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The Partition of Unity Finite Element Method (PUFEM) is developed and applied to compute the vibra-
tional response of a Timoshenko beam subject to a uniformly distributed harmonic loading. In the pro-
posed method, classical finite elements are enriched with three types of special functions: propagating
and evanescent wave functions, a Fourier-type series and a polynomial enrichment. Different formula-
tions are first assessed through comparisons on the frequency response functions at a specific point on
the beam. The computational performance, in terms of both accuracy and data reduction, is then illus-
trated through convergence analyses. It is found that, by using a very limited number of degrees of free-
dom, the wave enrichment offers highly accurate results with a convergence rate which is much higher
than other formulations. Evanescent waves and the constant term in the wave basis are also shown to
play an important role. In all cases, the proposed PUFEM formulations clearly outperform classical finite
element method in terms of computational efficiency.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

The numerical simulation of mechanical waves in the so-called
mid-frequency range has been the subject of intensive research in
the past two decades and continues to be a very challenging topic
for many research engineers and applied mathematicians (see
[1–3]). This mid-frequency gap in modeling capabilities separates
the low frequency range for which standard Finite Element Method
(FEM) are applicable and largely used and the high-frequency
range which is normally dealt with by statistical methods such
as the very popular Statistical Energy Analysis (SEA). To better
tackle short-wave simulation problems, enriched methods have
been developed in recent decades. These numerical techniques
have been tailored to incorporate a prior knowledge of the propa-
gating waves in the formulation. A rather complete survey on the
topic can be found in a recent review paper [4]. Among these meth-
ods the Partition of Unity Finite Element Method (PUFEM) has the
advantage of possessing high similarities with the classical FEM
(see Refs. [5,6]). It can be easily implemented for numerical analy-
sis using the existing finite element meshes and simulation codes.
The PUFEM has been applied to simulate the acoustic and elastic
wave propagation (see Refs. [7–9] and Refs. [10,11] respectively).
In particular, numerical simulations of acoustic waves propagating
in air, porous and poro-elastic media [12–14] have also been
attempted in our previous work, which constitutes a natural exten-
sion of the method for noise control applications.

Up to now, there are few works on the modeling of vibrations of
beams and plates with the PUFEM. The first paper relating to this
topic is probably the static analysis of Timoshenko beams with
elastic supports presented by Babuska in Ref. [15], which shows
that shear locking disappears with PUFEM enrichments, contrary
to classical FEM. Vibrational modes of a cantilever beam have been
studied independently by Arndt et al. [16,17] and Shang-Hsu [18]
with an enrichment based on trigonometric sine expansions, hier-
archical polynomial functions and modal expansion (this latter is
based on an idea presented by Craig [19]). This type of enrichment,
though failing to capture the essential wave characters of the solu-
tion, except maybe for the modal expansion which somehow con-
tains the geometry and material properties of the beam in the
formulation, has the advantage of being frequency-independent
thus allowing the use of standard algebraic modal analysis solvers.
Polynomial functions in PUFEM have also been used to the devel-
opment of enriched Mindlin plate elements [20] and in this con-
text, the method shares similarities with p-FEM technique. De
Bel et al. [21] used flexural waves propagating in different direc-
tions as the enrichment functions. The originality of the approach
is that the propagation angle is generated iteratively at each
node of the PUFEM mesh. However, shear deformations and rotary
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Fig. 1. Beam description in the x-z plane.
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inertia effects are neglected in their analysis. Finally, though the
method does not formally fit in with the PUFEM approach, we
can cite the early work of Hashemi et al. [22] who developed a
Dynamic Finite Element for the vibrational analysis of spinning
beams, by including frequency dependent trigonometric shape
functions in their formulation.

