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Abstract
The semi-active synchronized switch damping (SSD) approach has been widely used in
vibration suppression owing to its many advantages compared with the active and passive
approaches. The SSD method is realized by switching the voltage on the piezoelectric patch
embedded in the structure, synchronically with the vibration of the mode to be controlled.
Although good control performance can be obtained in the targeted mode, vibrations of high-
order harmonic frequencies are usually excited due to the rectangular waveform of the switched
actuator voltage because of infinitesimal inversion time, as observed in the previous experiments.
This drawback of the SSD method has greatly hindered its application in practical engineering
structures. In order to overcome this drawback, the authors propose a new method in this study to
suppress the high-order harmonic components in the switched voltage by increasing the
inversion time of the voltage. The theoretical expressions of the switched voltage and the
dynamic response of the structure were formulated for the cases with finite voltage inversion
time. The theoretical results show that increasing the inversion time may weaken the vibration
control effect of the targeted mode, but it can significantly reduce the excitation force of the high-
order harmonic components. When the inversion time is half of the period of the targeted mode,
all the high-order harmonic components in the actuator voltage are completely erased and the
control force of the targeted mode decreases by 21%. An experimental setup of a flexible beam
was used to verify the theoretical results of the switched voltage and control performance under
different inversion time.

Keywords: semi-active vibration control, piezoelectric elements, synchronized switch damping,
superharmonic vibration

(Some figures may appear in colour only in the online journal)

1. Introduction

Developing high-performance, light-weight and low-power
vibration and noise control systems is of great importance in
order to solve various engineering problems, especially for

the aerospace industry [1–6]. The semi-active synchronized
switch damping (SSD) approach using piezoelectric actuators
as one of the methods of vibration control was first proposed
by Richard et al in 1998 [3]. In the semi-active switched-
voltage control, the switch circuit is composed of an inductor
L and the switch is connected in series with the piezoelectric
element. The switch is closed at the displacement or strain
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extremes. Because the piezoelectric patch and inductor con-
stitute an LC resonance circuit, fast inversion of the voltage
on the piezoelectric patch is achieved by appropriately con-
trolling the closing time. Great magnification of the voltage
amplitude is then obtained and a quadrature phase is observed
between the voltage and displacement, thus leading to an
artificial increase of the dissipated energy.

The SSD method shows appealing features in vibration
control because no proportional power amplifiers and high-
performance digital signal processing units are required, so
these systems are much easier to implement for practical
applications. Apart from simplicity of the system, the power
consumed by an SSD control system is usually very low due
to fast inversion of the voltage on the piezoelectric actuators
by a resonant shunt circuit. The SSD method shows its great
potential in vibration control because of several advantages.
Recently, a number of investigations have been carried out
with the aim of improving the control performance using the
SSD method [4–18].

Several variances of the SSD method, including syn-
chronized switch damping on inductor (SSDI) [19], syn-
chronized switch damping on voltage source (SSDV)
[20, 21], adaptive SSDV [22–24], and SSD based on negative
capacitor (SSDNC) have been developed in the past ten years
[25–27]. Since the switching phase and switching frequency
are factors critical to damping performance in the SSD
method, their influence on converted energy has been inves-
tigated rigorously [28]. Many switching control algorithms
have been developed to maximize the energy dissipated in
each cycle of vibration [29–31].

In SSDI and SSDV the switch circuit is inductive and in
SSDNC the switch is capacitive. In either case, the switch
circuit is used to invert the voltage on the piezoelectric
actuator very quickly at the displacement extrema to obtain
maximum control performance. Figure 1(a) is a typical circuit
of SSDV and figure 1(b) is the typical waveform of voltage
on the piezoelectric actuator. Obviously, the duration of
voltage inversion is much shorter than the period of
mechanical vibration, with their ratio ranging from 1/20 and
1/50. Therefore, it was usually assumed in the previous
studies that the voltage was inverted instantaneously.

