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A B S T R A C T

Semi-active control systems require significantly less energy than active solutions, while still
providing substantial performance. However, active and semi-active systems can be applied in
conjunction as hybrid systems, exploiting both solutions and providing high performance and
reduced energy consumption. This paper proposes the use of such a hybrid active/semi-active
control system for noise reduction barriers. Accounting for time-varying narrow-band noise,
active structural acoustic control (ASAC) guarantees enhanced transmission loss for a noise
barrier. Simultaneously, a semi-active element with a tunable mass moment of inertia allows
the system to adapt to noise with varying characteristics by altering the mechanical properties
of the barrier. Obtained control results demonstrate that the addition of a semi-active element is
more effective than an additional active control actuator for reducing sound power in targeted
frequency bands. Moreover, the proposed hybrid system may operate in two modes, allowing
to further reduce overall energy consumption.

. Introduction

Many applications use thin panels and shells as noise barriers to reduce the propagation of acoustic noise [1–6]. Even whole
asings can be used in such a manner, what is detailed in [7]. Semi-active control systems can enhance the performance of
forementioned noise barriers. This can be accomplished either by the introduction of additional damping into the system using,
or example, piezoelectric transducers and shunt circuits [8], or by shaping the frequency response of the barrier in order to adapt
t to the current noise spectrum [9,10]. In both cases semi-active control systems are an attractive approach, because they require
ignificantly less energy than the corresponding active solutions, while providing substantial performance [11]. Extending this, active
nd semi-active systems can be applied in conjunction as hybrid systems, exploiting both solutions and providing high performance
nd reduced energy consumption. The concept behind hybrid systems is not new. Harari et al. [12] proposed a hybrid vibration
ontrol system for a beam, where two piezoelectric actuators were controlled using contrasting techniques: one with an active
ontrol algorithm and the other with semi-active control. The aim was to realize the performance of an active control system,
ut with reduced energy consumption. Hiramoto et al. [13] studied a hybrid active/semi-active control scheme for motion and
ibration control of mechanical and structural systems. Fu et al. [14] designed a hybrid active/semi-active isolation system with a
uzzy switching controller, integrated into a single-device magnetorheological elastomer isolator and piezoelectric stack actuator.
asheminejad and Jamalpoor [15] investigated the control of sound transmission through a smart hybrid double sandwich panel
artition. The hybrid structure included spatially distributed piezoelectric and electrorheological fluid actuator layers.
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Nomenclature

𝑎 panel length
𝐴(𝑓, 𝑧𝑠) acoustic response of the panel
𝑏 panel width
𝑐 sound velocity in air
𝐷 flexural rigidity of the panel
𝐸 Young’s modulus of the panel
𝑓 frequency
ℎ panel thickness
𝐼𝑠𝑥, 𝐼𝑠𝑦 moments of inertia of the 𝑖th element
𝐽 cost function
𝑘𝑏 uniform spring constant
𝑘𝑒 acoustic wavenumber
K total stiffness matrix
K𝑏,K𝑝 stiffness matrices corresponding to the strain energy of the boundary restraints and the panel,

respectively
𝑚𝑎,𝑖 mass of the 𝑖th actuator
𝑚𝑠 mass of the semi-active element
M total mass matrix
M𝑠,M𝑎,M𝑝 mass matrices corresponding to the kinetic energy of the semi-active element, actuators, and panel,

respectively
𝑁 number of employed trial functions
𝑁𝑎 number of actuators bonded to the panel’s surface
𝑃𝑒𝑥𝑡,𝑖 sound power corresponding to the 𝑖th vibration mode of the panel
q generalized panel displacement vector
Q vector of generalized forces
𝐑𝑖 𝑖th radiation matrix
𝑟𝑚𝑛 the distance between 𝑚th and 𝑛th element
𝑆𝑝 surface of the panel
𝑇 , 𝑇𝑠, 𝑇𝑎, 𝑇𝑝 overall kinetic energy of the system and kinetic energies of the semi-active element, actuators, and panel,

respectively
u control vector
𝑈,𝑈𝑏, 𝑈𝑝 overall potential energy of the system and potential energies of the boundary restraints and the panel,

respectively
v modal displacement vector
𝑤(𝑥, 𝑦, 𝑡) displacement of the panel in the 𝑧-direction at time 𝑡 > 0 and position (𝑥, 𝑦)
𝑧𝑠 distance of the element centre of the mass to the panel mid-plane
𝑖, 𝑗, 𝑘 positive integers
𝑥, 𝑦, 𝑧 coordinates in the global Cartesian coordinate system
𝑥𝑎,𝑖, 𝑦𝑎,𝑖 coordinates of the 𝑖th actuator
𝜄 imaginary number satisfying equation 𝜄2 = −1
𝜈 Poisson’s ratio of the panel
𝜉𝑑,𝑖 damping coefficient corresponding to the 𝑖th mode of the panel
𝜩 damping matrix
𝜌𝑒, 𝜌 air density and mass density of the panel material, respectively
𝜙𝑖(𝑥, 𝑦) 𝑖th time-invariant trial function
𝝓 vector containing a set of time-invariant trial functions 𝜙𝑖(𝑥, 𝑦)
𝜱 eigenvector matrix
𝜓𝑖,𝑚 the modal velocity at the 𝑚th element
𝜱𝑖 𝑖th eigenvector (𝑖th column in the eigenvector matrix 𝜱)
𝜔𝑖, 𝜴 𝑖th eigenfrequency and the eigenfrequencies matrix, respectively

This paper proposes a novel hybrid active/semi-active control system for noise reduction barriers. Although the goal is to
chieve synergy between active and semi-active approaches, a different strategy to those of the above examples is adopted.
ssuming time-varying narrow-band noise, the active structural acoustic control (ASAC) guarantees enhanced transmission loss
2
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Fig. 1. A schematic representation of the vibrating plate with semi-active element and inertial actuators, situated within an infinite rigid baffle.

for a noise barrier. Simultaneously, a proposed semi-active element allows the system to adapt to noise with varying characteristics
by altering the mechanical properties of the barrier. As an example of such semi-active component, an element with a tunable mass
moment of inertia is used, which was previously employed by the authors to semi-actively shape the frequency response of a noise
barrier [10]. In this paper, the semi-active element supports the active system, enhancing the controllability measures of the system
at targeted frequency bands, thus increasing the level of noise reduction or reducing energy expenditure. That is, the semi-active part
enhances the coupling between the actuators and the barrier, whereas the actuators are responsible for noise reduction. Although
the controllability measures are not directly utilized in this paper (they are derived and used for example in [16]), the notion
controllability is used to describe how energy-efficient is an active control of given modes.

