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A B S T R A C T   

Despite their engineering significance, locally resonant metamaterials are facing the challenge to cope with the 
need for broad-range band gap adjustment at low-frequencies. To tackle this problem, this study proposes using 
shape memory alloys (SMAs) to achieve temperature-controlled quasi-zero-stiffness (TC-QZS) metamaterial 
beam, which entails tunable and low-frequency band gap through ambient temperature changes. The basic 
configuration of the proposed TC-QZS resonator embraces a negative mechanism, steming from an SMA and a 
nonlinear geometrical structure. The stiffness of the positive stiffness mechanism can be effectively neutralised 
by the negative one, and the neutralisation can be adjusted based on temperature change applied to the SMA. The 
resultant stiffness variation yields broad-range tunability of the resonant frequency of the TC-QZS resonator. The 
band gap structure of the metamaterial beam is obtained using the transfer matrix method and verified by nu
merical simulation. Effects of dominant parameters on band gaps are scrutinized. Results show that the frequency 
range of the band gap can be continuously tuned from 26 to 69 Hz. This study provides guidance for the real
isation of band gap tunibility over a wide frequnecy range and lays the groundwork for the development of 
elastic wave manipulation and vibration isolation.   

1. Introduction 

Metamaterials are artificially constructed materials or structures that 
can entail properties or functions which are absent in natural materials 
[1]. When interacting with a metamaterial structure (scattering, 
anti-resonance,etc.), wave propagation can be inhibited within certain 
frequency ranges, referred to as the band gaps [2]. In general, there are 
two basic mechanisms for the formation mechanism of the elastic wave 
band gap: bragg scattering and local resonance. The frequency of the 
Bragg scattering band gap depends on the lattice constant and material 
parameters [3,4], thereby making it difficult to conciliate between 
low-frequency band gaps and small-scale structures [5]. On the con
trary, the resonant frequency of resonators is the sole determinant of the 
locally resonant band gaps [3], which is an intrinsic property that de
pends only on the inertia and stiffness characteristics [6–8]. Therefore, 
the locally resonant band gap mechanism provides an opportunity for 
opening the low-frequency band gap through small-scale metamaterials 
with reasonable load-bearing capability [9,10]. 

Liu et al. [9] first proposed the concept of locally resonant meta
materials in 2000. Low natural frequency is the core of local resonator 

design. Spring-mass local resonance, which consists of linear springs and 
mass blocks, is the simplest and the primitive configuration for creating 
a locally resonant metamaterial [11–13]. It was found that the dynamic 
response amplitude of the local resonators increase, whereas the prop
agation of the elastic wave along the main structure decreases when the 
frequency of the elastic wave is close to the natural frequency of the local 
resonators [14]. However, two competing elements, namely 
load-bearing capacity and low stiffness, always exist irrespective of 
whether it is a traditional spring-mass, or a compact local resonator 
composed of elastic materials or structures and mass blocks. Therefore, 
it is difficult for a locally resonant metamaterial composed of conven
tional elastic elements and mass blocks to open an elastic wave band gap 
in the low-frequency range, particularly in the ultra-low frequency 
range [15]. 

In 2016, Hao et al. [16] proposed a quasi-zero-stiffness (QZS) smooth 
and discontinuous oscillator and revealed the complex dynamic phe
nomena of this system through local and global bifurcation analyses. 
That primitive configuration of the negative-stiffness mechanism con
sists of two inclined springs [17–27]. The stiffness of the resonator was 
neutralised by a negative-stiffness mechanism, which results in a 
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decrease in the resonant frequency of the resonator and a low-frequency 
band gap. It is worth noting that the negative-stiffness mechanism is the 
core part of the QZS resonator which determines its apparent size and 
mechanical properties. To date, X-mechanism [28], L-shaped mecha
nism [29], semicircle-semicircle mechanism [30], cam-roller mecha
nism [31–33], lever-type [34], and permanent magnetic mechanism 
[35–37] have been used to achieve negative stiffness and devise QZS 
resonators. Nevertheless, problems such as size, self-weight, and friction 
caused by the parallel connection of positive and negative stiffness, limit 
the application of the aforementioned negative-stiffness structures. To 
mitigate the deficiencies of mechanical QZS local resonators, structured 
QZS local resonators have also been designed, offering new opportu
nities to open low-frequency bandgaps through metamaterials [38–42]. 

It is not easy to tune the mechanical features of the structured QZS 
local resonatores owing to the fixed configuration, such hindering the 
application potential of metamaterials. Consequently, it is necessary to 
develop active/semi-active low-frequency band gap adjustment 
methods. Conventionally, changing either the inertia [43–45] or stiff
ness [40,46–48] of a resonator is the main avenue for regulating the 
resonant frequency of the resonator to achieve the band gap tuning. 
Thus far, electronic-controlled [49–59], pneumatic-controlled [60,61] 
and temperature-controlled [62–71] active/semi-active metamaterials 
have been attempted to this end. The band gap frequency of 
electronic-controlled metamaterials, however, offers a small tunable 
range, whereas pneumatically controlled metamaterials generally 
require a large volume change to achieve sufficient stiffness changes. 
Consequently, the practical application potential of existing 
active/semi-active metamaterials remains limited. 

In terms of temperature-controlled metamaterials, the shape mem
ory alloy (SMA) is the main actuator that can yield band gap tuning. The 
basic principle of the band gap tuning stems from the variation in the 
elastic modulus engendered by the change in the microstructure of the 
SMA [62–64]. Owing to the broad-range change in the elastic modulus, 
metamaterials composed of SMAs offer the potential to regulate the 
band gap within a large frequency region [65–69]. However, for the 
single SMA resonators, the dilemma between the low resonant frequency 
and the stability of the resonator structure remains. Specifically, the 
individual SMA is not the optimum choice for constructing the resonator 
to open a low-frequency band gap and achieve band gap tuning in the 
low-frequency region. Therefore, innovative resonator design based on 
SMAs is still a promising yet not well mastered research topic. 

In this study, an SMA is utilised to conceive a temperature-controlled 
quasi-zero-stiffness (TC-QZS) resonator. The SMA, combined with a 
roller-semicircle outline, forms a tunable negative-stiffness mechanism 
and offers the capacity to neutralise the stiffness of the resonator. The 
wide-range and temperature-controlled change of the elastic modulus of 
the SMA would allow for a significant tuning of the stiffness of the 
resonator. A metamaterial beam with appreciable band tuning cab
ability is then constructed by periodically mounting the proposed TC- 
QZS resonators onto a thin beam. The static analysis of the TC-QZS 
resonator is conducted first, followed by a in-depth discussion on the 
temperature effect on the elastic modulus of the SMA. The band struc
ture of the TC-QZS metamaterial is examnined by the matrix transfer 
method and verified in comparison with the wave propagation features 
extracted from the numerical model. By adjusting the ambient temper
ature, the band gap can be continuously adjusted over a wide range. 