The voltage ( )V ta on the piezoelectric element in the
steady state of SSD control can be decomposed into two
parts: Vst, the voltage induced by mechanical strain, and Vsw,
the voltage due to switching action [28]. Hence, the actuator
voltage can be expressed in the following form:

= +( ) ( ) ( ) ( )V t V t V t . 1a st sw

Since it is assumed that the actuator voltage is inverted in
infinitesimal time, the voltage Vsw is a rectangular function
with the same frequency as the mechanical vibration. Con-
sequently, in addition to the fundamental harmonic comp-
onent used to suppress the targeted vibration, the voltage Vsw

also contains high-order harmonic components, which excite
additional vibration at these superharmonic frequencies. This
is the main drawback of SSD control, which hinders its even
wider application, especially in noise reduction [32].

In this study, a method is proposed to overcome the
drawback of SSD control so that the switched voltage with a
rectangular waveform excites superharmonic vibrations, by
increasing the inversion time of the voltage. A systematic
investigation on the influence of the inversion time on both
fundamental harmonic and superharmonic components of the
switch voltage, which directly affect the control performance of
the targeted mode and excited superharmonic vibration, is
presented. The paper is organized as follows. In section 2, the
electromechanical model of the SSD system is presented and
general expressions of the switched voltage on the piezoelectric
actuator under non-resonance excitation without considering
the inversion time are derived. The displacement response of
the dominant mode is also solved under combined actions
of the excitation and switched voltage. And then, the super-
harmonic vibration induced by the switched actuator voltage is
obtained. In section 3, the reduction of superharmonic com-
ponents by increasing the voltage inversion time is proposed
and the switched voltage considering the inversion time is
analyzed using Fourier series. The damping effect of the fun-
damental harmonic of the first mode and superharmonic
vibration are also given in section 3. In section 4, an experi-
ment of a stiff beam with SSDV control was used to demon-
strate the application of the theoretical results. The theoretical
and experimental results show that the sharpness of the con-
verted voltage on PZT can be reduced by increasing the

Figure 1. Principle of SSDV.
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voltage inversion time. The fundamental harmonic voltage
component is not decreased significantly as the increasing of
the inversion time, but the high-order harmonic voltage com-
ponents can be reduced effectively. The phenomenon is espe-
cially important for the application of SSD control in the
engineering field. Conclusions are drawn in section 5.

2. Superharmonic vibration in SSD control with
infinitesimal inversion time of shunt circuit

2.1. General electromechanical model of a vibration system

A continuous structure can be modeled as a multi-degree-of-
freedom system after modal truncation [26, 28]. Although the
switching actions can lead to modal coupling, this kind of
coupling is weak and can be ignored in analysis [33]. Hence, it is
assumed in the following analysis that the modal displacements
are uncoupled and the superposition principle can be applied.
The total displacement u can be expressed in the following form:

å=
=

( )u u , 2
i

N

i
1

where ui is the modal displacement of ith mode and N is the total
number of modes considered.

The electromechanical model of the system, shown in
figure 2, was proposed in [28, 33] and is included in this paper
for easy reference to readers. This model gives a good description
of the vibrating behavior of a structure in the low-frequency

range. The governing equation of the ith mode is given by

+ + = +̈ ( )M u C u K u F F , 3i i i i Ei i i ie c

where Mi represents the modal mass, Ci is the modal damping
coefficient due to inherent structural viscoelasticity, KEi is the
modal stiffness of the structural system, which can be expressed
as

= + ( )K K K , 4Ei si i
sc

where Ksi is the stiffness of the host structure and the Ki
sc is the

stiffness of the piezoelectric transducer in short circuit. The terms
on the right-hand side of equation (3) represent the modal forces
acting on the modal mass, including the force due to excitation,
Fei, and the force generated by the piezoelectric elements, Fci,
which is described by

a= - ( )F V , 5i i ac

where Va is the voltage on the piezoelectric elements, αi is the
force factor.

