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Bidirectional Elastic Diode with Frequency-Preserved Nonreciprocity
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The study of nonreciprocal wave propagation is of great interest for both fundamental research and engi-
neering applications. Here we demonstrate theoretically and experimentally a bidirectional, nonreciprocal,
and high-quality diode that can rectify elastic waves in both forward and backward directions in an elastic
metamaterial designed to exhibit enhanced nonlinearity of resonances. This diode can preserve or vary
frequency, rectify low-frequency long wave with small system size, offer high-quality insulation, can be
modulated by amplitude, and break reciprocity of both the total energy and fundamental wave. We report
three mechanisms to break reciprocity: the amplitude-dependent band gap combining interface reflection,
chaotic response combining linear band gap, amplitude-dependent attenuation rate in damping diode. The
bidirectional diode paves ways for mutually controlling information and energy transport between two
sources, which can be used as wave insulators.
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I. INTRODUCTION

Diode, a one-way nonreciprocal road for energy trans-
port, plays a pivotal role in electronics [1,2]. Recent years
have witnessed the extension of the concept to heat con-
duction [3–5] and elastic wave manipulation [6–8]. Major
concerns of an elastic diode pertaining to practical appli-
cations include the frequency range, frequency variation,
size-wavelength (λ) ratio, and insulation quality character-
ized by the transmission difference �T = |TF − TB|, where
TF (TB) is the forward (backward) transmission. Several
mechanisms have been proposed to realize nonreciprocal
elastic wave propagation [8–10].

Topological states offer nonreciprocity in linear elastic
systems [11–16] by beating time reversibility with active
control or external field, while it is challenging to realize
this mechanism in the broad and low frequencies [17–19].
Moreover, this manipulation relies on active control or
external field.

Nonlinearity has been demonstrated to offer robust diode
effect in two ways: harmonic generation and bifurcation
[7,20–23]. In an acoustic diode that consists of a segment
of nonlinear medium and a segment of linear phononic
crystal, high-order harmonics are generated in the non-
linear medium and the band gap of the phononic crystal
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entails asymmetric transfer of the total energy [7,24].
However, this diode [7] causes a frequency change in the
output signal as compared with the input one [25], which
results in information loss. Moreover, the thickness of this
diode [7] is typically approximately 30λ, a very large size
for low-frequency sound or vibration. The bifurcation-
induced elastic diode can realize the frequency-preserved
effect, while experimental realizations based on gran-
ular chains require a thickness of approximately 10λ

[20,26,27]. Actively shifting the band gap of a time-
variation metamaterial can also induce nonreciprocity [28–
31], but the insulation is limited to �T ≈ 7 dB with a
size of approximately 5λ [32]. Moreover, studies should
clearly distinguish nonreciprocity of the total energy and
fundamental wave.

An open and crucial question is how to design an inte-
grated high-quality, low-frequency, frequency-preserved,
and small elastic diode. The critical component to solve
this problem is the provision of resonators with enhanced
nonlinearity and a mechanism for frequency preserva-
tion. Moreover, although bidirectional diodes are readily
available in electronics, existing elastic diodes are only
unidirectional, namely, they allow energy and information
flow only in one direction.

This paper shall demonstrate both theoretically and
experimentally a type of elastic diode—frequency-
preserved bidirectional diode. The reciprocal transports of
total energy and fundamental wave are broken in both
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directions. Furthermore, this high-quality diode allows
for low-frequency wave rectification with a thickness of
approximately λ. The achieved bidirectional diode opens
horizons for broad engineering applications as well as the
exploration of physics.

II. MODEL AND METHODS

Our bidirectional diode consists of one segment of lin-
ear elastic metamaterial (LEM) [33,34] and one segment of
nonlinear elastic metamaterial (NEM) with enhanced non-
linearity, as illustrated in Fig. 1. This NEM offers many
fascinating features [35,36], including generating a low-
frequency, self-modulated, amplitude-dependent nonlinear
locally resonant (NLR) band gap and chaotic responses.
The sophisticated triatomic NEM reported in Ref. [37] is
adopted to realize the critical mechanisms and it contains
ten metacells.