The remainder of this study is organised as follows. In the second 
Section, the basic structure of the TC-QZS resonator and the principle of 
the SMA phase transition are described and statically analysed. In Sec
tion 3, a dynamic analysis of the TC-QZS metamaterial beam is carried 
out, including the derivation of the dispersion relation by the transfer 
matrix method and the numerical simulation using Galerkin method. In 
Section 4, the effects of the lattice constant, damping ratio, resonator 
size and material properties of the SMAs on the band gap structure are 
elucidated. Finally, conclusions are summarised in Section 5. 

2. Configuration and design principle 

The core of this study is how to design a novel structure to open a 
band gap in the low frequency range and realise the broad range 
tunability of the band gap. In this section, a detailed description of the 
basic configuration of the proposed TC-QZS resonator is first presented 
and followed by a static analysis. For the completeness of the study and 
benefit of the readership, the fundamental principle of the elastic 
modulus variation of the SMA is also presented. 

2.1. Principle and configuration 

The conceptual design of the proposed TC-QZS metamaterial beam is 
shown in Fig. 1(a) and the corresponding computational model is shown 
in Fig. 1(b). The detailed configuration of the TC-QZS resonator is 
illustrated in Fig. 1(c). The TC-ZQS resonator consists of two vertical 
springs with a mass block in the middle and two SMA beams on its sides. 
A linear bearing, completely embedded into the block, is mounted on the 
guide-bar to ensure the sole motion of the mass block along the vertical 
direction while reducing the effect of the frictional damping. Addition
ally, the mass block has a semi-circular outline on its left and right side. 
Each roller is fixed on the left and right SMA beams, and the distance 
between the roller and the beam is ignored. One end of the SMA beam is 
hinged on the frame of the resonator and the other end on a slider 
installed in a slot. The slider mounted on the slot limits the motion of the 
SMA beam end to the vertical direction. When the semi-circular outline 
and roller touch each other, the SMA beam provides a thrust force to the 
semi-circular outline because of the mid-span deflection. The semi- 
circular outline of the mass block, SMA beam and roller form a 
negative-stiffness mechanism, whose restoring force is in the same di
rection as the deformation of the mass block [72]. This negative-stiffness 
mechanism is used to assist the deformation of the mass block and 
neutralise the linear stiffness of the spring. The stiffness of the TC-QZS 
resonator can be regulated by changing the degree of involvement of 
the negative-stiffness mechanism, leading to a foreseeable variation in 
the band frequency of the metamaterial. When the temperature applied 
to the SMA changes, the elastic modulus of the SMA also changes, 
resulting in a variation in the degree of neutralisation and tunability of 
the band frequency of the metamaterial. 

As shown in Fig. 1(a), the TC-QZS metamaterial beam comprises a 
substrate beam and a series of TC-QZS resonators. The resonators are 
periodically mounted on the substrate beam through a screw thread. The 
effect of the holes (for the connection of the resonators) in the substrate 
beam on the metamaterial is not considered here. The main parameters 
of the metamaterial beam are delineated in Fig. 1(a), including the 
lattice constant lc and total length of the beam L. The distance between 
the ith resonator and the left-hand end of the substrate beam is xi, which 
follows xi = ilc. 

2.2. Static analysis of the resonator 

The anticipated negative-stiffness mechanism is the key component 
of the TC-QZS metamaterial for achieving low-frequency band gap. It 
consists of an SMA flexible beam and a pair of roller and semi-circular 
outlines. Fig. 2 shows the force analysis diagram of the TC-QZS reso
nator. The radii of the semi-circular outline and the roller are r1 and r2, 
respectively. When the resonator is at the free state, as illustrated in 
Fig. 2(a), the roller and semi-circular outline do not touch each other so 
that the SMA beam is in its natural state without compression. The 
distance between the centre of the roller and the SMA beam is d at this 
state; SMA beam does not deform when d is greater than r1+r2. Under 
such a scenario, the negative stiffness mechanism consisting of the semi- 
circular outline and roller fails to neutralise the stiffness of the vertical 
spring. Consequently, the d should obey max{r1,r2} ≤ d < r1 + r2. 

As shown in Fig. 2(b), the line between the centres of the roller and 
semi-circular outline is perpendicular to the axis of the spring when the 
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resonator is subjected to a payloadfp. At this position, the SMA beam 
exhibits maximum mid-span deflection 

Δmax = r1 + r2 − d. (1) 

When an excitation force f acts on the resonator, the semi-circular 
outline moves in the vertical direction with a distance of y. According 
to the geometrical relationship shown in Fig. 2(c), the mid-span 
deflection of the SMA beam can be expressed as 

Δ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(r1 + r2)
2
− y2

√

− d. (2) 

As the deflection of the SMA beam is not fully released, the SMA 
beam generates a thrust force on the semi-circular outline through the 
roller, as shown in Fig. 2(d). The mechanical equilibrium of the roller in 
the vertical direction can then be written as 

f + fp + 2fbeamsinθ − fv = 0, (3)  

where f is the excitation force; fp and fv the preload and restoring force 

provided by the vertical spring, respectively; and fbeam denotes the 
thrust force (as a result of the deflection of the SMA beam) working on 
the semi-circular outline, which writes 

fbeam =
48E(T)I

l3
(r1 + r2)Δ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(r1 + r2)
2
− y2

√ , (4)  

where E(T)I denotes the flexural rigidity expressed as the product of 
elastic model of the SMA E(T) which is a function of temperature (T), 
and the area moment of inertia of the SMA beam I. l is the length of the 
flexible beam. 

When the mass block moves away from the equilibrium position, its 
maximum relative displacement, corresponding to the scenario in which 
the mid-span deflection of the SMA beam is completely released, can be 
written as 

ymax =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(r1 + r2)
2
− d2

√

. (5) 

Fig. 1. (a) Conceptual design of the TC-QZS metamaterial beam. (b) Computational model of the metamaterial beam with an infinite length. (c) Configuration of the 
proposed resonator, mainly consisting of two vertical springs with a mass block and two SMA beams. 

Fig. 2. Schematic of the static analysis of the resonator. (a) Geometric dimensions of the resonator in the free state. (b)The static equilibrium position, where the 
centre of the roller and semi-circular outline are in the same horizontal line. (c) Compression of the resonator after external excitation f. (d) Force analysis diagram 
of resonator. 
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Under these circumstances, the negative-stiffness mechanism within 
the TC-QZS resonator is not deployed, so that the resonator stiffness is 
equal to that of the linear vertical springs. Considering the hypothesis of 
small-amplitude oscillations, the semi-circular outline and roller always 
remain in contact. Therefore, the relative displacement of the TC-QZS 
resonator during normal operation should satisfy 

y ∈ [− ymax, ymax]. (6) 

Substituting Eq. (4) into Eq. (3) yields the restoring force as a func
tion of the displacement as 

f (y, T) = 2kvy −
96E(T)I

l3

⎛

⎜
⎝1 −

d
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(r1 + r2)
2
− y2

√

⎞

⎟
⎠y. (7) 

By differentiating the expression of the restoring force with respect to 
the relative displacement y, the nonlinear expression of the stiffness of 
the TC-QZS resonator can be obtained as 

k(y,T) = 2kv −
96E(T)I

l3

⎧
⎨

⎩
1 −

d(r1 + r2)
2

[
(r1 + r2)

2
− y2]

3
2

⎫
⎬

⎭
. (8) 

The stiffness of the TC-QZS resonator is affected by the temperature 
through temperature-dependant elastic modulus. 

