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A B S T R A C T   

The well-known Luxemburg-Gorky effect in radio waves has also been observed in elastic waves 
recently, which points to new possibilities for incipient damage detection. However, how the 
cross-modulation phenomenon of guided waves in a weakly nonlinear medium is related to the 
Luxemburg-Gorky effect remains an open question. This issue is investigated in this paper. 
Considering the third-order nonlinear elasticity of a plate waveguide, a theoretical framework is 
proposed to analyze the influence of the mode combination and mixing direction of a pair of 
single-frequency and modulated waves on the cross-modulated component generation. In 
particular, a codirectional shear-horizontal wave mixing scheme is highlighted which enables the 
generation of internally-resonant cross-modulated components at all frequencies. After verifica-
tion by finite element simulation, mechanisms underpinning the cross-modulated components in 
the codirectional shear-horizontal wave mixing scheme are revealed through tactical tuning of 
the higher-order material elastic constants. Experiments are conducted to further confirm the 
phenomena and substantiate their relevance to the Luxemburg-Gorky effect. It is established that 
the cross-modulated components of guided waves can be generated and practically measured in a 
weakly nonlinear plate via both pure and mixed mechanisms as a result of the cubic nonlinearity 
instead of the quadratic nonlinearity. Compared with the conventional two-wave mixing methods 
based on quadratic nonlinearity, the cross-modulated components exhibit higher sensitivity to 
material microstructural changes, which is conducive to incipient damage detection. Although 
the observed nonlinear cross-modulation in guided waves shows similarities with the Luxemburg- 
Gorky effect, they stem from different mechanisms: the former from nonlinear elasticity and the 
latter nonlinear dissipation.   
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1. Introduction 

During the initiation and evolution of material damage, changes in the linear elastic modulus are usually much weaker than 
changes in the accompanying nonlinear parameters. Thus, nonlinear acoustics has found promising applications in material micro-
structure evaluation and in incipient damage detection exemplified by higher harmonics, combinational harmonics, nonlinear 
modulation, nonlinear demodulation, nonlinear slow dynamics, etc. Plate-like structures are widely used in industry [1,2]. Nonlinear 
guided waves in such structures, resulting from the primary wave interaction with material microstructural defects such as lattice 
anharmonicity, inclusions, voids, dislocations, and micro-cracks have received increasing attention for detecting incipient damage in 
many non-destructive evaluation (NDE) applications [3–8]. Depending on the combinations of primary guided waves, different types 
of nonlinear guided waves are generated. The most commonly used nonlinear effects of guided waves for NDE applications are higher 
harmonics [9–11] and mixed-frequency components induced by wave mixing [12,13]. 

Higher harmonics result from wave self-interaction in nonlinear plates [4,5,14], among which the second harmonic guided waves 
have been extensively exploited. It is shown that the second harmonic guided waves can only be generated if the power flux from the 
fundamental waves to the second harmonic waves is non-zero. In addition, when the phase velocities of the fundamental and second 
harmonic waves match, the generated nonlinear waves are cumulative with respect to the propagating distance [15,16]. Governed by 
the two conditions, the mode pairs that allow the cumulative second harmonic generation at some specific frequencies are identified 
[17] and further applied to detect incipient damage caused by fatigue [18], plastic deformation [19], and creep [20] in plates. 
Alternatively, the third harmonic guided waves also attract increasing attention recently [21,22]. It is found that the third harmonic SH 
waves are internally resonant with their fundamental counterparts and exhibit cumulative effect at all frequencies, which offers 
enormous flexibility for selecting the mode pairs in NDE applications [21]. Besides, the third harmonic waves have been shown to be 
more sensitive than the second harmonic waves to incipient damage such as fatigue [23] and thermal damage [24]. Nevertheless, due 
to the weak nature of the nonlinear guided waves, the higher harmonic guided waves are vulnerable to the deceptive nonlinear sources 
in the measurement system including the instrumentation nonlinearity, transducer nonlinearity, and adhesive nonlinearity, which 
may deteriorate damage detection in practical applications [25,26]. 

Wave mixing leverages the mutual interaction among multiple primary guided waves with different frequencies and modes in 
nonlinear plates to generate the mixed-frequency components [12,27–29]. As the primary waves require to be separately excited with 
independent physical channels, the wave mixing only takes place in the plate so that the wave mixing technique is immune to the 
deceptive nonlinear sources in the measurement system. In addition, the wave mixing zone and mixing angles can be flexibly tuned to 
target specific detection areas. For example, Hasanian and Lissenden theoretically derived internally-resonant mode combinations that 
satisfy both the non-zero power flux and phase matching conditions considering arbitrary wave mixing angles and quadratic 
nonlinearity [30,31]. With these specific mode combinations, some collinear and non-collinear wave mixing methods were developed 
to detect and locate different incipient damage in a plate such as fatigue [32], thermal degradation [30], and micro-cracks [33]. 
However, most existing wave mixing techniques use quadratic nonlinearity so that their sensitivity to incipient damage is relatively 
low compared with those techniques based on cubic nonlinearity. Relevant to the cubic nonlinearity-related wave mixing, Liu et al. 
proposed a general theoretical framework to analyze the cubic wave field induced by the mixing of two primary waves [21]. However, 
only analytical analyses were provided in that work. Sampath and Sohn proposed a three-wave mixing technique by introducing three 
primary Lamb waves to the nonlinear waveguide and detecting the combinational cubic wave components [34]. With the mode 
combination that satisfies the non-zero power flux and phase matching conditions, the cubic nonlinearity was successfully applied to 
detect fatigue cracks in a metal plate [35]. Nevertheless, it goes without saying that the use of three independent wave excitation 
channels inevitably increases the complexity of the physical system. 