Motivated by the above analyses, the aim of this paper is to
develop and investigate the applicability of PUFEM to the dynamic
analysis of thin vibrating structures. To this end, a simply sup-
ported beam under a distributed harmonic loading is chosen as a
benchmark for further developments involving vibro-acoustic cou-
pling in one and two dimensions. Timoshenko beam theory is
adopted to ensure a correct description of the vibration behaviour
at high frequencies, when the wavelength is comparable to the
thickness of the beam. Furthermore, as opposed to the classical
fourth-order wave equation of the Euler-Bernoulli beam whose
numerical treatment requires the use of specific C1 elements
[17], Timoshenko theory leads to a coupled system of second order
partial differential equations for the translational and rotational
displacements which permits to employ conventional piecewise-
continuous Lagrangian finite element shape functions for the
partition of unity. As one of the key ingredients of the method, par-
ticular attention is paid to choosing an appropriate function space
for the finite element enrichment, which should have good approx-
imation properties for the solutions to a given differential equation
[5]. In the present work, exact solutions of an unloaded infinite
beam including both the propagating and evanescent waves [23]
are exploited, with the addition of additional terms to account
for the pressure loading. Comparisons are made with classical type
of enrichments such as Fourier-type series and polynomials.
Finally, the treatment of the boundary conditions needs particulate
attention. Although classical finite element procedures can be fol-
lowed for some particular types of enrichment functions, penalty
or Lagrange’s multiplier technique [21,17] is adopted to accommo-
date all types of enrichment functions. Numerical analyses are con-
ducted with comparisons among different types of enrichment
functions, in terms of computational accuracy and data reduction.
It is concluded that the wave basis in the PUFEM is the best
approach leading to the best convergence rate.

The paper is organized as follows. After recalling the classical
Timoshenko beam theory as well as its associated variational for-
mulation in Section 2, PUFEM Timoshenko beam elements, with
three type of enrichments, are constructed and explained in Sec-
tion 3. In Section 4, classical FEM formulations including linear ele-
ments with exact and reduced integration and an enhanced
formulation based on a cubic and quadratic interpolation for the
transverse displacement and the rotation are presented. This
should serve as a reference solution and allows to identify, wher-
ever necessary, shear-locking effects. In the last section, perfor-
mance of PUFEM elements is shown and compared with classical
FEM. In all cases, a reference solution, is obtained using linear
interpolation calculated on a very refined mesh. Convergence
curves, corresponding to h-refinement’, i.e. by reducing the ele-
ment size, and ‘p-refinement’, i.e. by increasing the number of
enrichment functions, are given and analyzed. The role of evanes-
cent waves in the PUFEM wave basis is also discussed.
2. Timoshenko beam theory

The flexural vibration of beams is under investigation. Fig. 1
presents a schematic representation associated with the two main
theories dedicated to beams: Euler-Bernoulli and Timoshenko the-
ories. For the latter the displacements of the beam are denoted by
uðx; zÞ ¼ zbðxÞ and wðx; zÞ ¼ wðxÞ where b is the total angle of rota-
tion of the section, and w is the displacement of the mid-surface in
the z-direction. These two independent variables obey the equa-
tions of motion:

f z þ jGSc;x ¼ qS€w; ð1Þ

EIb;xx � jGSc ¼ qI€b; ð2Þ
where c ¼ bþw;x is the shear deformation angle and f z is the dis-
tributed load. The material properties are the Young’s modulus E,
the shear modulus G and the density q. The geometrical parameters
are the shear correction factor j ¼ 5=6, the second moment of area
I, the cross section area S and the beam length L. With simply sup-
ported boundary conditions, the displacement and the bending
moment vanish at the locations of the two supports, i.e. at
x ¼ 0; L. In this case, the associated variational formulation writesZ L

0
dwqS €wþ dbqI€bþ db;xEIb;x þ dcjGSc� dwfz

� �
dx� dw0k0 � dwLkL ¼ 0;

ð3Þ
where dð�Þ donates the virtual quantity and w0 and wL are the dis-
placement at x ¼ 0; L, respectively. In formulation (3), the trans-
verse shear forces appear naturally as Lagrange multipliers k0 and
kL. Though it is common to discard these terms by simply choosing
dw0 ¼ dwL ¼ 0, the best way to handle the boundary terms with
PUFEM is to weakly enforce the essential conditions as:

dk0w0 ¼ dkLwL ¼ 0; 8ðdk0; dkLÞ: ð4Þ
This has the advantage of preserving the symmetry of the linear
sytem and permits to handle efficiently the coupling conditions
between two media (see for instance [9,12,13]).
3. Application of the PUFEM