After introducing a parameter γ to evaluate the degree of neutrali
sation of the negative stiffness, the stiffness of the TC-QZS resonator can 
be re-expressed as 

k(y,T) = 2γkv + 2(1 − γ)kv −
96E(T)I

l3

⎧
⎨

⎩
1 −

d(r1 + r2)
2

[
(r1 + r2)

2
− y2]

3
2

⎫
⎬

⎭
, (9)  

γ is the ratio of the remaining stiffness of the resonator at the equilibrium 
position to the stiffness of the vertical springs. 

To reduce the stiffness of the TC-QZS resonator at the static equi
librium position (y = 0) from 2kv to 2γkv, let 

2(1 − γ)kv −
96E(T)I

l3

{

1 −
d

r1 + r2

}

= 0. (10) 

Consequently, to meet the required target band gap position, 
appropriate parameters of the TC-QZS resonator can be designed ac
cording to Eq. (10) by selecting an appropriate value for γ. 

2.3. Principle of the stiffness tunability 

Since the cornerstone of low frequency band gap tuning is the tem
perature modulated change in the Young’s modulus of the SMA beam, 
the material properties of the SMA are discussed in this section. To avoid 
the influence of the pseudo-elastic effect on the metal phase, the stress of 
the SMA is assumed to be always below the minimum stress for the onset 
of stress-induced phase transitions [66]. In this case, only the martensite 
and austenite phases appear at low and high temperatures at the 
beginning of the phase transition, respectively. Hence, the ascending 
order of the transformation temperatures of the SMA is as follows: 
martensite finished temperature (Mf), martensite started (Ms), austenite 
started (As) and austenite finished (Af). To describe the phase transition 
mechanism of the SMA under a temperature change, the martensitic 
fraction ξ was introduced to represent the phase variation of martensite. 
According to the Brinson’s model, the martensite fraction during the 
cooling process can be represented as follows: [62] 

ξc =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1, T < Mf

1
2

[

cos
(

π T − Mf

Ms − Mf

)

+ 1
]

,Mf ≤ T ≤ Ms

0, T > Ms

. (11) 

Similarly, the martensite fraction during the heating process can be 

expressed as 

ξh =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1, T < As

1
2

[

cos
(

π T − As

Af − As

)

+ 1
]

, As ≤ T ≤ Af

0, T > Af

. (12) 

Based on the martensite fraction defined above, the influence of 
temperature on the elastic modulus of the SMA can be expressed as 

E(ξ) = EA + ξ⋅(EM − EA), (13)  

where EM and EA denote the elastic moduli of the SMA in the fully 
martensitic and fully austenitic phases, respectively. By substituting 
Eqs. (11) and (12) into Eq. (13), the relationship between the elastic 
modulus of the SMA and temperature can be written as follows: 

Ec(T) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

EM, T < Mf

EA +
1
2

[

cos
(

π T − Mf

Ms − Mf

)

+ 1
]

⋅(EM − EA),Mf ≤ T ≤ Ms

EA,T > Ms

,

Eh(T) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

EM, T < As

EA +
1
2

[

cos
(

π T − As

Af − As

)

+ 1
]

⋅(EM − EA), As ≤ T ≤ Af

EA, T > Af

,

(14)  

where subscripts c and h denote the cooling and heating processes, 
respectively. Based on Eq. (14) and material parameters tabulated in 
Table 1 [62], the elastic modulus variation with respect to the temper
ature is shown in Fig. 3, in which the red and blue lines represent the 
heating and cooling processes, respectively. The arrows indicate the 
direction of the temperature change. By projecting the 3D curve onto the 
ξ − T and E − T planes, the relationships between ξ and T as well as E and 
T can be obtained. As shown by the red dashed and dotted lines, the SMA 
is in the fully martensitic phase (ξ0 = 1, E = EM) before the heating 
process. With the increase of temperature, the metallographic structure 
of the SMA undergoes a phase transition as the temperature reaches As. 
The martensite fraction gradually decreases from 1 and the elastic 
modulus of the SMA increases from EM. As the temperature rises to Af, 
the martensite fraction of the SMA drops to 0, and its elastic modulus 
equals EA. With a continuous increase in temperature, both the 
martensite fraction and elastic modulus remain unchanged. 

The martensitic phase and elastic modulus of the SMA varying with 
the temperature dropping are elaborated by blue solid and dotted lines 
in Fig. 3. The inceptive temperature of the SMA is higher than Af. The 
SMA begins to transform from the fully austenitic phase (ξ0 = 0, E = EA) 
to the fully martensitic phase (ξ = 1, E = EM) as temperature dropping 
from Ms to Mf. With the fall of the temperature further, the martensite 
fraction, the metallic phase and the elastic modulus of the SMA all 
remain unchanged. 

Table 1 
Parameters of the SMA.  

Parameters Descriptions Values 

EM The martensitic modulus 26.3GPa 
EA The austenitic modulus 67GPa 
μ Poisson’s ratio 0.33 
Mf The martensite finished temperature 9 ◦C 
Ms The martensite started temperature 18.4 ◦C 
As The austenite started temperature 34.5 ◦C 
Af The austenite finished temperature 49 ◦C 
σM

s The minimum stress for the onset of stress-induced phase 
transitions 

100MPa  
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2.4. Quantitative analysis of the stiffness of the TC-QZS resonator 

After clarifying the fundamental principle of the band gap tunability, 
the specific stiffness characteristics of the TC-QZS resonator can be ob
tained through the design of the geometric parameters of the resonator. 
Assuming that the maximum stress of the flexible SMA beam at the 
equilibrium position is always less than the onset of the stress-induced 
phase transition σM

s , the elastic modulus of the SMA ranges from EM to 
EA when the temperature changes. To maximise the low-frequency band 
gap tuning, the elastic modulus EA is selected as the initial parameter to 
obtain the parametric condition of low stiffness when γ = 0.085. Sub
sequently, the resonator stiffness increases due to the variation in the 
ambient temperature. 

The strength of the SMA beam is checked to verify the reliability of 
the resonator design. At the equilibrium position, the SMA beam pos
sesses the maximum mid-span deflection and resultant maximum stress, 
which can be expressed as 

σmax =
Mmax

W
= 96.48MPa< [σ], (15)  

where Mmax is the bending moment of the SMA beam at maximum 

deflection and W = bh3/6 is the flexural factor in this section. The 
allowable stress [σ]is set to the minimum stress for the onset of stress- 
induced phase transitions, that is, [σ] = σM

s . As the maximum stress at 
the equilibrium position is less than the allowable value, the SMA beam 
satisfies the strength requirement. 