Apart from the aforementioned nonlinearities, a nonlinear cross-modulation/modulation transfer phenomenon was observed in 
elastic waves by Zaitsev et al. [36]. By emitting a single-frequency probe longitudinal wave (f1) and a modulated pump longitudinal 
wave (f2,2±m) through two physical channels in a rod with cracks, the single-frequency wave was modulated with the modulation 
frequency of the modulated wave as illustrated in Fig. 1. In a series of their following work, Zaitsev et al. demonstrated that the 

Fig. 1. Illustration of the cross-modulation phenomenon.  
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cross-modulation was induced by the cubic nonlinearity, which could be used to detect micro-scale cracks with higher sensitivity than 
conventional modulation technique based on quadratic nonlinearity [37–39]. It was found that the observed cross-modulation phe-
nomenon was induced by the non-classical nonlinear wave dissipation at the crack, which resembles the so-called Luxemburg-Gorky 
(L-G) effect in radio waves [40–43]. Therefore, the observed cross-modulation in elastic waves was also referred to as L-G effect in their 
work. In the context of guided waves, Aymerich and Staszewski experimentally measured the cross-modulation of the Lamb waves and 
detected the impact damage in a composite plate [44]. However, all these existing studies on cross-modulation fall under the umbrella 
of vibroacoustic modulation where the modulated pump wave is excited with a continuous signal. This makes it less flexible for NDE 
applications than the wave mixing technique where both waves can be flexibly tuned in both time and frequency domains. Most 
importantly, the nonlinear source in the aforementioned existing works is the crack-type defect. Whether similar phenomena can be 
observed in a weakly nonlinear guided medium, and if so, how they are related to the well-known L-G effect remain an intriguing 
problem to be tackled. This motivated the present work. 

More specifically, this work attempts to address the following questions which constitute its novelty:  

• Can we observe the cross-modulation phenomenon in guided waves subjecting to wave mixing in a plate with material 
nonlinearity?  

• If yes, what are the characteristics of the cross-modulated components (CMCs) generation in the context of guided waves?  
• What are the potential advantages of guided wave cross-modulation for NDE applications?  
• How does the cross-modulation phenomenon in guided waves relate to the L-G effect? 

Targeting these questions, this work starts from a theoretical analysis on the characteristics of the CMC generation by considering 
different wave mixing patterns between single-frequency and modulated waves in a weakly nonlinear plate in Section 2. Finite element 
simulations are then conducted to confirm the characteristics of CMCs in Section 3. Specifically, a codirectional SH0 wave mixing 
scheme is highlighted which allows the generation of internally-resonant CMCs at all frequencies. The underlying mechanisms of the 
CMCs associated with the SH0 waves are further explored to illustrate the superiority of the CMCs for NDE applications. Section 4 
presents experimental evidence on the measured CMCs in an aluminum plate subjecting to the codirectional SH0 wave mixing scheme. 
The relevance of the observed CMCs to the L-G effect is then discussed in Section 5, leading to the Conclusions summarized in Section 6. 

2. Theoretical analyses on guided wave cross-modulation 

We examine the cross-modulation of guided waves in the context of wave mixing in a plate with weak material nonlinearity. A 
general theoretical framework on wave mixing considering both quadratic and cubic nonlinearities is proposed, followed by the 
analyses on the characteristics of the CMCs generation in guided waves. 

2.1. A general theoretical framework for wave mixing 

Consider a pair of plane guided waves (a single-frequency wave indicated by subscript 1 and a modulated wave by subscript 2, 2±m 
as illustrated in Fig. 1) propagating in a weakly nonlinear plate along X direction with displacement u expressed as 

u1(X,Y) = A1U1(Y)ei(k1X− ω1 t) + c.c. (1)  

u2,2±m(X, Y) = A2U2(Y)ei(k2X− ω2 t) + A2+mU2+m(Y)ei(k2+mX− (ω2+ωm)t)

+A2− mU2− m(Y)ei(k2− mX− (ω2 − ωm)t) + c.c.
(2)  

where Y is the thickness-wise direction. The amplitude and wave structure (normalized displacement distribution across the plate 
thickness) of a specific guided wave mode, either Lamb wave or SH wave, are denoted as A and U respectively. The wave number k and 
angular frequency ω of the wave are assumed to be positive. As such, Eqs. (1) and (2) describe the codirectionally propagating case of 
the single-frequency and modulated waves. The modulation frequency of the modulated wave is denoted by ωm. The term c.c. stands 
for the abbreviated complex conjugate. 

The stress-strain relation of the nonlinear elastic material is characterized with the Landau-Lifshitz model considering both 
quadratic and cubic nonlinearities as, 

TRR = λtr[E]I + 2μE + AE2 + Btr
[
E2]I + 2Btr[E]E + C(tr[E])2I + Etr

[
E3]I

+3Etr[E]E2 + 2Ftr[E]tr
[
E2]I + 2F(tr[E])2 E + 4Gtr

[
E2]E + 4H(tr[E])3I

(3)  

where λ and μ are Lamé constants. The Landau third-order and fourth-order elastic constants are characterized by A, B, C and E, F, G, H 
respectively (i.e., TOECs and FOECs). The tensor I is the second rank identity tensor and operation tr[] represents the trace. The second 
Piola-Kirchhoff stress tensor is denoted by TRR. The Lagrangian strain tensor E is defined in terms of the displacement gradient, H=∇u, 
as 

E =
1
2
(
H + HT + HT H

)
(4) 

As the nonlinear wave components are much smaller than the primary waves in a weakly nonlinear elastic plate, the perturbation 
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theory is applied to decouple the system into linear and nonlinear parts. In addition, the governing equations for wave generation 
problems are more naturally written with the first Piola-Kirchhoff stress tensor S which relates to the second Piola-Kirchhoff stress 
tensor through the deformation gradient (I+H). Correspondingly, the stresses can be decomposed into linear, quadratic, and cubic 
terms as, 

S = SL + SQ + SC = (I + H)TRR (5) 

Detailed expressions of three terms are described in [21]. 
The mutual interaction between the single-frequency and modulated waves in the nonlinear plate entails nonlinear waves. Through 

combining the complex reciprocity theory and normal mode expansion method [21], the resultant nonlinear wave amplitude An for a 
designated wave mode n can be formulated as 

4Pnn

(
d

dX
− ik∗n

)