When applied to individual barriers or entire device casings, ASAC systems demonstrate high performance [8,17]. To engender
efficient operation of an active system, the actuators must be appropriately positioned [16]. Otherwise, the proximity of actuators
to the nodal lines of particular mode shapes can make control of these modes infeasible. Thus, in order to control multiple modes
in a wider frequency range, multiple actuators are required to find a balanced arrangement. The novelty of this paper lies in the
combination of the semi-active element with the ASAC system.

The employed semi-active element consists of a mass mounted on a guide rod, which is attached perpendicularly to the surface
of a panel (i.e., a noise barrier). The distance between the movable mass and the panel surface can be controlled, calibrating its
effective mass moment of inertia. In this manner the semi-active element can modify the natural frequencies and mode shapes of the
barrier during operation, thus adapting the mode shapes of the barrier’s currently excited modes in order to facilitate their control
via actuators. Such behaviour leads to either significantly enhanced noise reduction levels or reduced energy consumption of the
system. The only energy required by the semi-active element is that used for shifting the movable mass; the mass can be held at a
constant position without consuming energy.

It is important to note that this study and the proposed approach in general remains valid also for other semi-active devices
capable of tuning the mechanical properties of the barrier. These may include any component that alters locally the stiffness or
mass distribution of the panel, like ribs of tunable stiffness, concentrated masses that changes weight due to fluid flowing in or out,
etc. An important common feature of these semi-active elements should be to require no energy to maintain a current state of the
element. If so, the conclusions following from this study remains relevant for many different designs and structures that would be
best fitted to particular application.

This paper is organized as follows. Section 2 introduces a mathematical model of the panel, the proposed semi-active element,
and the actuators, including the impact of mass loading. Section 3 discusses the results of an experimental validation of the model.
Section 4 presents and analyses numerical simulation studies based on the validated model and highlights the advantages conferred
by the semi-active element. An energy-efficient hybrid control system, balanced between semi-active and active control parts is
proposed. Section 5 summarizes the obtained results and concludes the paper.

2. Modelling the vibroacoustic system

This section models the vibroacoustic system, including the semi-active element and inertial actuators. For the sake of brevity, the
description of model components already derived in [10] is limited to a minimum, however, the essentials are provided for reference.
Fig. 1 shows a schematic representation of the system. The basis of the model is formed by a derivation of the free vibrations of
an isotropic, rectangular plate with additional masses bonded to its surface. This requires the use of the Kirchhoff–Love theory of
thin plates [18]. The Rayleigh–Ritz method is used to define an approximate solution to the eigenvalue equation, giving the natural
frequencies and mode shapes of the vibrating system [19]. Finally, radiation mode theory is used to estimate the acoustic radiation
generated by the obtained modes and the linear quadratic optimal control theory is used to evaluate the active control performance.
3
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2.1. Modelling the panel vibration with actuators and semi-active elements

For an isotropic and homogeneous panel in the 𝑥−𝑦 plane, in a stress-free reference state, considering only the transverse motion
nd neglecting the effect of rotary inertia, the kinetic and strain energies of the panel, respectively 𝑇𝑝 and 𝑈𝑝, can be written as

𝑇𝑝 =
𝜌ℎ
2 ∬𝑆𝑝

�̇�2d𝑥 d𝑦 , (1a)

𝑈𝑝 =
𝐷
2 ∬𝑆𝑝

{

(

𝜕2𝑤
𝜕𝑥2

)2
+
(

𝜕2𝑤
𝜕𝑦2

)2
+ 2𝜈 𝜕

2𝑤
𝜕𝑥2

𝜕2𝑤
𝜕𝑦2

+ 2(1 − 𝜈)
(

𝜕2𝑤
𝜕𝑥𝜕𝑦

)2
}

d𝑥 d𝑦 , (1b)

here the integration region 𝑆𝑝 corresponds to the surface of the panel, ℎ is the panel thickness, 𝐷 = 𝐸ℎ3∕[12(1− 𝜈2)] is the flexural
rigidity of the panel, 𝐸 is the Young’s modulus of the panel, 𝜈 is the Poisson’s ratio of the panel, 𝜌 is the mass density of the panel,
and the function 𝑤(𝑥, 𝑦, 𝑡) represents the displacement of the panel from the reference state in the 𝑧-direction at time 𝑡 > 0 and
osition (𝑥, 𝑦).

To allow for panels which are mounted imperfectly (i.e., neither simply-supported nor fully-clamped), the adopted boundary
onditions are elastically restrained against rotation. The strain energy 𝑈𝑏 stored in the rotational springs with spring constant 𝑘𝑏
s given by:

𝑈𝑏 =
𝑘𝑏
2

[

∫

𝑏

0

{

( 𝜕𝑤
𝜕𝑥

)2
|

|

|

|𝑥=0
+
( 𝜕𝑤
𝜕𝑥

)2
|

|

|

|𝑥=𝑎

}

d𝑦 + ∫

𝑎

0

{

(

𝜕𝑤
𝜕𝑦

)2
|

|

|

|𝑦=0
+
(

𝜕𝑤
𝜕𝑦

)2
|

|

|

|𝑦=𝑏

}

d𝑥

]

. (2)