Fig. 4 shows the force and stiffness versus displacement of the pos
itive and negative stiffness mechanisms, as well as the whole resonator. 
Only the vertical displacement range within which the negative-stiffness 
mechanism in the TC-QZS resonator takes effect is selected. The black 
dot-dashed lines denote the restoring force and stiffness provided by the 
vertical spring, which can be regarded as the positive mechanism. While 
the dotted lines indicate the restoring force and stiffness provided by the 
negative-stiffness mechanism (combined by an SMA beam and a roller- 
semicircular outline). The solid lines with stars represent the restoring 
force and stiffness of the resonator when the positive stiffness mecha
nism and the negative stiffness mechanism are in parallel. The blue and 
red lines indicate the restoring force and stiffness of SMA at low and high 
temperatures, respectively. It can be seen from the Fig. 4(a) that near the 
equilibrium position, the restoring forces at both low and high tem
peratures are influenced by the negative stiffness mechanism and tend to 
be flat. Moreover, as shown in Fig. 4(b), the negative stiffness mecha
nism successfully neutralises the positive stiffness and reduces the 
stiffness of the resonator near the equilibrium position. The TC-QZS 
resonator achieves quasi-zero stiffness at high temperature, which is 
the original intention of the design. Therefore, the stiffness of resonator 
near the equilibrium position at high temperature is closer to zero. The 
stiffness in each temperature condition is less than the stiffness of the 
vertical spring within the displacement range shown by the orange 
shaded area in the figure, which can be regarded as the region where the 
negative stiffness mechanism takes effect. 

Fig. 4 shows the stiffness of the resonator when SMA is in the fully 
martensitic and fully austenitic phases. However, since the phase tran
sition of SMA is a continuous process with temperature, the relationship 
between the resonator stiffness and temperature is shown in Fig. 5. The 
blue and red surfaces represent the cooling and heating processes, 
respectively. The two grey planes represent the started and finished 
temperatures of the phase transition, and the middle is the phase tran
sition region. The arrows indicate the direction of temperature change. 

The stiffness surfaces of the TC-QZS resonator are symmetrical with 
respect to the equilibrium position (y = 0), regardless of whether the 
SMA experiences a cooling or heating process. For the cooling process, 
as shown in Fig. 5(a), the stiffness of the TC-QZS resonator remains 
unchanged when the temperature is higher than the martensite started 
temperature. Then, as the temperature falls below the martensite started 
temperature and above the martensite finished one, the stiffness of the 

Fig. 3. Evolutions of the martensitic fraction and the SMA elastic modulus for 
the heating (dot crossed red line) and cooling (solid blue line) processes, 
respectively. The arrow shows the direction of the temperature change. 

Fig. 4. Static analysis of the TC-QZS resonator. (a) The restoring force versus displacement curves. (b) The stiffness versus displacement curves. The blue and red 
lines indicate that SMA is in the low temperature martensitic phase and high temperature austenitic one. 
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TC-QZS resonator at the equilibrium position increases with a decrease 
in temperature. At the end, when the temperature is below the 
martensite finished temperature, the stiffness remains unchanged. 

Contrary to the cooling process, the stiffness of the TC-QZS resonator 
at the equilibrium position first remains stable during heating, then 
decreases and finally plateaus again. The observed changes in resonator 
stiffness with temperature can be attributed to the metallic phase tran
sition of the SMA. Specifically, the elastic modulus of the SMA remains 
unchanged if its temperature is below the martensite finished temper
ature Mf or above the austenite finished temperature Af. A larger 
austenitic modulus (EA) compared with that of the martensitic modulus 
(EM) results in a greater degree of neutralisation of the negative-stiffness 
mechanism for the positive stiffness, thereby enabling a lower resonator 
stiffness in the high-temperature region. When the SMA is cooled from 
Af to Mf or heated from Mf to Af, its metallic phase undergoes a phase 
transition, which in turn influences the stiffness of the resonator. 

3. Dynamics of the metamaterial beam 

The band structure and wave propagation features along the meta
material are the two main tools used to evaluate the advantages of the 
proposed metamaterial. In this section, we first derive the dispersion 
relation of the TC-QZS metamaterial and subsequently examnine the 
band structures. Wave propagation along the substrate beam is also 
carried out by means of the Galerkin’s method. 

3.1. Dispersion relation 

Considering the hypothesis that the TC-QZS metamaterial is of 
infinite length and that an infinite number of TC-QZS resonators are 
uniformly mounted on the substrate beam, the equation of motion of the 
substrate beam writes 

EsIs
∂4w
∂x4 + ρAs

∂2w
∂t2 = 0, (16)  

where EsIs represents the flexural stiffness expressed as the product of 
the elastic model Es and the area moment of inertia Is; ρ and Asdenote the 
density and cross-sectional area of the substrate beam, respectively; and 
w(x, t) is the deflection of the substrate beam at position x and time t. 

As shown in Fig. 4, the stiffness of the TC-QZS resonator at the 
equilibrium position is equal to that of the γkv. If the resonator is out of 
the equilibrium position with a small displacement, its stiffness ap
proaches that of the equilibrium position. Consequently, the nonlinear 
stiffness of the TC-QZS resonator can be linearised as γkv under the 
scenario that the excitation amplitude applied on it is not large [17]. The 
nonlinear restoring force of the TC-QZS resonator can be reduced to the 
product of the relative displacement and stiffness at the equilibrium 

position, according to the linearized stiffness. Then, the equation of 
motion of the ith TC-QZS resonator can be expressed as 

mrÿi(t) − k(0,Tc)[w(xi, t) − yi(t)] = 0, (17)  

where k(0, Tc) denotes the stiffness of the TC-QZS resonator at the 
equilibrium position under ambient temperature Tc; mr is the mass of the 
resonator;yi(t) = Yie

̅̅̅̅̅
− 1

√
ωtis the absolute displacement of the ith reso

nator and Yi is the displacement amplitude. Additionally, w(xi,t)stands 
for the deflection of the substrate beam at the position of xi and time t. 

Assuming that the deflection of the substrate beam can be written 
asw(x,t) = W(x)e

̅̅̅̅̅
− 1

√
ωt , where W(x) stands for the mode shape function, 

which is given by 

W(x) = ψΦ(x)T , (18)  

where Φ(x) = { cos(βx) sin(βx) cosh(βx) sinh(βx) } and β =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρAsω2/EsIs

4
√

is the flexural wavenumber; ψ = {A B C D } denotes 
a matrix of unknown coefficients. 

For the ith unit cell, as shown in Fig. 1(b), its local coordinate x′ can 
be expressed by the global coordinate x and lattice constant as follows: 

x′ = x − ilc, ilc ≤ x ≤ (i+ 1)lc. (19) 

The mode shape function of the ith unit cell can be written as 

Wi(x′) = ψiΦi(x′)T . (20) 

Considering the continuities of the displacement, slope, bending 
moment and shear force of the substrate beam at the connection point of 
the ith resonator, one has: 
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Wi− 1(lc) = Wi(0);
W′

i− 1(lc) = W′
i(0);

EsIsW″
i− 1(lc) = EsIsW″

i(0);
EsIsW″′

i− 1(lc) + Fi = EsIsW″′
i (0).

