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Abstract
Lamb waves inside thin-walled structures have received extensive attention due to their great
promise in applications such as structural health monitoring. Applications point at the common
need for effective conditioning and manipulation of the wave propagation in terms of both
frequency content and mode components. In this work, the concept of metamaterials is
exploited to construct functional meta-devices (MDs). The MDs are designed to deliver
prescribed functionalities after they are surface-mounted onto a structure conveying Lamb
waves. To this end, a unified inverse-design scheme based on topology optimization is proposed
and applied to achieve multifold functions such as frequency filtering, single-mode transmission
and wave filtering at the subwavelength scale. Configuration features of the optimized MDs are
extracted to reveal the mechanism governing the generation of broad Bragg scattering bandgaps.
Analyses on negative effective mass density and the polarized mode explain the directional
locally resonant bandgaps which exhibit strong anisotropic density. A representative MD with a
finite number of unit cells is examined through finite element simulations. Temporal signals and
their transmission spectra confirm the expected band features. An experiment is carried out to
confirm the prescribed wave manipulation functions of the designed MD in terms of achieving
selective frequency and wave mode transmission. This work provides a universal approach for
topologically customizing MDs for the precise and tactic control of Lamb wave propagation.
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structural health monitoring
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1. Introduction

Ultrasonic guided waves, especially Lamb waves, have
received increasing attention due to their appealing advantages
like low energy consumption, long propagation distance
and high sensitivity to structural damages. These properties
triggered vast engineering applications, exemplified by the
structural health monitoring (SHM) [1, 2]. In this particular
context, especially for nonlinear wave based methods [3–6],
there exist some bottlenecking problems which impede the
practical feasibility of the detection methods. While recogniz-
ing their enhanced sensitivity to damage, numerous adverse
factors may affect the extraction of damage information,
deteriorate the detection accuracy or even jeopardize the entire
SHM process. On the top of the list, one can name the
undesired wave distortion caused by transducers, installation
adhesives and measurement equipment, etc [7]. Meanwhile,
the signal complexity, due to the co-existence of multiple wave
modes and the undesired frequency components, is also seen
as another major problem. This poses a harsh demand on the
probing signals and hatches out the need for their meticu-
lous control and manipulation. In addition to a careful sys-
tem design [8–10], effective wave manipulation, allowing for
targeted frequency selection and selective mode transmission,
is highly desirable. From a broader perspective, the problem
raised above is generic in nature, falling into the general cat-
egory of Lamb wave manipulation which is relevant to a large
class of engineering problems.

The aforementioned task can be materialized by embracing
the concept of metamaterials. Metamaterial is a type of arti-
ficial composite structure/material that offers enormous pos-
sibilities for manipulating wave propagation properties, so
as to deliver extraordinary wave functionalities like energy
attenuation [11, 12], subwavelength imaging [13, 14], neg-
ative refraction [15, 16], non-reciprocity [17], phase modu-
lation [18] and cloaking [19], etc. As one of the basic char-
acteristics of metamaterials, bandgap [20–24], in which the
propagation of specific-frequency waves is prohibited, shows
great promise for wave filtering. Preliminary attempts have
been made to explore this property for guided wave control.
Some applications, exemplified by SHM, only allow metama-
terial components to be surface-mounted [25, 26] to ensure
the integrity of the structure under inspection, as opposed
to the conventional and widely explored metamaterials with
perforation or insertion in the structures/materials themselves
[27, 28]. This hatched out the design of a few pillared-type
metamaterials. For example, Tian et al [29, 30] utilized the
aluminum-lead composite structures to respectively achieve
the mitigation for deceptive secondary waves and the selective
mode transmission. However, their design requires a meticu-
lous installation of several stubs. As an improvement, Shan
et al [31] proposed a metamaterial filter design with a flat base
to connect the scatters. With a double-sided bonding of the
metamaterial filters onto a plate, they improved the detection
capacity of the SHM technique for the monitoring of micro-
structural changes inside the plate. Although wave filtering
and selective bandgap have been achieved by these existing

designs, most of them originate from empirical and intuit-
ive designs with predefined structural configurations followed
by tedious parameter tuning. In addition, to cope with more
specific and higher-level demands, it will be extremely dif-
ficult, if not impossible, to follow the empirical metamater-
ial design approach. These challenges call for a systematic
inverse-design strategy to tailor-make the property of metama-
terials on demand.

