check the NU corresponding to an arbitrary point in each subregion, and the confirmed NU holds for all
parameter pairs (P, 7) in the checked subregion, as marked in Fig. 4(a). One can find that a stable region with NU = 0 appears when P
> 0.2. The equality between the threshold value of P and the reversed stiffness —Ki,r is guaranteed given that the P term in the PD
control (11) functions as a spring with stiffness P when 7 = 0. Accordingly, Fig. 4(b) shows the numerical stability map by sweeping

(a)20

15

~ 10

Fig. 4. (a). Stability map for inter-well motions with (h,k,{,D) = (0.4,1.5,0.05,0.05). (b). Numerical stability map using QPmR [49]. Grids are with
Re(Agom) = 0, where Re(A4om) means the real part of the rightmost (i.e., dominant) root.
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(P,7) using QPmR, and the results concur with Fig. 4(a). Hence, operable control parameters for an active BVI operating with inter-well
motions should lie outside stable regions.

Following the same procedure, the stability map for the BVI operating with intra-well motions around the two stable equilibrium
points x; and xz with Kjprq = 0.4691 is shown in Fig. 5(a). This time, the control parameters should render the BVIstable (i.e., NU = 0),
and the operable ones are marked in yellow. In addition, the blue dashed line corresponds to wy = 0. The delay 7. ; now converges to 7.
= —(D+2¢) /Kinra = —0.3197 (not shown) as wy varies from wy = 0 to wg—0., and we have 7. >0 at P= +|Kinyq| when n > 2, again
verifying (24).

Note that the instability shown in Fig. 4(a) for inter-well motions should be limited around the unstable equilibrium x,. That is,
once the active BVI tuned with some control parameter compositions (P, D, 7) diverges from Xy, its dynamics should be captured by the
basins of attractions of the two stable equilibria x; and x,. Otherwise, the overall controlled BVI system is unstable, which would lead
to structural failures. Hence, the instability of xo and the stability of x; » must simultaneously hold when the feedback actuation is
activated. Combining Fig. 4(a) and Fig. 5(a), the operable parameter region is marked in Fig. 5(b). Notably, an active BVI with an
unstable equilibrium x, does not necessarily mean it is practically operable.

3.4. Robust parametric range for delay-independent operability

From Fig. 5(b), there exists a parameter region in which an active BVI tuned by any gain P is operable independent of the delay, i.e.,
the specified delay-independent operability. Clearly, selecting the gain P within this region benefits the robust controller design against
delay fluctuations or perturbations [50]. Given the feature that no crossing occurs on D-curves as the delay 7 varies, the aim is to
determine the values of (P, D) that make the characteristic Eq. (16) have no imaginary roots 4 = +jwy regardless of z. To this end, we
consider Eq. (19), the magnitude condition of which yields a parabolic equation

01(Qn) = Qj; + (4 = D* = 2K) Qp + K3 — P2 =0, (25)
where Qy = w%. The axis of symmetry and the discriminant of (25) respectively labeled as y; and A are then governed by

1
= —(D* + 2K — 487,
41 2( A C) 26)

A= (48 - D* = 2Ku,)’ — 4(K2, — P).
Since the zeros Qy € R" U0 of the parabola Q;(Qy) correspond to the imaginary roots 1 = +jwy(wy>0) of (16) and since the

parabola opens upwards, we have two cases depending on the location of y; where the parabolic Eq. (25) has no root satisfying
Qy e RYUO, ie., (1).Q1(0) > 0 if w;<0; (ii).A <0 if y; > 0, leading to

P < K3, ifD*S4C° — 2K s

(P,D) 1 ) 27)
P? < ZQZ(DS).,else
where
0:(Ds) = —(Ds —4¢%) (Ds — 48 + 4K i) (28)
a)20 b) 20 : : . .
( ) /’v wl /‘A/_\ ( ) ® intra — well case
8
o @ inter — well case
15 < 15 =
©
@
(o),
o
Ic
=10 =10 <
c
(]
Q
()
©
£
5 5 >
1O,
[}
0 a
- 0.4691 = i 0.0592
0= ' : ' 0= : +0.0502
-0.5 -0.2 0 0.2 0.5 -0.5 -0.2 0 0.2 0.5
P P

Fig. 5. (a). Stability map for intra-well motions with (h,k,¢,D) = (0.4,1.5,0.05,0.05). (b). Colored region denotes the operable parameters (P, ) for
tuning an active BVI. Red and blue curves concur with those in Fig. 4(a) and Fig. 5(a).
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is a parabola in Ds = D? which opens downward. Note that the first inequality P? < K3, in (27) corresponds to the self-evident ‘delay-
independent instability’ in the inter-well case, as exemplified in Fig. 4(a), where the BVI is unstable at x, when P? < 0.22. The second
inequality P2 < Q2(Ds)/4 then correspond to the intra-well case, and it makes sense only if Q2(Ds) > 0. Note also that the axis of
symmetry of Qx(Ds) is y, = 4¢* — 2Kay, and we have y,>0 in case (i) of (27) so that Q2(Ds) < Qa(,) = 4K3,, when D? < 4¢% —
2K pux- That is, the operable region governed by the first inequality is covered by that governed by the second one. Thus, Eq. (27) can be
combined, yielding the robust region for delay-independent operability

(48 = D) (4Kipma + D* — 40°) )

P’ <
4

(29)

G)rubust = {(P7 D)

which is a function in ¢ and Kinre. Selecting the gain pair (P,D) within the robust region ©,,p,, no Hopf bifurcation or stability
alternation would occur since no imaginary roots exist or no crossing on D-curves occurs. Considering that the sign of y, determines
the maximum of Qx(Ds) > 0 within the interval Ds > 0 and that Qx(Ds) = 0 has two zeros Ds; = 4¢2 and Ds 2 = 4¢? — 4Kinyrq With Ds 1
> Dg 5 in light of (15), the lower and upper bounds of the robust region 0, for the delay-independent operability can be obtained as

{ PL€ [0.V@:00074] = [0.28 (K =€), { VD52 i8> Ko
low =
ID| € [Diow, v/Ds.1] = [Diow, 2],

More intuitively, the robust regions @, for k = 1.5 and different ({, h) values are demonstrated in Fig. 6.