(21) 

According to the Floquet-Bloch theorem [17], the coefficient matrix 
between adjacent cells obeys 

ψi = e
̅̅̅̅
− 1

√
qlc ψi− 1, (22)  

where q denotes the flexural wave vector. Substitute Eq. (20) into Eq. 
(21) gives 

Hψi− 1 = Gψi, (23)  

where 

Fig. 5. Variation diagram of the stiffness of the TC-QZS resonators corresponding to the temperature and vertical displacement. The blue and red surfaces stand for 
the cooling and heating processes, respectively. The arrow shows the direction of the temperature change. 
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H =

⎡

⎢
⎢
⎣

cos(βlc) sin(βlc) cosh(βlc) sinh(βlc)
− βsin(βlc) βcos(βlc) βsinh(βlc) βcosh(βlc)
− β2cos(βlc) − β2sin(βlc) β2cosh(βlc) β2sinh(βlc)
β3sin(βlc) − β3cos(βlc) β3sinh(βlc) β3cosh(βlc)

⎤

⎥
⎥
⎦, (24)  

G =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 1 0

0 β 0 β

− β2 0 β2 0

−
1
EI

k(0,Tc)mrω2

k(0,Tc) − mrω2 − β3 −
1
EI

k(0,Tc)mrω2

k(0, Tc) − mrω2 β3

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (25) 

Substituting Eq. (22) into Eq. (23) leads to the dispersion relation of 
the TC-QZS metamaterial beam as 
⃒
⃒
⃒G− 1H − e

̅̅̅̅
− 1

√
qlc I

⃒
⃒
⃒ = 0. (26) 

For an arbitrary ω, one can obtain the corresponding wave vector q 
by solving Eq. (26). The band structure of the TC-QZS metamaterial 
beam can be obtained by determining the relationship between the 
frequency and the real or the imaginary parts of the complex solution of 
the wave vector. 

Using the parameters tabulated in Table 2, the band structures of the 
TC-QZS metamaterial beam with SMA in the fully martensitic (E = 26.3 
GPa) and fully austenitic (E = 67 GPa) phases are delineated in Fig. 6(a). 
The grey shaded areas denote the band gap regions where wave prop
agation along the metamaterial is prohibited. Obviously, the position, 
width and depth of the band gap of the TC-QZS metamaterial are 
significantly different in the case of the fully martensitic and fully 
austenitic phases. Specifically, when the metamaterial is at a low tem
perature, that is, the SMA is in the fully martensitic phase, the band gap 
of the TC-QZS metamaterial appears in the frequency range of 
69.5–105.5 Hz. In contrast, at the temperatures higher than Af, the 
initial frequency of the band gap (ranging from 25 to 38.5 Hz) is about a 
quarter of the highest band gap frequency at low temperatures. 

To better visualise the band structure changes with temperature, the 
position and the width of the band gap under continuous temperature 
change are presented in Fig. 6(b). The upper and lower solid black lines 
indicate the start and end frequencies of the band gap, respectively. The 
blue and red shaded areas between the two solid lines indicate the band 
gap region of the TC-QZS metamaterial under the cooling and heating 
processes, respectively. In the scenario where the SMA experiences a 
cooling process, the band gap frequency remains unchanged if the SMA 
temperature is above Ms. When the SMA temperature is in the range of 
Mf to Ms, the band gap frequency shifts from a low frequency range to a 
high one with a decrease in temperature. If the SMA temperature falls 

further and is below Mf, the band gap frequency remains constant. 
Contrary to the cooling process, when the SMA is heated, the band gap 
frequency remains unchanged firstly, then decreases from a high fre
quency range to a low value and remains unchanged again with the 
increase in SMA temperature. The variation in the band gap frequency 
with the SMA temperature is in line with that of the TC-QZS resonator 
stiffness with the SMA temperature. It suggests that the variation in the 
resonator stiffness is the intrinsic cause of the temperature effect on the 
band gap frequency. 

3.2. Numerical simulation 

To verify the theoretical band structures, the wave propagation along 
the TC-QZS-metamaterial with a finite length L is analysed in this section 
based on the Galerkin method. Considering a harmonic excitation 
imposed on the left-hand end of the substrate beam, the equation of 
motion of the substrate beam can be expressed as 

EsIs
∂4w(x, t)

∂x4 + ρAs
∂2w(x, t)

∂t2 = fE(t)δ(x − 0) + FADD(x, t)δ(x − xc), (27)  

where fE(t) is the excitation, FADD(x,t) denotes the restoring force pro
vided by the TC-QZS resonator, xc is the distance from the left-hand end 
of the substrate beam to the point of action of the resonator and δ(x) is 
the Dirac delta function utilised to represent the point of action and can 
be expressed as 
∫ +∞

− ∞
δ(x)dx = 1. (28) 

With surface-mounted TC-QZS resonators, the force provided by 
each resonator is given by 

FADD(x, t) = 2kvyrel(x, t) −
96E(T)Iyrel(x, t)

L3

⎡

⎢
⎣1 −

b
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(r1 + r2)
2
− y(x, t)2

rel

√

⎤

⎥
⎦,

(29)  

where yrel(x,t) = y(t) − w(x, t) is the relative displacement between the 
TC-QZS resonator and substrate beam. 

According to the Galerkin method, the transverse displacement of 
the substrate beam can be discretised as follows: 

w(x, t) =
∑M

m=1
ϕm(x)ηm(t), (30)  

where ϕm(x) is the trial function and ηm(t)denotes the modal coordinate 
of the beam for the mth mode. Variable M represents the number of 
Galerkin truncations whose value should be sufficiently large to satisfy 
the requirement of computational accuracy. 

By substituting Eq. (30) into Eq. (27), the equation of motion of the 
substrate beam can be rewritten as: 

EsIs

∑M

m=1
ηm(t)

d4ϕm(x)
dx4 + ρAs

∑M

m=1
ϕm(x)

d2ηm(t)
dt2

= fE(t)δ(x − 0) +
∑n

j=1
FADD

(
xj, t

)
δ
(
x − xj

)
, (31)  

where n is the total number of TC-QZS resonators assembled on the 
substrate beam. Multiplying Eq. (31) by the weight function φm(x) and 
integrating it from 0 to L, Eq. (31) can be rewritten as follows: 

ESIS
∑M

m=1

∫ L

0
ϕ(4)
m (x)φm(x)dx⋅ηm(t) + ρAS

∑M

m=1

∫ L

0
ϕm(x)φm(x)dx⋅η̈m(t)

=

∫ L

0
φm(x)δ(x − 0)dx⋅fE(t) +

∑n

j=1

∫ L

0
φm(x)FADD

(
xj, t

)
δ
(
x − xj

)
dz.

(32) 

Table 2 
Parameters of the TC-QZS metamaterial beam.  