In this study, we propose a unified inverse-design frame-
work based on topology optimization to tactically design
functional metamaterial devices, called meta-devices (MDs),
for Lamb wave manipulation. The customized single-side
and single-phase MDs are expected to deliver broadband
wave manipulation functionalities including selective fre-
quency filtering, single-mode transmission and low-frequency
bandgaps. Note that, although most of the prescribed wave
manipulation functionalities are inspired from SHM-specific
requirements, the design method, as well as the associated
tools developed in this work, is generic in nature, which can
be extended to a much wider scope of applications. The con-
figurational features of the optimized structures are extracted
and scrutinized to shed light on the generation mechanisms
of the broad bandgaps arising from Bragg scattering or local
resonances. Both numerical and experimental studies are con-
ducted to confirm the efficacy of a representative MD in terms
of expected guided wave manipulation functions.

The remaining parts of this paper are organized as follows.
Section 2 elaborates the wave manipulation needs, based on
which the topology optimization framework is established for
the customization design of MDs. Targeting these functions,
optimization results are shown and discussed in section 3. The
efficacy of the designed structures is then assessed from finite
element simulations and experiments in section 4. Finally,
section 5 summarizes the main contributions and conclusions
of this study.

2. An inverse-design framework based on topology
optimization

Embracing the concept of metamaterials, MDs are designed
and surface-mounted onto a structure for manipulating the
propagation of different Lambwave components with required
wave properties. It is important to reiterate that, compared
with the perforation- or insertion-based metamaterials where
the destructive interference for guided waves might more eas-
ily happen through the metamaterials themselves, the add-on
MD design is technically more challenging since the expected
effects can only be generated through the coupling of guided
wave modes and stub modes arising from the MD.

As shown in figure 1(a), an MD comprises an array of peri-
odically arranged elements (called unit cells), to be mounted
on the surface of a structure under inspection. The proposed
inverse strategy for the design of the unit cell based on topo-
logy optimization is established as illustrated in figures 1(b)
and (c). The design domain of theMD is discretized intom×m
binary pixels, where numbers represent different materials.
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Figure 1. Schematic of the inversely designed meta-devices. (a) The wave filtering phenomenon induced by surface-mounted meta-devices,
(b) the unit cell, including the host structure, the adhesive bonding layer and the design domain represented by a ‘0’ (for vacuum) and ‘1’
(for solid) matrix. (c) The topology optimization flowchart.

Targeting different frequency bands for different wave manip-
ulation purposes as detailed later, the design objective is to
maximize the bandgap width to obtain broadband functional
MDs. The objective functions are generally formulated as:

Find : θn = 0 or 1, (1)

Maximize : Ft =max(Ω stop
i )−min(Ω stop

i ) (2)

Subject to : k= [0, π/a] , (3)

min : d(Σ)⩾ d1, (4)

N(Σ) = N1 (5)

where θn denotes the value selection of the nth pixel in the
entire m × m matrix, in which ‘1’ represents a solid mater-
ial and ‘0’ for the vacuum; Ω stop

i represents the set of the stop
bands associated with the ith specific objective; a is the peri-
odic constant; equation (4) states that the minimum size of the
geometric feature should be larger than the prescribed value
d1, which is set to a/16. Equation (5) limits the total number
of the blocks within the design domain to N1 = 1, so as to
facilitate the sample fabrication and implementation.

Three typical cases are discussed to further explain
the proposed inverse-design framework for Lamb wave
customization. The rationale behind the selected objectives
is substantiated using SHM as an example, while noting that

more diversified objectives could also be defined by following
similar methodology.

Objective 1: A broadband selective frequency filter. For
a given frequency excitation in an SHM system, the gen-
erated waves may contain other frequency components due
to the wave distortion associated with the measurement sys-
tem or transducers. These unexpected frequency components
can adversely increase the signal complexity, interfere with
damage-related signals or even put the damage identifica-
tion into jeopardy. For example, in a nonlinear-guided-wave-
based SHM system, the second harmonic waves induced by
the non-damage-related sources may overwhelm the damage-
related information. Therefore, a wave filter can be desired
to tactically eliminate these undesired frequency compon-
ents. In this case, the MDs should allow the passing of
the desired-frequency waves while stopping the undesired-
frequency components. This is mathematically defined as

Ω stop
1 =

{{
Ω stop

}
∩( f stopL , f stopU )

}
∪
{
{Ω pass}∩( f passL , f passU )

}
(6)

where Ω stop denotes the set of the stop bands while Ω pass for
the pass bands; f stopL and f stopU are the lower and upper edges
of the constrained stop band range, respectively; f passL and f passU
are the lower and upper edges of the constrained pass band
range, respectively.