From Fig. 6(a), the robust region O, expands in both directions of P and D as damping ¢ increases, indicating that damping is
beneficial for suppressing the effects of delay perturbations on system stability. Since @,y is also related to the stiffness Kinrq as per
(29) and since Kinq is a function of h, the relationship between ©,,p,ss and Kinq by varying h is shown Fig. 6(b). The bounds of P and D
in both Fig. 6(a) and b) are marked as dashed red curves and agree with ((30). Similar to Fig. 6(a), the maxima of either one of P and D
are achieved when the other one is zero, and the difference is that the bounds of D keep invariant when Kj,,, varies. Note that in
addition to control robustness, the bound condition |D| < 2¢ given in (30) and verified in Fig. 6 should be taken as a hard requirement
for the BVI design to avoid negative total damping aiming for |2{x + Dx(t —7)| > (2{ —|D|)|x| > 0 to benefit convergence. For the case
(h,k,(,D) =(0.4,1.5,0.05,0.05), the selection of the gain P for delay-independent operability can be found in Fig. 6 tobe P € [ — 0.0592,
0.0592], which agrees with Fig. 5(b). Notice that Fig. 5(b) and Fig. 6 provide two types of operable regions for selecting the gain pair
(P,D) to customize the uses of active BVIs to accommodate different working conditions.

(30)
0, else.

4. Delay-coupled bistable dynamics analysis

Having established operable regions for control parameters, we next consider the BVI dynamics under harmonic excitations while
considering the delayed feedback actuation (11). The analysis generalizes our recent work [46] where a nondelayed case is considered.
Note that the BVI is taken as phase zero to simplify calculations. With the rationalized governing equation, the bistable dynamics,
which are complicated by the introduction of delay, including frequency responses and jump frequencies, are determined.

4.1. Governing equations and rationalization

In light of [22], the considered harmonic force excitation f and base excitation X, are assumed to be

Bl A=0.35 EE~=0.40
h=0.45 C1h=0.50

(a) 0.5
0.4

-0.1246

0.1
0.05
QR o

¢=0.05

0.5 -

%03 0.0502 -02 5

. 0.3 '_0.2 0.0592 0 0.0592 0.2

P P

Fig. 6. Robust region Oy, governed by (29) for k = 1.5. (a). Fixing h = 0.4 and varying ¢ = [0.05,0.1,0.15,0.2]. (b). Fixing ¢ = 0.05 and varying h
= [0.35,0.4,0.45,0.5].

[ I—
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fz&cos(@f-&-d)),&- >0, (31)
X = Aycos(@i + ¢),A, > 0,

where Ay and Ay are the force and base amplitudes, respectively, and ¢ denotes the phase difference between the excitation and the
BVI. Proceeding from (12), the BVI dynamics in the force- and base-motion-excited cases are respectively governed by

X+20% 4+ F(x) = —P(x(t —7) — ) — Dx(t — 7) + Ascos(wt + ¢), (32)
#4207+ F(r) = —P(r(t —7) — ) — Di(t — 7) — Ap*cos(wt + ¢), (33)

where Ay = A/ (k,l) and Ay, = Ay /1 are self-evident dimensionless excitation amplitudes following (3), @ = @/@, is the dimensionless

excitation frequency, and r = (X —X; )/l is the relative displacement of the BVI to the base. Particularly, the delayed PD control is based
on r in the base-motion-excited case so that Eqs. (32) and (33) share a similar form which can be unified into

742824 F(z) = —P(z(t—7) — p) — Di(t — 7) + A pucos(wt + ¢). B4

Then, the BVI is subjected to force and base excitations when (A, u) = (As,1) and (A,u) = (Ap, — @), respectively. Note from Eq.
(5) that the restoring force F(z) is of an irrational form which complicates dynamical analysis. For simplification, we adopt the [3,3]-
order Padé approximation [51] for rationalization, yielding

nz+ I’lzZz + l’l3Z3
B ey R

(35)
wheren; =1— 2hk,ns = [2k(h +2)—3]/4,d> = — 3/4, and ny = d3 = 0 since F(z) is an odd function. Substituting Eq. (35) into (34)
and eliminating the resulting denominator yields the rational governing equation

(1+do2?) [+ 222+ P(z(t — 7) — B) + DE(t — 7) — Agucos(wt + )] + iz + nyz’ = 0, (36)
The effectiveness of Eq. (36) for predicting the BVI dynamics exactly governed by Eq. (34) is verified in Section 4.4.

Remark 2. The Taylor series, which is widely adopted for rationalization, e.g., [22,23,37], is a reduced case of Padé approximation.
Given that a BVI can undergo large-amplitude inter-well motions and that the intra-well motions are not close to the approximation
point z = 0, the dynamical analysis based on Padé approximation yields a higher accuracy [46]. In addition, the Padé approximation
has a better tracking capacity and can work in cases where the Taylor series does not converge [51], which is especially useful in some
cases where the original restoring forces can irregularly change [52].

4.2. Frequency responses

With the rational form of Eq. (36), the harmonic balance method [53] can now be deployed to investigate the nonlinear BVI
dynamics, which are assumed to have the same frequency as the excitation but with a different amplitude A,

z(w, 1) = A,(t)cos(wt) + B(2), (37)

where A;(t) and B(t) are slow-varying coefficients, and the bias term B(t) = 0 and B(t) # 0 corresponds to the inter- and intra-well
motions, respectively. Note that all the time derivatives should vanish in the steady state t—oo, i.e., A;(t) = A; and B(t) = B such
that B=A, = 0and B = A, = 0. To this end, substituting Eq. (37) into (36), the vanishment of the resulting non-trigonometric terms
and the coefficients of the sin(wt) and cos(wt) terms lead to three equations,

Gy (P>D7 T, wvAz) = AxﬂSin(¢)>
GZ(P7D77=ﬂ7w7szB) :AX”COS(¢>7 (38)
BG3(P7 D7 T7ﬂ7 w',Am B) = BdZAzAxﬂCOS((/))7

where G; is a function in (P,D,7,Q,A;), and G, and G are additionally in . The aim is to seek the common solution composition (Q,A;,
B) of Eq. (38) under the bistable condition (8) for a given control parameter composition (P,D,7) and a bias constant $. Since B= 0 isa
fixed solution of the third equation in (38), the analysis is twofold depending on the value of B. Accordingly, the superscripts () and
(.)[2] respectively denote the inter- and intra-well cases.