In this work, we only investigate the Timoshenko beam vibra-
tion subject to a harmonic loading at an angular frequency x and
the time-dependent term e�ixt is omitted hereafter. As done in
classical FEM, the beam is partitioned into non-overlapping ele-
ments and the degrees of freedom are interpolated over each ele-
ments with nodal unknowns. The key ingredient of the PUFEM
relies on the enrichment of the conventional finite element
approximation by including special functions in order to enhance
the convergence of the numerical solution. For an infinite beam,
the two propagating and two evanescent waves characterized
by the wavenumbers write (see Ref. [23] for more details):

kp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qIx2ð1þ E=ðjGÞÞ þ ffiffiffi

d
p

2EI

s
; ð5Þ

ke ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�qIx2ð1þ E=ðjGÞÞ þ ffiffiffi

d
p

2EI

s
; ð6Þ
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with d ¼ ðqIx2Þ2ð1� E=ðjGÞÞ2 þ 4EIqSx2. Each PUFEM element of
length le ¼ x2 � x1 is given by the geometric mapping
xðnÞ ¼ N1x1 þ N2x2 where xi are the nodes and n is the coordinate
in the reference frame n 2 ½0;1�. Here, N1 ¼ n and N2 ¼ 1� n are
the classical linear shape functions. The transverse displacement
and the rotation are then expanded as:

w ¼
X2
i¼1

NiðnÞ
XN
n¼1

An
i W

n
i ; ð7Þ

b ¼
X2
i¼1

NiðnÞ
XN
n¼1

Bn
i W

n
i : ð8Þ

For wave enrichment, we consider N ¼ 5 functions Wn
i defined as:

Wn
i 2 f1; cos½kpðx� xiÞ�; sin½kpðx� xiÞ�;
cosh½keðx� xiÞ�; sinh½keðx� xiÞ�g; ð9Þ

where the constant term W1
i ¼ 1 has been added in the enrichment

in order to capture contributions of the distributed load, i.e. the par-
ticular solutions of the governing equations [24]. Two other kinds of
enrichment are also considered in the present work. The first one is
a polynomial enrichment:

Wn
i 2 f1;gi;g

2
i ;g

3
i ;g

4
i ; . . .g; ð10Þ

where gi ¼ ðx� xiÞ=le. For N ¼ 2, there are four enrichment terms
associated with one polynomial-enriched element whilst the high-
est order of the corresponding bases (7) and (8) is two. Therefore,
these basis functions are linearly dependent since only three poly-
nomial terms form a complete quadratic basis. The second one is
a Fourier-type series

Wn
i 2 f1; cosðpgiÞ; sinðpgiÞ; cosð2pgiÞ; sinð2pgiÞ; . . .g: ð11Þ

Note that (i) Fourier and polynomial enrichments can be built with
an arbitrary order Nwhereas, by construction, the wave enrichment
is necessarily limited to N ¼ 5. (ii) Since the PUFEM element can
contain many wavelengths, the elementary mass and stiffness
matrices associated with the PUFEM expansion (7) and (8) must
be constructed using sufficient Gaussian integration points in order
to ensure convergence.
1 For interpretation of color in Fig. 2, the reader is referred to the web version of
is article.
4. Classical FEM

In order to evaluate the PUFEM efficiency in comparisons with
classical FEM formulations, two beam finite elements are reminded
here: a linear element used as a reference, and an enhanced ele-
ment which is also commonly used.