An = f NL
n e

i

(
∑4

l=1
Nlkal

)

X (6) 

Where 

f NL
n = − SNL(a1, a2,…, al)V∗

n(Y) ⋅ nY |
h
− h +

∫ h

− h
Div
[
SNL(a1, a2,…, al)

]
⋅ V∗

n(Y) dY (7)  

Pnn = −
1
4

∫h

− h

(
Sn(Y)V∗

n(Y) + Vn(Y)S∗
n(Y)

)
⋅ nX dY (8)  

Nl = 0, 1, 2…,
∑4

l=1
Nl = q (9) 

In the above equations, al represent the four different frequencies of waves in the single-frequency and modulated waves in Eqs. (1) 
and (2). Nl are integers and their summation should be equal to the nonlinear order q which is either 2 or 3 in the present case. fNL

n is the 
nonlinear driving force term where the nonlinear driving stress SNLis obtained by substituting (u1 + u2,2±m) into Eq. (5). The quadratic 
and cubic terms can be separately extracted to further calculate the quadratic and cubic nonlinear wave fields. Vn and Sn stand for the 
normalized velocity and stress distributions across the plate thickness (from -h to h in the Y direction) of the nonlinear wave mode n. 
Superscript * denotes the complex conjugate. nX and nY are the unit direction vectors along X (wave propagation direction) and Y (plate 
thickness direction) axis respectively. Finally, the nonlinear wave amplitude generated due to the mixing of the single-frequency and 
modulated waves can be calculated as 

An(X) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
if NL

n

4Pnn

(

k∗n −

(
∑4

l=1
Nlkal

))

⎛

⎜
⎝eik∗nX − e

i

(
∑4

l=1
Nlkal

)

X

⎞

⎟
⎠ if k∗n ∕=

∑4

l=1
Nlkal

f NL
n

4Pnn
Xe

i

(
∑4

l=1
Nlkal

)

X
if k∗n =

∑4

l=1
Nlkal

(10) 

Eq. (10) indicates that the internal resonance happens when the wavenumber of the generated nonlinear wave components 
matches with the combination of the wavenumbers of the single-frequency and modulated waves and the power flux from the single- 
frequency-modulated wave combination to the nonlinear wave is nonzero (f NL

n ∕= 0). In this case, the amplitude of the generated 
nonlinear waves will be linearly cumulative with respect to the wave propagating distance, which results in the large amplitude of 
nonlinear waves for ease of measurement in NDE applications. 

2.2. Characteristics of cross-modulated component generation in guided waves 

After deriving the nonlinear waves generated by the mixing of the modulated wave and single-frequency wave, the CMCs are 
investigated based on Eq. (10). To start, the quadratic nonlinearity is first evaluated by setting the value of q to 2. In this case, irre-
spective of the wave types of the single-frequency and modulated waves, Lamb waves or SH waves, codirectionally or counter 
propagating, the frequencies of nonlinear waves induced by wave mixing are limited to ω1 ± ω2, ω1 ± ω2 ± ωm, ωm and their con-
jugate counterparts. All possible combinations in the driving force terms are detailed in Appendix. It can be seen that cross-modulation 
cannot occur when only considering the quadratic nonlinearity. 

Considering the cubic nonlinearity by setting the nonlinear order q to 3, various combinations of single-frequency and modulated 
wave combinations are formed as shown in Appendix. Specifically, the CMCs can be formed at ω1 ± ωm. However, the nonlinear 
driving force terms are different, which depends on whether the single-frequency and the modulated waves are codirectional or 
counter directional. This leads to the following scenarios. 
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• For the codirectional mixing case, the CMCs-related nonlinear forcing terms include ei((k2 − k2− m+k1)X− (ωm+ω1)t),

ei((− k2+k2− m+k1)X− (− ωm+ω1)t), ei((k2 − k2+m+k1)X− (− ωm+ω1)t),ei((− k2+k2+m+k1)X− (ωm+ω1)t) and their complex conjugate counterparts. In this case, 
when the single-frequency and modulated waves are SH0 waves, the generated CMCs should only be SH0 waves according to the 
power flux analyses. Meanwhile, benefiting from the non-dispersive nature of the SH0 waves, the wavenumber of the expected SH0 
wave at the targeted frequency ω1 ± ωm automatically matches with that of the single-frequency-modulated wave combination. 
This means the generated CMCs will be cumulative at all frequencies. By comparison, if the single-frequency and modulated waves 
are Lamb waves, the CMCs can only be Lamb waves. However, due to the dispersive nature, only limited mode combinations can 
satisfy the phase matching condition.  

• For the counter mixing case, the CMCs-related nonlinear forcing terms encompass ei((k2 − k2− m − k1)X− (ωm+ω1)t),ei((− k2+k2− m − k1)X− (− ωm+ω1)t),

ei((k2 − k2+m − k1)X− (− ωm+ω1)t), ei((− k2+k2+m − k1)X− (ωm+ω1)t) and their complex conjugate counterparts. In this case, no matter the single- 
frequency and modulated waves are Lamb waves or SH waves, only limited mode combinations can satisfy the phase matching 
condition. Specifically, for the non-dispersive SH0 wave combinations, no frequency combinations can satisfy this condition. 

To sum up, this analysis shows that CMCs through guided wave mixing only correspond to the cubic nonlinearity instead of the 
quadratic nonlinearity in a weakly nonlinear guided medium. In addition, a codirectional SH0 wave mixing scheme features cumu-
lative properties of the CMCs with arbitrary frequency combinations. 