4.2.1. Inter-well case with B = 0
Let us start with the inter-well case where the BVI can cross the energy barrier E, to oscillate between the two stable equilibria x;
and x,. Substituting # = B = 0 into Eq. (38) gives

G (w,A;) = (w(Deos(w7) + 2¢) — Psin(wr))A, = Ausin(s),
1 (39)

GM(w,A,) = (K[PCOS(C()T) + Dwsin(w7)] + (13 — dow®) A2 +§ (i — w2)>A; = A,picos(),

K

10
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where k = d>A2 + 4/3. To eliminate the terms sin(¢) and cos(¢), Eq. (39) can be combined as
2 2
&'(@.4) = (@(@.49) + (6! @A) — 4% =0, (40)
which is an implicit function in (w,A;). Once given an excitation frequency w € R", Eq. (40) is a cubic equation in A,

G(@,A.) Zal w)AY =0 (41)

i=0

where al[l] represents constant coefficients parameterized in . Solving A, € R* from (41) with sweeping € R" leads to the solution

pairs (w,A;) for the inter-well frequency response curve @ x A,.

Remark 3. Solving Eq. (41) for amplitude A, with sweeping frequency w yields two benefits. (i). The two terms sin(wr) and cos(w7) in
Eq. (39) or Eq. (41) become two constants for a given delay 7, which converts transcendental equations into simper polynomial ones.
(ii). Sweeping w reduces the number of variables so that Eq. (41) transforms from an implicit equation in (», A;) to a univariate cubic
equation in A, that can be easily solved. Note that a univariate polynomial equation can be solved by standard procedures regardless of
equation degree [54]. Thus, when increasing the approximation order in (35) for higher accuracy, Eq. (41) is always solvable, although
it can lead to no closed-form solutions due to higher equation degrees.

4.2.2. Intra-well case with B # 0
Intra-well motions mean that the BVI dynamics are trapped in the basin of attraction of one of the two stable equilibrium points x;
and x,. When = B # 0, to eliminate the terms sin(¢) and cos(¢), Egs. (38) can be combined as

G'(@,A:,B) = Gi(0,A:) + Gy (0, R A) — Ay =0,
G(0,4:,B) = Gi(@,A) + Gi(0,A., B) — Al =0, 42)

G (4., B) = Ga(@, 4., B) — ——Ga(,A.,B) = 0,
. dzA,
where G[121 and G[Z2 | contain transcendental terms cos(wz) and sin(wz), and G[Sz] is a polynomial in (A;,B). Directly solving Eq. (42) using

numerical methods is cumbersome. Similar to Eq. (41), treating the pair (@, B) known, G[lz], G[ZZ], and G[32 | are all univariate polynomials
in A,, and more specifically, we have

6
Gl(@.4:,B) = > (0. BJAL =0,
4
Gl(@.A.B) =Y 7 (0.B)AL =0, 43)

Gy (0,A,,B) =Y 1 (w,B)Al =0,

where al[ | v, and ;1[2]

are coefficients in (w,B). However, directly solving A, from Eq. (43) by sweeping (w, B) is still cumbersome since
the sweeplng range of B is unknown and since we are seeking the common solution of multiple nonlinear equations in this case. To seek
the form of a single univariate polynomial equation, which benefits calculations as per Remark 3, we apply the resultant concept [55,
56] following our recent work [46] given the polynomial form of Eq. (43). The computational details are left to [46], and the main idea
of eliminating variables is briefly reviewed to demonstrate the simplified calculations by taking the BVI as phase zero, see the forms of
Egs. (31) and (37).

Resultant concept seeks the necessary condition for two polynomial equations to have common solutions. Let us start with G[z2 =0

and ng] = 0 as they have a lower degree. The Sylvester resultant [56] by eliminating A, is defined as

11
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o A w00 0
o 0
o A 0
R(,B) = resy, (G2, 61') = ?2] ?2] ?2] yf] yE}] oo (44)
Ny ny M, no g 0 0 0
oy 0
0 7 af 0
0 0 0 g A 5

which is a polynomial in a single variable B, where the notation resa, (-) signifies the resultant operation to eliminate A,. Besides,

necessary condition means that all solutions B in the common solutions (A;, B) of G[z2 |~ 0and ng =0 belong to the solution set of the
univariate resultant equation

16
R(w,B) = B?Y 97 (w)B =0, (45)
i=0

2
1
substituting each of which into G[Zz] =0or G[32] = 0 yields a univariate equation in A,, and therefore A, can be solved. To this end, we

can now obtain all the common solution candidates (A;,B) of G[Z2 | =0 and G[S2 =0 fora given frequency w. Note that the term

‘candidates’ highlights that the resultant concept only provides necessary conditions for common solutions, i.e., the common solution

where 9 () denotes constant coefficients once given a frequency . Since B # 0, Eq. (45) has 16 real solutions at most, back

pairs (w,B) of G[zz] =0 and G[32] = 0 for any value of A, must satisfy the resultant Eq. (45), but the opposite is not always the case.

Considering also that the feasible solution composition (», Az, B) must additionally satisfy G[lz] = 0, all these solution candidates need
to be checked twice to obtain the desired common solutions of Eq. (43), and the corresponding computational procedure by sweeping
the frequency w is detailed in Fig. 7.

From Fig. 7, the common solution composition (@, A;, B) is determined via two solving steps and two checking steps. Note that each
solving step deals with a purely univariate polynomial equation, and thus solutions of each equation can be exhaustively determined
using standard procedures without initial guesses, as also mentioned in Remark 3. Comparing Fig. 7 and Fig.6 of [46], one can
conclude that the resultant operations herein are reduced twice and the solving steps are reduced by one since taking BVI as phase zero
reduces the number of variables, which improves calculation efficiency. The corresponding numerical comparisons are prepared in
Section 4.4.

Remark 4. (Implementation of Fig. 7). The resultant operation performed in (44) and Fig. 7 can be easily implemented in mathe-
matical software, e.g., the considered Sylvester resultant concept is embedded into the command resultant(-) in the widely used
MATLAB, MAPLE, and Mathematica. Besides, the command roots(-) of MATLAB and MAPLE and the one NRoots(-) of Mathematica can
be used to solve a univariate polynomial equation. Hence, once the three governing equations in (42) for intra-well frequency re-
sponses are constructed via the harmonic balance method, the introduction of the resultant concept for solving equations does not pose
additional programming complexities.

