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A B S T R A C T   

Thick-walled hollow cylinders (TWHCs) are widely used in engineering structures and transportation systems, 
exemplified by train axles. The real-time and online health monitoring of such structures is crucial to ensure their 
structural integrity and operational safety. While elastic-wave-based structural health monitoring (SHM) shows 
promise, the development of feasible methods strongly relies on a good understanding and exploitation of the 
wave propagation properties and their interaction with structural defects. TWHCs usually bear multiple wave 
modes, which is a less investigated and explored topic as compared with thin-walled structures. This work ex
amines this issue and proposes a dedicated damage localization strategy by using the selected waves captured on 
the inner surface of a TWHC. It is shown that, alongside the quasi-surface-waves on the outer surface, longitu
dinal waves converted from the thickness-through shear bulk waves are generated to propagate along the inner 
surface. Their propagation characteristics are exploited for damage localization based on hyperbolic loci methods 
through inner surface sensing. Numerical studies are conducted to validate the method and assess different 
transducer configurations, alongside experimental verifications on a benchmark TWHC containing a notch-type 
defect. Studies provide guidance on damage detection in TWHCs and sensor network design.   

1. Introduction 

Thick-walled hollow cylinders (TWHCs) are widely used as major 
structural components in mechanical systems, exemplified by train axles 
[1–3]. During service, structural damages, such as cracks and corrosions, 
etc., can be initiated and evolve, which might jeopardize the safe 
operation of the system or even lead to catastrophic failure. Therefore, 
real-time and online monitoring of the occurrence of damage in such 
structures is crucial. Among existing techniques, structural health 
monitoring (SHM) based on ultrasonic guided waves holds great 
promise due to their appealing features such as high sensitivity to 
damage, large monitoring area, low energy consumption and so on 
[4–11]. 

Successful elastic-wave-based SHM techniques rely on a thorough 
understanding of the wave propagation in a given structure and its 
interaction with structural defects. Apart from a large amount of studies 
on thin plates in the context of guided waves, several investigations have 

also been carried out for hollow cylindrical structures. Analytical solu
tions on guided wave propagation in an infinitely long and hollow cyl
inder were first developed in the late 50s [12,13] for longitudinal 
[14–17], torsional[18–20] and flexural wave modes[21,22]. Although 
the proposed theoretical framework is applicable to both thin- and thick- 
walled hollow cylinders, subsequent studies mainly focused on the 
former due to the easier generation of pure guided wave modes and their 
relatively simple propagation pattern. For example, Eli et al. investi
gated the wave attenuation of the T(0,1) and L(0,2) guided wave modes 
in a pipe buried in sand[23]. Their study showed that the L(0,2) mode 
exhibits lower attenuation than T(0,1) mode. Sanderson et al. demon
strated the properties of torsional guided waves in pipe bends through 
finite element analyses[24], in which the effects of the wall thickness 
changes arising from the bending process were studied. Results indi
cated that the signals received beyond the pipe bend were not signifi
cantly affected[24]. Rose et al. explored the use of non-axisymmetric 
waves, especially flexural wave modes, for pipe inspection[25]. More 
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examples on guided wave as well as their application for the inspection 
of thin-walled pipes can be found in some review papers[26–30]. By 
comparison, wave propagation in TWHCs is much less exploited in the 
literature due to its increasing complexity and the coexistence of mul
tiple mode types[31–33]. This typically occurs when the wall thickness 
approaches or exceeds the wavelength of the impinging waves. It is 
known that a surface excitation generates quasi-surface-waves with the 
wave energy confined mainly near the surface, similar to the surface 
waves in a half-infinite medium[34]. The phenomenon can be used to 
detect defects using sensors installed on the outer surface. For example, 
Ditri characterized a circumferential crack in hollow cylinders[35] with 
reflected/scattered quasi-surface-wave. A general theoretical frame
work was developed to analyze guided wave scattering with the S- 
parameter formalism. Aleksandra et al. detected a crack with the near- 
field wave enhancement effect using a sensor installed on the opposite 
surface to the quasi-surface-wave propagation surface based on the 
quasi-surface-wave interaction with the crack[36]. Li et al. detected the 
damage on the thick-walled train axle based on the mode conversion 
occurring at the quasi-surface interaction with the damage[32]. 