3. Numerical studies: validations and mechanism explorations 

3.1. Model description 

Numerical simulations are then carried out to verify the characteristics of CMCs in guided waves and further explore the underlying 
physical mechanisms. To this end, a three-dimensional finite element model is established on a 300mm-long (X direction) and 1mm- 
thick (Y direction) aluminum plate in Abaqus/Explicit as shown in Fig. 2. The width (Z direction) of the plate is 0.15mm with a periodic 
boundary condition imposed to ensure plane guided waves in the plate. SH waves and Lamb waves are generated using the prescribed 
displacements at the end of the plate. The single-frequency and modulated signals are both tone-burst signals with the same duration of 
40 μs. Their respective central frequencies are arbitrarily selected as 500kHz and 1200kHz, respectively with a sampling frequency of 
100MHz. The frequency of the modulated signal is set to 125kHz. The mesh size is 0.05mm which ensures around 20 elements per 
smallest wavelength under consideration. The mass density of the aluminum is 2700kg/m3 and the elastic constants are listed in 
Table 1. It is worth noting the material nonlinear behavior is introduced to the finite element model via a user material subroutine 
(VUMAT in Abaqus). 

3.2. Confirmation of the cross-modulated component generation 

The case of codirectional mixing of SH0 waves is first investigated. A prescribed displacement in the Z direction is applied at the left 
end of the plate for both single-frequency and modulated wave excitations. The amplitude of both waves is set to 1μm. Displacement in 
the Z direction (U3) is used to characterize the SH wave response. Specifically, a subtraction method [32] is used to extract the 
nonlinear wave field due to wave mixing as illustrated in Fig. 3. First, both single-frequency and modulated waves are excited in the 
plate and T(1+2) denotes the response at 140mm to the left end in Fig. 3(a). After that, the modulated and single-frequency waves are 
separately excited in the plate and their respective responses, T(1) and T(2), are shown in Figs. 3(b) and (c), respectively. Through the 
subtraction, the nonlinear wave can be extracted in the time domain in Fig. 3(d) as T(1+2)− T(1)− T(2). The spectra of the received 
signals are then analyzed with the Fast Fourier transform (FFT). Fig. 4(a) shows the spectra of the overall response in Fig. 3(a) where 
the frequency components of the primary waves are dominant. Fig. 4(b) shows the spectra of the extracted nonlinear response in Fig. 3 
(d). Various frequency components can be observed corresponding to different combinations of the single-frequency and modulated 
waves in Fig. 4(b). Specifically, the sidebands of the single-frequency wave appear at f1-m (375kHz) and f1+m (625kHz), which 
correspond exactly to the cross-modulation phenomenon predicted by the theoretical model. This demonstrates that the CMCs are 

Fig. 2. The finite element model.  
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effectively generated by the codirectional SH0 wave mixing. In addition, the responses corresponding to different wave propagating 
distances are extracted to assess the cumulative effect. Specifically, three typical extracted nonlinear responses corresponding to the 
propagating distances of 100mm, 140mm, and 180mm are examined in Fig. 5. The increase of the nonlinear wave amplitude with 
respect to the increasing wave propagating distance in both time-domain (Fig. 5(a)) and frequency-domain (Fig. 5(b)) signals clearly 

Table 1 
Elastic constants of aluminum. (Unit: GPa).  

λ μ A B C E F G H 

55.27 25.95 − 351.2 − 140.4 − 102.8 400 − 406 347 72  

Fig. 3. Received signals for at a point 140mm away from the excitation: (a) when both the single-frequency and modulated waves are excited; (b) 
when only the modulated wave is excited; (c) when only the single-frequency wave is excited; (d) the extracted nonlinear signal. 

Fig. 4. Spectra of the responses: (a) T(1+2); (b) T(1+2)− T(1)− T(2).  
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demonstrate the cumulative feature of the CMCs as predicted by the theoretical analyses. 
Then, other mixing patterns are studied to evaluate their influence on the CMCs generation considering different wave mixing 

directions and different primary wave modes as shown in Fig. 6. Specifically, the case of counter mixing of SH0 waves is first studied. 
The single-frequency and modulated waves are generated at the two ends of the plate. Other settings in the finite element simulation 
are identical to the above codirectional mixing case. With the subtraction method, the nonlinear response at 140mm from the left end 
is extracted and the spectrum is calculated as shown in Fig. 6(a). The sidebands corresponding to the CMCs cannot be observed. 

The codirectional and counter mixing of Lamb waves cases are then studied. The prescribed displacement in the X direction (U1) is 
uniformly applied at the ends for both single-frequency and modulated waves excitation and the corresponding U1 on the top surface is 
calculated to quantify the Lamb wave responses. The amplitudes of the two waves are set to 0.1μm to ensure the convergence of 
calculation. The frequencies of the two waves are identical to the previous cases so that S0-mode Lamb waves are generated. For both 
codirectional and counter mixing cases of Lamb waves, the arbitrarily chosen frequency combination does not satisfy the phase 
matching condition according to the theoretical analyses. The codirectional Lamb wave mixing case is first studied. The nonlinear 
response at 140mm from the left end and its spectrum are extracted and shown in Fig. 6(b). Although some combinational frequencies 
appear in the spectrum, they are associated with the quadratic nonlinearity resulting from the calculation. The CMCs induced by the 
cubic nonlinearity are suppressed and therefore cannot be observed. Following the same procedure, the CMCs in the counter mixing of 
Lamb waves case do not appear either as shown in Fig. 6(c). These observed phenomena agree well with the theoretical predictions. 

Remarkably, through scrutinizing different guided wave mixing patterns, it is demonstrated that the CMCs can be flexibly 
generated in the codirectional SH0 wave mixing scheme irrespective of frequency combinations. In addition, the cumulative effect of 
CMCs predicted by the theoretical analysis is validated, which is of great benefit for further NDE applications. 

3.3. Mechanisms of the cross-modulated component generation and their advantages for damage detection 

After demonstrating the cumulative CMCs in the codirectional SH0 mixing scheme, the underlying mechanisms are further 
investigated and their advantages for incipient damage detection in NDE applications are discussed in this section. 