Objective 2: A broadband single-mode (symmetric or anti-
symmetric Lamb wave mode) transmission filter. Multiple
wave modes, including symmetric (S) and antisymmetric (A)
Lamb modes, simultaneously exist, which increases the signal

3



Smart Mater. Struct. 31 (2022) 065001 Z Liu et al

complexity and hampers the effective extraction of the useful
damage information during signal processing. In this case, a
single-mode (S or A) transmission filter is desired to create a
pass band with a single mode whilst stopping the other. This
can be formulated as

Ω stop
2 =

{{
Ω pass

single

}
∩ ( f passL , f passU )

}
(7)

where Ωpass
single denotes the set of the single-mode pass bands

(A or S mode).
Objective 3: broadband low-frequency filters. The lowest-

order Lamb waves (S0 and A0 modes) in the low-frequency
region are widely used in the SHM technique [8, 10, 32].
However, it is challenging to manipulate these low-frequency
waves using reasonably small-size structures due to the long
wavelengths of the probing waves. A proper MD might
deliver low-frequency (subwavelength-scale) filtering with
a prescribed geometric size. This is mathematically casted
as

Ω stop
3 =

{{
Ω stop

}
∩ (0, f stopU )

}
. (8)

To yield the optimal MD configuration which satisfies the
above requirements, either separately or concurrently, the key
is to calculate and evaluate the objective functions in terms
of the dispersion relations. This is realized with finite ele-
ment simulations using COMSOL Multiphysics 5.2a. In light
of the periodic arrangement of the MDs, a unit cell is extrac-
ted and shown in figure 1(b) which is composed of the portion
of the host plate, an adhesive bonding layer and the added-
on stub. The host plate and the adhesive layer are meshed
into 10 and 5 layers along the thickness direction, respect-
ively, and both 48 layers (associated with the following optim-
ization setup) along the horizontal wave propagation direc-
tion. The design domain is discretized into triangular meshes.
The Bloch-Floquet periodic conditions are applied to the left
and right boundaries of the unit cell with other boundar-
ies being set free. The dispersion relations can be calculated
accordingly.

Genetic algorithm (GA) [33] is employed as the search-
ing method for updating design variables. As illustrated in
figure 1(c), the GA-based topological inverse-design scheme
involves the following steps. An initial population P compris-
ing M individuals is randomly generated first. Then, a graph-
ical filtering processing including the abuttal entropy method
[34] is conducted. After that, the objective functions of all indi-
viduals based on equation (2), in conjunction with equations
(6)–(8), are calculated. Genetic operations including the linear
selection, uniform crossover with the probability Pc and uni-
form mutation with the probability Pm are further performed
to update design variables. The elitism strategy is applied to
the new population. The termination criteria, like a prescribed
cycle time or convergence standard, are judged. If met, the
optimized structure is output; otherwise, the graphical pro-
cessing step needs to be recalled to start the next genera-
tion. The procedural detail is readily available in the literature
[23, 34].

Table 1. The material parameters.

Density (kg m−3)
Poisson’s
ratio

Young’s
modulus (GPa)

Aluminum 2700 0.33 70
Adhesive 1080 0.4 1.31
Lead 11 600 0.369 40.8

It is relevant to note that the structural connectivity along
the height direction (y direction) within the design domain
is not required in the optimization process. Since any struc-
tural elements which completely disconnect with the contin-
ued base structure will not affect the bandgaps and dispersion
calculations, they will also be considered obsolete in the form-
ation of the MD element. As a result, the height of the optim-
ized MD may not reach the top of the design domain.

3. Optimization results and discussions

The GA parameters used in the proposed framework are
defined as follows: the population size M is 30; the design
domain is discretized into 48 × 48 pixels; the crossover and
mutation probabilities are respectively set as 0.9 and 0.02. In
the unit cell, the periodic constant is 6 mm. The host struc-
ture is a 2 mm thick aluminum plate. The surface-mounted
MDs within a 6 mm × 6 mm design domain use aluminum
for objectives 1 and 2, and lead for objective 3 respectively as
representative cases. The adhesive bonding layer is 0.05 mm
thick. The involved material parameters are listed in table 1.
Optimizations on the three aforementioned objectives are con-
ducted using COMSOLMultiphysics 5.2a and MATLAB on a
Windows cluster computer with two Intel Xeon Scalable Gold
6248R CPU@3.0 GHz. Each optimization procedure runs for
around 25 h.

Before addressing the specific design of the predefined
functional MDs, preliminary optimization attempts are con-
ducted to examine the bandgap features in a general case. First,
we define the bandgap between the jth and the ( j + 1)th band
branches as the jth bandgap.Without imposing any constraints
on the frequency or wave mode, the optimization objectives
are set as the maximum width of the 2nd bandgap, the 3rd
bandgap and their total (the 2nd and 3rd) bandgaps respect-
ively. Table 2 exhibits the optimized structures and their broad
bandgap positions. The widths of the 2nd and the 3rd bandgaps
are both around 79 kHz and the total bandgap width reaches
152 kHz. It can also be observed that the bandgap range is
mainly located at 150–300 kHz. These results demonstrate
the effectiveness of the proposed topological design frame-
work, while offering useful guidance to the subsequent SHM-
specific MD design.

