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Acoustic black hole (ABH) effects can be obtained via proper structural tailoring to induce a
gradual reduction of the flexural wave velocity, thus creating high energy density struc-
tural areas. The wave energy focalization effect shows promising features for establishing
novel vibration energy harvester configurations in terms of the high energy level and
broadband characteristics. In this study, an energy harvesting structure with ABH features
which ensures the structural strength as well as enhances the harvesting performance is
proposed and investigated. Considering the wavelength compression in ABHs, piezoelectric
patches bonded on the surfaces of ABHs are sliced into micro arrays to convert the mechan-
ical energy effectively, which make sure that the positive and negative electric charge gen-
erated on the surfaces of harvesters won’t be neutralized. Each of the transducers is
shunted with a resistor impedance. Fully coupled numerical models which consist of vibra-
tional structures and electrical circuits are built to assess the energy harvesting perfor-
mance of ABH-feature beam and uniform beam under both steady state and transient
excitations. Experiments are also conducted to verify the significant performance enhance-
ment in the ABH beam as compared that in the uniform beam. It is shown that the ABH
structural tailoring can be used for broadband vibration energy harvesting and boost the
harvested power by more than one order of magnitude.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

In recent years, a great research interest has been evoked to reveal the so-called ‘acoustic black hole’ effect and exploit the
mechanism for developing lightweight and highly-damped structures for vibration and noise control. ABHs employ a local
thickness decrease according to a power-law profile (in the form h(x) = exm, m � 2, as shown in Fig. 1) to reduce the local
phase velocity of incident flexural waves and the time required to reach the edge becomes infinite if the residual thickness
approaches zero [1]. Therefore, waves become trapped at the tip end and do not reflect black in the ideal scenario. It is how-
ever shown that the local thickness would never reach zero due to manufacturing difficulties and even a very small trunca-
tion can result in high reflection coefficients, making the ABH effect unattractive in practical applications [2,3]. Nevertheless,
Krylov et al. show that applied damping treatments can compensate the undesirable effect of truncations and exhibit excel-
lent vibration suppression performances [4,5].
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Fig. 1. Elastic wedge of power-law profile.
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Owing to the satisfactory flexural waves attenuation abilities, the ABH concept exhibits potential for mechanical vibration
and sound radiation control [6–11]. ABHs along with adhesive material can be integrated into existing structures such as
airframe and vehicles to act as effective energy dissipation components [12–14]. The reduced wave speed and increased
vibration amplitude leads to high strain energy in tapered areas, which is also significant for vibration energy harvesting.

Up to now, most of researches predominantly focus on vibration and noise control, but less on energy harvesting. In the
latter category, a representative work is the one on energy harvesting performances of a beam with five embedded one
dimensional ABH features [15], with results showing an obvious energy harvesting efficiency. Besides, experiments were
conducted on a plate-like structure with three embedded 2D ABHs to investigate the harvesting performance [16]. However,
to our best knowledge, all these studies did not take into account the wavelength compression effect in ABH features, as well
as the scale of transducers was not designed appropriately, which may fail to convert the energy effectively. When a flexural
wave propagates towards the central zones of ABHs, its wavelength is compressed and becomes much less than the scale of
ABHs especially at high excitation frequencies. Under bending vibration conditions and neglecting the shear effects, the
strain tensor of the same side surface corresponding to peaks and troughs of waves can have opposite phase, resulting in
opposite potential polarities since the transducers are polarized normal to the bonding surfaces. Therefore, the positive
and negative charge generated on the surfaces of piezoelectric patches may be neutralized, which may dissipate to some
extent electricity generation from waves. So the wavelength compression effect need to be considered in the sensor design,
which is vital important for better harvesting performance of ABH structure. In addition, literature review also shows that
the strong coupling between the add-on elements (transducers, electrical circuits) and the host structure, which can influ-
ence the ABH effect, were not taken into account.

In terms of engineering applications, the design issue of effectively producing the ABH effect while ensuring its mechan-
ical property of the structure also needs to be tackled before the ABH technique can find its real engineering application. The
conventional ABH structure with small residual thickness can lead itself to issues such as high stress concentration and fati-
gue failure, which is less likely to be used in practice. Although the ABH effect exhibits outstanding potential for energy har-
vesting, for now, limited effort has been devoted to improve both properties of the ABH effect and mechanical performance.
Therefore, it is needed to explore designs of structures towards more effective energy trapping and conversion while ensur-
ing mechanical properties of the overall structure, as well as to investigate the issue and to gain physical insights into the
underlying mechanisms of ABH-specific features under a fully coupled vibro-energy harvesting context.