The forward direction is the case where the incident
wave arriving from the left terminal first enters the LEM
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FIG. 1. Elastic diode. (a) Schematic diagram of our bidirec-
tional diode consisting the LEM (left) and NEM (right). (b)
Experimental setup of the diode. Only the forward propaga-
tion is indicated and the backward is similar. (c) Structure of
the nonlinear triatomic metacell and its equivalent mathemati-
cal model. (d), (e) Dispersion curves of the linearized diatomic
and triatomic EMs, respectively. (f) Numerical transmissions:
here, “L: F” and “L: B” denote the forward and backward trans-
mission of the linearized model, respectively. “N1” and “N2”
correspond to transmissions only in the NEM (without LEM) for
the incident amplitude A0= 40 and 60 µm, respectively, where
the amplitude dependence is seen. In (f), the damping coefficient
c0= 3 × 10−5 s.

[Fig. 1(a)]. Conversely, the backward corresponds to the
case when the input wave first enters the NEM. In such a
metacell [Fig. 1(c)], the primary oscillator m0 is a hollowed
parallelepiped, and two neighboring m0 units are coupled
through a pair of springs whose entire stiffness is k0. The
hollow cylinder m2 held inside m0 has a hole whose radius
is 4.045 mm. m2 couples to m0 by two springs with total
stiffness k2. A steel sphere m1 is held at the center point
of the cylindroid cavity in m2, and the two are connected
by a curved spring whose stiffness is k1. A tiny clearance
δ0= 45 ± 15 µm between m1 and m2 is tactically created
to generate enhanced nonlinearity through vibration col-
lision. As detailed in Appendix A, the nonlinear stiffness
coefficient reaches kN > 3 × 1012 N/m3 if we equivalent
this clearance nonlinearity to a smooth cubic nonlinearity.

The equations of motion for the individual masses of the
nth triatomic cell are

m0ün = k0(un+1 + un−1 − 2un)

+ c0k0(u̇n+1 + u̇n−1 − 2u̇n) + k2(zn − un)

m1ÿn = −k1(yn − zn) − FN (t)

m2z̈n = −k2(zn − un) + k1(yn − zn) + FN (t)

. (1)

Here, un, yn, and zn denote the barycenter displacements
of m0, m1, and m2 in the nth cell, respectively; FN (t)
denotes the nonlinear contact force depending on δ0.
Unless otherwise specified, a weak viscous damping, c0k0,
c0= 3 × 10−5 s, in the primary chain is taken into con-
sideration in theoretical models. To grasp the general
physics, we use a smooth cubic nonlinearity in simulations,
FN (t) = kN (yn − zn)3, and specify kN = 3 × 1012 N/m3.

The LEM consists of five linear diatomic metacells
whose primary structures are identical with that of the
triatomic cell. We fix the sphere into the cavity of the cylin-
der to form the local resonator mr, i.e., no clearance here.
Therefore, the equations of motion for the nth diatomic
metacell are

⎧
⎪⎨

⎪⎩

m0ün = k0(un+1 + un−1 − 2un)

+ c0k0(u̇n+1 + u̇n−1 − 2u̇n) + k2(rn − un)

mrr̈n = −kr(rn − un), kr = k2

,

(2)

where rn denotes the barycenter displacements of mr.
The parameters are as follows: masses m0= 5.8, m1= 2.1,
m2= 2, mr = 3.72 g; kr = k2; ωi = 2π fi = √

ki/mi, i = 0, 1,
2, r, and f0= 322, f1= 100, f2= 390.6, fr = 286.4 Hz.

Moreover, we adopt the equivalent approach based
on the bifurcation of nonlinear resonance to analyti-
cally explain the dispersion property of the NEM [37]
(see Appendix B). The dispersion equation describes
the relationship between the wave vector κ and fre-
quency f. ω = 2π f. µ = κa = µR + iµI , a = 27 mm denotes
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the lattice constant. Due to the amplitude attenuation,
µI self-adaptively changes with propagation distance,
n. The attenuation from (n − 1)th to nth metacell is
A(n)/A(n − 1) = exp[−µI (n)].

There are two types of incident signals: (1) a ten-
period sinusoidal packet described by the function
u0= A0sin(ωt)[1 − cos(ωt/10)]/2, ω = 2π f ; (2) the stan-
dard sinusoidal wave, u0= A0sin(ωt). Numerical integra-
tion method is used to solve the wave propagation in
models. We confirm that all simulation processes are con-
vergent. Numerical errors are smaller for inputting the
wave packet (than inputting the standard sinusoidal wave).
Therefore, we use the wave packet as the incident signal
in most cases to obtain the distribution of transmission
T(f, A0). The standard sinusoidal wave is input when we
need to analyze the frequency spectra. In fact, regularities
indicated by the two types of signals are the same.

Moreover, to eliminate any asymmetric transmissions
due to boundary conditions, we calibrate the numerical
diode model whose both ends are connected to a long per-
fect match layer (PML) consisting of 120 unit cells [38].