3.1. Selective frequency filters

In this case, the MDs are designed to deliver selective fre-
quency wave transmission and prohibition. As in a typ-
ical nonlinear-guided-wave-based SHM system, the designed
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Table 2. Optimization results aiming at maximum bandgap (BG) widths.

Optimization target The 2nd BG The 3rd BG The total BG (2nd and 3rd)

Optimized structures

S1 S2 S3
BG regions (kHz) 147.5∼226.5 206.9∼286.1 145.4∼223.5

226.0∼300.6

Figure 2. Optimization results aiming at the maximum selective-frequency bandgap widths in the SHM-specific frequency (200–300 kHz)
region (objective 1). (a) The evolution histories, (b) the optimized structures and (c) the corresponding dispersion relations.

MDs are expected to allow the passing of the fundamental fre-
quency wave whilst simultaneously filtering out its undesired
second harmonic waves. In this case, strong probing waves at
the fundamental frequency are required whilst the second har-
monic components from the actuation part should be minim-
ized so that the second harmonic signals captured outside the
actuation area would only be attributed to the material nonlin-
earity of distributed material defects [35, 36]. As a represent-
ative example, a bandgap is customized in the range of 200–
300 kHz, which is the second harmonic range corresponding
to a fundamental frequency within 100–150 kHz. Deploying
the established optimization procedure, the optimization res-
ults are shown in figure 2. The evolution process is illustrated
in figure 2(a) with some representative intermediary configura-
tions listed. It is observed that the evolution curve of the object-
ive values increases dramatically at the early stage of the iter-
ation and keeps almost flat at the late stage. This indicates that
the proposed scheme can quickly discern the suitable struc-
tures and maintain stable convergence eventually. The finally

optimized MD is presented in figure 2(b) with its correspond-
ing dispersion relations shown in figure 2(c). Visually, the
add-on MD cell is composed of a single-block trapezoid-like
stub. This relatively regular shape is conducive to fabrication
and implementation. Most importantly, ultra-broad bandgaps
amounting to 93.1 kHz wide are achieved within the targeted
100 kHz range.

3.2. Single-mode transmission filters

To further improve the functions of theMDs on the basis of the
properties previously achieved in section 3.1, the single-mode
transmission function of Lamb waves is added to reduce the
signal complexity. This is exemplified by the passing of single
S0-mode wave. Based on the frequency pairing requirement
described in section 3.1, namely the passing of fundamental
wave and the prohibition of its second harmonic wave, the
widest passing band for S0 mode only, is set as the object-
ive. Following the same procedure, the optimized structure
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Figure 3. Optimization results for the widest single S0-mode band (objective 2). (a) The optimized structure, (b) the corresponding
dispersion relations. The pink shadow area denotes the single-mode region. (c) A typical mode (100 kHz) within the single-mode band.
The arrows indicate the displacement value and direction.

is obtained and shown in figure 3 which shows a broad S0-
mode pass band in the range of 76.4∼117.9 kHz. To illustrate
the single-mode function of the designed MD, the mode at
100 kHz within this specific region is extracted and shown in
figure 3(c), in which the colors and arrows denote the particle
displacement value and direction, respectively. It is clear that
the displacement in the plate is mainly polarized at the x dir-
ection, which corresponds to the S0-mode wave. Therefore,
in this frequency region only S0-mode waves can propagate
while the A0-mode waves are drastically filtered out.

3.3. Low-frequency filters

Targeting the low-frequency ultrasonic region, the MDs at
subwavelength scale, i.e. the corresponding wavelengths are
much larger than the geometric size of the design domain, are
designed to offer the maximum bandgap widths. Two repres-
entative examples with customized dispersions below 30 kHz
and 50 kHz are considered. For the first case, the evolution
process is shown in figure 4(a), which, through demonstrat-
ing the generation details, leads to the finally optimized struc-
ture depicted in figure 4(b). It can be observed that the typ-
ical topology, consisting of a slim link and a large block, has
already been formed at the very early stage of the evolution.
The ‘mass-spring’ model is responsible for the subwavelength
behavior which is typical of the well-known locally reson-
ant effect. With the increasing iteration steps, this contrast is
gradually enlarged to enhance the local resonance effect until
the final convergence is reached. Performance-wise, two wide
bandgaps are generated for the two cases as 18∼30.4 kHz and
20∼52.2 kHz respectively as illustrated in figures 4(b) and (c).
Therefore, the proposed inverse design entails the proper struc-
tural topology to control the low-frequency guided waves by
using the subwavelength-scale structures.