Following the previous work in [22], it can be surmised that there are two generation mechanisms of CMCs to get the pure and 
mixed CMCs respectively. As shown in Fig. 7, the former is directly due to the FOECs while the latter is a result of the mixing of the 
primary waves and their generated secondary combinational harmonics through TOECs. To verify this, the TOECs and FOECs are 
separately introduced into the finite element model in the codirectional SH0 wave mixing case. First, with only the TOECs, the 
extracted nonlinear response at 140mm from the left end is extracted and denoted as STOEC. The TOECs are then multiplied by a factor 
of 2 and the corresponding nonlinear response at the same position is defined as S2×TOEC. According to the mixed CMC generation 
mechanism, the doubling of the TOECs should result in quadruple CMCs. Therefore, the STOEC is multiplied by a factor of 4 and 
compared with S2×TOEC as shown in Figs. 8(a) and (b). It can be seen the amplitudes of the two signals match well for the CMCs. 
Similarly, for the validation of the pure CMCs generation mechanism, only FOECs are included in the simulations. The nonlinear 
responses before and after the FOECs are doubled are marked as SFOEC and S2×FOEC respectively. The comparison is made by the double 
of SFOEC and S2×FOEC as presented in Figs. 8(c) and (d). It can be seen the CMCs in the two signals also perfectly match. Therefore, the 
two mechanisms of the CMCs generation are confirmed. It is worth noting that the mixed CMCs are waveringly cumulative due to the 
phase velocity mismatch between the primary SH0 waves and the secondary Lamb waves according to [22]. Since the internal 
resonance between the primary waves and tertiary waves is dominant, the wavering feature is very weak and the mixed CMCs still 
retain the cumulative effect. 

The potential of the CMCs for incipient damage detection is further discussed based on the aforementioned generation mechanisms. 
Specifically, a previously developed two-SH-wave-mixing technique based on quadratic nonlinearity is used for comparison [32]. In 
that method, the generated nonlinear Lamb waves are used to characterize material property changes related to incipient damage. By 
using the same model as the codirectional mixing of SH0 wave case in this work, the out-of-plane displacement at 140mm from the left 

Fig. 5. The extracted nonlinear SH wave responses at different wave propagating distances: (a) time-domain signals and (b) their spectra.  
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end is extracted to characterize the nonlinear Lamb waves. When the TOECs are doubled, the nonlinear response at the combinational 
frequencies also doubles, as evidenced in Fig. 9. Compared with the results in Figs. 8(a) and (b), it is evident that CMCs present higher 
sensitivity than the two-SH-wave-mixing technique subjecting to the same degree of changes in the TOECs. In addition, according to 
the literature [34,45], when the structure is subjected to material degradation, the change of the FOECs is much larger than that of the 
TOECs, which further contributes to the higher sensitivity of the CMCs. Besides, as the generation of CMCs requires the mixing of two 
waves, the complexity of the physical system will not be increased and the immunity to the deceptive nonlinearities from the mea-
surement system instruments can still be preserved. 

4. Experimental confirmation 

Experiments are conducted to first confirm the CMCs in the codirectional SH wave mixing case and then discuss their relevance to 
the L-G effect. The experimental setup is illustrated in Fig. 10. A 700mm × 500mm × 2mm aluminum (2A12 alloy) plate is tested with 
three magnetostrictive transducers (MsTs) installed at positions sketched in Fig. 10(b). Typically, an MsT contains a magnetostrictive 
element which is the iron-cobalt foil (70mm × 50mm × 0.2mm) in this case, a coil to generate the dynamic magnetic field and a 

Fig. 6. (a) Nonlinear SH wave response in the counter SH0 wave mixing case; (b) nonlinear Lamb wave response in the codirectionally S0 wave 
mixing case; (c) nonlinear Lamb wave response in the counter S0 wave mixing case. 
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permanent magnet to provide the static bias field [46]. When the static and dynamic magnetic fields are perpendicular, SH waves can 
be effectively generated and received. Specifically, the spacing of the coil can be tuned to match the wavelength/frequency of the 
targeted SH waves. The measurement system works as follows. A KEYSIGHT® 33500B waveform generator outputs two signals 
corresponding to the single-frequency and modulated waves which are amplified by two RITEC® GA-2500A power amplifiers. The 
amplified signals then feed the two MsT actuators for SH wave generation. The two actuators are slightly misaligned to ensure the 
approximate codirectional wave mixing considering the wave beam divergence effect. This guarantees that the wave mixing only takes 
place in the plate to avoid any nonlinear interference from the measurement system. The generated SH waves propagate in the plate 
and are further captured by the MsT sensor. The response signal is recorded with the National Instruments® PXIe 5105 Oscilloscope. 

In the experiment, the central frequency of the single-frequency wave is set to 200kHz which is sent to the coil with 15.5mm 
spacing. The modulated wave is centered at 300kHz with the modulation frequency of 30kHz in Fig. 11 which is applied to the coil 
with a spacing of 10.3mm. The duration of both the single-frequency and modulated signal is 100 μs. Both excitation signals are 

Fig. 7. Mechanism of the cross-modulated components (CMCs) generation subjecting to the codirectional SH0 wave mixing scheme.  

Fig. 8. (a) and (b) time-domain responses of the mixed CMCs and their spectra; (c) and (d) time-domain responses of the pure CMCs and 
their spectra. 
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amplified to 900V by the power amplifier and applied to the MsTs. The spacing of the coil at the sensing unit is selected as 15.5mm. The 
sampling frequency of the oscilloscope is 10MHz. 

Following the principle of the subtraction method, the single-frequency and modulated waves are simultaneously excited first and 
then activated separately. The response signals as well as their difference are obtained and shown in Fig. 12. Apart from the elec-
tromagnetic crosstalk, the first arrivals in the response signals can be clearly separated from the boundary reflections. The wave 
packets corresponding to the first arrivals can be identified as SH0 waves as judged by the wave propagation speed. It is observed that 
the amplitude of the extracted nonlinear wave signal (T(1+2)− T(1)− T(2)) is less than 1% of the overall response (T(1+2)), which 
indicates the weak nonlinearity of the plate. After that, the FFT is applied to windowed wave packets in the overall response and 
extracted nonlinear signal in Fig. 12 alongside the corresponding spectra are obtained in Fig. 13. Similar to the numerical results, the 
overall response mainly contains the dominant frequency components of the single-frequency and modulated waves while the CMCs 
can be observed in the extracted nonlinear signal. As the wave mixing only takes place in the plate, the measured CMCs should only 
attribute to the material nonlinearity of the plate. Since material nonlinearity is usually induced by material microstructure defects 
[19], the CMCs hold great promise for further incipient damage detection applications. 