Parameters Descriptions Values 

Es(GPa) Elastic modulus of the substrate beam 70 
Is(m4) Area moment of inertia of the substrate beam 7.0312 ×

10− 12 

ρ(kg /m3) Density of the substrate beam 2600 
μ Poisson’s ratio of the substrate beam 0.3 
As(m2) Area of the substrate beam 1.5 × 10− 4 

L(m) Length of the substrate beam 1 
lc(m) Lattice constant of the metamaterial beam 0.1 
I(m4) Area moment of inertia of the SMA flexible beam 8 × 10− 12 

l(m) Length of the SMA flexible beam 0.1 
kv(N/m) Stiffness of vertical spring 7.5 × 103 

mr(kg) Mass of resonator 0.05 
r1(m) Radius of the semi-circular outline 0.003 
r2(m) Radius of the roller 0.0015 
d(m) Distance between the centre of the semi-circular 

outline and the flexible beam 
0.0033 

ζm(Ns/m) Modal damping 0.02 
ζ0(Ns/m) Damping of resonators 0.01  
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Note that both the weight function and the trial function in the work 
are selected as the mode functions of the Euler-Bernoulli beam. The 
boundary conditions were assumed to be free at both ends; that is, there 
were no limitations applied to both ends, and the beam could vibrate 
freely. The mode functions of the Euler-Bernoulli beam with free-free 
boundary condition can be given by [17] 

ϕm(x) = φm(x) = sin(βmx) + sinh(βmx)

+
sin(βml) − sinh(βml)
cosh(βml) − cos(βml)

[cos(βmx) + cosh(βmx)],
(33)  

where β denotes the wave number which can be determined from the 
frequency equation 

cos(βml)cosh(βml) = 1. (34) 

Considering the orthogonality of the mode functions and introducing 
the modal damping and damping of resonators, Eq. (32) can be rewritten 
as follows: 

mmη̈m + cmη̇m + kmη = ϕm(0)fE +
∑n

j=1
ϕm

(
xj
)
FADD +

∑n

j=1
ϕm

(
xj
)
fd
(
xj, t

)
,

(35)  

where 

mm = ρA
∫ l

0
ϕ2
m(x)dz,

km = EI
∫ l

0
ϕ(4)
m (x)ϕ(x)dz,

cm = 2ζm
̅̅̅̅̅̅̅̅̅̅̅
mmkm

√
,

fd
(
xj, t

)
= 2ζ0

̅̅̅̅̅̅̅̅̅
mrkv

√
[

ẏj(t) −
∑M

m=1
ϕm

(
xj
)
η̇m(t)

]

,

(36)  

where fd(xj,t) is the internal damping force of the jth resonator; ζm and 
ζ0 are the damping ratios of the mth beam mode and resonator, 
respectively, which are introduced to damp the free vibrations. In the 
calculation process, ζm = 0.02 and ζ0 = 0.01 were taken respectively. 

Additionally, the equation of motion of the jth resonator is given by 

mrÿj(t) + fd
(
xj, t

)
+ FADD

(
xj, t

)
= 0, (37) 

By solving Eqs. (35) and (37), the displacements in the generalised 
coordinates and the absolute displacements of all resonators were ob
tained directly. The accurate deflection response of the substrate beam 

can then be obtained by substituting the generalised displacements into 
Eq. (30). The wave transmittance, defined as the ratio of the displace
ment response of the substrate beam at both ends of the metamaterial, 
and the wave suppression capacity of the metamaterial can be elabo
rated in detail. When the frequency is located in the band gap range, the 
wave transmittance value is less than zero dB and the corresponding 
wave is attenuated because of the effect of the local resonance of the 
resonator. In contrast, when the frequency is outside the band gap, the 
wave transmittance is greater than zero, and the wave propagation 
along the metamaterial is enlarged. 

However, special conditions are applied if the wave frequency is in 
the ultralow frequency range (about 0 Hz to 30 Hz). Although the wave 
transmittance curve is completely below zero, this frequency range 
cannot be considered as the band gap region. Such a false image is 
ascribed to the eccentric rotation of the rigid body of the substrate beam 
at lower the excitation frequencies. Because the centre of rotation of the 
substrate beam is close to the right-hand end, the rigid displacement of 
the substrate beam at the left-hand end is greater than that at the right- 
hand end, resulting in a transmittance less than zero in the ultralow 
frequency range. Under these circumstances, the band gap area pre
dicted by the wave transmittance can be determined by selecting the 
frequency range where the wave transmittance is less than that when the 
frequency is close to zero Hz (0.01 Hz herein). With an increase in fre
quency, the effect of the rigid rotation displacement of the substrate 
beam on the wave transmittance gradually decreases. Namely, in terms 
of the frequency range in the relatively high-frequency region, the 
excitation frequency can be considered to belong to a band gap region if 
the corresponding wave transmittance is less than zero dB. 

Fig. 7 shows the wave transmittance of the TC-QZS metamaterial 
beam when the SMA is in the fully austenitic (red solid line with circle) 
and fully martensitic (blue solid line with square) phases. According to 
the selection criteria stated above, the band gap ranges predicted by the 
wave transmittance are marked by the red and blue shaded areas. The 
band gap of the TC-QZS metamaterial ranges from 65 Hz to 98.5 Hz 
when the SMA is in the low-temperature martensitic phase. As the SMA 
temperature increases above the austenite finished temperature Af, the 
SMA is in the high-temperature austenitic phase and the elastic modulus 
of the SMA increases significantly. Then, the stiffness of the TC-QZS 
resonator at the equilibrium position decreases because of the greater 
degree of neutralisation of the positional stiffness of the resonator, 
resulting in lower band gap (about 25.2 Hz to 48.8 Hz) compared with 
that when the SMA is in the low-temperature martensitic phase. 
Conversely, in the cooling process, the band gap frequency of the TC- 

Fig. 6. (a) Theoretical band structures of the TC-QZS metamaterial when the metallographic phase of the SMA is at fully martensitic and fully austenitic phases 
respectively. The grey shaded area indicates the band gap. (b) Variation of the band structure with temperature change. The blue and red shaded areas represent the 
band gap regions during the cooling and heating processes, respectively, and the arrows indicate the direction of the temperature change. 
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QZS resonator at low temperature can be four times as that at high 
temperature. 

It should be noted that the wave propagation along the TC-QZS 
metamaterial presented in Fig. 7 are two special conditions, that is, 
the SMA is at fully austenitic and fully martensitic phases, respectively. 
Under normal circumstances, the metallographic phase of the SMA in
cludes austenitic and martensitic phases simultaneously, and the pro
portions of these two phases are influenced by the temperature applied 
to the SMA. To state the fundamental principle of low-frequency band 
gap tuning by further changing the temperature, Fig. 8 shows the effect 
of temperature on the wave propagation of the TC-QZS metamaterial 
beam in detail. The variation in the wave transmittance with both the 
frequency and temperature under the cooling and heating processes are 
shown in Fig. 8(a) and Fig. 8(b), respectively. The interior of the black 
dashed line is the frequency range where the wave is suppressed. The 
closer the colour of the wave transmittance map is to dark blue, the 
better the wave suppression is. The arrow shows the direction of tem
perature change. 

When the TC-QZS metamaterial experiences the cooling process, the 
dark blue area increases from low to high frequency. That is, the band 
gap frequency of the TC-QZS metamaterial shifts from a low- to a high- 

frequency range. In fact, the sequential change in the metallographic 
phase is responsible for the variation of the band gap position with 
decreasing temperature. As the temperature decreases, the martensitic 
phase component in the SMA gradually increases, the negative stiffness 
value decreases, and the resonator stiffness increases accordingly, giving 
rise to the increased resonant frequency of the TC-QZS resonator. In 
contrast to the cooling process, the band gap frequency of the TC-QZS 
metamaterial moves from high-frequency range to low-frequency one 
when the SMA experiences a heating process. Similar to the cooling 
process, the underlying cause of the variable band gap frequency is the 
change in the resonator stiffness caused by the transition from the 
martensitic phase to the austenitic phase. In summary, adjusting the 
temperature applied to the SMA is a potential avenue for tuning the low- 
frequency band gap over a wide range. 