Solving :(w,B '
solve ®:(w,B) slif: GE(A.B)=0
G (w,A.,B) =0 v YES
(soh;le (2) l l l resultant R(w,B)—0 if: GI?(w,4.,B)=0
w,A., ‘LYES
G (w,A,,B)=0
. |Sweep Input: (w) ‘Output: (w,Az,B)‘
(w,A,,B)
Checking

Fig. 7. Resultant-based frequency-sweeping solving procedure for intra-well frequency responses. Red arrows and symbols denote the solving flow
and main variables, respectively.

12
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4.3. Jump frequency

Jump frequency is a key dynamical index of nonlinear systems. It is related to the multi-state frequency band and signifies the
critical frequencies where system dynamics can suddenly change even if the excitation frequency slowly varies.

4.3.1. Inter-well case with B = 0
For the inter-well motions, we consider the differential form of Eq. (40) in terms of the amplitude A,,

06y (@A) _ 06V (0,4,) G (w,A;) oo _
0A.  OA. do 04

Z

0. (46)

Since the jump frequencies satisfy dw/dA, = 0 as per [13], Eq. (46) at the jump frequencies can then be simplified into

3G} (@, 4.)
o~ 0, (47)
which is a polynomial equation in A, as per (41). Consequently, jump frequencies if exist must be the solutions of

1]
WWVWM@WWMﬁﬁﬁmyﬂy (48)

which is a transcendental equation in a unique variable w and can be numerically solved. Compared to Theorem 5 of [46], only one
resultant procedure is now required to arrive at (48) thanks to the reduced number of variables by taking the BVI dynamics as phase
zero, thus simplifying the calculations.

4.3.2. Intra-well case with B # 0
For jump frequencies of intra-well responses, the resultant-based calculations in Theorem 6 of [46] also hold and can be simplified
similarly to (48). Alternatively, we provide a numerical approach that does not depend on the resultant procedure for comparisons.
According to Fig. 7 of [46], the intra-well amplitude can jump at the bending of both the frequency response curves w xA, and @ x B.
We then seek the extremal condition of the frequency w concerning A, and B,
ow o

(0]
Eannda—B:O, (49

which leads to (47) in the reduced inter-well case with B = 0. Furthermore, Eq. (49) can be rewritten as

Jw Jw
do = aTdAz + a—BdB =0. (50)

4

To seek the form of (50), we consider the derivatives of the first two equations in (42),

G (w, A, B) 0G™(w, A, B) G (w, A, B)
1417y dA- 1 1412y dB — 1 1422y d .
oA, ST ow »,
[2] ( ) 2] ( ) [2] ( ) (51)
0GP (,A.,B 0GP (w,A,,B 0GP (w,A,, B
220 dA, 22 4B = 22 dw.
oA, ST W @

4

Substituting (50) into (51) leads to the matrix equation

J2 {dA =0, (52)

dB

which has solutions only if the matrix J, is singular, yielding the explicit form of the two extremal conditions in (49)

oGP oG

. 0A, OB
Gl(w,A.,B) = |1| = =0. (53)

oG2  oG¥

0A, OB

Combining Eq. (53), G[32] (A;,B) =0, and either one of G[lz] (w,A;,B) = 0and G[22] (w,A;,B) =0, the compositions (w,A,, B) at the jump
frequencies can be numerically determined. One benefit of calculations using (53) is that the resulting common solution does not
require the checking steps as in Fig. 7. However, solving multiple variables from multiple equations requires a proper solving interval
or initial guess to benefit convergence. Instead, the convergence of the resultant-based procedure to construct Eq. (48) is guaranteed
thanks to the univariate solving procedure. We also remark that these benefits can be more dominant when 7 = 0 so that the equations
to be solved for jump frequencies are purely polynomial.

13
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4.4. Case studies

Given a BVI with (h,k,{) = (0.4,1.5,0.05), two stable equilibrium points z; 5 = F70.4359 exist as per (7). The harmonic force
excitation with Ay = 0.015 is then applied to the proof mass, and the resulting numerical dynamics and the associated theoretical
solutions for three parameter compositions (P, D, r) are compared in Fig. 8.

The numerical solutions shown as magenta and green solid curves in Fig. 8 depict the BVI dynamics governed by the exact restoring
force (5), which are derived using the 4th-order Runge-Kutta method with a slow forward frequency sweeping rate to suppress the
interferences of adjacent frequency responses. Moreover, theoretical response curves in blue and black markers are obtained as per
Section 4.2, and dashed lines corresponding to the bends of frequency response curves are determined following Section 4.3 for jump
frequencies. Clearly, theoretical predictions agree with numerical solutions.

We have = z; in Fig. 8(a-c) to activate intra-well motions so that the proof mass cannot escape from the potential well at z;,
yielding oscillations around this point. Comparing the three subplots in Fig. 8(a-c), one can conclude that the delayed PD control logic
does not change equilibrium while it affects oscillation amplitudes, thus leading to possible enhanced vibration isolation. Furthermore,
the intra-well frequency response curves bend to the left, signifying softening stiffness.

We next lower the energy barrier E, by reducing h as per Fig. 2(b) while increasing the excitation strength for inter-well motions.
Letting (h,As) = (0.35,0.08) leads to two new equilibrium points 2; ; = F0.2222, thus arriving at Fig. 8(d-f), where numerical dy-
namics and theoretical solutions are still in good agreement. In the passive case shown in Fig. 8(d), the BVI first undergoes inter-well
motions and then oscillates in the potential well at z, = 0.2222, indicating that low-frequency excitations are prone to cause inter-well
motions. When the feedback actuation is activated in Fig. 8(e) and (f), the BVI crosses the unstable equilibrium point 2, as expected
while undergoing large- and small-amplitude inter-well motions in low- and high-frequency bands, respectively. The amplitude di-
versity depending on excitation frequency is qualitatively determined in Section 5.3.4. Note from Fig. 8(c) and (f) that the often-
overlooked loop delay can significantly alter dynamical behaviors, making it worthy of being considered as an effective tunable
control parameter to enhance vibration isolation performance.