The goal of this paper is twofold: to propose an energy harvesting structure with ABH features which ensures the struc-
tural strength as well as enhances the harvesting performance; and to explore and understand the underlying physics mech-
anisms and the coupling between the harvesting system and the host structure. To this end, a beam with three one-
dimensional double-layered compound ABHs coupled with piezoelectric patches and harvested resistor is investigated. Con-
sidering the wavelength compression in ABHs, piezoelectric patches bonded on the surfaces of ABHs are sliced into micro
arrays to convert the mechanical energy effectively, which make sure that the positive and negative electric charge gener-
ated on the surfaces of harvesters won’t be neutralized. The paper is organized as follows: The propagation of flexural waves
in tailored wedges is introduced. Then, the configuration of the energy harvesting system is discussed in detail. Each energy
harvesting circuit is simplified as a resistor impedance respectively. The harvested power under both transient and steady
state excitations are discussed and estimated. Dynamic analyses are also conducted on systems with different transducers to
research the influence of the dimension of piezoelectric patches. Experimental verifications are also presented to assess the
effectiveness of ABH systems for energy harvesting.

2. Energy harvesting based on the ABH effect

2.1. Propagation of flexural waves in tailored wedges

The equation describing the bending motions of a thin beam in vacuum can be written as [2]:
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wherew is the transverse displacement of the median plane of the beam, D(x) = Eh3(x)/12(1�l2) is the local flexural stiffness,
E and l are Young’s modulus and the Possion’s ratio, q is the density, h(x) is the local thickness of the beam.

Neglecting the rotary inertia and the shear effects, the local wave number of the flexural wave in the beam with variable
thickness can be written as [17]:
k ¼ 12q 1� l2� �
x2=Eh2 xð Þ

� �1=4
ð2Þ
where x = 2pf is the circular frequency.
Since c =x/k, the speed of bending wave can be written as:
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ffiffiffiffiffiffiffi
xh

p E
12q 1� l2ð Þ
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Substitution of Equation into k = 2pc/x yields:
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Based on Eqs. (2)–(4), for a homogeneous isotropic flat structure of constant thickness, the phase velocity is
proportional to the square root of the frequency. While for a beam with varying thicknesses, it also depends on its
local thickness. The thickness-dependent feature of the phase velocity makes it possible to modulate wave propagation
by means of local variation of the plate’s thickness, which results in dramatic increment of the energy density of the
local area. It should be noted that when the frequency is very high and the structure thickness is very thin, the
wavelength will become very short due to the compressibility of the bending wave. In this case, the size of the
piezo-sensor in the energy harvesting system needs to match the wavelength size, which will be detailed in the
following section.

2.2. Energy harvesting in ABH tailored beams

2.2.1. Configuration of the energy harvesting system
In this work, a compound double-layered ABH beam as shown in Fig. 2 was used as the mechanical structure for piezo-

electrical energy harvesting. Our previous studies have shown that the compound ABHs structure outperform the traditional
ABH structure at both of the static properties of structural strength and rigidity and the dynamic properties of energy focal-
ization [18], which makes it possible to use as practical energy harvester. In order to further increase the modal density and
enhance the energy concentration effect, three equally spaced double-layered compound ABHs are embedded in the primary
beam-like structure. The beam is forked into the upper and bottom branches in the ABH region with a tapered thickness,
symmetrical with respect to the center of the ABH region, xp. The length of an ABH is l from x01 at the left end to x1 at the
right end, with tapered regions from x01 to x00 and x0 to x1 and a platform of constant thickness h0 from x00 and x0. The basic
geometry of an ABH from xp to x2 is shown in Fig. 2(d), with its thickness defined by hðxÞ ¼ e x� x0ð Þm þ h0 from x0 to x1 and a
constant thickness of h0 from xp to x0.

Six 1-by-14 linear arrays of rectangular piezoelectric patches are bounded on the upper and lower surfaces of each ABH
respectively, as depicted in Fig. 3. Considering the wavelength compression of the ABH effect, piezoelectric patches are sliced
into small separate pieces in order to avoid the charges generated being neutralized. All the bounding surfaces of piezoelec-
tric patches are set to be ground as boundary conditions in the electrical module. Each transducer is shunted with an indi-
vidual resistor for harvesting energy.