We distinguish the diode effects in time and fre-
quency domains. The time-domain wave amplitude is the
peak value of un(t), A(time)

n = peak[un(t)]. The frequency-
domain amplitude A(freq)

n (f ) is picked from the spectrum of
un(t) at the incident frequency. Transmissions in time and
frequency domains are

Ttime(f , A0) = 20 log10[A(time)
out (f )/A0(f )] (dB), (3)

Tfreq(f , A0) = 20 log10[A(freq)
out (f )/A0(f )] (dB), (4)

where Aout(f ) is the output wave amplitude. The output
port is the 15th m0 from the exciter. As there are multiple
harmonics, Ttime represents the transmission of total energy
containing all frequency components; Tfreq represents the
transmission of fundamental wave. �T = TF − TB.

III. BIDIRECTIONAL RECTIFICATION WITH
PRESERVED FREQUENCY

As shown in Figs. 1(d)–1(f), the diatomic LEM has a
local resonant (LR) band gap within 267–366 Hz, and the
linearized triatomic EM exhibits two LR band gaps: LR1
96–110 Hz, LR2 374–462 Hz. The NEM produces a NLR
band gap that depends on the incident amplitude A0. For
example, for A0= 40 µm, NLR appears in 210–275 Hz that
is in the passbands of the diatomic and triatomic LEM
[37]. The slope of the dispersion curve for f → 0 indi-
cates that the wave speed of the long wave is v0= 1000πa.
In Fig. 1(f), the perfectly symmetric transmission of linear
structure also validates the numerical model including the
PML, and all three band gaps, LR, LR1, and LR2, are acti-
vated to produce significant wave attenuation due to the
large attenuation µI [see Fig. 3(a)].

(a)

(b)

(d) (e)

(c)

FIG. 2. Numerical results of bidirectional diode. All trans-
missions denote the time-domain value Ttime. (a) Forward (F)
transmission TF and backward (B) transmission TB. (b), (c) Time-
domain waveforms of the forward and backward transmitted
waves for 240 and 320 Hz, respectively. The value A(t)/A0 is
shown here. The colors of curves in (a)–(c) are the same for
forward and backward properties. (d), (e) Distributions of �T
versus frequency and A0 (or c0), respectively. Unless otherwise
specified, A0= 40 µm and c0= 3 × 10−5 s.

Firstly, we consider Ttime. The transmissions and typi-
cal waveforms are shown in Figs. 2(a)–2(c). In the diode,
both TF and TB show attenuations for f > 170 Hz due to
enhanced nonlinearity and self-adaptive band-gap effect
[37], but the forward and backward reductions are differ-
ent. TF reaches −40 dB in 290–350 Hz due to the LR band
gap. TF ≈−10 dB due to the NLR band gap near 250 Hz.
By contrast, the backward waves achieve greater reduc-
tions (TB ≈−20 dB) in the NLR range, but its attenuation
in the LR bandgap (TB ≈−15 dB) is much smaller than
TF . These observations suggest that our integrated meta-
material breaks reciprocity in both NLR and LR band gaps,
and surprisingly, their nonreciprocal directions are oppo-
site, which means that the diode can rectify wave energy
in both directions for different frequencies. We call this
phenomenon dual nonreciprocity or bidirectional diode.
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As is demonstrated by �T(f, A0) in Figs. 2(d) and 2(e),
the dual nonreciprocity is enhanced by increasing A0, and
it can appear without damping. However, increasing the
damping can optimize �T in the NLR range. �T reaches
1 and −30 dB in NLR and LR ranges, respectively, thus
featuring a high-quality diode effect. Moreover, the wave-
length in the nonreciprocal band is of 2.7πa < λ < 5πa,
which means the thickness of our diode, 15a, is only of
approximately λ. Therefore, a small diode is achieved to
rectify low-frequency waves by using the subwavelength
metacell.