The panel is subjected to semi-active control via a single semi-active element attached to its surface (additional elements could
e incorporated analogously). As the semi-active element is assumed to be significantly smaller than the panel, the element can be
odelled as a point mass located at a given distance from the panel surface. Hence, the total energy introduced to the system by

he semi-active element is given by its kinetic energy 𝑇𝑠, which can be expressed as

𝑇𝑠 =
{

𝑚𝑠
2
�̇�2 +

𝐼𝑠𝑥
2
𝜕�̇�
𝜕𝑥

2
+
𝐼𝑠𝑦
2
𝜕�̇�
𝜕𝑦

2}
|

|

|

|

𝑥=𝑥𝑠
𝑦=𝑦𝑠

, (3)

where 𝑚𝑠 is the mass of the semi-active element, 𝐼𝑠𝑥 and 𝐼𝑠𝑦 are the moments of inertia of the element, and 𝑥𝑠 and 𝑦𝑠 are the
coordinates of the element. Considering the element as a point mass, the moments of inertia are 𝐼𝑠𝑥 = 𝐼𝑠𝑦 = 𝑚𝑠𝑧2𝑠 , where 𝑧𝑠 is the
istance from the element centre of mass to the panel mid-plane.

In addition to the semi-active element, the panel also incorporates active control, thus forming a hybrid system. To provide active
ontrol, inertial actuators are bonded to the surface of the plate [20]. The actuators are smaller than the plate, and can therefore be
odelled as additional concentrated masses. Assuming perfect bonding, the total energy introduced to the system by the actuators

s given by their total kinetic energy 𝑇𝑎, expressed as

𝑇𝑎 =
𝑁𝑎
∑

𝑖=1

𝑚𝑎,𝑖�̇�2

2
|

|

|

|

𝑥=𝑥𝑎,𝑖
𝑦=𝑦𝑎,𝑖

, (4)

where 𝑁𝑎 is the number of actuators bonded to the surface of the panel, 𝑚𝑎,𝑖 is the mass of the 𝑖th actuator, and 𝑥𝑎,𝑖 and 𝑦𝑎,𝑖 are the
oordinates of the 𝑖th actuator.

.2. The Rayleigh–Ritz method and the harmonic solution of the vibrating structure equation

In this section the Rayleigh–Ritz method is applied to the differential system in order to obtain its natural frequencies and mode
hapes [19]. The adopted approach is analogous to the one described in [10].

The total energy of the system can be expressed as a function of the generalized panel displacement vector q, the mass matrix
of dimension 𝑁 ×𝑁 , and the stiffness matrix K of dimension 𝑁 ×𝑁 . From Eqs. (1), (2), (3), and (4), the total kinetic energy, 𝑇 ,

nd the total potential energy, 𝑈 , can be written as

𝑇 = 𝑇𝑝 + 𝑇𝑠 + 𝑇𝑎 =
1
2
q̇TMq̇ , 𝑈 = 𝑈𝑝 + 𝑈𝑏 =

1
2
qTKq . (5)

The total mass matrix M = M𝑝 +M𝑠 +M𝑎 is given by the sum of the matrices corresponding to each of the system components,
where M𝑝, M𝑠 and M𝑎 are the mass matrices of the panel, the semi-active element and the actuators, respectively. The total stiffness
matrix K = K𝑝 +K𝑏 is also given by the sum of the matrices corresponding to each of the system components, where K𝑝 and K𝑏 are
the stiffness matrices corresponding to the panel and boundary restraints, respectively.

From the stiffness and mass matrices, and by using the second-order Lagrange equation, the equation of a vibrating structure
can be expressed as

Mq̈ + Kq = Q , (6)

where Q, of dimension 𝑁 × 1, is the vector of generalized forces. For optimization purposes, the action of the inertial actuators
4

can be simplified and treated as a force acting on a point. Therefore, the control vector u, of dimension 𝑁𝑎 × 1, can be defined as
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u =
[

𝑓1, 𝑓2,… , 𝑓𝑁𝑎
]T

, where 𝑓𝑖 is the force generated by the 𝑖th actuator. The vector of generalized forces can then be expressed
as

Q =
⎡

⎢

⎢

⎣

𝝓
|

|

|

|

𝑥=𝑥𝑎,1
𝑦=𝑦𝑎,1

,𝝓
|

|

|

|

𝑥=𝑥𝑎,2
𝑦=𝑦𝑎,2

, ... ,𝝓
|

|

|

|

𝑥=𝑥𝑎,𝑁𝑎
𝑦=𝑦𝑎,𝑁𝑎

⎤

⎥

⎥

⎦

u . (7)

The harmonic solution to Eq. (6) gives an eigenvector matrix 𝜱 of dimension 𝑁 ×𝑁 and 𝑁 eigenfrequencies 𝜔𝑖. Replacing q with
v, and multiplying Eq. (6) on the left by 𝜱T, gives

𝜱TM𝜱v̈ +𝜱TK𝜱v = 𝜱TQ , (8)

here v =
[

𝑣1, 𝑣2,… , 𝑣𝑁
]T denotes the modal displacement vector of dimension 𝑁 × 1. By exploiting the orthonormality of the

igenvectors in 𝜱, the modal mass matrix becomes a unit matrix 𝐈𝑁 of dimension 𝑁 ×𝑁 . Correspondingly, the total stiffness matrix
ecomes a diagonal matrix 𝜴 of 𝑁 eigenvalues 𝜔2

𝑖 [21]. Together, this gives

𝜱TM𝜱 = 𝐈𝑁 , (9a)

𝜱TK𝜱 = 𝜴 =
[

diag(𝜔2
1, 𝜔

2
2,… , 𝜔2

𝑁 )
]

. (9b)

ubstituting Eq. (9) in Eq. (8) then gives

v̈ +𝜴v = 𝜱TQ . (10)

o better represent the behaviour of a real system, an additional term can be introduced to account for damping in the system:

v̈ + 𝜩v̇ +𝜴v = 𝜱TQ , (11)

here 𝜩 is a diagonal matrix of dimension 𝑁 ×𝑁 , defined as 𝜩 =
[

diag(2𝜉𝑑,1𝜔1, 2𝜉𝑑,2𝜔2,… , 2𝜉𝑑,𝑁𝜔𝑁 )
]

, where the damping ratios
< 𝜉𝑑,𝑖 < 1 are calculated using the thermoelastic damping model for elastic plates described in [22].