On the other hand, comparing Fig. 8(a-c) and (d-f), the BVI exhibits hardening and softening stiffness characteristics when un-
dergoing intra- and inter-well motions, respectively. This is different from the conventional monostable vibration isolators that only
have a single stiffness characteristic. The switching mechanism of BVI between hardening and softening stiffness can be interpreted
from a practical perspective. Since 2y = 0 is unstable, dynamics departing from it are stabilizing, leading to hardening stiffness. As for
intra-well motions around 2, », the restoring force by the two horizontal springs k; and that by the vertical one k, are competing and are
balanced at z; ». Hence, when z # 2; 5, one restoring force is always partially offset by the other one, resulting in softening stiffness.
Clearly, the considered feedback actuation facilitates the BVI switch between intra- and inter-well motions or between the softening
and the hardening stiffness.

Remark 5. We highlight the improved efficiency of the resultant-based solving procedure in Fig. 7 by taking the BVI as phase zero.

(@) 0 ‘ @1

(P,D,m)=(0,0,0)

e
ol

a

I vWWr wmr

0 0.5 1 1.5 0 0.5 1 1.5

N 041

e

"0 0.5 1 1.5 0 0.5 1 1.5

T | (P,D)—(0.05,0.05)
[P T=0.5

1.5

Fig. 8. Comparisons between numerical dynamics (magenta and green solid curves) and theoretical solutions (blue and black markers). (a-c). Intra-
well motions with (h,Af) = (0.4,0.015). (d-f). Inter-well motions with (h,A¢) = (0.35,0.08). Initial conditions in the intra-well and inter-well cases
are set as (z,2) = (z1,0) and (2,2) = (0,0), respectively.

14



Y. Liu et al. Journal of Sound and Vibration 573 (2024) 118196

The frequency interval w € [0,1.5] of Fig. 8 is linearly divided into 200 grids following our previous work [46], and the average
computational time for the intra-well response curves shown in Fig. 8(a-c) is less than 0.25 s using the identical hardware and software
resources to [46]. As for the inter-well cases in Fig. 8(d-f), the average time cost is less than 0.1 s. However, similar results for the intra-
and inter-well motions given in Table 1 of [46] require much longer time costs of 30 s and 11 s, respectively, although previous results
did not consider the delay effect. The significantly saved computational costs extend the application of Padé approximation and
resultant concept in nonlinear dynamics analysis for higher efficiency and accuracy.

5. Enhanced vibration isolation performance

We next evaluate the vibration isolation performance of the active BVI under harmonic force and base excitations to show how to
properly tune the delayed feedback actuation to enhance performance. The special strength of the BVI operating inter-well motions in
handling ultra-low-frequency excitations is qualitatively investigated.

5.1. Force transmissibility

The total force transmitted from the proof mass to the base through the springs, the damper, and the feedback actuation is
Fr =207 + F(z) + P(z(t — 1) — p) + Di(t — 7). (54)

According to [12], if the proof mass is excited by a harmonic force f = Ascos(wt + ¢), the resulting total force (54) can be
approximated by a harmonic form of

Fr = Arcos(o + ¢7), (55)

where Ar is the amplitude and ¢ is the phase difference with respect to the proof mass. Eq. (54) has a similar form to (34) and thus can
also be solved by the harmonic balance method, leading to three equations similar to Eq. (38) as

Gri(w,A;) = (o(Dcos(w7) + 2{) — Psin(wr))A, = Arsin(¢y),

Gp(w,A,,B) = Ki (KT[PCOS(CUT) + Dwsin(wr)] + (n; — dyw®)AZ + ing (B> +A%) + nl)A, = Arcos(¢y), (56)
T

BGr3 (a)7Az7 B) = BAZATdZCOS(¢T)7

where ky =1+ (B + 3A2 /4)d,, and Grs is a function in (w,A;,B). The force transmissibility, defined as the amplitude ratio between
the force transmitted to the base and the force excitation, can then be obtained

_|Fil _Ar(@,A,B) _\/Gn+ G (57)

T, A,,B) = = =
f(w7 2y ) Vl Af Af s

e P=-0.03
e P=0
e P=0.03

(D,7)=(0,0)

1 = > 1 N 4

Isolation frequencies Isolation fi equencfe's’\\
0 1 1 1 1 L 0 L 1 L 1 1
0.2 0.4 0.6 0.8 1 1.2 1.4 0.2 0.4 0.6 0.8 1 1.2 1.4

e (P,D)=(-0.03,0.05)
3t . e (P,D)=(0,0)
—\ ® (P,D)=(-0.03,0.1)

(P,D)=(-0.03,0.05)|| ® 7=0
e 7=0.

1 X S | =S \
Isolation ﬁequené?‘s“\ Isolation frequencfefg‘\\

0.2 0.4 0.6 0.8 1 1.2 1.4 0.2 0.4 0.6 0.8 1 1.2 1.4
w w

Fig. 9. Force transmissibility of the active BVI versus various control parameter compositions. The non-delayed cases are shown in subplots (a), (b),
and (c), and the delay effects are considered in subplot (d).
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which is a function related to frequency responses governed by Eq. (38). Selecting (h,k,{) = (0.4,1.5,0.1), the performance of the
active BVI operating with intra-well motions under harmonic force excitations with amplitude A; = 0.018 for various control
parameter compositions is compared in Fig. 9.

First, the control parameter compositions (P,D,7) should be selected as per Fig. 5(b) or Fig. 6 for stability or robustness. Let us then
start with the non-delayed cases in Fig. 9(a-c) to focus on the effects of the two gains P andD. From Fig. 9(a), when the feedback
actuation is inactive (i.e., (P,D)=(0,0)), the isolation frequency is much smaller than V2 and the peak frequency is smaller than 1,
signifying that the BVI exhibits HSLDS characteristics. Besides, the transmissibility curves bending to the left imply the softening
stiffness, which benefits broadband vibration isolation [37]. Of interest is that increasing the gain P worsens the isolation performance
by raising the peak amplitude and narrowing the isolation region, although it introduces an additional stiffness around the equilibrium
to suppress small perturbations. Besides, decreasing P yields the opposite results to benefit vibration isolation performance, while the
transmissibility in the low-frequency band undesirably rises. Fixing P = 0 and varying the gain D lead to Fig. 9(b), where the isolation
band does not depend much on D, while the peak amplitude can be suppressed by raising D. Combining such benefits resulting from a
negative gain P and a positive D arrives at Fig. 9(c), where the active BVI exhibits a lower peak amplitude and a broadened isolation
band compared with the passive BVI with (P,D)=(0,0). In addition, the undesirably raised transmissibility in the low-frequency
mentioned in Fig. 9(a) can also be suppressed. At last, Fig. 9(d) shows the delay effects on vibration isolation, where the peak
amplitude first decreases and then increases as 7 enlarges. Meanwhile, the isolation frequency keeps increasing.