The piezoelectric patch can be expressed by a current source Ieq in parallel with an equivalent capacitance Cp [19], as
shown in Fig. 4. For simplicity, each PZT patch employs a pure resistor R as the energy harvesting circuit herein. The AC
approach is an effective method to assess the energy harvesting performance of the presented structures and has been used
in many studies [15,20–26]. It should be noted that the harvesting efficiency could be further improved by use of more
advanced electronic interface circuits.

Under harmonic excitations, the output voltage of the piezoelectric patch, U, the load resistor can be expressed as:
U ¼ IeqR= 1 þ jxCpR
� � ¼ jxQR= 1 þ jxCpR

� � ð5Þ
where Q represents the amplitude of electric charge on the electrode, which is proportional to the strain, and Cp is the equiv-
alent capacitance of the piezoelectric patch. The harvested power is:
P ¼ UU�=2R ¼ x2RQ2=2

1þ xCpR
� �2 ð6Þ



Fig. 2. Beam with three embedded compound ABHs: (a) 3D finite element model, (b) piezoelectric patch, (c) 2D schematic of the profile of the beam, (d) the
basic geometry of the lower branch.
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Fig. 3. Schematic of the energy harvesting system.
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Fig. 4. Standard AC.
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2.2.2. Numerical models
The crucial issue of the coupling between the ABH and the piezoelectric patch is not well considered in previous energy

harvesting models. The numerical model in this paper is comprised of a mechanical structure and harvesting circuits. A uni-
form beam of the same dimensions as the ABH beam, bonded the same number and scale of piezoelectric patches, was used
for performance comparison, which represents a traditional situation. In the finite element analyses, the left-hand side edges
of both the ABH beam and the reference structure are fixed and the external excitation is applied at the free end of the test
article in each numerical model.
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In order to analyze the vibration response and evaluate the electrical power output of two different configurations, three-
dimensional fully coupled numerical models were built and solved using COMSOL. All the piezoelectric patches are assumed
to be perfectly bonded with host structures and placed at the same position for both the uniform and ABH beams. Beams and
piezoelectric patches are discretized by 3D quadratic block elements. Nodal positions between the beam and PZT patches are
set to coincide in order to ensure the displacement continuity and strain compatibility. Since the element size setting is of
great importance to the modelling accuracy, the geometric entities especially in tapered areas are meshed fine to ensure
more than ten elements per wavelength at the highest frequency of interest. Geometrical and material properties of the
ABH beam as well as piezoelectric patches used in the simulation are given in Tables 1 and 2.

Each node of piezoelectric element has three mechanical degrees of freedom (DOFs) and an electrical potential DOF. For
modelling purposes, the potential DOFs on the bonding surfaces are grounded as boundary conditions and those on the free
electrode surface of each piezoelectric patch are reduced such that only one master potential DOF remains on the free elec-
trode per patch [20]. Hence, the terminals of resistors can be easily connected to the electrodes of transducers respectively to
build a fully coupled system.

Piezoelectric patches are polarized in z direction normal to the bonding surfaces. This enables transducers to work in
mode 31 where the strain is generated in x direction due to transverse vibrations while the voltage is obtained from perpen-
dicular direction. Considering flexural vibrations which dominate the dynamic response of the system herein, the free elec-
trode surfaces corresponding to peaks would be in tension while that of troughs are in compression, generating charge of
different electrical polarities. If the dimension of piezoelectric patches in x direction is larger than the half-wavelength in
ABH areas, the positive and negative charge will be neutralized, which directly leads to reduced effectiveness of energy har-
vesting. Hence, the piezoelectric patches are supposed to be relatively narrower than the wavelength within interested fre-
quency band of energy harvesting. The wavelength in the central area of the ABH at 5000 Hz is 31 mm herein. The width of
piezoelectric patches is set to be 3.5 mm, which can ensure that transducers are relatively narrower than half-wavelengths at
frequencies less than 5000 Hz and strains on one single patch are nearly uniformly distributed. Notice that the size of trans-
ducers can be determined through optimization analysis for maximum harvested energy subsequently. In order to evaluate
the concentration of vibration in the ABH beam, the mean square velocity is defined as follows.
Table 1
Geomet