The characteristics of the measured CMCs are further explored to evaluate their relevance to the L-G effect. As demonstrated in [36], 
the L-G effect applies to elastic waves resulting from the nonlinear wave dissipation which is evidenced by the decrease of the 

Fig. 9. Influence of material parameter change on the nonlinear wave generation in the two-wave mixing technique with quadratic nonlinearity: (a) 
time-domain responses and (b) spectra. 

Fig. 10. The experimental setup.  
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single-frequency probe wave amplitude with the increase of the modulated pump wave amplitude. Following the same procedure, 
while the input voltage of the single-frequency wave is fixed at 900V, the amplitude of the modulated excitation signal is varied from 
500V to 1100V with an incremental step of 100V. The amplitudes of both the single-frequency response and CMCs are extracted with 
the FFT as illustrated in Fig. 13 and the results are obtained in Fig. 14. Each test is repeated three times and the error bar is calculated to 
minimize the influence of system inconsistency. It can be seen that the amplitudes of the CMCs increase with respect to the modulated 
wave amplitude in Fig. 14(a). However, with the increase of the modulated wave, the variation of the amplitude of the 
single-frequency wave is less than 0.5%, which can be deemed almost unchanged in Fig. 14(b). Similarly, we then fix the input voltage 
of the modulated wave at 900V while changing the single-frequency excitation level from 500V to 1100V. Results in Fig. 15 show again 
that the cross-modulation phenomenon is enhanced with the increase of the single-frequency excitation (Fig. 15(a)). However, the 
amplitudes of the three frequency components in the modulated wave remain nearly constant with a maximum variation of 0.2%. 
These observations indicate that the mechanism of the CMCs generation in a weakly nonlinear plate is different from the nonlinear 
wave dissipation of the L-G effect. 

To sum up, experiments confirm the existence of the CMCs arising from the codirectional SH0 wave mixing in a weakly nonlinear 
plate. Despite the similar cross-modulation phenomenon, the measured CMCs in guided waves are induced by the nonlinear elasticity, 

Fig. 11. (a) The normalized excitation signals of the single-frequency and modulated waves and (b) their spectra.  

Fig. 12. The received time-domain responses of the MsT sensor following the procedure of the subtraction method.  
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instead of the nonlinear dissipation associated with the L-G effect. 

5. The relevance of the cross-modulation phenomenon in guided waves to the Luxemburg-Gorky effect 

By now, the cross-modulation of guided waves has been studied analytically, numerically, and experimentally. Since similar wave 

Fig. 13. Spectra of the windowed wave packets in the (a) overall response and (b) extracted nonlinear response.  

Fig. 14. Influence of the excitation amplitude of the modulated wave on the responses of the (a) CMCs amplitudes and (b) the modulated 
wave amplitudes. 

Fig. 15. Influence of the excitation amplitude of the single-frequency wave on the responses of (a) the CMCs amplitudes and (b) the modulated 
wave amplitudes. 
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Table 2 
A summary of the characteristics of the original L-G effect in radio waves, the L-G effect retooled for elastic waves, and the cross-modulation for guided waves.   

Wave cross-modulation - wave interaction in which the modulation of one wave is imposed nonlinearly on the other wave 
Cross- 
modulation 
effects 

Known as the original Luxemburg-Gorky (L-G) effect Known as the L-G effect retooled for elastic waves Cross-modulation for ultrasonic guided waves 

Type of wave Electromagnetic waves (radio waves) Mechanical waves (ultrasonic bulk waves) Ultrasonic guided waves 
Wave 

propagation 
medium 

Lower ionosphere, plasma, liquid Solids (glass, aluminum, CFRP) Solids (aluminum) 

Type of 
nonlinearity 

Distributed and local (weakly ionized plasma, liquid with micro- 
bubbles) 

Local (fatigue crack, delamination) Distributed (weak material nonlinearity) 

Nonlinear 
parameter 

Dissipation (wave attenuation) Non-classical (i.e., non—frictional, non-adhesion- 
hysteretic) dissipation 

Elasticity 

Physical 
explanation 

Two theories used to explain the variation in the absorption of the 
medium: 
• The non-kinetic theory is based on the theory of the electric waves in 
the ionosphere; the absorption variation is caused by the modulation of 
plasma temperature due to heating, caused by the powerful 
propagating wave 
• The kinetic theory is based on the Boltzmann equation for electrons; 
the wave modulation leads to the modulation of the electron energy 
distribution 

Physical explanation still not fully understood; no model 
provided but only some literature-based observations: 
• Nonlinear coupling between the strain and temperature 
fields 
• The role of inner contact in cracks and of thermo-elastic 
coupling in imperfect solids is underlined in the wave 
attenuation (local concentration of stress and temperature 
gradient) 
• Crack behavior similar to polycrystalline materials 

The classical wave mixing theory used to explain the effect: 
• The cross- modulation due to cubic – rather than quadratic – 
nonlinearity 
• Two generation mechanisms of the modulation transfer, i.e., 
pure (through the FOECs) and mixed (the primary wave 
mixed with the secondary harmonics generated through the 
TOECs) 

Observations and 
comments  • Amplitude modulation only transferred 

• Amplitude modulation predominantly picked up 
• Self-demodulation observed – i.e., modulation transfer acts to lessen 
the original modulation 
• The effect is enhanced if the fundamental frequency of either wave is 
close to the electron gyrofrequency  

• Experimentally observed for low strain levels that are not 
sufficient to open the crack 
• Cross-modulation observed predominantly for the crack- 
tearing mode 
• Experimental evidence showing the link between the 
intensity of modulation and the local temperature field in 
the crack vicinity 
• Used for damage detection (crack detection in metals and 
impact damage detection in composites)  

• No additional phase matching condition for the co- 
directional SH0 wave mixing to generate cumulative CMCs 
• For Lamb waves and counter propagating SH waves, only 
limited mode combinations can satisfy the phase matching 
leading to the cross- modulation 
• Better sensitivity to microstructural damage than the 
classical wave mixing method 

Examples of 
references 

[40–43] [37,44] __  
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propagation phenomena have been observed for different types of waves in physics, the question arises as to what degree the newly 
discovered mechanism reported in this work is related to previously investigated wave cross-modulations, in particular the L-G effect 
reported in the open literature. 