3.3. Comparison 

Note that the theoretical band structures of the TC-QZS metamaterial 
beam are obtained under the assumption that the resonator undergoes 
small-amplitude excitation, the stiffness of the TC-QZS resonator is 
linear and the metamaterial beam possesses an infinite length. However, 
in practice, it is impossible to fabricate metamaterials with infinite 
length. The excitation amplitude of the metamaterial was also uncertain. 
More importantly, the actual stiffness of the TC-QZS resonator is 
nonlinear due to the existence of a negative stiffness mechanism. 
Therefore, verifying the correctness of the theoretical band structure is 
important for the analysis of the TC-QZS metamaterial. 

Fig. 9 shows the comparison of both the bandwidth and centre fre
quency of the band gap obtained by the dispersion relation (DR) and 
numerical simulation (GM). Note that the centre frequency of the band 
gap refers to the maximum inhibition effect of the TC-QZS metamaterial 
within the band gap region. The red solid line with triangles represents 
the resonant frequency (RF) of the TC-QZS resonator at different SMA 
temperatures. The bar graph shows the band gap width. Additionally, 
only part of the results in the temperature range where the phase tran
sition occurs (descending from Ms to Mf and ascending from As to Af, 
respectively) are presented in Fig. 9 because the band gap of the TC-QZS 
metamaterial changes only in the temperature range where the SMA 
undergoes a phase transition during the cooling (the upper panel) and 
heating (the lower panel) processes. 

As shown in Fig. 9, the centre frequencies of both the theoretical and 
numerical band gaps predicted by the wave transmittance match well. In 
the numerical results, the frequency range where the wave trans
mittance is less than 0 dB is wider than the bandwidths predicted by the 
dispersion relation. This is the result of the consideration of nonlinear 
stiffness and damping in numerical results. As can be seen from Fig. 5, 

Fig. 7. Wave transmittance along the TC-QZS metamaterial under two special 
scenarios where the SMA is in fully austenitic phase (solid line with circles in 
red) and fully martensitic phase (solid line with squares in blue), respectively. 
The red shaded area in the middle of the dot-crossed lines and the blue shaded 
area in the middle of the dotted lines represent the band gap regions in the fully 
austenitic and fully martensitic phases, respectively. 

Fig. 8. Wave transmittance of the TC-QZS metamaterial beam influenced by the temperature. The blue area is the part of the wave transmittance which is less than 
zero, that is, the TC-QZS metamaterial is in the band gap. 
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when the mass block vibrates around the equilibrium position, the 
nonlinear stiffness of the TC-QZS resonator increases with the increase 
of the relative displacement. As a result, the numerical band gap widens 
towards high frequencies. At the same time, the consideration of 
damping in the numerical simulation will also widen the band gap [40, 
73,74]. Additionally, the resonant frequency of the TC-QZS resonator is 
in line with the centre frequency revealed by the band structure, which 
confirms the fundamental principle of the opening of the locally reso
nant band gap. Therefore, it is feasible to simplify the nonlinear stiffness 
as a linear stiffness during the cooling process. 

4. Discussion 

Apart from the SMA temperature, the material, damping ratios and 
geometrical parameters of the metamaterial affect the band structures, 
including the frequency, bandwidth, and wave attenuation feature along 

the metamaterial. To clarify the relationship between the parameters 
and band structures, the influence of the elastic modulus of the SMA, 
damping ratio, lattice constant, length and area moment of inertia of the 
SMA beam in the resonator, and radius of the semi-circular outline on 
the band gap of the TC-QZS metamaterial are investigated. At the same 
time, since the temperature of each resonator may be different in 
practical applications, the band gap structure of the TC-QZS meta
material with temperature differences is also discussed in this section. 

SMAs are typically metal alloys primarily composed of Nickel and 
Titanium. As the ratio of Nickel or Titanium changes, the material 
properties of the SMA also change. To determine the influence of the 
SMA material component on the band structure, Fig. 10(a) shows the 
wave transmittances of the two types of SMAs in their extreme metal
lographic phases, which are fully martensitic (blue lines with triangles) 
and fully austenitic phases (red lines with circles). The solid lines show 
the wave transmittance corresponding to the SMA used in this study, 

Fig. 9. Comparison of results obtained by dispersion relation (DR) and numerical simulation (GM). The green and orange bars and lines represent the widths and 
centre frequencies of the band gap obtained by the two methods, respectively. The red line with triangles represents the resonant frequency (RF) of the TC- 
QZS resonator. 

Fig. 10. (a) Change of the wave transmittances caused by different material properties of the SMA. The different ratios of Nickel or Titanium in the SMA will lead to 
change of the material properties, resulting in different wave transmittances. (b) Changes of the band gap range and centre frequency caused by different the 
damping ratios of the resonator. Different assembly and lubrication methods influence the damping ratio of the resonator, leading to the variation of the band gap of 
the metamaterial. 
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whereas the dashed lines show the wave transmittance realised by the 
SMA from the reference [65]. The martensitic and austenitic moduli of 
these two types of SMA are different. It is evident from the figure that the 
wave transmittance of the TC-QZS metamaterial varies significantly 
with the elastic modulus. When the elastic modulus of the SMA increases 
because of the variation in its material components, the band gap shifts 
from high- to low-frequency range. As a result, replacing the SMA type 
provides an alternative way to obtain a desired band structure and 
realise band tuning under the limitation of the resonator geometrical 
configuration. 

Since the SMA is assumed to be always in the state of low stress in 
this study, the pseudo-elastic effect of the SMA on damping is not 
considered. However, mechanical friction between components in TC- 
QZS metamaterial beams can affect the damping ratio. Consequently, 
the influence of the damping ratio of resonators on the band gap 
structure of the TC-QZS metamaterial is discussed by changing the 
damping ratio of the resonator, as shown in Fig. 10(b). In order to 
observe the limit position of the band gap more intuitively, only the 
centre frequency of the band gap in the fully martensitic (blue lines with 
triangles) and fully austenitic (red lines with circles) phases are drawn in 
this figure. The shaded areas in red and blue show the low-frequency 
band gap in the fully austenitic phase and the high-frequency band 
gap in the fully martensitic phase, respectively. As can be seen from the 
figure, the change of damping ratio has almost no effect on the centre 
frequency of the band gap, but has a significant influence on the width of 
the band gap. As the damping ratio increases, the low frequency band 
gap gradually decreases. This is because the low-frequency resonance is 
suppressed by damping, which affects the transmittance of the TC-QZS 
metamaterial. However, in the higher frequency range, an increase in 

damping will also suppress the vibration of the beam itself, so the fre
quency range of wave propagation on the beam is widened. 