Compared with damage detection, damage localization in TWHCs is 
much more challenging, which has scarcely been addressed in the open 
literature. Among existing efforts on thin-walled cylinders, Hu et al. used 
an ellipse-based damage localization algorithm to locate damage in a 
pressure vessel based on an optimized sensor array[37]. Yang et al. 
proposed a real-time monitoring system for detecting and locating 
cracks in a storage vessel using guided wave with a developed discrete 
strategy[38]. However, these studies targeted thin-walled structures in 
which guided waves propagate in a relatively simple manner[39]. 

The above literature review demonstrates a lack of effort on the 
damage localization in TWHCs, which might be attributed to a two-fold 
reason: 1) lack of deep and thorough understanding of the propagation 
characteristics of different mode types inside a TWHC; and 2) insuffi
cient effort on the exploration and synthetization of the wave features 
for damage localization. This forms the main motivation behind the 
present study. More specifically, this paper explores the propagation 
characteristics of different wave modes in a TWHC and, proposes a 
damage localization technique basd on inner inner sensing. Note sensing 
on the inner surface of a hollow cylinder is practically more attractive 
for engineering applications to avoid the harsh environement that outer 
suface exposes to. The rest of the paper is organized as follows. Guided 
wave theory and quasi-surface-waves in TWHCs are briefly recalled in 
Section 2, followed by an analysis using finite element simulations. 
Numerical simulations show different wave modes and their respective 
features. A damage localization strategy is then proposed by utilizing the 
sensing signals on the inner surface of the TWHC in Section 3. Based on 
the acquired understandings, numerical and experimental validations 
are carried out to demonstrate the efficacy of the proposed localization 
algorithm in Sections 4 and 5 respectively. Conclusions are finally drawn 
in Section 6. 

2. Wave propagation in a thick-walled hollow cylinder 

We consider the elastic wave propagation in a typical TWHC sub
jecting to a typical surface-traction excitation. For the completeness of 
the paper, basic theories of guided waves and quasi-surface-waves are 
briefly recalled. Analyses are carried out to illustrate the different wave 
propagation modes, along both surfaces and thickness-through direc
tion, subject to an excitation applied on the outer surface of the TWHC. 
Based on these understandings, the wave packets in a typical time- 
domain response signal are identified with their corresponding wave 
components analysed. 

2.1. Guided waves in a TWHC 

Consider an isotropic hollow cylinder with an inner radius ri and an 
outer radius ro, for which a cylindrical coordinate system is defined in 

Fig. 1. The wave equation can be derived from Navier’s equation as 
[12,13]. 

μ∇2u+(λ + μ)∇∇⋅u = ρ
(
∂2u/∂t2) (1) 

where u is the displacement vector; λ, μ denote the Lamé constants 
and ρ the mass density; ∇2 is the three-dimensional Laplace operator. 
With the aid of Helmholtz decomposition, u can be decomposed into a 
dilatational scalar potential ϕ and an equivoluminal vector potential H 
as. 

v2
c∇

2ϕ =
∂2ϕ
∂t2 (2)  

v2
s∇

2H =
∂2H
∂t2 (3) 

where vc and vs are the compressional and shear bulk wave velocities, 
respectively. Assuming a harmonic wave propagating in the z direction 
of the cylinder, the solutions to Eqs. (2) and (3) write. 

ϕ = f (r)cos(nθ)ei(ξz− ωt)

Hr = hr(r)sin(nθ)ei(ξz− ωt)

Hθ = hθ(r)cos(nθ)ei(ξz− ωt)

Hz = hz(r)sin(nθ)ei(ξz− ωt).

(4) 

where ξ and ω are the wavenumber and angular frequency, respec
tively; n refers to the circumferential mode order, which is equal to zero 
for axisymmetric modes and takes integer values from 1 to infinity for 
flexural modes. The functions f , hr, hθ, hz describe the distribution of 
potentials ϕ and H in the radial direction. 

The traction free boundary conditions σrr = σrθ = σrz = 0 at the outer 
and the inner surfaces lead to a set of six homogeneous equations 
defining an eigenvalue problem. To achieve a non-trivial solution, the 
vanishing determinant condition has to be satisfied, resulting in the 
dispersion curves. 