IV. PHYSICAL MECHANISMS AND PROPERTIES
OF THE DIODE

In order to understand the underlying physics and prop-
erties of the diode, we analytically study the amplitude-
dependent dispersion relationship µI (f ) of the NEM
(Fig. 3). In nonlinear cases, the band near the peak µI is the
NLR band gap shifted from LR1 shown in Fig. 3(a) [37].
The blue shading region 1 in Figs. 3(a) and 3(b) denotes
the difference of the attenuation rate �µI in NLR range,
induced by amplitude. The green shading region 2 is �µI
in the passband between the strongly and weakly nonlinear
(or linear) metamaterial. In theory, nonreciprocity of fun-
damental wave is described by �µI between the forward

(a)

(b)

FIG. 3. Mechanisms for nonreciprocity. (a) Analytical disper-
sion relationship µI (f ) of the undamped metamaterial, c0= 0.
(b) µI (f ) of the dappled metamaterial. Here, c0= 2 × 10−4 s in
the damped cases; A1 (A0= 30 µm) and A2 (A0= 60 µm) rep-
resent the moderate and high amplitudes in nonlinear model,
respectively.
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FIG. 4. Properties of the bidirectional diode. A0= 40 µm,
c0= 3 × 10−5 s if it is constant. (a)–(c) for 240 Hz; (d)–(f) for
320 Hz. (a), (d) Displacement spectra at the 15th cell in forward
and backward directions. (b), (e), (c), (f) Transmissions �Ttime
and �Tfreq at nth cell from the incident source. Input waves in (b),
(e) are wave packets, and in (c), (f) are monochromic sinusoidal
wave signals.

and backward processes in the NEM:

�Tfreq = 20 log10

{

exp

[

−
10∑

n=1

�μI (n)

]}

(dB). (5)

In region 2, µI = 0 for c0= 0 [Fig. 3(a)], which means the
amplitude has no influence on nonreciprocity in this case.

We perform simulations at typical frequencies to show
these nonreciprocal processes. As shown in Fig. 4, the
transmissions �Ttime and �Tfreq at nth cell from the inci-
dent source, there are some differences between inputting
the aforementioned wave packet and monochromous
wave. As analyzed in detail in the Supplemental Mate-
rial [38], those differences arise from two aspects: (1) the
wave packet is a continuous-spectrum signal while the
standard sinusoidal wave is monochromous; (2) inputting
the monochromous wave may induce standing-wave res-
onance because of the imperfections of the “perfectly
match layer” (i.e., the PML cannot absorb 100% incident
energy). Fortunately, properties indicated by the two types
of incident signals are the same.
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A. Amplitude-dependent band gap

As illustrated in Fig. 4(a), for waves in the NLR band
gap represented by 240 Hz, although the spectrum of the
forward transmitted wave is complex and the backward
propagation features second-harmonic generation, funda-
mental wave remains the main component, which high-
lights a frequency-preserved single-mode operation. The
varying trends of Ttime and Tfreq in Fig. 4(b) clarify that
reciprocity of both the total energy and fundamental wave
are broken, and �Tfreq is much higher.

The asymmetric transmission in the NLR band gap
originates from the amplitude-dependent property. In the
NEM, the initial amplitude in the backward direction is
A0. At the interface between LEM and NEM, the for-
ward incident wave is partly reflected by NEM due to
its NLR band gap [see Figs. 4(b), 4(d), and 3(b)]. There-
fore, the initial amplitude of the transmitted wave in
NEM is smaller than A0. In essence, the amplitude dif-
ference between forward and backward directions forms
the shading region 1 in Fig. 3(b). According to Eq. (5),
nonreciprocity in this range is realized because the attenua-
tion factor �µI �= 0 between two directions. The backward
wave obtains higher attenuation, namely, larger µI due to
higher amplitude.

Furthermore, by describing the offset between TF (A0)
and TB(A0), we present a phenomenological explanation
for this nonreciprocal propagation, as shown in Fig. 5.
Although the entire nonreciprocity in this range is almost
constant [see Fig. 2(a)], the amplitude dependent �Ttime
in Fig. 5 fluctuates with A0. The positive �Ttime at 40
and 68 µm reaches 20 and 30 dB, respectively: high-
quality diode. The transmission of the ten-cell NEM,
TNEM, decreases with increasing A0 in whole, but local
fluctuations lead to minimal TNEM. Because TNEM and TB
follow the same trends including the valleys: TNEM ∝ TB.
In contrast, at the interface between LEM and NEM, the
forward incident wave is partly reflected by NEM due to
its NLR band gap. Therefore, the initial amplitude of the

A0 (µm)

FIG. 5. Transmission Ttime of NEM and �T of the diode
change with A0 under 240 Hz. To show laws more clearly, −T
is depicted here. Input waves are wave packets.

transmitted wave in NEM is smaller than A0, so the curve
of TF (A0) is shifted to the upper left relative to TB(A0):
the offset between TF (A0) and TB(A0) likes the phase dif-
ference between two mathematical functions. Damping in
the LAM offers the similar offset effect. As the valley of
TB(A0) meets the peak of TF (A0), significant nonreciproc-
ity is generated. Nevertheless, nonreciprocity diminishes
in some amplitude ranges when the peak of TB(A0) meets
the valley of TF (A0).