5.2. Displacement transmissibility
Now let the base undergo harmonic motions prescribed by x, = Apcos(wt + ¢), and the BVI is designed to reduce the resulting
vibrations on the proof mass. From Eq. (33), the absolute displacement of the proof mass is
r 4 x, = A.cos(w) + Aycos(wr + ). (58)

Then, the isolation performance is evaluated by the displacement transmissibility, which depicts the amplitude ratio between the
absolute displacement of proof mass and base,

A%+ A2 + 2A_Ac0s(9)
r+ X = T 2%b
Td(a)vszB) = | |xh‘b‘ = \/ Ab ) (59)

where cos(¢) is defined in Eq. (38). For harmonic base excitations with A, = 0.018, the displacement transmissibility of the BVI
operating with intra-well motions and (h, k,¢) = (0.4,1.5,0.05) for various control parameters is compared in Fig. 10.

From Fig. 10, the beneficial HSLDS characteristics and softening stiffness can also be observed in the base-excited case. Besides, the
parametrical effects of (P,D, ) on the displacement transmissibility are similar to the force excitation cases in Fig. 9, i.e., a negative
gain P extends the isolation band and a positive gain D suppresses the peak amplitude, and such two benefits can take effect simul-
taneously as in Fig. 10(c). As for the delay effects shown in Fig. 10(d), slightly increasing the delay 7 suppresses the peak amplitude
while posing little effect on the isolation band, and similar results can also be found in Fig. 9(d). That is, tuning or actively introducing
a delay 7 within a reasonable value in the feedback loop is equivalent to a beneficial damping effect. This provides a useful guideline for
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Fig. 10. Displacement transmissibility of the active BVI versus various control parameter compositions (P,D,7). The non-delayed cases are shown in
subplots (a), (b), and (c). The delay effects are evaluated in subplot (d).

16



Y. Liu et al. Journal of Sound and Vibration 573 (2024) 118196

the economical feedback loop design in some cases where the loop delay cannot be ignored, e.g., the physical installation distance
between the actuator and controller is not close for controller protection purposes, a large number of calculations or signal processing
is needed for a large-scale isolator net, etc. Note also that the robust interval ©,,p,; defined in (29) for the gain pair (P, D) becomes more
important in these scenarios.

5.3. Highlights: ultra-low-frequency vibration isolation using inter-well motion

We have shown that BVIs operating with intra-well motions exhibit HSLDS characteristics yielding broadband vibration isolation,
which, in fact, can also be achieved by conventional QZS isolators. We next consider the special benefits of the BVI operating with its
exclusive inter-well motions, which are observed to contribute to isolating ultra-low-frequency base vibrations in our previous works
[35-37]. As a further step, how the BVI enters such an isolation state, challenges of practically achieving such benefits, tuning rules of
the feedback actuation, and the mechanism of isolation valley are highlighted in this study.

5.3.1. Passive BVI

Selecting (k,h,{) = (6.5,0.08,0.1) leads to two stable equilibrium points as r; 2 = x; 2 = F0.0816. For A, = 0.15, frequency re-
sponses of the BVI and the associated displacement transmissibility are depicted in Fig. 11(a) and (b), respectively. Besides, bifurcation
diagrams in such two subfigures are composed of numerical local maxima after a sufficiently long simulation time, and obviously,
numerical results agree well with theoretical solutions.

From Fig. 11(a) and Fig. 11(b), the proof mass starts with intra-well motions and then undergoes inter-well motions with large-
amplitude aperiodic dynamics (LAAD) [57] as the excitation frequency ® increases. The LAAD frequency band should be avoided
since the amplitudes of the proof mass in this band are larger than the excitation amplitude, and irregular motions can lead to
structural fatigue more easily, see Fig. 11(c) for a quasi-periodic example at @ = 0.12. After the LAAD band, an isolation valley where
T4 < 1 appears, and we can find that the motion amplitude of the proof mass converges and the motions tend to be periodic as w
increases in the isolation valley. Furthermore, the isolation performance at two frequencies ® = 0.14 and @ = 0.15 within the valley is
illuminated in Fig. 11(d), where both amplitudes of absolute displacement and absolute velocity of the proof mass are smaller than
those of the base, thus verifying the effective vibration isolation.

Note that inter-well motions constitute the isolation valley, and conventional linear isolators (isolation frequencies are always
larger than v/2) and nonlinear QZS isolators are unable to achieve such ultra-low-frequency vibration isolation. For comparisons, we
let k = 6.25 so that K(x= 0) = 0 as per (6) to construct a QZS isolator, and the associated displacement transmissibility is superposed
as the cyan dotted curves in Fig. 11(b), where the superiority of the BVI for the ultra-low-frequency vibration isolation can be easily
observed. More specifically, the corresponding numerical phase portraits at @ = 0.15 are compared in Fig. 11(d), where the QZS
isolator yields no vibration isolation and even undesirably amplifies the base motion amplitude on the proof mass. As w further in-
creases, no intra-well solution exists, and the BVI undergoes pure inter-well motions. However, utilizing inter-well motions to achieve
ultra-low-frequency vibration isolation is not easy as the valley width is quite narrow. Consequently, small excitation frequency
mismatches can reduce isolation performance or even lead to the LAAD modes. That is, the operating modes of a passive BVI to achieve
the isolation valley can be very limited in practice.

(a) 0.3 ' - ' (c) 0.04
QZS isolator 000050222
L I T W =l
.................. +
O Y || ettt e 0
0.1 @ Theoretical intra-well sols. =
| ® Theoretical inter-well sols. 8
0 . O Bifurcation diagram i
< : — -0.04 : : : : :
0 0.1 0.2 0.3 0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3
® ® @ Proof
(b) 3 x - - (d) 0.04 — | o Bme
LAAD .
Band QZS isolator
2 I ™
=~ BBl
1 :
<« Isolation Valley
0 ' OO0 AN ' ' ' ' ' '
0 0.5822 02 0.3 0.4 03 02 01 0 01 02 03

w Tp, Tp + 1

Fig. 11. Passive BVI performance with (P,D,7) = (0,0,0). (a). Frequency responses. (b). Displacement transmissibility. (c). Phase portraits of the
motions at @ = 0.12. (d). Ultra-low frequency vibration isolation at @ = [0.14,0.15].
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5.3.2. Tunable isolation valley by deploying an active BVI

Delayed feedback actuation is now activated to enhance the ultra-low-frequency vibration isolation. Given the robust region (29)
and the beneficial effect of a positive gain D revealed in Fig. 9 and Fig. 10, we select P = [+0.01,4+0.02] and D = [0,0.03]. Similar to
Fig. 9 and Fig. 10, we start with the non-delayed cases. The displacement transmissibility for low-frequency harmonic base excitations
with A, = 0.15 concerning various gain pairs (P, D) are compared in Fig. 12.