4.1. Linear element

The beam is discretized with linear shape functions:

w ¼
X2
i¼1

Ai NiðnÞ and b ¼
X2
i¼1

Bi NiðnÞ: ð12Þ

The associated elementary stiffness matrix can be evaluated with
exact integration method. However, this formulation over-
emphases the effect of shear deformation in comparison with the
bending effect, which would generate shear-locking effects for the
cases where the Euler-Bernoulli or thin beam model is applicable.
To tackle the problem, a reduced integration technique is usually
employed [25–27]. The linear element with reduced integration
serves as a reference solution and permits to identify, wherever
needed, the shear-locking effects. Details of linear elements using
reduced and exact integration schemes are given in Appendix A.
4.2. Enhanced element

A specific Timoshenko beam element is also often encountered
in the literature (see Refs. [28,29,26]). This enhanced element is
also tested in this work, and compared with the PUFEM. It is based
on a cubic and a quadratic interpolation for the transverse dis-
placement w and the rotation b, respectively, with an added con-
straint between w and b in order to satisfy the static equilibrium
equation. This type of enhanced element is also free of shear lock-
ing. The displacement and rotation are expanded as

w ¼
X4
i¼1

Ci N̂iðnÞ and b ¼
X8
i¼5

Ci N̂iðnÞ; ð13Þ

where N̂iðnÞ is the shape function of the enhanced element and
Appendix A gives their detailed expressions.

5. PUFEM performance

The tested configuration is a simply supported beam subject to
a uniformly distributed harmonic loading with a unit amplitude.
The geometrical and material parameters of the beam are tabu-
lated in Table 1.

The performance of the PUFEM with different enrichment func-
tions is evaluated through the comparisons of their Frequency
Response Function (FRF), as shown in Fig. 2. The reference solution
is obtained using classical linear elements with reduced integra-
tion and with 50,000 elements (in grey). The calculations of the
FRF curves with PUFEM using different enrichment methods, i.e.
wave enrichment, Fourier and polynomial enrichment, are all car-
ried out using 2 elements and 5 enrichment functions (N ¼ 5)
which corresponds to a total number of degrees of freedom of
3� 2� 5 ¼ 30. It can be seen from Fig. 2 that PUFEM can provide
accurate predictions up to a certain frequency limit, depending
on the enrichment function. Clearly, the wave enrichment (blue1

solid line) offers best performance and a good agreement with the
reference solution up to 3000 Hz, above which small, but growing,
discrepancies start to appear. The other two enrichments, using
the Fourier series (green dotted line) and the polynomial functions
(red mixed line), are only accurate up to a reduced frequency range,
around 1400 and 500 Hz, respectively. Of course, the frequency band
can be extended by applying either a h-refinement or a p-refinement,
as evidenced by the following convergence analyses. Fig. 3 shows the
deformed shape along the beam close to the upper limit frequency
for each enrichment. It can be seen that the PUFEM with waves
can capture multiple wavelengths per element (up to 3 for the pre-
sent case), which is a typical feature of wave enriched elements.

Fig. 4 compares the convergence of the different formulations
obtained using a h-refinement for two specific frequencies: 1000
and 3500 Hz while keeping the same enrichment order (N ¼ 5)
with PUFEM. The L2 errors are plotted versus the number of
degrees of freedom Ndof . Here, errors are estimated via L2-norm as

e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR L
0 j wcomputed �wref j2dx

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR L
0 j wref j2dx

q � 100%; ð14Þ

where wref is the reference solution. The superiority of the PUFEM
with wave enrichment can be clearly seen: the highest convergence
rate and very good accuracy with a very small number of degrees of
freedom even at high frequencies. It should be noted that the error
is limited here by the accuracy of the reference solution. This
explains the visible plateau by the wave enrichment at a very low
th



Table 2
Convergence of Fourier-type enrichment (corresponding to in Fig. 4) (in bold are

1000 Hz

Ndof le=kp e (%)

20 3.33 53.38
30 1.66 1.14
50 0.83 0.08
60 0.66 0.11
90 0.41 0.19
110 0.33 3.83
170 0.20 19.97
210 0.16 2.11
260 0.13 1.30
410 0.08 1.14
510 0.06 0.80
1010 0.03 0.21
. . . . . . . . .