B. Chaotic effect

For waves in the LR band, as represented by 320 Hz,
the output frequency is changed [see Figs. 2(c) and 4(d)].
Because of the LR band gap, the forward wave is mostly
reflected by LEM that leads to a reduction of 40 dB within
five cells [see Figs. 4(e) and 4(f) for n ≤ 5]. Upon entering
the triatomic metamaterial, the amplitude of the wave (i.e.,
the residual energy) is already very small, which can just
cause linear or very weak nonlinear effect. Therefore, this
wave goes into the passband of the triatomic metamate-
rial (for n > 5) that can go through it with little attenuation.
As a result, Ttime

F ≈ −40 dB, and the frequency remains in
this process. However, for backward propagation, the same
wave first entering the triatomic metamaterial (for n ≤ 10)
generates enhanced nonlinearity that induces chaotic wave
dynamics featuring continuous spectrum [39,40], namely,
the entering wave energy spreads over to other frequencies
that can go through the LEM [see Fig. 4(d) the red curve].
Changes of Ttime

B with the propagation distance show that
the attenuation mainly occurs in the LEM due to the LR
band gap. However, the reduction is only 15 dB because
the LR cannot effectively reflect the energy with frequen-
cies outside of this band. Consequently, this leads to a
rectification of |�Ttime| > 25 dB. Therefore, the nonre-
ciprocity in LR is a single-mode to chaotic continuous-
mode operation.

C. Damping effect

Here we note that the time-domain value Ttime
B repre-

sents the transmission of total wave energy that contains all
frequency components. The frequency-domain value Tfreq

represents the transmission of a single frequency compo-
nent, i.e., only observe the energy at the incident frequency
f and do not consider other components in chaotic waves.
Different from the time-domain property in LR band gaps,
we have Tfreq

F ≈ Tfreq
B at n = 15 in Figs. 4(e) and 4(f),

which indicates that the chaotic mechanism only breaks
the reciprocity of total energy while almost preserving
reciprocity at fundamental frequency for weak damping.
The mechanism for this “abnormal” weak nonreciproc-
ity lies in region 2 in Fig. 3(a). The attenuation property
of a frequency component is dominated by the attenua-
tion exponent µI in the dispersion theory (Appendix B).
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FIG. 6 Wave propagation in the shading region 2. Here we
take f = 340 Hz as an example. (a) Analytical transmissions
of the diode when changing c0, A0= 60 µm. (b) Tfreq for dif-
ferent damping cases. (c) Frequency spectrum for A0= 60 µm,
c0= 2 × 10−4 s. (d) Propagating processes for A0= 40 and 60 µm.
Input waves are standard monochromic signals.

In region 2, if the damping c0= 0, µI is zero for both lin-
ear and nonlinear metamaterials, so that the difference of
attenuation exponent �µI between the forward and back-
ward propagations remains zero (i.e., �µI = 0 for c0= 0).
This means that, in the ideal case without considering the
harmonic generation in the chaotic process, the single com-
ponent in the continuous spectrum (320 Hz here) under-
goes the same process in forward and backward directions.
Thus, according to Eq. (5), �Tfreq= 0 and Tfreq

F ≈ Tfreq
B . In

practice, there is weak nonreciprocity that originates from
the energy transfer to other bands due to the chaotic effect
[see Fig. 6(b) the case c0= 3 × 10−5 s].

Interestingly, according to Eq. (5), by analytically cal-
culating µI (n) at every metacell, we find that reciprocity
of fundamental wave in the LR band can be broken by
increasing the damping, as shown in Fig. 6(a). Numeri-
cal results in Figs. 6(b)–6(d) confirm this property. The
secrete still lies in the shading region 2: �µI �= 0 between
the strongly nonlinear case (i.e., the backward propagation)
and weakly nonlinear case (i.e., the forward propagation)
if there is damping. Moreover, increasing damping can
highlight the fundamental wave from the chaotic spectrum
[Fig. 6(c)]. The maximum �Tfreq appears near 340 Hz in
Fig. 6(b) because the valley value µI → 0 is here.

D. Subwavelength diode

The bidirectional nonreciprocity stated above are
reported with the diode model consisting of five diatomic

(a) (b)

FIG. 7. Nonreciprocal properties for the diode model consist-
ing of five diatomic and five triatomic metacells. Input waves
are standard sinusoidal waves. A0= 40 µm and c0= 3 × 10−5 s.
(a) 240 Hz. (b) 320 Hz.

and ten triatomic metacells (i.e., a “5 + 10” model). Actu-
ally, a shorter diode, e.g., the “5 + 5” model with approx-
imately 0.67 wavelength, can also offer highly efficient
nonreciprocal wave control, as shown in Fig. 7. The
properties are the same as the laws in Figs. 4(c) and 4(f).