Guided waves in thick-walled hollow cylinders show complexe 
characteristics and can be divided into longitudinal, torsional, and 
flexural wave modes[21,35,40–42]. Under proper excitation, most 
guided-wave-based SHM techniques make use of high frequency range 
where various guided wave modes co-exist whose wavelengths are much 
smaller than the thickness of the hollow cylinder. Instead, quasi-surface- 
waves are more easily generated by the surface-mounted transducers in 
the TWHC, which hatches out the subsequent discussions on surface 
waves. Note Surface waves (also called Rayleigh waves) are rigorously 
defined in the literature as propagating guided waves along the free 
surface of a semi-infinite solid. They are non-dispersive and do not 
irradiate bulk waves toward the depth. As to be shown later in this 
paper, the waves propagating along the surface of the thick-walled 
hollow cylinders at high frequencies show the same characteristics as 
the surface waves in terms of the propagating speed, non-dispersive 
nature and wave structure. This can be easily understood physically, i. 

Fig. 1. Cylindrical-coordinate system assigned to an infinite cylinder.  
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e., as the wavelength of the surface wave at high frequencies is much 
smaller than the wall thickness of the cylinder, the cylinder can be 
roughly regarded as a semi-infinite medium. To discern the observed 
waves with the rigorously defined “surface waves” in the literature, we 
use the terminology “quasi-surface-waves” in the following discussion to 
show the similarity as well as the slight differences between the two 
types of waves. 

2.2. Surface waves 

Surface waves are theoretically formulated in a homogeneous, 
isotropic, linear elastic half-space with a free surface. Defining the wave 
propagation direction z and the thickness direction x and using the same 
Navier’s equation as above, Helmholtz decomposition yields a dilata
tional wave and a rotational wave described by[43]. 

∇2φ −
1
v2

L
φ̈ = 0 and∇2 ψ→−

1
v2

T
ψ̈ = 0 (5) 

The solutions to this equation write φ = A1e− kqxeik(z− ct), ψ =

B1e− ksxeik(z− ct), where the intermediate variables q =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −
(

c
vL

)2
√

, s =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 −
(

c
vT

)2
√

and c denotes the phase velocity of the surface wave. A1,B1 

are the mode participation coefficients. 
Upon applying the stress-free boundary conditions at the free sur

face, one has the dispersion relation of the surfaces waves as. 

η6 − 8η4 + 8η2( 3 − 2ξ2)+ 16
(
ξ2 − 1

)
= 0 (6) 

where. 

η =
kT

k
=

c
cT
, ξ =

kL

kT
=

cT

cL
(7) 

It can be seen from Eq. (6) that the phase velocity of the surface 
waves is frequency independent, which means the surface waves are 
non-dispersive. In addition, the solutions to Eq. (8) give the approximate 
phase velocity of the surface waves[44] as. 

c =
(0.87 + 1.12v)

(1 + v)
cT (8) 

where v denotes the Poisson’s ratio of the material. 

2.3. Wave propagation induced by a surface-traction load 

Consider the elastic wave propagation when a traction load is 
applied to the outer surface of a TWHC as illustrated in Fig. 2. The origin 
of the coordinate system is placed in the inner surface of the cross- 
section as shown below. The longitudinal and vertical directions of a 

TWHC correspond to z- and x-directions, respectively. When the exci
tation frequency is sufficiently high as the case in most SHM applica
tions, the wavelength of multiple guided wave modes are much smaller 
than the wall thickness. A quasi-surface-wave is most likely to be 
generated and propagate on the outer surface of the TWHC. Meanwhile, 
by analyzing the partial vibration patterns, bulk shear waves are also 
generated to mainly propagate in the thickness direction along with 
some longitudinal wave components. When the bulk waves reach the 
inner surface, reflections and mode conversions occur, governed by the 
Snell’s law. In this case, the dominant shear bulk waves are converted to 
longitudinal waves, propagating over the inner surface of the TWHC. 
This physical process is schematically illustrated in Fig. 2. 

The predicted wave propagation process is confirmed by FE simu
lations. The FEM software used is ABAQUS/Explicit. The main param
eters used in the simulations include: inner and outer radii of the hollow 
cylinder: 50 mm and 150 mm, respectively; Young’s modulus of 71 GPa, 
mass density of 2700 kg/m3 and Poisson’s ratio of 0.33. To simplify the 
analyses, two-dimensional models, shown in Fig. 3, are built to represent 
the two different cross-sections of the TWHC. As to be shown later, only 
the first arrivals in the signals are to be used for damage localization. 
Therefore, the cylinder length of 300 mm is enough to discern the first 
arrivals in the repsonse signals so that the reflections from the bound
aries do not affect the proposed method. To mimic the surface excita
tion, a point-force, parallel to the top surface of the TWHC, is applied. 
The excitation signal is 5-cycle tone burst signal windowed by the Hann 
function at a central frequency of 300 kHz. To ensure the convergence 
and the accuracy of the simulation, the largest size of the mesh is set to 1 
mm which ensures more than 10 elements per smallest wavelength 
under consideration. The sampling frequency is set to 10 MHz. 