Fig. 4. Convergence curves obtained with a h-refinement at 1000 Hz (left) and 3500 Hz (r
enhanced FEM, PUFEM with wave enrichment, PUFEM with Fourier e

Fig. 3. Illustration of the deformed shape at 3000 Hz, 1200 Hz and 400 Hz from left
enrichment, PUFEM with Fourier enrichment, PUFEM with polynomial enric

Fig. 2. FRF comparison wo=Fe (at L=4 from left end): reference solution with class
enrichment, PUFEM with the polynomial enrichment.

Table 1
Parameters used in our computations.

Geometrical parameters Material parameters

L ¼ 1 m E ¼ 70 GPa
h ¼ 0:01 m q ¼ 2780 kg/m3

b ¼ 0:01 m G ¼ 27 GPa
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error level (around 10�5% for 1000 Hz and 10�4% for 3500 Hz). The
PUFEM with the polynomial enrichment is also very efficient with a
high convergence rate. Indeed, results indicate that the error
behaves like e � Clae where a � 8 (recall that le is the element length
and the total number of degrees of freedom Ndof is inversely propor-
tional to le). The convergence law of the classical FEM with com-
plete polynomial expansions does not apply to the PUFEM with
polynomial enrichment. It is remarkable to see that classical linear
values below 0:5% at the cup).

3500 Hz

le=kp e (%)

6.28 58.45
3.14 59.69
1.57 12.58
1.25 0.43
0.78 0.37
0.62 0.19
0.39 0.22
0.31 7.29
0.25 36.68
0.15 0.23
0.12 0.64
0.06 0.28
. . . . . .

ight). classical FEM, linear FEM with exact integration,
nrichment, PUFEM with polynomial enrichment.

to right. reference solution with classical FEM, PUFEM with the wave
hment.

ical FEM, PUFEM with the wave enrichment, PUFEM with the Fourier



Fig. 5. Comparison of convergence at 1000 Hz (left) and 3500 Hz (right). h-refinement with classical FEM, h-refinement with linear FEM and exact
integration, h-refinement with enhanced FEM, h-refinement for PUFEM with wave enrichment, p-refinement for PUFEM with Fourier enrichment,

p-refinement for PUFEM with polynomial enrichment.
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elements, with and without reduced integration, as well as the
enhanced element formulation give the same convergence rate

and e � C0l2e , which is line with the classical linear interpolation.
What differentiates the three formulations is that (i) results
obtained with the enhanced element are 100 times more accurate
than the linear formulation with reduced integration and (ii) classi-
cal linear FEMwith exact integration suffers from slow convergence
due to shear-locking effects which can be avoided at the expense of
a very refined mesh. Finally, the Fourier-type enrichment performs
similarly to classical FEM once the length of the element is suffi-
ciently small, this is because the mesh spacing is decreased and
the oscillating nature of the solution within a single element is lost
and the Fourier series, with a fixed order of approximation (here
N ¼ 5), does not show any advantage with respect to classical
FEM [30]. The fact that the exact solution has a strong wave compo-
nent with wavenumber kp ¼ 2p=kp explains the peculiar behaviour
clearly observed when finite elements are larger. Since the Fourier
enrichment is chosen to capture half of a wavelength up to one
wavelength per element, the formulation is expected to yield best
results around 0:5 6 le=kp 6 1 and this is confirmed in Table 2
where numerical errors are shown with respect to that criteria.
Finally, none of the PUFEM formulations suffers from shear-
locking and this is consistent with observations made in Ref. [18].