E. Wave interference

Moreover, as shown in Figs. 4(f) and 7(b), when
inputting the standard sinusoidal wave at 320 Hz, the back-
ward transmission at some positions n slightly exceeds 1
(i.e., 4 dB). This is the interference between the incident

(a) (b)

(c) (d)

3 x 10–5s 3 x 10–5s

FIG. 8. Wave interference in the diode at 320 Hz, A0= 40 µm.
(a), (c) The model consisting of five diatomic and ten triatomic
metacells. (b), (d) The model consisting of five diatomic and
20 triatomic metacells. (a), (b) Undamped cases. (b), (c) Cases
for weak damping c0= 3 × 10−5 s. Here, all signals are analyzed
in frequency domain, and only the backward transmissions Tfreq

B
are shown (b)–(d). Linear (L) and nonlinear (N ) model denote
the cases kN = 0 and kN = 3 × 1012 N/m3 in triatomic metacells,
respectively.
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wave and the reflected wave from the interface between the
triatomic and diatomic segments. The evidences are shown
in Fig. 8. Two models with different lengths “5 + 10”
and “5 + 20” are analyzed here. In the backward direc-
tion [Figs. 8(a) and 8(b)], the wave amplitude in the linear
triatomic segment experiences much greater fluctuation
(especially near the interface) than that in the nonlin-
ear model because nonlinearity reduces the interference.
Whereas in forward direction [Fig. 8(a)], waves in both the
linear model (i.e., the model for kN = 0 in the triatomic
segment) and the nonlinear model experience the same
fluctuation because the amplitude becomes so small that
linearity dominates the dynamics.

Moreover, as shown in Figs. 8(c) and 8(d), damping
can weaken the fluctuation in the linear model, but it
enhances the fluctuation in the “5 + 10” nonlinear model
[see Fig. 8(c)] because damping can weaken the waveform
distortion to a certain extent. When increasing the length of
the triatomic segment to 20 metacells [Fig. 8(d)], this phe-
nomenon disappears in 5 < n < 20 but the TB > 1 remains
in 0 < n < 5. Combining Figs. 7(b), 8(c) and 8(d), the phe-
nomenon for TB > 1 appears near the source, and becomes
remarkable in short diodes. Moreover, this phenomenon
has little influence on the diode efficiency concerned in this
paper.

V. EXPERIMENTS

Analyses above are made based on the model including
smooth nonlinearity. The diode model containing clear-
ance nonlinearity and weak damping is also numerically
analyzed. As shown in Fig. 9, the clearance nonlinearity
can repeat the bidirectional diode effect.

A. Experimental methods

We conduct experiments to demonstrate the perfor-
mance of the bidirectional diode, as shown in Fig. 10. In
the diode, the sphere and springs are made of steel; the hol-
lowed parallelepiped and cylinder are made of aluminum
alloy. We suspend the diode in a smooth guide rail through
strings to reduce the friction between the diode and the rail.

FIG. 9. Numerical results for the model containing clearance
nonlinearity. A0(f ) = 60 µm and c0= 3 × 10−5 s.

Rail

(a)

Rubber

Spring

Triatomic metacellDiatomic metacell

Curve spring

Diatomic metacell Triatomic metacellInput

(b) (c)

m1

m2

m0

k0

u(x,t)

u0(t)

Doppler laser vibrometers

FIG. 10. Experiments. (a) Experiment setup. (b) The Doppler
laser vibrometers used in experiment. (c) Pictures of the diatomic
and triatomic metacells.

The left end of the diode is connected to an electromagnetic
vibration exciter and the other end is fixed. A rubber is
connected to the diode to reduce the boundary reflections.
Three Doppler laser vibrometers are used to measure the
input and two output points, synchronously. The directly
measured signal is the velocity, v(t), and the displacement
is u(t) ≈ v(t)/2π f for the frequency f. The diving levels
are tuned by the voltage of the amplifier for the electro-
magnetic excitor. Under a driving level, the power of the
amplifier is constant such that the driving amplitude A0
decreases as the central frequency f increases, as shown
in Fig. 11.