Geom

e
m
h0
L
x0–x
x1–x
d
l
wb

hb

Table 2
Geomet

Geom

wPZT

lPZT
hPZT
V2
D E

¼ 1
l

Z x1

x01

v2dx: ð7Þ
where v is the velocity of vibration at position x.
rical and material properties of the ABH beam.

etrical parameters Material parameters

0.00012 mm�1 Constant E 200 GPa Young’s modulus
2 power exponent q 7850 kg/m3 density
0.5 mm residual thickness g 0.005 loss factor
430 mm length of the beams l 0.3 Poisson’s ratio

p 5 mm half length of the platform
0 50 mm length of the ABH portion

25 mm length of the distance
110 mm length of the single ABH
22 mm width of the beam
7 mm thickness of the uniform beam

rical and material properties of piezoelectric patches.

etrical parameters Material parameters

3.5 mm width of PZT patches d31 = d32 �2.74 � 10�10 C/N piezoelectric matrix
22 mm length of PZT patches d33 5.93 � 10�10 C/N
0.2 mm thickness of PZT patches d24 = d15 7.41 � 10�10 C/N

E11 = E22 127.21 GPa elasticity matrix
E12 80.21 GPa
E13 = E23 84.67 GPa
E33 117.44 GPa
E44 = E55 22.99 GPa
E66 23.47 Gpa
qPZT 7500 kg/m3 density
es 11 = es 22 1704.4e0 relative permittivity
es 33 1433.6e0
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3. Numerical analyses

In order to compare the energy harvesting performance of the ABH beam and the conventional beam, both the transient
excitation, similar to an impulse, and the steady-state harmonic excitation were considered. These two types of excitation
are the two extreme forms of excitation in their regularity. The excitation in a real energy harvesting system is usually very
complicated and has the property between them. In transient excitation, the same amplitude of displacement excitation was
used for the two types of beams. In steady-state excitation, the same harmonic force of 3.3 N in amplitude was used for exci-
tation of both the uniform beam and ABH beam at their free end. The sweeping frequency band is from 50 Hz to 5000 Hz. The
steady-state analysis was used to reveal the broadband harvesting performance of the ABH system.
3.1. Transient analysis

Since most of the mechanical vibrations in practice are broadband and random, it is necessary to analyze the energy har-
vesting performance under transient excitation. Understanding of the wave trapping process of the ABH, especially in the
presence of geometrical and manufacturing uncertainties, is very important. In this paper, the transient state analysis is used
first to research the wave propagation mechanism. Considering the spectrum of the instantaneous vibration sources in prac-
tice is mainly distributed in the low frequency band within 5000 Hz, the excitation source used in the simulation is a Gauss-
windowed tone burst with a center frequency of 2000 Hz and the bandwidth is about 2500 Hz. In order to excite the struc-
ture effectively, a prescribed displacement rather than an excitation force is uniformly applied on the right-hand side edge to
generate plane waves in the numerical simulation model. This driving method can be recognized as a simplification of the
acceleration excitation in mechanical structures such as vehicles and machine tools. The normalized displacement excitation
waveform is shown in Fig. 5 and the corresponding Fourier spectrum is shown in Fig. 6. Obviously, it has the wideband char-
acteristic. The amplitude of the displacement excitation applied on the beam is 10�5 meter.

In order to reduce the computation load, the half-width model with symmetrical boundary condition at the center line
were used in the transient analysis of both the ABH beam and the reference beam. The half-width model does not change
the wave propagation characteristics in ABHs, but it is more computationally efficient. The left-hand sides of both the
ABH beam and the uniform beam are fixed and a same displacement excitation load is applied at their free ends. The sim-
ulation process was divided into two steps. The excitation is applied for 1.2 ms in the first step. Next, the free vibration of the
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cantilever beam is analyzed in the second step, which continues for 8.8 ms. Each piezoelectric transducer is connected to a
resistor of 2000X and the total power in all the resistors is calculated and defined as the harvested power.