.3. Acoustic radiation

This subsection derives an estimate of the sound power radiated by the 𝑖th vibration mode of the panel. The adopted approach
s based on radiation mode theory [8]. The panel is assumed to be situated within an infinite rigid baffle, as shown in Fig. 1.
onsidering that the panel is divided into 𝑁𝑃 elements with equal area 𝛥𝑆𝑝, then the sound power 𝑃𝑒𝑥𝑡,𝑖 can be approximated as a

inite series

𝑃𝑒𝑥𝑡,𝑖 =
𝜔𝑖𝜌𝑒
4𝜋

𝑁𝑃
∑

𝑚=0

𝑁𝑃
∑

𝑛=0
𝜓𝑖,𝑚 ⋅

sin(𝑘𝑒 𝑟𝑚𝑛)
𝑟𝑚𝑛

⋅ 𝜓∗
𝑖,𝑛 𝛥𝑆𝑝 𝛥𝑆𝑝 , (12)

where 𝜓𝑖,𝑚 and 𝜓𝑖,𝑛 are the modal velocity at the 𝑚th and 𝑛th element, respectively; the modal velocity is obtained by 𝜓𝑖,𝑚 =

− 𝜄 𝜔𝑖𝜱T
𝑖 𝝓

|

|

|

|

𝑥=𝑥𝑚
𝑦=𝑦𝑚

, where 𝑥𝑚 and 𝑦𝑚 are the coordinates of the 𝑚th element; 𝑟𝑚𝑛 is the distance between 𝑚th and 𝑛th element; 𝜌𝑒 and 𝑐

are the density of air and the speed of sound in air, respectively; 𝑘𝑒 = 𝜔𝑖∕𝑐 is the acoustic wavenumber; 𝜄 is the imaginary number
√

−1; and the superscript ∗ denotes complex conjugation. Eq. (12) can be noted in matrix form as

𝑃𝑒𝑥𝑡,𝑖 = 𝝍H
𝑖 𝐑𝑖 𝝍 𝑖 , (13)

here symbol 𝝍 𝑖 = [𝜓𝑖,1, 𝜓𝑖,2,… , 𝜓𝑖,𝑁𝑃 ]
T; 𝐑𝑖 is the radiation matrix; superscript H denotes the complex conjugate transpose. The

𝑚𝑛th element of matrix 𝐑𝑖 can be noted as

𝑅𝑖,𝑚𝑛 =
𝜔𝑖𝜌𝑒(𝛥𝑆𝑝)2

4𝜋
⋅
sin(𝑘𝑒 𝑟𝑚𝑛)

𝑟𝑚𝑛
. (14)

It is noteworthy that the radiation matrix 𝐑𝑖 depends on the geometry of the plate, acoustic environment parameters and frequency,
but it does not depend on panel vibrations. The optimization process, described in the following part of the paper, requires to evaluate
acoustic radiation efficiency of thousands of configurations in order to find the optimal solution. Thus, it is greatly beneficial to
store and reuse radiation matrices already calculated for different frequencies, because it speeds up the optimization process dozens
of times compared to usual Green’s function approach used previously in [10].

2.4. Active control of the structure

The approach adopted to evaluate the active control performance is based on the linear quadratic optimal control theory [23,24].
The objective is to minimize the sound power of the structure. By means of additive theory, the velocity vector can be written as [8]

𝝍 = 𝝍 + 𝝍 = 𝝍 + 𝝍 u , (15)
5

𝑝𝑟𝑖 𝑐 𝑝𝑟𝑖 𝑐_𝑢𝑛𝑖𝑡
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Fig. 2. The experimental setup. (a) A photograph showing the steel plate and heavy concrete box, along with an actuator and the semi-active element. (b) A
schematic representation of the semi-active element.

where 𝝍𝑝𝑟𝑖 and 𝝍 𝑐_𝑢𝑛𝑖𝑡 are the velocity due to the primary source and unit control source, respectively. Substituting Eq. (15) into
Eq. (13), we obtain

𝑃𝑒𝑥𝑡 = uH𝝍H
𝑐_𝑢𝑛𝑖𝑡𝐑𝝍 𝑐_𝑢𝑛𝑖𝑡u + uH𝝍H

𝑐_𝑢𝑛𝑖𝑡𝐑𝝍𝑝𝑟𝑖 + (𝝍H
𝑐_𝑢𝑛𝑖𝑡𝐑𝝍𝑝𝑟𝑖)Hu + 𝝍H

𝑝𝑟𝑖𝐑𝝍𝑝𝑟𝑖 . (16)

Eq. (16) is a standard Hermitian quadratic form and it has a unique global minimum solution. Using linear quadratic optimal control
theory, the solution can be expressed as

u𝑜𝑝𝑡 = −[𝝍H
𝑐_𝑢𝑛𝑖𝑡𝐑𝝍 𝑐_𝑢𝑛𝑖𝑡]−1[𝝍H

𝑐_𝑢𝑛𝑖𝑡𝐑𝝍𝑝𝑟𝑖] . (17)

It is noteworthy that the sound power is difficult to obtain in practice, however, the intention is to represent the maximum achievable
noise reduction according to the actuators and semi-active element configuration.

2.5. Summary

The overall model derived in this section is a concise and coherent description of a vibroacoustic system that uses both active
actuators and a semi-active element. The use of the Rayleigh–Ritz method facilitates the discovery of a numerical solution to the
system. The radiation matrix approach greatly increases the computational efficiency. The linear quadratic optimal control theory
is used to evaluate the active control performance. Together, these components comprehensively model the use of thin panels as
hybrid active/semi-active noise barriers, as proposed by this paper. This model can be used to optimize the positioning of the
actuators and semi-active elements and evaluate the efficiency of the obtained solution. As presented, the derivation represents a
novel contribution of this paper.