3.4. Mechanism explorations

The generation mechanisms of the broad bandgaps of the
optimized structures are further explored. Examining figures 2
and 3 and table 2, three salient topological features can be

extracted. Firstly, a wide connection area between the added-
on stubs and the plate is observed. Intuitively, the strong con-
tact can enhance the coupling between the Lamb wave modes
and stub modes. As a result, the bandgap originating from
Bragg scattering is enlarged. Secondly, most structures pos-
sess a ‘trapezoid-like’ configurational feature. To explore the
underlying physics, several modes corresponding to B1 ∼ B5

in the dispersion curves in figure 2(c) are extracted and shown
in figure 5, where the colors and arrows denote the particle dis-
placement value and direction, respectively. Rotational modes
are generally observed, which are responsible for the gener-
ation of the trapezoid-like structural shape. Meanwhile, the
rotation modes, especially in B2∼B4, correspond to a flat band
in the dispersion curves. This narrow pass band enlarges the
bandgaps. Thirdly, the optimized configurations in all these
cases are symmetric with respect to the horizontal direction
due to the prescribed constraints. To characterize the vertical
distribution of the microstructures, the centroids of the optim-
ized structures, hc, are calculated from

hc =

n∑
i=1

(Si× hi)

n∑
i=1

Si

(9)

where Si and hi respectively represent the area and centroid
of the ith pixel filled with ‘solid’. The centroid of the entire
structure can be derived by integrating the centroids of all solid
pixels.

Figure 6 summarizes the relative centroid hc/d of the added-
on stubs in table 2, figures 2(b) and 3, which all exhibit Bragg
scattering bandgaps. It is observed that all relative centroids
locate at a close value around 0.4. This rather consistent phe-
nomenon suggests that the centroid is a key inherent factor
which affects the dispersion relations of the MDs.

Compared with the above Bragg scattering-type structures,
the optimized structures S6 and S7 in figure 4 deliver low-
frequency locally resonant bandgaps. First, the polarization
directions of the plate mode are calculated as
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Figure 4. Optimization results aiming at the maximum bandgap widths in the low-frequency regions (objective 3). (a) Evolution histories of
the optimized structures, (b) bandgaps below 30 kHz, (c) bandgaps below 50 kHz.

Figure 5. Several modes of the dispersion relations in figure 2(c).

û=
|
´
uidv|√

(
´
uxdv)

2
+
(´

uydv
)2 (10)

where û represents the displacement polarization index of the
modes; ui (i = x or y) denotes the directional displacement.
Note that only the plate domain is taken into account in this
calculation.

By using equation (10), the dispersion relations of the struc-
ture S6 are reconstructed and shown in figure 7(a), where the

curve color denotes the polarization direction. Three typical
regions are observed. Apart from a bandgap region (Bandgap
zone) marked in yellow, a y-direction polarized region (zone 1)
and a x-direction polarized region (zone 2) appear. To further
exploit this anisotropic property in the subwavelength scale,
the effective mass density (EMD) based on the homogeniza-
tion theory and defined in equation (11), is calculated numer-
ically [25, 27] due to the complex configurations of the optim-
ized structures. To this end, a harmonic perturbation excitation
is applied to the left and right boundaries of the unit cell model
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Figure 6. Relative centroids of the optimized structures.

in finite element simulations [27]. EMDs can be derived by
extracting the averaged responses Fi (i= x or y) on the bound-
aries as (

Fx
Fy

)
=−ω2V

(
ρ11 ρ12
ρ21 ρ22

)
eff

(
Ux

Uy

)
(11)

where Fi (i = x or y) is the extracted forces on the boundar-
ies of the unit cell; ω is the angular frequency; V represents the
volume of the unit cell; (ρij)eff (i, j= 1 or 2) implies the effect-
ive EMD; Ui (i = x or y) denotes the displacement applied to
the boundaries of the unit cell.