Fig. 7 shows the harvested power of two systems under transient excitations. Obviously, the harvested power of the ABH
beam is much higher until 4 ms than the reference beam. This can be attributed to strain energy concentration in the ABH
area. Fig. 8 shows the normal strain tensor distribution at 1.5 ms in the ABH beam and reference beam. As previously dis-
cussed, flexural waves slow down when propagating through the ABH regions, creating high strain energy density areas
due to the ABH effect. On the contrary, vibration energy is uniformly distributed in the uniform beam. Figs. 9 and 10 show
the voltages on the electrodes of the piezoelectric transducers bonded on the upper surfaces of the ABH beam and the uni-
form beam, respectively. It is obvious that the voltages generated by the transducers mounted on the ABH beam are much
higher compared to the traditional beam, which indicate that mechanical energy can be converted more effectively when
using the ABH effect. Besides, the voltage polarity of different patches could be different, which reveals that the width of
transducers should not be larger than half the local wavelength of elastic wave due to the cancelling effect. It can also be
found from Fig. 7 that the harvested power from the ABH beam decreases very fast to the same level as that of the uniform
beam in about 5 ms. This phenomenon can be explained based on the variation of vibration level in the ABH beam.

In order to gain additional insight into the mechanism of higher harvested power and also its fast decrease in ABH beam,
the mean square velocities, as defined in Eq. (7), in the three ABHs are calculated and shown in Fig. 11. Fig. 12 compares the
mean square velocity of the same regions in the uniform beam. The vibration level of each tapered area reflects the energy
concentration performance of the corresponding ABH. As the elastic wave propagates from the free end to clamped, the wave
passes sequentially through ABH #3, ABH #2 and finally ABH #1. It is obvious that the ABH beam and the uniform beam
exhibit different properties. The maximum value of the mean quadratic velocity in the three ABHs decreases sequentially
and the maximum value in ABH #1 is much smaller than that in ABH #3. It means that when the wave propagates through
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Fig. 7. Harvested power under transient excitations.

Fig. 8. Distribution of normal strain tensor exx at 1.5 ms in (a) ABH beam; (b) uniform beam.



Fig. 9. Voltages of electrodes on the upper surfaces of the ABH beam at 1.5 ms: (a) #1 PZT array; (b) #2 PZT array; (c) #3 PZT array.

Fig. 10. Voltages of electrodes on the upper surfaces of the uniform beam at 1.5 ms: (a) #1 PZT array; (b) #2 PZT array; (c) #3 PZT array.
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Fig. 11. Mean quadratic velocity of three ABHs.
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Fig. 12. Mean quadratic velocity of three regions in the uniform beam.
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an ABH, the wave energy is efficiently converted to electrical energy in the ABH area and its magnitude decreases signifi-
cantly. On the contrary, the vibration energy decreases very slowly from region #3 to region #1 in the uniform beam, as
shown in Fig. 12, due to low energy conversion efficiency in these regions.
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After arriving at the left-hand side edge, the wave packet will reflect back and propagate towards the free edge again.
Owing to the transient characteristic of excitation, no standing wave will be formed in both beams. Each time the wave
passes the regions with piezoelectric patches, energy conversion is induced. Due to energy concentration in the ABH areas,
the harvested power of the ABH beam is higher and also decreases fast than that of the uniform beam.

Fig. 13 shows the average harvested power within 10 ms of each transducer arrays respectively. Results confirm that the
ABH effect can provide a significant increase in the harvested power due to high energy concentration performance under
transient broadband excitation conditions, while the harvesting performance of the uniform beam is limited because the
strain energy density is relatively uniformly distributed. It can also be seen that the harvested power at the PZT array #3
is the highest and that of the PZT array #1 is the lowest, while the harvesting performance of different arrays in the uniform
is almost the same.
3.2. Steady state analysis

The steady state analysis can reveal the frequency characteristics of the harvesting performance, which is also very
important for an energy harvesting system. In the numerical analysis, the left end of both the ABH beam and the uniform
beam are fixed and a harmonic force with an amplitude of 3.3 N is applied to their free end. The frequency is swept from
50 to 5000 Hz and their vibration response and the harvested power are calculated at each frequency.
3.2.1. Dynamic characteristics and energy distribution
In order to demonstrate the ABH effect and quantify the energy concentration performance, the ABH beam is divided into

two sets of regions in the length direction, the set of ABH regions and the set of non-ABH regions. The mean quadratic veloc-

ities of the beam in these two set of regions, V2
D E

ABH
and V2

D E
non�ABH

, were calculated and their ratio is defined as follows:
C ¼ 10log
V2

D E
ABH

V2
D E

non�ABH

ð8Þ
The ratio U is also calculated for the uniform beam using the same sets of regions. Fig. 14 shows the energy ratio U of both
the ABH beam and the uniform beam at different frequency.