3. Experimental setup and validation

This section describes the experimental validation of the model developed above. The experimental setup described here also
constitutes the basis for the simulation studies presented in the following section.

The system consists of a rectangular steel plate mounted to a heavy concrete box and excited with a loudspeaker situated within
the box. The loudspeaker is driven to generate a random, broadband noise (i.e., band-limited white noise). The concrete walls of
the box provide a high degree of noise attenuation, and hence the majority of the acoustic energy that exits the box is transmitted
through the steel plate. The acoustic excitation distribution across the plate is influenced to some extent by the acoustic modes of
the box interior, however all of the vibration modes of the panel that can be theoretically expected in the considered frequency
range were sufficiently excited to be detected by the laboratory equipment. A photograph of the experimental setup is shown in
Fig. 2(a).

A schematic representation of the semi-active element is presented in Fig. 2(b). The element is attached to the plate surface using
a neodymium magnet at its base. The chassis of the semi-active element, a hollow cylinder of poly-methyl methacrylate (PMMA),
fits tightly around the movable mass within. The mass has a central threaded hole, by which it is mounted onto a threaded rod. The
threaded rod is mounted on a ball-bearing at the base of the element, and can be rotated by a micro motor, via a belt transmission,
thus controlling the distance 𝑧𝑠 between the mass and the plate. The micro motor is equipped with an encoder which allows precise
positioning of the mass.

The semi-active element can alter the natural frequencies and mode shapes of the plate by adjusting the distance 𝑧𝑠. This greatly
influences the controllability of the system, which is highly relevant for active control. This phenomenon is caused by the change
6
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Fig. 3. A comparison of two mode shapes calculated with the mathematical model of the loaded panel, obtained with the semi-active element set for 𝑧𝑠 =
0.01 m (a) and set for 𝑧𝑠 = 0.04 m (b). The semi-active element was attached at 𝑥𝑠 = 0.287 m, 𝑦𝑠 = 0.098 m, with 𝑚𝑠 = 0.081 kg. Size of the panel is in [m],
and the 𝑧-axis depicts normalized amplitude.

Table 1
Parameters for the experimental setup.

Parameter Value

𝑎 0.420 m
𝑏 0.390 m
ℎ 0.001 m
𝐸 210 GPa
𝜌 7850 kg∕m3

Parameter Value

𝜈 0.3
𝑘𝑏 340 N∕rad
𝑐 343 m∕𝑠
𝜌𝑒 1.21 kg∕m3

Parameter Value

𝑚𝑠 0.081 kg
𝑥𝑠 0.287 m
𝑦𝑠 0.098 m
𝑧𝑠 0.05 m

in modal mass of the modes, due to the altered mass moment of inertia of the semi-active element. However, in order for the mass
moment of inertia of the element to affect a given mode, the element must ‘‘swing’’ while the mode vibrates. This is determined
by the location of the semi-active element in relation to the particular mode shape: The rotations of the panel surface are highest
at the nodal lines, and are absent at the anti-nodes, where the motion of the panel surface is solely translational. The increase in
modal mass due to the semi-active element is local (not uniform). Hence, in addition to shifting the natural frequency of the mode,
the mode shape is also altered in an irregular manner. This phenomenon has been depicted in Fig. 3, where 6th structural vibration
mode was taken as an example. Fig. 3(a) shows a mode shape for 𝑧𝑠 = 0.01 m, whereas Fig. 3(b) depicts altered mode shape of the
ame mode for 𝑧𝑠 = 0.04 m. If a single actuator would be placed at 𝑥𝑎,1 = 0.10 m and 𝑦𝑎,1 = 0.16 m, the 6th mode would be nearly
ncontrollable for 𝑧𝑠 = 0.01 m (the actuator would be at a nodal line). However, by using the semi-active element and changing 𝑧𝑠
o 0.04 m, the nodal line would be moved and the actuator would now be near an anti-node, making the considered mode perfectly
ontrollable. Outside of controllability measures, this also affects the modal acoustic radiation efficiency.

Each inertial actuator used for the active control purpose is a commercially available Dayton Audio DAEX32EP-4. They are
ightweight actuators (123 g) of small size (60 mm) relative to the plate. Each actuator is mounted to the plate magnetically, using
eodymium magnets. The mathematical model accounts for the actuator mass, however due to their small height, the actuator
oment of inertia is neglected. The inertial actuators, in contrast to semi-active elements, are most efficient at controlling modes
hen positioned at their anti-nodes (they generate force perpendicular to the panel surface). Hence, in order to improve the coupling
etween the actuators and the barrier for particular modes, the semi-active element alters the selected mode shapes in such a way
hat shifts their anti-nodes into the proximity of the actuators.

.1. Experimental results

To validate the model, the panel with the semi-active element was used, adopting the parameters of the experimental setup as
resented in Table 1 (cf. Section 2 for symbol definitions).

The value of 𝑘𝑏 was obtained by preliminary experiments as described in [25]. These experiments used an optimization algorithm
o minimize discrepancies in the natural frequencies and mode shapes between the mathematical model and experimental results.

The structural response of the vibrating panel was measured using a Polytec PDV-100 laser vibrometer. The structural responses
resent the measured signal magnitude in the logarithmic scale without any additional normalization. The vibration amplitudes
easured with the laser vibrometer were between 100 and 500 mm/s. The vibrometer was mounted on an automatic positioning

ystem which was developed by the authors. The positioning system allowed the carriage containing the vibrometer to be moved
recisely along both the horizontal and vertical axes. Vibration measurements of the plate were taken over a total of 440 points.
hese points were arranged in a uniform grid of 22× 20, spaced at intervals of 0.02 m, covering the entire surface of the plate. This
pacing was sufficiently dense for measurement of the considered frequency range. Following measurement, the frequency at each
oint was analysed. The mode shapes were extracted by aggregating the estimated signal energy obtained for given frequencies of
tructural resonances (frequencies of consecutive modes) at all measurement locations.