Let us first scrutinize the left four subplots (a-d) of Fig. 12. From Fig. 12(a) and (b), decreasing the stiffness around the equilibrium
point r = 0 by a negative gain P shifts the isolation valley rightward, which also makes this point more unstable such that the LAAD
modes exhibit higher amplitudes and the isolation performance reduces in the valley. In contrast, increasing the gain P leads to Fig. 12
(c) and (d), where the amplitudes of the LAAD modes are suppressed, and the isolation valley shifts leftward with a reduced depth. The
effects of the gain D are investigated in Fig. 12(e-h), indicating that increasing D extends the valley width and enhances the isolation
performance in the valley. Note that pure periodic motions in the isolation valley protect the proof mass from both perspectives of
lower displacement transmissibility and regular motions. Hence, the isolation valley can be considerably extended and its position can
be manipulated by properly tuning the gain pair (P, D) in real-time, as marked in Fig. 12(e-h). Moreover, compared to a passive BVI, the
active one tuned with a positive gain D exhibits beneficial lower transmissibility in the resonance region. Compared to the conven-
tional QZS isolators, the extended isolation valley means more apparent strength of an active BVI on isolating the ultra-low-frequency
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Fig. 12. Displacement transmissibility of the active BVI tuned with various pairs of (P,D) and free delay 7 = 0 for ultra-low-frequency vibration
isolation. The isolation valley is marked as green bands.
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vibration. Furthermore, the revealed benefits of tuning (P, D) on isolation valley signify the mechanical design principles of a practical
BVI, considering that the gain pair (P, D) is equivalent to a spring plus a damper when 7 = 0, see Section 3.1.

The delay effects are evaluated in Fig. 13. Comparing Fig. 13(a-b) and Fig. 12(f), one can conclude that, for a negative gain P,
increasing the delay 7 shifts the isolation valley rightward, suppresses the aperiodic dynamics and extends the valley width. Therefore,
the delay 7 in this case functions as the roles of both the two gains P and D. Besides, the delay effects in the cases where the gain P is
positive are shown in Fig. 13(c-d). Comparing such two figures and Fig. 12(h) shows that increasing 7 shifts the isolation valley
leftward with narrowing the width and undesirably raises the transmissibility in the resonance region. That is, increasing r produces
the same effect as the gain P while the opposite effect as the gain D. Consequently, for an active BVI operating with inter-well motions,
the fast-response requirements of the controller can be relaxed when P < 0, and the controller delay even benefits the isolation
performance. However, the delay effects deserve more attention if we tune P > 0 aiming to enhance the ultra-low-frequency vibration
isolation by further lowering the isolation frequency, especially when the practical isolation performance does not agree well with the
theoretical prediction due to the narrow valley width.

5.3.3. Qualitative analysis of ultra-low-frequency vibration isolation by isolation valley

With Fig. 11, Fig. 12, and Fig. 13, we next qualitatively investigate the mechanism of ultra-low-frequency vibration isolation by a
BVI operating with inter-well motions. In the base-motion-excited case, dynamics of the proof mass of a passive vibration isolator are
governed by the forces produced by the damper ¢ and the spring composition (k,,kp.k), see Fig. 1. Furthermore, note from Eq. (59) that
effective vibration reduction T3 < 1 necessitates that

cos(¢) < —% ¢ e <g, ﬂ').

b

(60)

For conventional passive linear and HSLDS vibration isolators, which have a single stable equilibrium point atr = 0 and F(|r|) > 0
around r = 0, the relationship between the phase difference ¢ and the forces exerted on the proof mass in the low-frequency case » <«
1 is shown in Fig. 14(a), where dimensional forces are considered.

The angle 6 in Fig. 14(a) is related to the nonlinear restoring forces caused by horizontal springs ky, i.e., = 0 when k = 0, and 60
when w—0 and |d27‘2\ <1, |n37'3| < |n17|. Moreover, the angle 0 signifies the phase difference between X}, and X, and clearly, we have
6 -0 when w—0 since the damping force is small in this case. Thus, the phase difference ¢ > 0 is upper bounded by = /2 +6 as w
reduces. Note that Eq. (60) defines an open interval for T4 < 1, and therefore A, must be sufficiently small if one aims to achieve
vibration reduction when w—0 by conventional linear and HSLDS vibration isolators with positive stiffness K > 0 around the single
equilibrium point 7 = 0. However, it will significantly increase the isolator size given A, = A,/L

As for the active BVI, K < 0 holds around 7 = 0. Since the linear delayed feedback actuation (11) tuned as per Fig. 5 or Fig. 6 does
not change the bistable characteristics and since a positive gain D is beneficial as per Fig. 9-Fig. 13, the tuned feedback actuation u and
the mechanical components ((ky, ky, kz), €) jointly function as a nonlinear negative-stiffness spring plus a positive damper. The forces
applied on the proof mass of a BVI by the equivalent total stiffness and damping are denoted as F, and c.@|F|, respectively. Note that
F.(JF|) < 0 around 7 = 0, and the relationship between ¢ and such equivalent forces is demonstrated in Fig. 14(b), where the phase
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Fig. 13. Delay effects on the displacement transmissibility of the active BVI for ultra-low-frequency vibration isolation. The isolation valley is
marked as the green bands. (a) and (b) are with P < 0 and 7 = 1. (¢) and (d) are with P> 0 and 7 = 2.
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Fig. 14. Relationship between phase difference ¢ and forces exerted on the proof mass. (a-b). Base-motion-excited cases, in which (a) for mono-
stable and (b) for bistable. (c-d). Force-excited cases, in which (c) for monostable and (d) for bistable.

difference wr caused by delay is omitted, and the geometry condition ¢ € (r /2, 7) when 6 -0 corresponds to the isolation valleys as in
Fig. 11, Fig. 12, and Fig. 13 for ultra-low-frequency vibration isolation. The correspondence between ¢ € (7 /2, x) and K < 0 signifies
that the isolation valley with T4 < 1 when w—0 can be easily achieved by a BVI operating with inter-well motions. Fig. 14(c) and (d)
are considered next.