The influences of the other geometric parameters of the SMA beam 
on the wave transmittance of the TC-QZS metamaterial are shown in 
Fig. 11. The band gap structures of the TC-QZS metamaterial with 
different lattice constants are shown in Fig. 11(a). It should be noted that 
the number of resonators mounted on the TC-QZS metamaterial in
creases with the decrease of the lattice constant because the length of the 
substrate beam remains unchanged. With a decrease of the lattice con
stant, the width of the band gap becomes wider, while the position of the 
band gap remains unchanged. However, the lattice constant should not 
be decreased blindly in order to widen the band gap. The selection of the 
lattice constant should also consider the size of the resonator, the pro
portional relationship between the mass of the resonator and the sub
strate beam, and the bearing capacity of the substrate beam. 
Additionally, the invariance of the band gap frequency when the lattice 
constant decreases or the number of resonators increases confirms the 
formation mechanism of the locally resonant band gap. That is, the 
resonant frequency of the resonator is the sole factor that influences the 
position of the locally resonant band gap. 

Fig. 11(b) delineate the dependence of the length of the SMS beam on 
the wave transmittance, where the red and green shaded areas represent 
the band gaps as SMA in the fully austenitic and fully martensitic phases, 
respectively. The curves with corresponding colour show the change in 
the centre frequency of the homologous band gap. The band gap of the 
TC-QZS metamaterial moves to the high-frequency range as the length of 
the SMA beam increases due to the variation in the resonator stiffness. At 
the same time, the adjustment range of the band gap controlled by 
temperature becomes narrow. Specifically, the value of the negative 

Fig. 11. Changes of the band gap range and centre frequency caused by (a) lattice constant of the TC-QZS metamaterial; (b) length of the SMA beam; (c) area 
moment of inertia of the SMA beam; (d) radius of the semi-circular outline. 
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stiffness decreases with an increase in the length of the SMA beam, 
leading to an increase of the remaining stiffness of the TC-QZS resonator. 
Because of the intrinsic tie between the resonator stiffness and resonant 
frequency of the TC-QZS resonator, the variation in the length of the 
SMA beam induces a change in the resonant frequency and eventually in 
the centre frequency of the band gap. When the proportion of austenitic 
phase in SMA increases, that is, the greater the value of the elastic 
modulus, the influence of the SMA beam length on the negative stiffness 
is. Therefore, the same length change has a greater influence in the low 
frequency range. 

Fig. 11(c) shows the influence of the area moment of inertia of the 
SMA beam on the wave transmittance of the TC-QZS metamaterial. The 
band gap of the TC-QZS metamaterial predicted by the numerical wave 
transmittance moved to a low frequency as the area moment of inertia of 
the beam gradually increased and the regulation range of the band gap 
became larger. This can also be attributed to the variation in remaining 
stiffness of the resonator caused by the change of the area moment of 
inertia. 

In addition to the geometrical parameters of the SMA, the influence 
of the structural parameters of the TC-QZS resonator on the wave 
transmittance is illustrated in Fig. 11. Specifically, with an increase in 
the radius of the semi-circular, as shown in Fig. 11(d), the band gap of 
the TC-QZS metamaterial shifts from the high-frequency region to the 
low-frequency one, and the tunable range of the band gap becomes 
larger. The underlying cause for such a variation in the band gap lies in 
the influence of the structural parameters on the stiffness of the TC-QZS 
resonator. As illustrated in Fig. 2, the mid-span deflection of the SMA 
beam increases with an increase in the radii of the semi-circular outline 
and roller or a decrease in the distance between them. Then, the 
augmentation of the deflection of the beam affects the variation of the 
resonator stiffness and the resultant downward shift of the band gap. 

In the above numerical simulation process, it is assumed that the TC- 
QZS metamaterial is in an environment of uniform temperature, that is, 
the SMAs on all resonators are in the same metallic phase state. How
ever, in practical application, the temperatures of different resonators 
might be difficult to be exactly the same. Fig. 12 then shows the varia
tion of the band gap structure of the TC-QZS metamaterial when the 
temperature differences between resonators exist. For easy observation, 
two initial temperatures are assumed to be Af and Mf, the temperature of 
each adjacent resonator decreases or increases respectively with a 
temperature difference of 0.2 ◦Celsius. The solid yellow lines with the 
circles in the figures are the transmittances of the TC-QZS metamaterial 
at the constant temperature Af or Mf, and the yellow shadow in the upper 
part of the figure represents the corresponding band gap. The dashed 
blue lines with triangles are the transmittances of the TC-QZS meta
material under different temperature states, and the corresponding band 
gap is the blue shadow in the lower part of the figure. The change of 

resonator stiffness caused by temperature difference widens the band 
gap slightly [75], which also provides a new idea for further using of the 
temperature control mechanism to optimise the band gap structure of 
TC-QZS. 

5. Conclusions 

In this study, a temperature-controlled quasi-zero-stiffness (TC-QZS) 
metamaterial resonator is proposed to achieve low-frequency band gap 
tuning over a wide frequency range. The proposed TC-QZS resonator is 
firstly devised through the combination of vertical springs and a nega
tive stiffness mechanism consisting of SMA and a nonlinear geometrical 
mechanism. Then, a TC-QZS metamaterial beam is proposed by peri
odically mounting the TC-QZS resonators onto a substrate beam. The 
effect of the SMA temperature on the stiffness of the TC-QZS resonator is 
elucidated with the help of a metallic phase transition mechanism. The 
band structures of the TC-QZS metamaterial are first obtained by 
deducing the dispersion relation and then verified through numerically 
predicted wave transmittance. The effectiveness of low-frequency band 
gap tuning realised by regulating SMA temperature is analysed and 
assessed. The following conclusions are drawn. 

The stiffness of the vertical spring within the TC-QZS resonator can 
be effectively neutralised by the negative-stiffness mechanism. More 
importantly, the degree of neutralisation of the stiffness can be easily 
tuned over a wide range owing to the metallic phase transition of the 
SMA and the resultant variation in its elastic modulus. 

The TC-QZS metamaterial beam can open a band gap in the low-, 
even ultralow-frequency range after the deployment of the negative- 
stiffness mechanism. The band structure of the TC-QZS metamaterial 
beam can be further tuned by changing its material/geometrical pa
rameters and can be widen by introducing temperature differences be
tween resonators. 

The TC-QZS metamaterial allows for the band gap tuning in the 
quadruple numerical range of the centre frequency of band gap and 
provides a promising approach for tuning the low-frequency band gap 
over a large frequency range, typically of 25.2–98.5 Hz in the present 
configuration. Such exceptional tunability of the low-frequency band 
gap holds great promise for wave manipulation when a large frequency 
range needs to be accommodated. 

The present design of the TC-QZS metamaterial ideally be confined 
to applications where the substrate beam has no static deformation after 
assembling the resonator. Future work will focus on redesigning the 
installation mode of the TC-QZS resonators, establishing a new meta
material beam model to avoid the influence of mass ratio on the static 
deformation of substrate beams, and carrying out experimental studies 
to confirm its effectiveness. 

Fig. 12. The influence of the temperature difference between resonators on band gap structure of the TC-QZS metamaterial. (a) High temperature condition, where 
the constant temperature is Af. (B) Low temperature condition, where the constant temperature is Mf. 
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