To measure the acoustic response, two Beyerdynamic MM1 measurement microphones were mounted on the carriage with the
aser vibrometer. The adopted dB reference is equal to one, i.e. the frequency responses present the measured signal magnitude in
7
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Fig. 4. Experimentally measured and simulated structural responses of the panel, obtained without (top) and with the semi-active element set for 𝑧𝑠 = 0.03 m
(middle), 𝑧𝑠 = 0.05 m (bottom). The semi-active element was attached at 𝑥𝑠 = 0.287 m, 𝑦𝑠 = 0.098 m, with 𝑚𝑠 = 0.081 kg. The coloured labels mark the
orresponding mode numbers based on mode shapes analysis.

he logarithmic scale without any additional normalization. However, to give a feeling about the experiments, the Sound Pressure
evel of the noise in the room was between 75 and 85 dB. The measurement procedure was analogous as for vibrations. A uniform
easurement grid of 26×20 points was used, giving a total of 520 points, spaced at intervals of 0.04 m. The measurement grid was
.00 m wide and 0.76 m high, and 0.1 m from the panel surface. The configuration of the laboratory setup corresponds more to
ear-field conditions (in contrast to far-field conditions adopted in the model). Therefore, additional acoustic radiation calculation
ethod was used based on Green’s function [16]. The acoustic response calculated with this approach averages sound pressure

imulated at the measurement grid employed in experimental measurements. There are some minor differences when compared to
coustic responses obtained with radiation matrix method, but the consistency of both methods is very high.

The comparison of the experimental results with the theoretical predictions is given in Figs. 4–5. The top plots in both figures
epresents the unloaded panel, while the middle and bottom represent panel with the semi-active element. For the sake of brevity,
lots for only two settings 𝑧𝑠 = 0.03 m and 𝑧𝑠 = 0.05 m are presented, however, the authors have carefully compared multiple
onfigurations for all 10 settings of the semi-active element. The purpose of Figs. 4–5 is to show how the presence of the semi-
ctive actuator affected the responses of the panel (both in experiment and simulation). For example: the first mode was slightly
hifted towards lower frequencies; second and third modes were also shifted towards lower frequencies, and the second mode’s
8
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Fig. 5. Experimentally measured and simulated acoustic responses of the panel, obtained without (top) and with the semi-active element set for 𝑧𝑠 = 0.03 m
(middle), 𝑧𝑠 = 0.05 m (bottom). The semi-active element was attached at 𝑥𝑠 = 0.287 m, 𝑦𝑠 = 0.098 m, with 𝑚𝑠 = 0.081 kg. The coloured labels mark the
orresponding mode numbers based on mode shapes analysis.

coustic radiation was enhanced; the fourth mode is weakly noticeable in both cases; the fifth mode was strongly shifted left
nd its acoustic radiation was reduced; the sixth mode was also shifted left, but to a lesser extent, and its acoustic radiation was
naffected. Such analysis was done also for remaining modes and other configurations. On the other hand, comparing results for
𝑠 = 0.03 m and 𝑧𝑠 = 0.05 m, it is clear that increased distance 𝑧𝑠 results in slight reduction of nearly all natural frequencies. The
btained experimental and simulated characteristics are coherent with respect to both the natural frequencies and estimated acoustic
adiation, thus validating the model. The model is therefore suitable for use in the optimization problem and simulation studies
resented in the following section. There are discrepancies between the model and the experiment, but it should be emphasized
hat during real application experimentally measured responses will be identified, stored, and used to determine the optimal setting
f the semi-active element for current noise spectrum. Hence the imperfections of the model will be mitigated, as it is used to find
ore beneficial arrangement on the panel, but it is not used for the control purpose.

More details on the experimental setup, additional data and mode shapes visualizations can be found in [26], where the
emi-active element was firstly introduced. On the other hand, the accuracy of modelling the actuators was also studied, e.g., in
9
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4. Simulation studies

Simulations were performed by adopting the panel parameters obtained in Section 3. Frequencies of up to 300 Hz were
onsidered, corresponding with approximately the first ten eigenmodes of the panel. This section analyses and compares the acoustic
esponses of the panel in order to evaluate the noise reduction performance.

In all simulations, the excitation of the panel is generated by primary uniform excitation. It is induced by directly applying
n equal excitation to all loaded structural modes, instead of explicitly simulating a specific acoustic or structural excitation. This
pproach is motivated by the requirement to design a barrier which can handle unknown excitations of potentially any mode (within
given frequency band). Therefore, during the optimization process, all modes should be considered in the simulated scenario to

nsure that the actuators have sufficient control over them. This is an ideal scenario with which to evaluate the performance of the
arrier for any kind of excitation, and provide a more general solution as the result of the optimization process.

The movable mass within the semi-active element is replaceable, allowing an appropriate mass to be fitted during the preparation
hase. Hence, during the optimization process the total mass of the semi-active element (including the chassis) is also optimized,
ith a maximum value of 0.2 kg, corresponding to 15% of the panel’s 1.3 kg mass. Considering potential practical applications and

he advantages of simple solutions, a control system with minimal components is desirable. Hence, the simulation studies concern the
ptimization of a single semi-active element. This is sufficient to fulfil the requirements of the study, however additional elements
an be incorporated to further enhance performance.

It can be assumed that the distance 𝑧𝑠 is adjustable in the range from 0.01 m to 0.10 m, although in practice this range is a
function of the overall setup, including the configuration of the semi-active element. For the purpose of optimization, the continuous
domain of 𝑧𝑠 is discretized with a step size of 0.01 m. Thus, 10 possible values of 𝑧𝑠 are considered. The aim of the optimization
process is to find the optimal positions of the semi-active element and actuators on the panel surface, considering all possible values
of 𝑧𝑠. It is further assumed for the purpose of optimization that only a tonal noise will be attenuated by the barrier. Thus, during
cost function evaluation, each frequency in the considered range (up to 300 Hz, in steps of 1 Hz) is evaluated individually with
regards to choosing the most suitable value of 𝑧𝑠. Therefore, the finally presented response is aggregated basing on 10 responses
for individual semi-active element’s settings.