5.3.4. Discussions of ultra-low-frequency vibration isolation in force-excited cases
Discussions on ultra-low-frequency vibration isolation have so far only focused on the base-motion-excited case. As for the force-
excited case, combining Eqgs. (34) and (54) yields

i+ Fr =f,f = Ascos(wt + ¢). (61)

The force transmissibility T; defined in (57) then has the equivalent form of

1P i Ar A @) 20 cos(d)

UM A Ar '

(62)

which is similar to the expression of the displacement transmissibility T4, see Eq. (59). Thus, the necessary condition ¢ € (7 /2,7) in
(60) also applies to the force-excited case to achieve vibration reduction with Ty < 1. Note, however, that we have ¢ € (0, 7 /2) for low-
frequency excitations with @ < 1 regardless of bistable and monostable vibration isolators since the excitation force f = Ascos(wt +¢)
is directly posed on the proof mas, exemplified by the constant-force case @ = 0 where sgn(x) = sgn(f). Consequently, isolating the
ultra-low-frequency vibrations in the force-excited case to reduce the vibrations on the base is more challenging compared with the
base motion-excited cases to settle the proof mass. Furthermore, we can conclude that the isolation valley with T < 1 as w—0 can
hardly appear in the force-excited case.

More intuitively, we consider the relationship between the phase difference ¢ and the forces exerted on the proof mass. Following
Fig. 14(b), we equate the feedback actuation u to a spring plus a positive damper and, accordingly, denote the forces produced by total
equivalent stiffness and damping as F, and ¢.@|x|, respectively. For conventional linear and HSLDS isolators, which are monostable
systems with F,(|x|) > 0 around X = 0, the relationship between ¢ and forces on the proof mass is shown in Fig. 14(c), where the
direction of the excitation vector signified by A; = If| is reversed since f is on the right side of Eq. (61). The dimensional amplitude of
the forces exerted on the base as per Eq. (54) is marked as Ar. When @—0, we have ¢ € (0,7 /2), and hence, Ay > Kf holds, leading to
null vibration reduction Ty > 1.

As for the BVI, F,(|X|) < 0, and the forces on the proof mass when the BVI is operating around |X| = 0 to handle low-frequency force
excitations with ¢ € (0,7 /2) are shown in Fig. 14(d). Notice that the geometric relationship reflected in Fig. 14(d) signifies that the
two conditions ®—0 and ¢ + ¢ € (0,7 /2) contradict each other, and thus no solutions exist around |X| = 0 for a BVI when @ is
negligible (i.e., |d2X?| < 1,|n3X°| < |nyx|). This observation indicates that large-amplitude motions tend to appear in the low-frequency
band, consistent with Fig. 8(d-f). Since F,(|X|) > 0 holds around the two stable equilibrium points X¥; and X,, the large-amplitude
motions crossing such two points lead to no vibration reduction Ty > 1 in light of Fig. 14(c). Consequently, the isolation valley is
an exclusive strength of BVIs to isolate ultra-low-frequency base-motion-excited vibrations through inter-well motions, which is an
important guideline for the practical BVI design.
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6. Conclusions

We drive a classic BVI construction with a PD-type feedback actuation aiming for performance enhancement. Particularly, we
additionally inject a bias term and a delay into the control logic to manipulate intra- and inter-well operating modes and to evaluate the
effect of control parameters and the inevitable loop delay on system stability, bistable dynamics, and vibration isolation. Important
results and design rules arising from this work are as follows.

Feedback actuation should not change the instability of the saddle equilibrium x, and the stability of the remaining two x; and xz.
Besides, the loop delay can be treated as an effective tunable control parameter for performance enhancement. The gain intervals of
(P,D) where the active BVI is operable independent of delay are obtained to enhance the control robustness against delay
perturbations.

For delay-coupled bistable dynamics analysis, taking the isolator as phase zero reduces the number of variables, and sweeping the
frequency when solving equations eliminates transcendentality. The resulting time costs of calculations based on Padé approxi-
mation and the resultant concept following [46] can be reduced by more than 90 % in comparison. The much-reduced compu-
tational costs indicate that the Padé approximation, which outperforms the widely adopted Tylor’s series, can be an alternative to
handle nonlinear dynamics of large deflections or amplitudes for higher accuracy.

Vibration isolation performance of a BVI is related to frequency responses. For intra-well motions, the BVI exhibits HSLDS char-
acteristics yielding broadband vibration isolation, and the feedback actuation tuned with a negative gain P and a positive gain D
further extends the isolation band and reduces the peak transmissibility amplitude. In addition, the often-overlooked loop delay
provides a beneficial damping effect.

For inter-well motions, feedback actuation can relax the issues of passive BVIs that the width of the exclusive isolation valley for
ultra-low-frequency vibration isolation is too narrow to be practically utilized. Increasing and decreasing the gain P shifts the valley
leftward and rightward, respectively, and increasing the gain D suppresses aperiodic dynamics and broadens valley width. Hence,
the isolation valley can be considerably extended and freely manipulated by tuning the gain pair (P, D) in real-time. On the other
hand, increasing the loop delay extends and narrows the valley for a negative and positive gain P, respectively, a guidance for the
feedback loop design.

Compared to conventional HSLDS vibration isolators, the BVI, which can operate with intra- and inter-well motions, presents an
additional operating mode. A properly designed control logic helps users switch or select between such two modes to activate
broadband or ultra-low-frequency vibration isolation. In particular, the ultra-low-frequency vibration isolation by achieving
isolation valley is an exclusive strength of the BVI to isolate base vibrations.

Finally, the given control stability analysis, simplified dynamical analysis, tuning rules of delayed feedback actuation, as well as the
revealed benefits of the active BVI over the passive ones and the HSLDS isolators altogether complement and extend the theories
developed in our previous works [37,46]. With the established design rules and analysis tools, our future work includes achieving
ultra-low-frequency vibration isolation and energy harvesting simultaneously to design a self-powered active BVI. Different from the
present BVI resulting from geometry nonlinearity, a BVI with material nonlinearity or other nonlinear mechanisms will be investigated
to simplify mechanical design and enhance structural robustness for real applications.
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