Obviously, the index U can be used to evaluate the distribution of vibration energy in the two beams. For the ABH beam,
the value of U is always positive above 300 Hz. Most of the peak values in the considered frequency range is larger than 5. It
means the average kinetic energy in the ABH regions is larger than that in the non-ABH regions due to the ABH effect. The
peaks in the curve of U of the ABH beam correspond to the local resonance modes in the ABH beam. For the uniform beam,
the value of U fluctuates around 0. The value of U of the uniform beam mainly depends on the shape of modal function.

To obtain additional insight into the energy focusing effect, the amplitude of vibration of the two beams at a randomly
selected frequency of 3500 Hz is calculated and the results are shown in Fig. 15. Obviously the deformation in the ABH beam
is mainly concentrated in the ABH regions, but that in the uniform beam is relatively uniformly distributed. The amplitude of
vibration in the ABH region is much larger than that of the uniform beam.

The output voltages of all the piezoelectric patches connected to resistors of 1000X are also calculated and shown in
Figs. 16 and 17, respectively, for the ABH beam and uniform beam. The largest output voltage from the ABH beam is about
one order greater than that from the uniform. The above results exhibited the energy concentration performance of ABH
structure for energy harvesting under steady-state harmonic excitation. Because the energy concentration in ABH structure
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Fig. 13. Average harvested power under transient excitations.
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Fig. 14. Ratio of mean quadratic velocity of the ABH portion to the uniform beam portion. PZT patches are under the open-circuit condition.

Fig. 15. Distribution of normal strain tensor exx at 3500 Hz in (a) ABH beam; (b) uniform beam. PZT patches are under the open-circuit condition.

Fig. 16. Voltages of electrodes on the upper surfaces of the ABH beam at 3500 Hz when R = 1000X: (a) #1 ABH; (b) #2 ABH; (c) #3 ABH.
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induced by local resonance vibration, the effect can be achieved at the natural frequency of the modes with large local defor-
mation, which is usually much smaller than the characteristic frequency, defined by



Fig. 17. Voltages of electrodes on the upper surfaces of the uniform beam at 3500 Hz when R = 1000X: (a) #1 PZT array; (b) #2 PZT array; (c) #3 PZT array.
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f c ¼
phbeam

l2ABH

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ebeam

12qbeam

s
ð9Þ
at which the wavelength of the flexural wave equals the characteristic size of the ABH [11].

3.2.2. Comparison of energy harvesting performance
According to Eq. (6), the harvested power is a function of the circular frequency x, load resistance R, equivalent capac-

itance Cp, and generated charge Q. The generated charge Q is proportional to the strain, which is determined by the ampli-
tude of vibration. In the modal space, the charge generated by a specific mode can be expressed as Q ¼ auM , where uM is the
amplitude of the mode and a is the coefficient. If the amplitude of vibration displacement is kept constant, Q is constant.
With the assumption of constant charge Q, the optimal resistance can be easily derived from Eqs. (5) and (6) and written as
Ropt ¼ 1
xCp

ð10Þ
According to the parameters in Table 2, the equivalent capacitance is Cp � 4:88 nF. Substitution of Cp into the above equa-
tion gives
Ropt � 3:26
f

� 106
The above equation indicates that when f = 1000 Hz, the optimal resistance is about 32.6 kX.
However, in the case of force excitation with constant amplitude, the amplitude of vibration is affected by the harvested

energy because extraction of energy by the harvesting system increases the structural damping. It means that the amplitude
of vibration uM cannot be considered as constant. The amplitude during energy harvesting is smaller than that without
energy harvesting. Hence, the optimal resistance Ropt for constant force excitation may be smaller. When the coefficient a
is great enough, there may not exist optimal resistance.

The harvested power of both the ABH beam and the uniform beam is calculated when the resistance is changed from
100X to 100 kX and the results are shown in Figs. 18 and 19. Overall in the considered frequency range and the range
of load resistance, the harvested power of the ABH beam is significantly larger than that of the uniform beam. Frequency
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Fig. 18. Harvested power of the ABH beam as a function of frequency and load resistor.
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Fig. 19. Harvested power of the uniform beam as a function of frequency and load resistor.
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has stronger influence on the harvested power than the load resistance. This is because the resonant vibration usually is lar-
ger than the non-resonant vibration. It can also be seen that at some of the resonance frequencies, there is an optimal resis-
tance with maximum harvested power. However, at some resonance frequency, the power decreases monotonically in the
considered resistance range. It can be attributed to large value of coefficient a due to strong electromechanical coupling at
these modes.