The resultant wave fields are obtained at 50 μs and displayed in 
Fig. 4, in terms of displacement magnitude. For the first case in Fig. 4(a) 
(cross-section along longitudinal direction), typical wave packets can be 
identified according to their respective propagating velocities and 
wavelengths. Specifically, strong waves are generated to propagate 
along the outer surface of the structure. Different from the rigorous 
definition of the surfaces waves for an infinitely large half space, the 
identified waves on the top surface on this thick structure are referred to 
as quasi-surface-waves whose propagating velocity is very close to 
idealized surface waves discussed in Section 2.2. As can be seen, the 
waves propagating along the surface of the thick-walled hollow cylin
ders at high frequencies show the same characteristics as the surface 
waves in terms of the propagating speed, non-dispersive nature and 
wave structure. Through the thickness direction, mainly shear bulk 
waves are generated. Interestingly, upon reaching the bottom surface, 
longitudinal waves appear along the inner surface rather than quasi- 
surface-waves, which will be discussed in the subsequent analyses. 

For the case in Fig. 4(b) (cross-section along radial direction), typical 

Fig. 2. Mode conversion on the inner surface.  

Y. Zhang et al.                                                                                                                                                                                                                                   



Ultrasonics 133 (2023) 107027

4

wave packets can be identified according to wave propagation features 
along the circumferential direction. Though calculating the wave 
propagation velocity and observing the wave energy variation, results 
demonstrate that curvature does not sensibly affect the quasi-surface- 
wave propagation in the frequency range investigated in the paper, 
which lays out the foundation for further damage localization based on 
quasi-surface-waves. 

To better visualize the wave propagation characteristics, different 
wave components propagating along different paths inside the structure 
(shown in Fig. 2) are extracted and plotted in Fig. 5 in terms of their 
respective displacement components, whose magnitudes are indicated 
by color. Along Path A on the upper/outer surface as shown in Fig. 5(a), 
two different waves can clearly be observed. Strong energy attenuation 
occurs at the first wave packet due to the evanescent nature of the 
waves. The second wave propagates without obvious attenuation at a 
constant phase velocity at around 2800 m/s, which is deduced from the 
slope of the wave trajectory. Two paths are selected along the thickness 
direction as Paths B and D. The wave propagation along Path B in the 
vertical thickness direction (x-direction), identified as shear wave, is 
displayed in Fig. 5(b) in terms of the z direction displacement. It prop
agates at a constant phase velocity at around 3066 m/s. Path D has an 
inclined angle of around 45◦. The wave, with a strong x direction 
displacement, is identified as longitudinal wave, progapating at around 
5400 m/s estimated according to the slope of the wave trajectory, as 
shown in Fig. 5(d). After the bulk waves reach the bottom/inner surface, 
mode conversion occurs, thus producing two propagating waves that are 
clearly observed as shown by the z-direction displacement field map 
along Path C, shown in Fig. 5(c). Through calculating their phase ve
locities and the time-of-flight, they are further identified as longitudinal 
waves, respectively. The wave propagation along Path E is illustrated in 
Fig. 5(e) in terms of radial direction displacement, which shows high 
similarity with that in Fig. 5(a) with pronounced quasi-surface-wave 
characteristics. The corresponding wave velocity is estimated to be 
2800 m/s. 

Based on the above observation, typical time-domain responses 
captured at specific positions can be explained. These information is of 
great help to iron out the subsequent damage localization methodology. 
For example, Fig. 6 shows the z direction displacement components at 
two representative sensing points on the top and bottom surfaces, cor
responding to the blue points in Fig. 3(a). Identification of the 

corresponding wave packets suggests that the quasi-surface-wave 
dominates the response signal on the top surface (Fig. 6(a)). On the 
bottom surface, the longitudinal wave, converted by the shear bulk 
wave, shows much larger amplitude. Due to the large difference in the 
wave speeds between the longitudinal waves (5400 m/s) and the shear 
waves (3066 m/s), the detected longitudinal waves are mainly con
verted from the Path B instead of Path D. Therefore, the quasi-surface- 
wave on the top surface and longitudinal wave on the bottom surface 
are to be used for designing the subsequent damage localization method. 