Figure 7(b) shows the calculated EMD along x direction.
It is relevant to note that the frequency ranges with negative
EMDs not only include the bandgap range (Bandgap zone)
but also cover the extra y-direction polarized regions (zone 1).
This is because no x-direction mode exists in this single-mode
band, which exhibits as an S0-modewave bandgap. Themodes
C1 and C3 located in zone 1 clearly illustrate the polarized
displacements of the plate, as shown in figure 7(d). Like-
wise, similar phenomenon also appears in the other direc-
tion. The negative EMD ranges of the y direction (figure 7(c))
agree with the sum of the bandgap region (Bandgap zone)
and the x-direction polarized regions (zone 2). A wide polar-
ized bandgap (18∼76.7 kHz) which prohibits flexural waves
is thus generated. The mode C4 shown in figure 7(d) dis-
plays a typical x-polarized mode. In addition, localized dis-
placements are observed in most modes where C1, C2 and C3

(below bandgap) mainly manifest stub modes while C4 and
C5 (above bandgap) feature Lamb modes. The distinct con-
trast between these two types of modes favors the genera-
tion of the wide low-frequency bandgaps observed above. In
summary, the optimized local-resonance type MDs not only
possess broad bandgaps in the subwavelength scale, but also
exhibit strong density anisotropy.

4. Validation of the designed wave filters

The performance of the optimized MDs is assessed from
both numerical and experimental perspectives. The optimized
structure in figure 2(b) is taken as a representative example
to be discussed in detail hereafter. For conciseness, simula-
tion/validation results and discussions of the other two types of
MDs, respectively corresponding to the single-mode transmis-
sion filter in figure 3 and the low-frequency filter in figure 4(b),
are put in appendix. It is worth noting that the optimized con-
figuration in figure 2(b) is post-processed with smoothened
edges to facilitate its fabrication as shown in figure 8(a). We
verify that the dispersion property of the post-processed con-
figuration is approximately the same as that of the original con-
figuration in figure 2(c). Although the assumption of infinite
periodicity was used to generate the dispersion curves, only a
finite number of unit cells can be used in practice. The efficacy
of the truncated practical MD is evaluated in the subsequent
analyses.

4.1. Numerical validations

A finite element model is established with COMSOL Mul-
tiphysics 5.2a as shown in figure 8(b). Truthful to the common
practice in SHM, a pair of piezoelectric transducers (PZTs)
transducers are mounted on a 700 mm long and 2 mm thick
aluminum plate. The sizes of the PZT actuator and sensor
are 8 mm × 0.3 mm and 5 mm × 0.3 mm respectively. A
five-cycle tone burst voltage excitation is applied to the PZT
actuator with an amplitude of 200 V where three represent-
ative central frequencies are selected as 70 kHz, 220 kHz and
110 kHz respectively. 20 unit cells are used for theMD. Sensor
responses are calculated/measured before and after the install-
ation of the MD to show its effect, as presented in figure 9.
For the 70 kHz excitation case (figure 9(a)) which falls into
the pass band of the metamaterial assembly, both S0 and A0
waves can pass through the MD with slight wave attenuation.
Under a 220 kHz excitation located in the stop band, however,
Lamb waves are filtered out after the installation of the MD as
shown in figure 9(b). For the last case at 110 kHz where only
a single mode exists as informed by the dispersion relations,
the S0 waves can pass through the MD while the A0 waves
are significantly attenuated as shown in figure 9(c). To better
visualize this, the wave fields at the 110 kHz are presented
in figure 9(d) where the single S0-mode transmission beha-
vior is clear by comparing the cases with and without the MD.
It is relevant to note that a slight phase shift is caused by
the MD in the temporal signals (figures 9(a)–(c)). This, how-
ever, does not affect the wave filtering function of the MD, as
shown in figure 9, which is themain design objective. All these
observations demonstrate that the performance of the designed
MD serves the design purposes and is indeed governed by the
engineered dispersion relations.

To further quantify the wave attenuation performance of the
MD, frequency-domain analyses are also conducted to obtain
the wave transmission spectra. Under a displacement perturba-
tion excitation, the frequency is scannedwithin the 1∼400 kHz
range. A frequency response function (FR = 20log(u1/u0),
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Figure 7. Mechanism analyses of the optimized structures in figure 4(b) based on effective material parameters. (a) Dispersion relations
with colored polarization directions, effective mass density of (b) the x direction or (c) the y direction, (d) several representative modes.

Figure 8. Simulation models. (a) The simplified structure, (b) the sketch of the transmission model with a finite number of unit cells.

where u1 and u0 are the displacement amplitudes of the
receiver points with or without MDs, respectively), is defined
to quantify the transmission ratio. Figure 10 depicts the fre-
quency response results of S and A modes, respectively. In
both S and A mode cases, significant attenuations, evidenced

by negative FR values, are observed within the bandgap fre-
quency ranges. Moreover, in the frequency range around
86∼116 kHz (shadowed by a pink area in figure 10), the
A mode wave (corresponding to a negative FR value) is atten-
uated while the S mode wave (corresponding to a nearly zero
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Figure 9. Simulated temporal signals under tone burst excitations with the central frequency of (a) 70 kHz in the pass band, (b) 220 kHz in
the stop band and (c) 110 kHz in the single-mode band. (d) The wave fields under 110 kHz excitation with the MD (t = 0.075 ms) or
without the MD (t = 0.063 ms).