Fig. 20 shows the harvested power as a function of frequency when the resistance is 1000X. There are many peaks in the
curved of the harvested power of both beams. The peak frequencies correspond to the resonance frequencies of the two
beams. The harvested power of the ABH beam is systematically larger than that of the uniform beam though at some reso-
nance frequencies the power of the uniform beam can exceed that of the ABH beam. At the non-resonance frequencies, the
power of the ABH beam is larger than that of the uniform beam because the ABH beam has higher modal density than the
uniform structure.

The ABH beam is especially advantageous for energy harvesting in the frequency as shown in Eq. (10). This can be attrib-
uted to the energy concentration performance of the ABH beam. But at low frequency, ABH beam still has higher energy har-
vesting performance than the uniform beam. For better explanation, the first two modal functions of the ABH beam are
calculated and shown in Fig. 21 to illustrate its energy concentration characteristic. High level of deformation and strain val-
ues in the ABH regions directly leads to high voltages on the electrodes, as shown in Figs. 22 and 23, which makes the har-
vesting effective at lower frequencies. The above results also show that the ABH beam can extend operating frequency band
as well as increase the harvested power remarkably.
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Fig. 20. Harvested power as a function of frequency when R = 1000X.



Fig. 21. Distribution of normal strain tensor exx in the ABH beam: (a) 78 Hz; (b) 138 Hz.

Fig. 22. Electrical potential of electrodes on the upper surfaces of the ABH beam with separated patches at 78 Hz: (a) #1 ABH; (b) #2 ABH; (c) #3 ABH.

Fig. 23. Electrical potential of electrodes on the upper surfaces of the ABH beam with separated patches at 138 Hz: (a) #1 ABH; (b) #2 ABH; (c) #3 ABH.
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3.2.3. Influence of the transducers dimension on harvesting performance
In this study, three array of 14 piezoelectric transducers were bonded on each side of the beams to improve the efficiency

of energy harvesting. An array of small transducers, instead of a uniform piezoelectric patch, was used to avoid cancellation
of positive and negative charges generated due to alternative modal strain at different positions. In order to investigate the
influence of the transducer dimensions on the energy harvesting performance, three uniform PZT patches were bonded in
the same ABH areas on each side of the ABH beam. Due to the higher stiffness of single PZT patches, the resonance frequency
of the new beam with uniform piezoelectric patches is higher. For fair comparison, the generated voltage at the same struc-
tural mode, with resonance frequencies of 4073 Hz and 3999 Hz respectively for the two, is considered.

Figs. 24 and 25 present electrical potential on the surface of the transducers when the influence of electrodes are
neglected. The potential is a linear function of the local strain so that it is non-uniform on the same patch. When a single
uniform piezoelectric patch is bonded in an ABH area, there are regions of positive potential and regions of negative ones.



Fig. 24. Electrical potential field of transducers on the upper surfaces of the ABH beamwith three single patches at 4073 Hz: (a) #1 ABH; (b) #2 ABH; (c) #3
ABH.

Fig. 25. Electrical potential field of transducers on the upper surfaces of the ABH beam with separated patches at 3999 Hz: (a) #1 ABH; (b) #2 ABH; (c) #3
ABH.

Fig. 26. Electrical potential of electrodes on the upper surfaces of the ABH beam with three single patches at 4073 Hz: (a) #1 ABH; (b) #2 ABH; (c) #3 ABH.