3. Damage localization scheme 

In most practical situations, exemplified by a train axel, the outer 
surface of a TWHC is more vulnerable to damage due to the higher 
stress-level and direct exposure to the harsh environment. Based on the 
afore-acquired understanding on the wave propagation, a damage 
localization scheme based on hyperbolic method is proposed by 
exploiting the wave features captured on the inner surface of the TWHC. 
In addition, the sensor network arrangements are designed and evalu
ated from the perspective of localization accuracy. 

3.1. Damage localization strategy 

As illustrated in Fig. 7, two sets of transducer arrays are proposed to 
be installed on the outer and inner surfaces of a TWHC, respectively. 
While the former is used as the actuators on the outer surface, the 
deployment of the latter is to accommodate the need for more practical 
installation of the transducers. 

In the proposed method, the sensors are installed on the inner surface 
of the hollow cylinder while the actuators are placed on the outer sur
face. Therefore, two coordinate systems are built on the inner and outer 
surfaces respectively as illustrated in Fig. 7(a) which are denoted as C1 
and C2. They can be easily mapped through the radial direction as 
shown in Fig. 7(b). In this specific case, a sensor position (x, y) in C1 can 
be mapped to (x, 2y) in C2 considering the inner and outer radius of the 
hollow cylinder. As the proposed method makes use of the time differ
ence of waves on the inner surface, damage localization is first carried 
out in C1. However, since damage is more likely to occur on the outer 
surface, the output image is reconstructed on C2 according to the 
mapping relation. 

Fig. 3. Cylinder cross-section from (a) longitudinal direction, (b) radial direction.  
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In light of the revealed mode conversion on the inner surface, the 
hyperbolic loci method, often used for impact localization, is modified 
and applied with the sensor array on the inner surface of the TWHC. In 
this case, the outer surface transducers are used for wave excitation. 
When the quasi-surface-wave interacts with the damage on the outer 
surface, bulk waves are generated and propagate along the thickness 
direction. Once reaching the inner surface, the bulk waves are further 
converted to longitudinal waves, which propagate and are captured by 
different sensors installed over the inner surface. Therefore, the inner 
surface sensors can detect the signals originating from the damage and 
the external surface excitation. 

For an arbitrary sensor pair s1 
(
xs1, ys1

)
-s2 

(
xs2, ys2

)
, the time dif

ference of the damage-induced longitudinal waves can be obtained 
which is further related to the difference distance Dd-crack from the 
damage(xd,yd) to the two sensors as. 

Dd− crack =

⃒
⃒
⃒
⃒

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(xd − xs1)
2
+ (yd − ys1)

2
√

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

(xd − xs2)
2
+ (yd − ys2)

2
√ ⃒

⃒
⃒
⃒

= Ti⋅vlongitudinal (9) 

where vlongitudinal is the velocity of the longitudinal wave. Ti is the 
difference between the time-of-arrivals of the damage-induced waves 
reaching the two sensors. By the same token, if multiple sensor pairs are 
considered, the damage can be located by the intersection of their 

corresponding hyperbolas. The probability-based damage imaging phi
losophy is applied to obtain the possibility of damage occurrence at an 
arbitrary node i(x, y) resulting from a specific sensor pair, which is 
defined as. 

Ri(x, y) = 1 −
⃒
⃒
⃒
⃒

⃒
⃒Ds1,i,s2

⃒
⃒ − Dd− crack

Ds1,i,s2

⃒
⃒
⃒
⃒ (10) 

where Ds1,i,s2 is the difference between the distances from a specific 
node to the two sensors. By synthesizing the damage information from 
all sensor pairs, the overall possibility of damage occurrence at the node 
i can be obtained as. 

pinner(x, y) =
∑N

i=1
Ri(x, y) (11) 

Finally, a damage image can be further obtained by assessing all the 
nodes in the inspection area. 

3.2. Evaluation of sensor network arrangement 

The above proposed damage localization strategy requires a few 
spatially distributed transducers to be networked. Due to the sparsity of 
the sensors, a proper transducer network should be important to capture 
damage-related information while tolerating measurement un
certainties as well as measurement redundancy. 