Figure 10. Frequency responses of respective S and A mode waves.

FR) is much less affected. Therefore, the stop band and the
single-mode transmission band are proven to be in good agree-
ment with the customized dispersion relations of the designed
metamaterial assembly, evidenced by the above analyses from
both time- and frequency-domain perspectives.

4.2. Experimental validations

Experiments are finally carried out to further evaluate the wave
manipulation efficacy of the inverse-designed MD. In light of
the relatively simple configuration of the designed added-on
stubs, as shown in figure 8(a), mechanical cutting is used to
fabricate the stub samples with 20 unit cells. The final size
of all stubs is close to the one in figure 8(a) with roughly
0.1 mm manufacturing error (2% variation as compared with
the numerically designed nominal width of the stub). This
accuracy is deemed as acceptable, as evidenced by the sub-
sequent results. In addition, the shape of the designed MDs
is smoothened to facilitate the manufacturing (section 4.1),
which can also be regarded as another geometric imperfec-
tion. Despite this, as shown in figure 8(a), the positions of
the bandgaps of the simplified structure after post-processing
remain basically the same as those of the originally optim-
ized structure. Therefore, the manufacturing error, as well as
some reasonable geometric imperfections, does not signific-
antly affect the performance of the designedMDs. UHU epoxy
glue is used to attach these stubs to the surface of a plate. The
size of the plate is 700 mm× 500 mm× 2 mm while those of
the PZT actuator and sensor are 8 mm × 30 mm × 0.3 mm
and 5 mm × 5 mm × 0.3 mm, respectively. The location
arrangement of theMD, the actuator and the sensor is identical
to that in numerical simulations. Figure 11 shows the main
experimental set-up alongside the connections among differ-
ent measurement devices. The system works as follows: an
excitation signal is first defined by the controller and gener-
ated by the National Instrument (NI) PXIe 5423 module. The
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Figure 11. Experimental set-up.

Figure 12. Experimental temporal signals under the tone burst excitations with the central frequency of (a) 70 kHz in the pass band,
(b) 220 kHz in the stop band and (c) 110 kHz in the single-mode band.

output signal is then amplified by the Ciprian power amp-
lifier and applied to the PZT actuator for the excitation of
Lamb waves in the plate. The generated Lamb waves are
finally captured by the PZT sensor and recorded with the NI
PXIe 5105 module. The amplitude of the tone burst excitation

is set to 200 V with a sampling frequency of 10 MHz. For
each test, 50 measurements are averaged to mitigate the influ-
ence of noise. At the same time, various imperfections of
the experimental set-up might inevitably be encountered in
practice. According to our numerical tests on some typical
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Figure 13. Experimentally measured wave attenuation. (a) The respective S or A mode transmission results, (b) the S mode transmission
results respectively with 5, 10 or 20 unit cells.

imperfection factors (such as manufacturing imperfection of
the stubs, imperfect periodic constants and imperfect bonding
thickness) within a reasonable variation range, the bandgap
positions of the designed MD are shown to basically remain
stable. Detailed simulation results are, however, not given
here. Therefore, for imperfections within a reasonable vari-
ation range, the optimizedMDs show reasonable robustness in
terms of bandgap generation and filtering performance, which
can be considered as one of the advantages of the proposed
MD design.

Same as the finite element validations, three typical
responses are presented at 70 kHz, 220 kHz and 110 kHz
respectively as shown in figure 12. As expected, both A0 and
S0 waves can pass through the MD at 70 kHz in the pass band
(figure 12(a)). The Lamb waves are significantly attenuated at
220 kHz in the stop band (figure 12(b)). Only S0 waves can
pass through the MD at 110 kHz in the single-mode band. To
obtain the frequency spectra of the individual S or A mode
wave, the signals in the windows are respectively extracted.
A transmission factor (TF) is defined to quantify the effect of
the MD as

TF=
CAMD

CAIntact
(12)

CA=

√√√√ t1∑
t=t0

[A(t)]2 (13)

where CA represents the characteristic amplitude; t0 and t1 are
the start and end time points of the windowed signals; A(t)
denotes the voltage value.

The TF results from 50 kHz to 400 kHz stepped by
5 kHz are calculated and presented in figure 13(a). Significant
attenuations corresponding to small TF values are observed
within the bandgap ranges. In the single-mode frequency
range, S mode waves have large TF values, signifying effect-
ive energy passing, while A mode waves have small TF val-
ues evidencing effective energy prohibition. All these results
again support the numerically predicted performance of the
proposed MD.