The L-G effect is unquestionably one of the salient nonlinear wave interaction phenomena related to cross-modulation. The L-G 
effect has been observed originally for electromagnetic radio waves propagating in the lower ionosphere. The nonlinearity leading to 
the cross-modulation in radio waves can be either distributed or local nonlinearity, exemplified by the weakly ionized plasma and 
liquid with micro-bubbles, respectively. The cross-modulation observed in ultrasonic bulk wave propagation which is claimed to be the 
L-G effect retooled for elastic waves stems from the local nonlinearity associated with the crack-wave interaction. The cross-modulation 
mechanism for guided waves investigated in the paper, however, relates to the distributed weak material nonlinearity in a guided 
medium. Regarding the type of nonlinearity, both the cross-modulation for guided waves and the retooled L-G effect for the elastic 
waves resemble the original L-G effect for radio waves in different aspects. Specificities and comparisons among the three types of 
cross-modulations are summarized in Table 2. 

In contrast to the original and retooled L-G effect, the cross-modulation for guided waves is induced by nonlinear elasticity rather 
than nonlinear dissipation. As to the retooled L-G effect, the nonlinear dissipation and non-classical physical behavior are probably the 
only two elements similar to the original L-G effect, which indicates why the cross-modulation observed for the crack-wave interaction 
in ultrasonic wave propagation has been claimed to be the L-G effect retooled for elastic waves. If nonlinear dissipation in cross- 
modulation characterizes uniquely the L-G effect, the investigated modulation transfer mechanism does not relate to it. 

In summary, the question whether the investigated modulation transfer effect relates to the original L-G effect is still open. Although 
the theoretical model behind the nonlinear effect investigated has been proposed and validated numerically and experimentally, 
further research work is still required to answer this question. 

6. Conclusions 

This work investigates the cross-modulated component (CMC) generation in guided waves residing in a weakly nonlinear medium. 
Theoretical analyses are first carried out to ascertain the characteristics of the CMC generation subjecting to different wave mixing 
patterns. Finite element studies are then conducted to verify the theoretically predicted cross-modulation phenomena. The underlying 
mechanisms of the CMC generation in the codirectional SH0 wave mixing scheme are further investigated and the superiority of the 
CMCs for NDE applications is discussed. Experiments are conducted to confirm the generated CMCs in the codirectional SH0 wave 
mixing case. The relevance of the observed cross-modulation in guided waves to the original L-G effect in radio waves and the L-G effect 
retooled for elastic waves based on nonlinear dissipation is finally elucidated. 

It is found that CMCs are generated because of the cubic nonlinearity instead of the quadratic nonlinearity. Specifically, a codir-
ectional SH0 wave mixing scheme is highlighted which allows the generation of internal-resonant CMCs under arbitrary frequency 
combinations of single-frequency and modulated waves. In addition, pure and mixed CMCs generation mechanisms are identified 
which are separately related to the FOECs and TOECs. Although the material-nonlinearity-induced CMCs exhibit similar behavior as 
the crack-induced cross-modulation phenomenon reported in the literature, they stem from different mechanisms: i.e., nonlinear 
elasticity and nonlinear dissipation, respectively. Therefore, whether the material-nonlinearity-induced CMCs in guided waves can be 
termed the L-G effect remains an open question. 

Nevertheless, the uncovered CMCs in guided waves induced by distributed material nonlinearity provide a new possibility for 
incipient damage detection in NDE applications before the initiation of crack-type defects. Compared with the conventional two-wave 
mixing techniques, CMCs exhibit higher sensitivity to incipient damage. In addition, by using two wave excitation channels, the 
complexity of the physical system is not increased but the advantage of being immune to instrumentation nonlinearity is still pre-
served. In addition, the flexible choice of frequency combinations in the codirectional SH0 wave mixing scheme offers enormous 
flexibility for practical applications. 

In a broader sense, when the cross-modulation is used to detect localized defects (cracks), the distributed material nonlinearity acts 
as a masking/background nonlinearity. The influence of the masking nonlinearity on the detection of crack-type defects should be 
thoroughly evaluated. This points to the future direction to better understand and apply the L-G effect for NDE applications by 
considering both localized and distributed nonlinearity under the same roof. 
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Appendix: Combinations of the wavenumber and frequency components in the nonlinear driving force terms 

According to Eq. (10), the generated nonlinear waves due to the mutual interactions of the single-frequency and modulated waves 
are determined by the nonlinear driving force which is directly related to the nonlinear driving stress SNL. For the codirectional mixing 
case, SNL is be obtained by substituting (u1 + u2,2±m) from Eqs. (1) and (2) into Eq. (5). The quadratic and cubic terms can be separately 
extracted according to the perturbation theory. Specifically, the terms related to quadratic nonlinearity include these combinations: 

ei((k2+k1)X− (ω2+ω1)t), ei((k2 − k1)X− (ω2 − ω1)t), ei((k2+m+k1)X− (ω2+ωm+ω1)t), ei((k2+m − k1)X− (ω2+ωm − ω1)t),

ei((k2− m+k1)X− (ω2 − ωm+ω1)t), ei((k2− m − k1)X− (ω2 − ωm − ω1)t), ei(− (k2+k1)X+(ω2+ω1)t), ei(− (k2 − k1)X+(ω2 − ω1)t),

ei(− (k2+m+k1)X+(ω2+m+ωm+ω1)t), ei(− (k2+m − k1)X+(ω2+ωm − ω1)t), ei(− (k2− m+k1)X+(ω2 − ωm+ω1)t),

ei(− (k2− m − k1)X+(ω2 − ωm − ω1)t).