As mentioned before, a p-refinement analysis is possible with
Fourier and polynomial enrichments. Results are shown in Fig. 5
for two selected frequencies, 1000 and 3500 Hz. For the sake of
comparison, the previous results using h-refinement are also
reported. In the present case, the beam is meshed with 2 elements
(same as in Fig. 2 and 3) while the approximation order N is
increased. As expected, p-refinement performs better than h-
refinement does. The Fourier enrichment behaves nearly as well
Fig. 6. Comparison of conditioning number with h and p refinement at 1000 Hz on the
h-refinement for PUFEM with wave enrichment, p-refinement for PUFEM with Fo
as the wave enrichment. However, if the polynomial shows similar
trends for low and moderate approximation order N, results
quickly deteriorate as soon as the exponent in the polynomial
exceeds a certain value. The reason for this probably stems from
the linear dependence and the loss of orthogonality properties of
the polynomial bases, and the occurrence of very ill-conditioned
matrices [20]. In an attempt to clarify this, the associated condi-
tioning numbers of the system matrices are shown in Fig. 6. As
opposed to classical FEM, PUFEM formulations clearly produce
matrices with a higher condition number, a well-known feature
which is inherent to the method [20]. This, however, does not nec-
essarily impede on the quality of the results (some explanations
are given by one of the present authors in [31] in a BEM context).
For instance, wave and Fourier enrichments show very good stabil-
ity despite a growing condition number wich is comparable,
though smaller, with that of the polynomial enrichment. An alter-
native would be to employ orthogonal polynomials instead, in
which case the method would share some similarities with hierar-
chical FEM [32].

Since the wave enrichment offers best performance. It is rele-
vant to assess the influence of each term in the wave basis Fig. 7
shows the convergence at 1000 Hz and 3500 Hz using h-
refinement with the complete wave basis, and the one with certain
terms removed, in comparison with the classical linear FEM results.
When the constant term is removed from the wave basis, i.e.
W1

i ¼ 1, the PUFEM is only enriched with free vibration solutions.
With a uniform loading, this has noticeable effects on the conver-
gence rate and on the number of degrees of freedom required to
produce accurate results. When the evanescent waves are removed,
the nearfield effects of the decaying waves near the beam supports
cannot be properly modelled and this, again, has noticeable effects
left and 3500 Hz on the right. h-refinement for classical FEM,
urier enrichment, p-refinement for PUFEM with polynomial enrichment.



Fig. 7. Convergence curves obtained with h-refinement at 1000 Hz on the left and 3500 Hz on the right. Linear FEM with reduced integrations, PUFEM
with complete wave enrichment, PUFEM wave enrichment without the constant term, PUFEM wave enrichment without the evanescent waves.
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on the convergence rate. In all scenarios, however, all PUFEM for-
mulations clearly outperforms classical FEM to various extent.

6. Conclusions

In this study, PUFEM Timoshenko beam elements are developed
for solving forced vibration problems. Three types of enrichment
are investigated: the wave enrichment based on the solutions of
the governing equations, Fourier series and the polynomials. The
performance of different enrichment functions is numerically eval-
uated in terms of frequency response functions and convergence
properties.

Analyses lead to the prevailing conclusion that the wave enrich-
ment, through the embodiment of specific information based on
physical features, offers the best performance in terms of both
computational accuracy and data reduction. In all cases, all three
PUFEM formulations outperform the classical finite element dis-
cretization and the best convergence is obtained using a p-
refinement strategy. However, it is found that, due to a lack of
orthogonality property, the polynomial basis is recommended to
adopt a h-refinement strategy instead. Finally, the constant term
in the wave basis shows its importance to account for the loading
effects.

As a final remark, one direction of particular interest is to fur-
ther extend the method to the numerical prediction of complex
vibrating structures involving vibro-acoustic coupling. In this
regard, it would be interesting to analyse more specifically the type
of enrichment needed to correctly capture the spatially oscillating
pattern of the loading due to surface acoustic waves.