We still use sinusoidal wave packet as the input signal
but the waveform is optimized in experiment. It is still
ten periods of packet. Here, the middle eight periods fea-
ture the constant amplitude A0; the initial and the cutoff
ends are smoothed to eliminate the impact wave induced
by the jumping of amplitude. The peak amplitude of the
transmitted packet in time domain is A, and the trans-
mission denotes T = A/A0= V/V0. As shown in Fig. 11,
although there are influences of dispersion and subsequent

235 Hz
Input

235 Hz
Output

FIG. 11. Typical exciting and output signals, VE and V15, at
5 V. Signals at 235 Hz are enlarged.
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vibrations when the incident packet is terminated, the peak
value of the output packet can be clearly picked. Enough
time interval, 0.5 s, between two packets is taken to make
sure that the former packet will not influence the response
of the next packet.

B. Experimental demonstration

Experimental results are shown in Fig. 12. In the case
with sinusoidal packet input, experiments under two exci-
tation levels, 5, 9 V, are performed to give rise to the
NLR band gap in 200–275 Hz. The experimental trends in
Figs. 12(a) and 12(b) agree very well with the numerical
results in Figs. 2 and 9. �T in LR and NLR, respec-
tively, reaches −40 and 20 dB, which demonstrate the
high-quality insulation.

Besides the sinusoidal packet, a sweep-amplitude signal
at a given frequency (235 or 320 Hz) but with time-varying

(a) (b)

(c) (d)

(e) (f)

FIG. 12. Experimental demonstrations. Inputs in (a), (b) are
wave packets, in (c), (d) are sweep-amplitude signals, and in (e),
(f) are sinusoidal signal with constant amplitude. (a) Results for
level 5 V. (b) T for level 9 V. The inset in (a) is the input velocity
VE for level 5 V. Transmissions varying against VE at frequency
(c) 235 and (d) 320 Hz. Two curves of each TF or TB correspond
to ascending and descending processes. These transmissions are
calculated in time domain. (e), (f) Frequency spectra of the input
forward and backward transmitted wave. Circles are the peak
value at fundamental frequency.

FIG. 13. Signals for sweep-amplitude experiment.

amplitude is also adopted in experiments, as shown in
Fig. 13. Here, the transmission is calculated in different
time intervals:

T(t, t + �t) = 20 log10[Aout(t, t + �t)/A0(t, t + �t)] (dB),

where X (t, t +�t) denotes the maximum value in the time
interval (t, t +�t). As shown in Figs. 12(c) and 12(d),
this experiment clearly describes the variation laws of the
asymmetric transmission. We still show Ttime first. �T
of the bidirectional diode is tunable by driving ampli-
tude. When the incident velocity VE → 0, transmissions in
both NLR and LR bands are symmetric due to linearity.
Owing to the tiny clearance, small amplitude drives the
metamaterial to generate enhanced nonlinearity, on which
occasion reciprocities in both NLR and LR are broken.
Positive �T at 235 Hz reaches 20 dB for a small ampli-
tude VE ≈ 5 mm/s; after that, TB firstly increases and then
decreases as VE ascends, but TF mainly behaves a descend-
ing trend because of the frequency shift of the peak �T.
However, the nonreciprocity at 235 Hz almost disappears
near VE ≈ 60 mm/s (A0 ≈ 40 µm), which demonstrates the
amplitude-dependent trends shown in Fig. 5.

In the LR band gap represented by 320 Hz, the forward
propagation remains suppressed when VE < 110 mm/s
(A0 < 55 µm), but TB jumps to a large value (−10 dB)
at a small amplitude VE = 13 mm/s (A0 ≈ 6.5 µm): a sig-
nificant negative rectification �T ≈−40 dB is achieved.
Moreover, for A0 > 55 µm, TF jumps to a large value and
increases with VE on which occasion the forward energy
starts to transfer.

Under typical amplitudes that can generate nonreciproc-
ity, we analyze the spectra with constant sinusoidal inputs,
as shown in Figs. 12(e) and 12(f). Figure 12(e) demon-
strates that nonreciprocity in the NLR band preserves the
frequency, and reciprocity of fundamental wave is also
broken (see the peaks). In Fig. 12(f), the continuous spec-
trum of the backward wave confirms the chaotic property;
although the fundamental wave is not the main component,
reciprocity of fundamental wave is also broken. These
results are consistent with theories.
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VI. CONCLUSIONS