The terms generated by the cubic nonlinearity have the following combinations with the terms corresponding to the CMCs 
underlined: 

ei((2k2+k1)X− (2ω2+ω1)t), ei((2k2 − k1)X− (2ω2 − ω1)t), ei((k2+2k1)X− (ω2+2ω1)t), ei((k2 − 2k1)X− (ω2 − 2ω1)t),

ei((2k2+m+k1)X− (2ω2+2ωm+ω1)t), ei((2k2+m − k1)X− (2ω2+2ωm − ω1)t), ei((k2+m+2k1)X− (ω2+ωm+2ω1)t),

ei((k2+m − 2k1)X− (ω2+ωm − 2ω1)t), ei((2k2− m+k1)X− (2ω2 − 2ωm+ω1)t), ei((2k2− m − k1)X− (2ω2 − 2ωm − ω1)t),

ei((k2− m+2k1)X− (ω2 − ωm+2ω1)t), ei((k2− m − 2k1)X− (ω2 − ωm − 2ω1)t), ei((k2+k2+m+k1)X− (2ω2+ωm+ω1)t),

ei((k2+k2+m − k1)X− (2ω2+ωm − ω1)t), ei((k2 − k2mk1)X− (− ωmω1)t), ei((k2 − k2+m − k1)X− (− ωm − ω1)t),

ei((− k2+k2+m+k1)X− (ωm+ω1)t), ei((− k2+k2+m − k1)X− (ωm − ω1)t), ei((k2+k2− m+k1)X− (2ω2 − ωm+ω1)t)

ei((k2+k2− m − k1)X− (2ω2 − ωm − ω1)t), ei((k2 − k2− m+k1)X− (ωm+ω1)t), ei((k2 − k2− m − k1)X− (ωm − ω1)t),

ei((− k2+k2− m+k1)X− (− ωm+ω1)t), ei((− k2+k2− m − k1)X− − − ωm − ω1)t, ei((k2+m+k2− m+k1)X− (2ω2+ω1)t),

ei((k2+m+k2− m − k1)X− (2ω2 − ω1)t), ei((k2+m − k2− m+k1)X− (2ωm+ω1)t), ei((k2+m − k2− m − k1)X− (2ωm − ω1)t),

ei((− k2+m+k2− m+k1)X− (− 2ωm+ω1)t), ei((− k2+m+k2− m − k1)X− (− 2ωm − ω1)t).

Similarly, the nonlinear driving stress SNL in the counter mixing case is evaluated. In this case, the equation of the modulated wave 
is still referred to Eq. (2) while the single-frequency wave equation is modified as 

u1(X,Y,Z) = A1U1(Z)ei(− k1X− ω1 t) + c.c. (A1) 

The terms associated with quadratic nonlinearity include these combinations: 

ei((k2 − k1)X− (ω2+ω1)t), ei((k2+k1)X− (ω2 − ω1)t), ei((k2+m − k1)X− (ω2+ωm+ω1)t), ei((k2+m+k1)X− (ω2+ωm − ω1)t),

ei((k2− m − k1)X− (ω2 − ωm+ω1)t), ei((k2− m+k1)X− (ω2 − ωm − ω1)t), ei(− (k2 − k1)X+(ω2+ω1)t), ei(− (k2+k1)X+(ω2 − ω1)t),

ei(− (k2+m − k1)X+(ω2+ωm+ω1)t), ei(− (k2+m+k1)X+(ω2+ωm − ω1)t), ei(− (k2− m − k1)X+(ω2 − ωm+ω1)t),

ei(− (k2− m+k1)X+(ω2 − ωm − ω1)t).

The terms corresponding to the cubic nonlinearity have the following combinations with the terms corresponding to the CMCs 
underlined: 

ei((2k2 − k1)X − (2ω2 +ω1)t), ei((2k2 + k1)X − (2ω2 − ω1)t), ei((k2 − ω2k1)X − (ω2 + 2ω1)t), ei((k2 + 2k1)X − (ω2 − 2ω1)t),
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ei((2k2+m − k1)X− (2ω2+2ωm+ω1)t), ei((2k2+m+k1)X− (2ω2+2ωm − ω1)t), ei((k2+m − 2k1)X− (ω2+ωm+2ω1)t),

ei((k2+m+2k1)X− (ω2+ωm − 2ω1)t), ei((2k2− m − k1)X− (2ω2 − 2ωm+ω1)t), ei((2k2− m+k1)X− (2ω2 − 2ωm − ω1)t),

ei((k2− m − 2k1)X− (ω2 − ωm+2ω1)t), ei((k2− m+2k1)X− (ω2 − ωm − 2ω1)t), ei((k2+k2+m − k1)X− (2ω2+ωm+ω1)t),

ei((k2 + k2+m + k1)X − (2ω2 +ωm − ω1)t), ei((k2 − k2m − k1)X − (ω − ωmω1)t), ei((k2 − k2mk1)X − (ω − ωm − ω1)t)

ei((− k2+k2+m − k1)X− (ωm+ω1)t), ei((− k2+k2+m+k1)X− (ωm − ω1)t), ei((k2+k2− m − k1)X− (2ω2 − ωm+ω1)t),

ei((k2+k2− m+k1)X− (2ω2 − ωm − ω1)t), ei((k2 − k2− m − k1)X− (ωm±ω1)t), ei((k2 − k2− m+k1)X− (ωm − ω1)t),

ei((− k2+k2− m − k1)X− (− ωm+ω1)t), ei((− k2+k2− m+k1)X− − − ωm − ω1)t, ei((k2+m+k2− m − k1)X− (2ω2+ω1)t),

ei((k2+m+k2− m+k1)X− (2ω2 − ω1)t), ei((k2+m − k2− m − k1)X− (2ωm+ω1)t), ei((k2+m − k2− m+k1)X− (2ωm − ω1)t),

ei((− k2+m+k2− m − k1)X− (− 2ωm+ω1)t), ei((− k2+m+k2− m+k1)X− (− 2ωm − ω1)t).
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