A population-based memetic algorithm was used to carry out the optimization. Each optimization process had a population
consisting of 300 individuals (i.e., solutions); a maximum of 18 generations; and crossover, mutation, and individual learning
probabilities of 0.20, 0.30, and 0.06, respectively. For a detailed introduction to memetic algorithms, see [27].

4.1. A single actuator

The panel considered in this study is intended for use as a hybrid active/semi-active noise barrier, which, when excited by
either airborne sound or structural vibrations, should radiate as little noise to the environment as possible. To this end, the inertial
actuators use ASAC to control the panel vibrations. Additionally, the semi-active element facilitates operation of the actuators by
adapting properties of the panel to best handle the current noise spectrum. The semi-active element enhances the controllability
measures of the system at targeted frequency bands, thus increasing the noise reduction level (if the control signal saturation was
limiting the performance) or reducing energy expenditure (if highest possible performance due to other limitations was already
reached).

The described objective is encapsulated by the cost function

𝐽 = max
𝑓

[

min
𝑧𝑠
𝐴(𝑓, 𝑧𝑠)

]

, (18)

where 𝐴(𝑓, 𝑧𝑠) is the acoustic response of the panel with active control turned on (calculated according to the Eq. (16)), as a function
of both frequency 𝑓 and distance 𝑧𝑠. Such a cost function enables the optimization algorithm to find a most efficient arrangement
of actuators and the semi-active element, providing the highest possible acoustic insulation. In order to reflect practical system
restrictions, a limit to the control signal amplitude 𝑢𝑚𝑎𝑥 = 0.3 was adopted. The selection of 𝑢𝑚𝑎𝑥 was arbitrary at this point, however,
its impact on the optimization results is analysed in the following part of this Section.

Fig. 6a presents results for the use of a single actuator in a system without the semi-active element. The solution reached by
the memetic algorithm positioned the actuator at 𝑥𝑎,1 = 0.312 m and 𝑦𝑎,1 = 0.269 m. The achieved levels of noise reduction do
not exceed 5 dB due to the fact, that it is very difficult to find a location for a single actuator, which is balanced between multiple
modes. As a result, only a minor reduction is achieved for all considered modes.

An improved configuration can be achieved with the addition of the semi-active element, as presented in Fig. 6b. The solution
reached by the memetic algorithm positioned the actuator at 𝑥𝑎,1 = 0.124 m and 𝑦𝑎,1 = 0.098 m, and the semi-active element
at 𝑥𝑠 = 0.184 m and 𝑦𝑠 = 0.191 m, with a mass of 𝑚𝑠 = 0.039 kg. The levels of the noise reduction due to active control are
approximately doubled when compared to the previous configuration without the semi-active element. It means that it is easier in
terms of allowed control signal amplitudes (maximum energy expenditure) to control the modes by the actuator. Additionally, the
response due to primary excitation is also significantly reduced. It means that the mode shapes were altered to reduce their acoustic
radiation efficiency or that the modes can be beneficially shifted in the frequency domain in order to avoid their excitation by the
primary narrowband noise. This effect was investigated in prior work, where frequency response shaping was considered using only
the semi-active element [10]. Taking into account both of these phenomena, the acoustic barrier provides approximately 10 dB
better noise reduction due to addition of the semi-active element. As already stated before, this conclusion is valid for a dominant
10
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Fig. 6. Acoustic responses of the panel when using a single actuator (𝑁𝑎 = 1), both with and without the semi-active element. Sound power with the actuator
turned off (black) and the actuator turned on (red) are shown. (a) Responses without use of the semi-active element. (b) Responses with the use of the semi-active
element. (c)–(d) The indicated responses when using the optimal value of 𝑧𝑠, along with the corresponding variables when using all other possible values of 𝑧𝑠
(grey). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

single tone (or narrow-band) primary noise. The noise is allowed to be non-stationary, for example, due to changing the operating
point of the devices generating the noise. Such devices are not uncommon in industry, as most rotating machinery (motors, shafts,
fans, compressors, etc.) tend to generate dominant tonal noises, and also change their operating points, e.g., depending on different
products on the assembly line; varying environmental/resources parameters; or after switching to another operating point made
manually by the user or automatically after reaching certain states.

In case of broadband primary noise, the proposed approach would be much less efficient, however, even then its spectrum is
very rarely flat, and then the proposed approach can be still beneficial if designed for the dominating subband.

To provide a better insight, Figs. 6c–d present each acoustic response together with the individual responses for each possible
value of 𝑧𝑠. The optimal value of 𝑧𝑠 for each frequency was derived by minimization of the function 𝐴(𝑓, 𝑧𝑠).

.2. Multiple actuators

Fig. 7 presents results for the use of up to 𝑁𝑎 = 3 actuators. It can be assessed that the active control part of the system performs
ell in all scenarios. It is mainly due to several facts: the noise is assumed to be periodical, what eliminates the potential issues of
on-causality; the arrangement of actuators was optimized in all scenarios; the selected actuators’ type (Dayton Audio DAEX32EP-4)
ransmission band covers all considered resonances, as they transmit vibrations well for frequencies higher than 40 Hz. As a result,
he actuators’ amplitude response was neglected in the model. Moreover, it is worth to note that such performance of active control
ystem is entirely consistent with experimental results obtained by the authors for usual active structural acoustic control system,
ublished e.g. in [28].

It can be observed that the addition of the semi-active element provides a greater improvement, both in terms of the cost function
and visual evaluation of frequency responses, than the addition of a further actuator. In addition to improved performance, control
11
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Fig. 7. Acoustic responses of the panel when using multiple actuators, both with and without the semi-active element. Sound power with actuators turned off
(black) and actuators turned on (red) are shown. (a) 𝑁𝑎 = 2, without the semi-active element. (b) 𝑁𝑎 = 2, with the semi-active element. (c) 𝑁𝑎 = 3, without
the semi-active element. (d) 𝑁𝑎 = 3, with the semi-active element. (For interpretation of the references to colour in this figure legend, the reader is referred to
he web version of this article.)