Fig. 4. FE simulated resultant wave displacement contours of wave propagation. (a) Wave propagation over the cross-section along longitudinal direction. (b) Wave 
propagation over the cross-section along radial direction. 
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Fig. 5. FE simulated wave propagation trajectory on (a) Path A (z-direction displacement), (b) Path B (z-direction displacement), and (c) Path C (z-direction 
displacement), (d) Path D (x-direction displacement), (e) Path E (radial-direction displacement). 
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To achieve a quantified estimation of the transducer network per
formance, the concept of the horizontal dilution of precision (HDOP) 
[45] is employed. HDOP evaluates the localization performance of 
different transducer network configurations by mapping the measure
ment error into a so-called positioning error. Some intermediate vari
ables are necessary to calculate the HDOP as. 

Li =
ri − rs

|ri − rs|
;G =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

− LT
1 1

− LT
2 1

⋮ 1
− LT

i 1

⎤

⎥
⎥
⎥
⎥
⎥
⎦

;A =
(
GT G

)− 1 (18) 

where vectors ri and rs denote the locations of the sensors and the 
damage; Li is a unit vector along with the line-of-slight from damage to 
the sensor i, (i = 1,...,n). Finally, the value of HDOP can be calculated as. 

HDOP =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
A11 + A22

√
(19) 

where A11 and A22 are the first two diagonal elements of A. There
fore, a smaller HDOP value corresponds to a better transducer network. 

4. Numerical validations 

Numerical simulations are first carried out to validate the proposed 
damage localization strategy. Specifically, two typical transducer 
network configurations are evaluated. 

4.1. FE model description 

A 3-D FE model is established in Abaqus/Explicit as sketched in Fig. 8 
(a). The main parameters used in the simulations include: inner and 
outer radii of the hollow cylinder: 50 mm and 100 mm, respectively; 
Young’s modulus of 71 GPa, mass density of 2700 kg/m3 and Poisson’s 
ratio of 0.33. In this simulation, only the first arrivals in the signals are 
used for damage localization and the length of 300 mm is enough to 
discern the first arrivals in the repsonse signals. Therefore, the signals 
reflected from the boundaries do not affect the proposed method. The 
excitation is a prescribed displacement in the z direction with a 5-cycle 
tone burst signal at 300 kHz to mimic a surface-mounted actuator. 
Similarly, the displacements in the z direction at different sensing lo
cations are extracted as the sensor outputs. A semicircle seam crack with 
a radius of 10 mm is introduced as a structural damage, which is located 

at the mid-span of the cylinder over its outer surface. The maximum 
mesh size used in the FE model is 1 mm, which ensures more than 10 
elements per shortest wavelength under consideration. Two transducer 
network configurations, shown in Fig. 8(b) and (c), are considered, 
which are mapped to the outer surface of the cylinder. Transducers on 
the inner surface are correspondingly installed as illustrated in Fig. 8(d) 
and (e). According to the proposed damage localization strategy, the 
transducers on the outer surface are switched on in turn to provide the 
excitation whilst the sensors on the inner surfaces capture the wave 
responses. In each run, the signal is recorded during a total duration of 
115 μs with a sampling frequency of 10 MHz. 

4.2. Signal processing and feature extraction 

Response signals before and after the introduction of the crack are 
captured which are referred to as the intact and crack status, respec
tively. The proposed method is in line with the philosophy of structural 
health monitoring. In practical applications, measurement of guided 
waves can be carried out on scheduled time interval. In two sequential 
tests, the former can serve as the baseline while the latter produces the 
measurement signals. If damage occurs between the two tests, the pro
posed method can be used for its localization. Typically, when A3 is used 
as actuator in Configuration A, typical responses from S3 on the inner 
surface are shown in Fig. 9(a). The black and red lines represent signals 
at the intact and cracked status, respectively, which show significant 
differences. By subtracting the intact signals from the crack signals, the 
damage-scattering signals can be obtained as indicated by blue lines in 
both figures. 

It should be noted that a comprehensive SHM paradigm should 
usually conduct a damage-detection process prior to further damage 
localization or even damage identification. If no damage occurs between 
two subsequent measurements, the corresponding difference signals are 
usually very weak. In this case, it is reasonable to conclude that no defect 
occurs in the structure and it is not necessary to continue with locali
zation. Having said that, we would like to emphasize that the main focus 
of this work is to propose a damage localization method based on the 
wave propagation characteristics in TWHCs. A more comprehensive 
SHM method, which combines damage detection, localization and more 
advanced functions will be considered in future work. 