Fig. 27. Electrical potential of electrodes on the upper surfaces of the ABH beam with separated patches at 3999 Hz: (a) #1 ABH; (b) #2 ABH; (c) #3 ABH.
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The wavelength of the vibration mode at this frequency is 34.6 mm, but the single uniform piezoelectric transducer is
50.4 mm. Therefore, there are regions of both positive and negative normal strain ex in the transducer area. Figs. 26 and
27 compare the voltages on the electrodes of piezoelectric patches on the two beams. Obviously the voltage on single uni-
form piezoelectric transducer is very small due to cancellation of positive and negative electrical potential. However, the
voltages on the electrodes of the small transducers are almost the same as their local electrical potential. Division of large
uniform piezoelectric transducer into an array of small transducer can significantly increase the energy harvesting efficiency
though it also increases the complexity of the harvesting system.
4. Experimental validations of harvesting performance

An experimental setup was developed to further verify the predicted harvesting performance of the system. A double-
layered tapered beam with three embedded ABHs and a uniform beam were fabricated. Both them have the same material
parameters and geometrical configurations with the structures built in the numerical simulation. Three 1 � 14 piezoelectric
patches arrays were mounted on the upper surface of each ABH respectively. The attached piezoelectric patches were
designed to have the same dimensions and material parameters with transducers used for the numerical study. Two elec-
trodes of each transducer were fixed on the upper surface for ease of welding. Each transducer was shunted with a separate
resistor of 10kX.

Both the left-hand side edges of two test structures were clamped to achieve fixed-free boundary conditions, as shown in
Fig. 28. The free edges were excited by a shaker (YMC VT-50) generating an excitation in the out-of-plane direction. A force
transducer (PCB 208C02) connecting the shaker with the structure was utilized to measure the excitation force signal. The



Fig. 28. Experimental set-up: (a) the front side; (b) the back side.
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Fig. 29. Harvesting power under steady state.
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vibration responses were measured by a PolytecTM laser scanning vibrometer (PSV 400). The electrical voltage of each resis-
tor was measured via a oscilloscope (MSO3032), whose input impedance is 10MX.All the wires are suspended to reduce the
effect of the added mass on the vibration characteristics of the primary structure. In order to assess the broadband harvesting
performance of the test structures, the harvesting power under modal frequencies and frequencies between 500 Hz and
5000 Hz with a step of 500 Hz are measured. The excitation force was set to be 3.3 N constantly under different frequencies.

Fig. 29 provides a comparison of the harvested power between the ABH beam and uniform beam under steady-state exci-
tation. It can be seen that the overall trend of the experimental results is consistent with the simulation ones. The harvested
power of the ABH beam is systematically larger than that of the compared with the uniform beam; particularly at some fre-
quencies, the harvesting performance is increased 10 times by embedding ABHs into the beam. But at some frequencies, the
harvested power is barely enhanced. This is mainly due to the different resonance frequencies of the two beams. The reso-
nance peaks in the experimental curves of both the beams are not as sharp as those of the simulation curves. This phe-
nomenon can be attributed to two reasons. The first reason is that the resonance peaks can rarely be captured in the
small number of experimental points in frequency response curve. The second reason is that the modal damping ratios of
the experimental system is larger than those in the simulation due to damping loss in the bonding materials and wirings
of the piezoelectric transducers. In summary, embedding ABHs into a beam structure can significantly boost the power of
energy harvesting over a wide frequency band.
5. Conclusions

In this paper, a fully coupled simulation model was established to estimate the vibration-based energy harvesting perfor-
mance of a compound ABH beam. The ABH effect allows an effective reduction of wave speed, which forms a confined area
with high energy density over a wide frequency band. The harvested power can be substantially boosted through the depo-



456 H. Ji et al. /Mechanical Systems and Signal Processing 132 (2019) 441–456
sition of PZT patches in the energy concentration zones compared to the case of the uniform beam. Since the energy focal-
ization is a broadband phenomenon, harvesting with ABH features is still effective when applied to a non-resonant steady-
state, which solves the limitation of traditional vibration-based energy harvesting systems effectively. The piezoelectric
patches were designed to be relatively narrower than the wavelength in ABHs, making it adaptable to avoid the charge con-
verted being neutralized in a large frequency range. Results reveal that the ABH feature mounted with transducers allows the
effective conversion and absorption of mechanical energy during both steady state and transient excitation. Experiments
confirmed that the compound ABH feature offers much better harvesting performance than the uniform beam. The energy
harvesting circuit connected to each piezoelectric patch was simply represented by a separate resistor in the finite element
model. This can be optimized by integrated circuit to combine all the patches together with only one harvesting circuit to
enhance the harvesting performance. In addition, the coupling effects between the resistors and the ABH features are of great
significance in the optimal design and need to be further investigated in the future work. To sum up, the proposed design of
energy harvesting system using ABH features can obtain much more effective harvesting performance over a wide frequency
band.
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