Table 2
Optimized values of 𝐽 , actuators position, semi-active element position and mass, for 𝑁𝑎 equal to 1, 2 or 3.

of the semi-active element is more simple than that of an actuator. Moreover, the semi-active element consumes considerably less
energy than an additional actuator, as the semi-active element only requires energy to switch state (i.e., to alter the distance 𝑧𝑠).
The exact energy expenditure depends on particular signals in given scenario, however, less energy will be used with lesser number
of actuators, making the whole system more energy-efficient, and therefore overall better.

Table 2 summarizes the optimization of each configuration using cost function 𝐽 . The values of the cost function 𝐽 , which reflect
he overall noise reduction performance, confirm the above conclusions.

.3. The balance between active and semi-active part of the system

In the numerical studies presented in this paper, the control signal limit was arbitrary chosen as 𝑢𝑚𝑎𝑥 = 0.3. However, the
𝑜𝑝𝑡
12

djustment of this parameter solely at the optimization phase, noted then 𝑢𝑚𝑎𝑥, alters the found arrangement of actuators and the
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Fig. 8. Acoustic responses of the panel when using 𝑁𝑎 = 3 actuators together with the semi-active element. Subfigures represent different values of 𝑢𝑜𝑝𝑡𝑚𝑎𝑥 used
at the optimization step. (a) 𝑢𝑜𝑝𝑡𝑚𝑎𝑥 = 0.01. (b) 𝑢𝑜𝑝𝑡𝑚𝑎𝑥 = 0.1. (c) 𝑢𝑜𝑝𝑡𝑚𝑎𝑥 = 0.2. (d) 𝑢𝑜𝑝𝑡𝑚𝑎𝑥 = 0.3.

semi-active element. Namely, it is a way, among other options, to balance between the active and semi-active part of the control
system. In the simulations calculated after the optimization step, actual 𝑢𝑚𝑎𝑥 = 0.3 is always used for active control.

The greater the limit 𝑢𝑜𝑝𝑡𝑚𝑎𝑥 is adopted, the overall sound power can more rely on the active part of the system. Hence, the semi-
active element role is focused to maximize the controllability measures, while the acoustic insulation due to barrier structure itself
is less relevant. The sound power with the actuators turned off can be higher, assuming that it will be reduced due to active control
effort.

In contrast, when the limit 𝑢𝑜𝑝𝑡𝑚𝑎𝑥 at the optimization stage is turned lower, the optimization algorithm seeks for more noise
reduction due to semi-active element, apart from the actuators (the controllability measures are less important). Although the final
noise reduction levels can be lowered due to such an approach, it would lead to more energy-saving solutions (the reduction will be
provided more by semi-active part of the system). A representation of this phenomenon is shown in Fig. 8. In Fig. 8a, the parameter
𝑢𝑜𝑝𝑡𝑚𝑎𝑥 = 0.01, which means that optimization algorithm nearly neglect active control and tries to achieve noise reduction mainly
through the semi-active element. It can be observed that the sound power magnitude without active control is on much lower levels
compared to 𝑢𝑜𝑝𝑡𝑚𝑎𝑥 = 𝑢𝑚𝑎𝑥 = 0.3 presented in Fig. 8d.

When 𝑢𝑜𝑝𝑡𝑚𝑎𝑥 is increased to 0.1, as presented in Fig. 8b, the sound power without active control is maintained at similar level, but
the optimization algorithm takes now active control into account, hence actuators locations are more carefully selected, providing
better levels of controllability. Thus, higher levels of noise reduction can be achieved when active control is turned on. Such
configuration is well balanced for a hybrid control strategy, in which a noise barrier can operate in energy-saving mode when
a user (recipient) is not in the direct proximity of the noise source; i.e. control system can employ solely the semi-active element,
without actuators, providing approximately 10 dB of noise reduction when compared to a bare panel. However, if the presence of
the user is detected and higher performance is required, then the actuators can be turned on and the semi-active element can be
13

adjusted to support the active control. Such strategy may be more versatile and consume less energy in continuous operation.
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5. Conclusions

This paper proposes a novel hybrid active/semi-active control system for noise reduction barriers. Active and semi-active systems
re used in conjunction to provide both high performance and reduced energy consumption. Accounting for time-varying narrow-
and noise, ASAC guarantees enhanced transmission loss for a noise barrier. The proposed semi-active element, with a tunable mass
oment of inertia, alters the mechanical properties of a barrier to adapt to noise with varying characteristics.

A mathematical model of the panel accounting for both inertial actuators and the proposed semi-active element has been
erived and experimentally validated. Subsequently, numerical simulation studies based on the model were performed and analysed,
emonstrating the advantages of using the semi-active element.

The results show that assuming a narrowband primary noise, the addition of the semi-active element provides a greater
mprovement in performance than the addition of a further actuator. In addition to improved performance, control of the semi-
ctive element is more simple than that of an actuator. Moreover, the semi-active element consumes considerably less energy than
n additional actuator, as the semi-active element only requires energy to switch state (i.e., to alter the distance 𝑧𝑠). Such behaviour
ither significantly enhances noise reduction or reduces energy consumption.

In addition, a balanced hybrid control system is proposed, which can operate in semi-active energy-saving mode without
ctuators, or in active/semi-active mode to provide full noise reduction performance.

It is important to emphasize, that the investigated hybrid approach and the drawn conclusions remains valid also for other semi-
ctive devices capable of local alteration of stiffness or mass distribution of the panel. The particular design or structure depends on
pplication requirements, however, the presented optimization approach and the technique for semi-active support of active control
ystem remains valid.

This study shows that the use of a single semi-active element provides substantial benefits. However, the use of multiple semi-
ctive elements would increase the dimensionality of the configuration space, thus further extending the capabilities of the proposed
pproach.
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