A complex Morlet wavelet transform is applied to extract the time-of- 
arrival of the damage-scattered signals. With the excitation position at 
S3 in Configuration A, the normalized wavelet coefficients of the 

Fig. 6. FE simulated time-domain signals captured at: (a) top surface and (b) bottom surface in terms z direction displacement.  
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damage-scattered signals at different sensor positions are calculated at a 
center frequency of 300 kHz as shown in Fig. 9(b). Considering the 
signal-to-noise ratio, four largest coefficients out of the five are chosen at 
the inner surface. As different actuator-receiver paths show different 
sensitivities to damage, an essential step is to normalize the wavelet 
coefficients. The magnitude of the normalized wavelet coefficient re
lates to the number of changes in the received signal caused by the 
damage. Meanwhile, the normalization process ensures that all actuator- 
receiver paths provide sufficient damage information in the damage 
imaging process. The duration of the response signals is truncated to 100 
μs to reduce the influence of reflections from the structural boundary. 

4.3. Localization and sensor network comparisons 

The effectiveness of the proposed localization strategy and that of the 
transducer networks are validated. For Configuration A, with the 
extracted temporal information from the wavelet transform, the damage 
image is reconstructed with the hyperbolic loci method on the inner 
surface as shown in Fig. 10(a). 

Following the same procedure, the damage localization results for 

Configuration B are shown in Fig. 10(b). Both results show that the inner 
strategy produce acceptable localization results. Specifically, the local
ization error (the distance between the actual damage center to the 
identified damage center indicated by the highest Pinner) are 14 and 8 
mm respectively for the two cases. 

Two more cases (I and II) with different defect sizes and positions are 
considered with sensor Configuration B to assess the proposed network. 
For the first case (Case I), the damage center location is (0.13 m, − 0.019 
m) and the radius of the defect is 13 mm, as shown in Fig. 11(a). The 
identified damage location is (0.1238 m, − 0.0129 m) and the localiza
tion error is 9 mm, are shown in Fig. 11(b). For the second case, the 
damage center location is (0.16 m, 0.039 m) and the radius of the defect 
is 15 mm, as shown in Fig. 12(a). The proposed localization method 
yields an identified damage location (0.1564 m, 0.04864 m) with an 
error of 10 mm as shown in Fig. 12(b). 

It is worth noting the damage size mainly affect the amplitude of the 
scattering waves rather than their termporal information. Since the 
proposed method leverages the temporal information from the differ
ence signals for damage localization, it is barely affected by the size of 
the damage in principle. However, in practical applications, when the 

Fig. 7. (a) Sketch of the 3D FE hollow cylinder and damage, (b) Mapping relation between coordinate C1 and C2, (c) Sketch of the localization strategy.  
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damage is small, the damage scattering waves will be very weak and 
prone to measurement noise. In that case, the localization accuracy of 
the proposed method might be compromised. 

The performance of the transducer networks are then evaluated. For 
any given damage location, the corresponding HDOP can be calculated. 
Consequently, the HDOP distribution can be constructed as shown in 
Fig. 13 in relation to the proposed transducer network. It can be seen the 
HDOP at the corner of Configuration A is extremely large in Fig. 13(a), 
which indicates a low damage localization accuracy at that area. 

Therefore, Configuration B outperforms Configuration A. In addition, for 
the specific damage case, the corresponding HDOPs are 1.3155 and 
1.0058 for Configurations A and B respectively. This also indicates that 
Configuration B is better than Configuration A as evidenced by the lower 
localization error associated with the synthesized strategy. Therefore, 
Configuration B will be used in the design of the transducer network 
used in experiments. 

Fig. 8. (a) Sketch of the 3D FE hollow cylinder and damage. Two actuator sensor network arrangements over the outer surface: (b) Configuration A and (c) 
Configuration B. Two transducer sensor network arrangements over the inner surface: (d) Configuration A and (e) Configuration B. 
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5. Experimental validation 

5.1. Experimental setup 

Experiments are carried out to further validate the proposed locali
zation strategy with an aluminum hollow cylinder of a total length of 
500 mm, an inner and outer diameters of 100 mm and 200 mm (see 
Fig. 14). Eight circular piezoelectric wafer transducers (PZT), 0.5 mm 
thick and 6 mm in diameter, are bonded onto the outer and inner sur
faces of the hollow cylinder with instant glue. The measurement system 
is shown in Fig. 14. A controller generates a tone burst excitation signal 
through the KEYSIGHT 33500B Waveform Generator. The signal is 
amplified by the GA-2500A Gated RF amplifier to drive the PZT actu
ator. The generated waves are captured by the PZT sensors and recorded 
by the NI PXIe-5105 data acquisition module. Finally, the response 
signals are stored and processed by the controller. 