Appendix A

A.1. Linear element

The stiffness matrix of the classical linear element using exact
integrations has the form

Ke ¼ EI

l3e/

12 �6le �12 �6le
l2e ð4þ /Þ 6le l2e ð2� /Þ

12 6le
sym: l2e ð4þ /Þ

2
6664

3
7775; ð15Þ

with / ¼ 12EI=GjSl2e . This formulation is known to suffer from
shear-locking effects and a reduced integration technique is usually
employed [26], this gives

Ke ¼ EI

l3e/

12 �6le �12 �6le
l2e ð3þ /Þ 6le l2e ð3� /Þ

12 6le
sym: l2e ð3þ /Þ

2
6664

3
7775; ð16Þ
More details of the stiffness matrix can be found Refs. [25–27] (here
some signs can change depending on the convention for the rota-
tion angle). The associated mass matrix is

Me ¼ qSle

1=3 0 1=6 0
r2=3 0 r2=6

1=3 0
sym: r2=3

2
6664

3
7775; ð17Þ

where r ¼ ffiffiffiffiffiffiffi
I=S

p
is the radius of gyration. This matrix can also be

found with more details in Refs. [33,26]. Note the differences
between the two resulting stiffness matrices appears in the compo-
nents K22;K24;K42 and K44. This difference is due to the different
integration points adopted for evaluating the shear modulus matrix.
When using exact integrations, the shear locking effects appear for
the cases where the Euler-Bernoulli or thin beam model is applica-
ble. The shear-locking effects can be overcome by h-refinement,
which makes the stiffness matrix obtained by exact and reduced
integrations consistent.

A.2. Enhanced element

A specific Timoshenko beam element is also often used to solve
beam problems in the literature [29,26,34,28,35,36]. This enhanced
element is based on a cubic and a quadratic interpolation for the
transverse displacement w and the rotation b, respectively, with
an added constraint between w and b in order to satisfy the static

equilibrium equation. The shape functions N̂i in Eq. (13) are given
below

N̂1 ¼ 1
1þ/ 1þ /� /n� 3n2 þ 2n3

� �
; N̂2 ¼ le=2

1þ/ ð2þ /Þn� ð4þ /Þn2 þ 2n3
� �

;

N̂3 ¼ 1
1þ/ /nþ 3n2 � 2n3

� �
; N̂4 ¼ le=2

1þ/ �/n� ð2� /Þn2 þ 2n3
� �

;

N̂5 ¼ 2=le
1þ/ �3nþ 3n2

� �
; N̂6 ¼ 1

1þ/ 1þ /� ð4þ /Þnþ 3n2
� �

;

N̂7 ¼ 2=le
1þ/ 3n� 3n2

� �
; N̂8 ¼ 1

1þ/ �ð2� /Þnþ 3n2
� �

;

with / ¼ 12EI=GjSl2e . The resultant stiffness matrix remains of the
same size as they correspond to nodal values and

Ke ¼ EI

l3e ð1þ /Þ

12 �6le �12 �6le
l2e ð4þ /Þ 6le l2e ð2� /Þ

12 6le
sym: l2e ð4þ /Þ

2
6664

3
7775: ð18Þ

This matrix can be found with all necessary details in [28,29,26].
This enhanced element is also free of shear locking. The mass matrix
writes:
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Me ¼ qSle
ð1þ /Þ2

m1 �m2 m3 �m4

m5 m4 m6

m1 m2

sym: m5

2
6664

3
7775

þ qSle
ð1þ /Þ2

r
le

� �2

m7 �m8 �m7 �m8

m9 m8 m10

m7 m8

sym: m9

2
6664

3
7775;

ð19Þ

where coefficientsmi are given below and this mass matrix can also
be found with more details in Refs. [28,29,26].

m1 ¼ 13
35 þ 7/

10 þ /2

3 ; m2 ¼ 11
210 þ 11/

120 þ /2

24

� �
le;

m3 ¼ 9
70 þ 3/

10 þ /2

6 ; m4 ¼ � 13
420 þ 3/

40 þ /2

24

� �
le;

m5 ¼ 1
105 þ /

60 þ /2

120

� �
l2e ; m6 ¼ � 1

140 þ /
60 þ /2

120

� �
l2e ;

m7 ¼ 6
5 ; m8 ¼ 1

10 � /
2

	 

le;

m9 ¼ 2
15 þ /

6 þ /2

3

� �
l2e ; m10 ¼ � 1

30 � /
6 þ /2

6

� �
l2e :
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