Finally, the number of unit cells is varied (from 20, 10
to 5) to examine its impact on the transmission performance
of the MD by gradually removing some stubs. Following the
same procedure, the TFs for the different unit cell cases are
measured and presented in figure 13(b). It can be noticed
that the expected wave attenuation phenomenon is still pro-
nounced even with five unit cells, which is gradually enhanced
with an increasing number of periodicities. Nevertheless, the
positions of the customized bands in different cases basic-
ally remain unchanged even when the number of unit cells
changes.

5. Conclusions

Aiming at effective Lamb wave manipulation, especially in
terms of wave frequency filtering and mode transmission, this
work proposes a unified inverse strategy for MDs design.
The MDs, taking the form of topologically designed lat-
tices, are to be surface-mounted onto the host structure for
the manipulation of guided Lamb waves. The three targeted
wave manipulation functions include selective filtering of the
wave frequency, single-mode transmission and low-frequency
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subwavelength wave filtering. The unified inverse-design
framework is based on topology optimization which deliv-
ers customized and broadband functional MDs. The mechan-
isms underpinning the achieved properties of the optimized
structures are revealed. With an MD comprising a finite num-
ber of unit cells, time- and frequency-domain finite element
simulations are conducted to validate the predefined wave
functionalities, which are subsequently examined through
experiments.

Broadband MDs are obtained by using the established
design strategy. The strong contact/connection between the
stubs and the plate, the trapezoid-like topology and specific
structural centroid are identified as the salient topological fea-
tures of the optimized MDs to generate broad Bragg scat-
tering bandgaps. On the other hand, effective mass densities
and directional polarizations explain the dispersion features of
the local-resonance-type MDs in terms of the subwavelength
bandgaps and single-mode band, where a strongly anisotropic
density is observed. In both simulations and experiments,
the broad bandgap feature and selective mode transmission
are confirmed, which also agrees well with the dispersion
relations.

This study provides a promising means to flexibly custom-
ize MDs for future guided wave manipulation. The designed
MDs not only deliver multiple types of wave manipulation
functions in a broadband range, but also possess a relatively
simple topology, conducive to practical realization. This work
hopefully offers new impetus to the exploration of metamater-
ials for SHM applications and paves the way forward for its
practical implementation. Meanwhile, it is admitted that, as a
proof-of-concept study, many issues need to be further con-
sidered, which also shows the limitations of the present work.
For example, the efficacy of the designed MDs for enhancing
damage diagnosis calls for further examination in the SHM
context. In this regard, a three-dimensional model closer to
practical SHM applications should be considered to assess the
performance of the designed MDs. We believe the principles
laid out in this paper are generic enough to be followed and
extended to more complex cases or more diversified scenarios.
While not being an issue for detection methods based on wave
intensity such as amplitude, the phase lag and the time delay
caused by MDs should be paid more attention for those SHM
techniques based on temporal signal information, e.g. time-
of-flight for damage localization. In principle, they can be
characterized and calibrated when the MDs are designed and
installed. Based on these information, suitable compensation
methods can be developed to compensate for these adverse
effects.
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Appendix. Validation and discussions on
single-mode transmission and low-frequency
filtering

Finite element simulations are used to assess the wave fil-
tering performance of the designed structures in figure 3
in terms of single-mode transmission and in figure 4(b) for
low-frequency filtering, respectively. By using the simulation
model in figure 8(b) with 20 unit cells, frequency-domain ana-
lyses are conducted to obtain the wave transmission spec-
tra. As shown in figure A1(a), two wave attenuation zones,
140∼211 kHz and 213∼286 kHz, are observed for both A and
S modes, which correspond to the bandgaps in the dispersion
curves; In the range of 76∼118 kHz marked by the shaded
pink area, only the S mode waves can pass while the A mode
waves are filtered out, thus featuring an A-mode bandgap. As
to figure A1(b) showing the achieved low-frequency filtering
capability of theMD, the attenuation zone of the Smodewaves
is the sum of the bandgap zone and zone 1 while that of the A
mode waves is the sum of the bandgap zone and zone 2. Zone 1
with y-direction polarized mode acts as an S-mode filter while
zone 2 with x-direction polarized mode as an A-mode filter. In
summary, all attenuation zones identified from the wave trans-
mission calculation results are in good agreement with the pre-
dicted dispersion features in terms of frequency ranges, which
confirm the respective wave filtering functionalities for which
the MDs are designed.
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Figure A1. Frequency responses in simulations. (a) The single-mode transmission filter in figure 3, (b) the low-frequency filter in figure 4(b).
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