In conclusion, we demonstrate theoretically and exper-
imentally the frequency-preserved, bidirectional, high-
quality, low-frequency, small size (approximately one
wavelength and can be subwavelength), and tunable elas-
tic diode. This is achieved by using elastic metamate-
rial with the intentional clearance inside metacells to
create enhanced nonlinearity. Their transmission differ-
ences reach as much as 20 dB and −40 dB, respec-
tively. We report three nonreciprocal mechanisms. The
amplitude-dependent band gap combining the interface
reflection enables the frequency-preserved nonreciproc-
ity of both the total energy and fundamental wave. The
linear band gap combining with the chaotic responses per-
forms the monochromic-to-continuous nonreciprocity of
total energy, while the propagation for fundamental wave
is weakly nonreciprocal under weak damping. Increasing
damping can break both types of reciprocity in the same
band. Our study finds physics, and paves ways to con-
ceive devices and metamaterials for asymmetric energy
transmissions with reversible rectifying direction.
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APPENDIX A: NONLINEARITY

In experiments, the nonlinear force FN (t) generated by
the contact between the sphere and the hollow cylinder is
a piecewise nonlinear function

FN (t) =

⎧
⎪⎨

⎪⎩

k1u for |u| ≤ δ0

k1u + Ac(u − δ0)
3/2 for u > δ0

−k1u − Ac(−u − δ0)
3/2 for u < −δ0

. (A1)

u (µm)

FIG. 14 The nonlinear forces-deformation curves. The black
curve is the piecewise function.

Here, δ0 denotes the width of the clearance and Ac =
2Es

√
rs/[3(1 − ν2)], where Es and v represent the elastic

modulus and Poisson’s ratio of the softer medium, respec-
tively. Es = 70 GPa, v = 0.3. The piecewise function FN (t)
described by Eq. (A1) can be fitted with a smooth equation
k1p + kN pn. The linear coefficient, k1, is constant but the
nonlinear coefficient, kN , depends on the clearance, δ0. As
shown in Fig. 14, by fitting the curve, one can use the cubic
nonlinear equation to approximate the piecewise function,
and kN ≈ 3 × 1012 N/m3.

APPENDIX B: DISPERSION THEORY

The dispersion relationship of the linear diatomic meta-
material is

cos μ = 1 − ω2m0

2k
− ω2ω2

r mr

2k(ω2
r − ω2)

, (B1)

where k = k0(1 + iωc0); µ = κa; κ is the wave vector and
a = 27 mm is the lattice constant. The dispersion curve of
the linear diatomic metamaterial is shown in Fig. 15. The
dispersion relationship of the linear triatomic metamaterial
is

cos μ = 1 − m0ω
2

2k

− ω2ω2
2[m1ω

2
1 + m2(ω

2
1 − ω2)]

2k[m2(ω2 − ω2
1)(ω

2 − ω2
2) − m1ω2ω2

1]
.

(B2)

For the nonlinear triatomic metamaterial, we adopt the
equivalent linearized approach based on the bifurcation of
nonlinear local resonance to solve the dispersion effect.
This approach is proposed in Ref. [37]. Similar with

c0 = 0
c0 = 3 × 10–5

c0 = 2 × 10–4

FIG. 15 Dispersion curve of the linear diatomic metamaterial.
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Eq. (B2), we have

cos μ = 1 − m0ω
2

2k

− ω2ω2
2[m1ω

2
1e + m2(ω

2
1e − ω2)]

2k[m2(ω2 − ω2
1e)(ω

2 − ω2
2) − m1ω2ω2

1e]
.

(B3)

Here, ω1e is the equivalent nature frequency of oscillator
m1. It is solved with the bifurcation analysis. The non-
linear local resonance in the triatomic metacell can be
solved with the first-order harmonic balance method. The
equation is

{
ω2m1Y = k1P + 3kN P3/4
(k2 − ω2m2)(Y − P) − ω2m1Y = k2A0.

(B4)

This equation is obtained by specifying u = A0sinωt,
y = Ysinωt, z = Zsinωt, P = Y − Z, in Eq. (1). For specified
incident amplitude A0, one obtains the saddle-node bifur-
cation point of the first nonlinear resonance. The solution
of this point is (ωJ 1, PJ 1) [See Fig. 1(c) in Ref. [37] ]. The
equivalent stiffness and nature frequency of the nonlinear
oscillator m1 is

k1e = k1 + 3kN P2
J 1/4, ω1e =

√
k1e/m1. (B5)

By specifying the frequency ω, one can solve µ = µR + iµI .
The imaginary part µI characterize the wave attenuation.
Moreover, based on Eqs. (B1) and (B3), we can calculate
µI at every unit cell in the elastic diode. Then, we can
obtain the forward and backward transmissions by using
the attenuation exp[−µI (n)]. The reflection at the interface
is not considered.
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