Guided by the FE analyzes, four PZTs are mounted on the outer 
surface of structure and the other four on the inner surface. The 200 V 5- 

cycle Hann-windowed tone burst signal centered at 300 kHz is used. The 
signals captured by sensors are averaged by 100 measurements to 
reduce the adverse influence of the measurement noise. A notch, roughly 
20 mm long, 1 mm wide and 3 mm deep is fabricated to mimic a 
structural damage as shown in Fig. 14. 

5.2. Feature extraction from the measured responses 

Similar to the FE simulations, Fig. 15(a) presents the response signals 
in the intact and crack status as well as the corresponding damage- 
scattered signals at S3 when A2 is activated for excitation. The wave 
packets associated with the damage-scattered signals can be clearly 
observed. After complex Morlet wavelet transform, the time-of-arrival of 
the damage-scattering signals are extracted. The normalized wavelet 
coefficients of the damage-scattering signals at different sensor positions 
are calculated and shown in Fig. 15(b). Similarly, three out of four of 
damage-scattered signals, considered to be the most representative in 
terms of amplitude, are used in the damage localizaton algorithm. 

Fig. 9. FE simulated response signals when excitation is applied at A3 in Configuration A: (a) time-domain signals at S3, (b) the wavelet coefficients of the damage- 
scattered signals at the sensors on the inner surfaces. 

Fig. 10. Damage localization results with (a) Configuration A and (b) Configuration B.  
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5.3. Damage localization results 

With the extracted temporal information from the damage-scattered 
signals, damage image is reconstructed for the proposed damage local
ization strategy in Fig. 16. The identified damage localization is (0.1446 
m, 0.00242 m) as indicated by the position of the highest value of Pinner 
and the localization error is 5 mm with respect to the actual damage 
location at (0.15 m, 0). This further confirms the efficacy of the proposed 
method. 

6. Conclusions 

In this work, the wave propagation in a TWHC is investigated from 
both theoretical and numerical perspectives. Based on the acquired 
understanding, a damage localization strategy is proposed using inner 
surface sensing. Finite element analyses are first carried out to validate 
the proposed method and to assess the influence of the transducer 
network layout. Experimental validations are finally conducted. 

Studies reveal that, an outer surface excitation generates dominant 

quasi-surface-waves on the outer surface alongside the shear bulk waves 
propagating through the wall thickness direction in a TWHC. Reaching 
the inner surface, the bulk waves are converted into longitudinal waves 
to propagate along the inner surface rather than quasi-surface-waves. 
Capitalizing on this understanding, damage localization is successfully 
achieved by using hyperbolic loci method through inner surface sensing, 
as confirmed by both FE simulations and experiments. With a proper 
sensor network layout guided by HDOP analysis, the synthesized sensing 
strategy entails enhanced localization accuracy. 

The reported findings are expected to fill the gap between thin- 
walled structures and infinitely large half-space elastic media, specific 
to TWHCs. The reported mode conversion phenomena might pave the 
way for further exploration and application of damage detection and 
localization in thick-walled structures. The proposed damage localiza
tion strategy as well the evaluation method for the transducer network 
design may also offer useful guidance for practical engineering appli
cations such as the monitoring of train axles. 

Fig. 11. (a) Sketch of the 3D FE hollow cylinder and damage and (b) damage localization result in Case I.  

Fig. 12. (a) Sketch of the 3D FE hollow cylinder and damage and (b) damage localization result in Case II.  

Y. Zhang et al.                                                                                                                                                                                                                                   



Ultrasonics 133 (2023) 107027

12

Fig. 13. HDOP in (a) Configuration A and (b) Configuration B.  

Fig. 14. Experimental setup.  

Fig. 15. Experimentally measured response signals activated at A2: (a) time-domain signals at S3, (b) the wavelet coefficients of the damage-scattered signals at the 
sensors on the inner surfaces. 
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