In the case of harmonic, the excitation and response can
be assumed to have the following form:

w w j= = -( ) ( ) ( )F F t u t u tsin , sin , 6i i i i uie M e M e

where FMi is the amplitude of the excitation force, we is the
angular frequency of excitation, which may not be equal to
the angular natural frequency of the system, w .in jui is the
phase delay of the displacement with respect to the excitation
force.

After equation (6) is substituted into equation (3), the
amplitude and phase of vibration without control can be
expressed in the following form:

where

w z w= = ( )K M C M, 2 , 8i Ei i i i i in n

Figure 2. Diagram of the multimode electromechanical model.
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are the natural frequency of undamped oscillation and the
damping ratio, respectively. Obviously, if the excitation
frequency satisfies w w= ,ie n the phase delay is j p= 2.ui

2.2. Performance of SSD control under non-resonance
excitation

In this section, the principle of SSD control is reviewed in
order to study the effect of inversion time on switched voltage
in this paper, with similar descriptions having been presented
in earlier papers [28]. A typical switch circuit for the SSDV
method has been shown in figure 1(a). If there were no
voltage sources in the circuit, it becomes the switch circuit of
SSDI control. Switches in the circuit are closed at every
maximum or minimum of the displacement and are kept
closed for half a period of the electrical oscillator, which
results in the inversion of voltage, as shown in figure 1(b).
Due to the switch control, the force generated by the voltage
is always opposite to the velocity u of the vibrating structure,
thus creating net mechanical energy dissipation.

In the previous studies, it was always assumed that the
structure was excited at one of the resonance frequencies. In
this section, the response and control performance of a
structure under non-resonance excitation and SSD control are
discussed. Without loss of generality, the excitation frequency
is assumed to be near to, but not at, the natural frequency of
the first mode, in the following discussions, that is, w w» .e n1

The vibration of the first mode is dominant and the other
modes are only weakly excited, so that their modal dis-
placements induced by the external excitation are negligible.
It is also assumed that superharmonic components of the first
mode due to switched voltage are also negligible, so that its
displacement response can be expressed in the following
form:

w j= -( ) ( ) ( )u t u tsin . 9u1 M1 e 1

In order to control this dominant mode, the displacement
in equation (9) is used for switch control. That is, the voltage
is inverted at the extrema of the displacement in the above
equation, which means the switch is closed twice in each
cycle of mechanical vibration. The switching frequency is
twice the frequency of the mechanical vibration, which is
defined as

w
p
t

w= = ( )2
2 . 10

sw
sw e

t ,sw defined as the switching period, is the time duration
between two neighboring switching points.

The voltage ( )V ta on the piezoelectric element in the
steady state of SSD control is the sum of two parts, as shown
in equation (1). The voltage Vst is generated by the strain due
to vibration and can be approximately expressed as

å a a
= »

=

( ) ( ) ( ) ( )V t
C

u t
C

u t , 11
i

N
i

ist
1 p

1

p
1

because the first mode is dominant, where Cp is the inherent
capacitance of the piezoelectric actuator.

In the previous studies, the switched voltage Vsw was
always assumed to be rectangular wave because of very short
voltage inversion time, which is half the period of the elec-
trical oscillation in the LC switch circuit and is roughly
between 1/20 and 1/50 of the period of mechanical vibration
[22, 23]. Hence, the switched voltage can be expressed in the
following form:

= t( ) ˆ ( ) ( )V t V S t , 12sw sw sw

where V̂sw is the amplitude of V ,sw t ( )S tsw
is a switch function

with a switching period of t .sw The switch function is defined
as




=
- <
+ <

=  t
-

+


⎧⎨⎩( ) ( ) ( )S t
t t t
t t t

k
1
1

0, 1, 2 . 13k k

k k

2 1 2

2 2 1
sw

According to the displacement of the first mode in
equation (7), the phase delay can be expressed as

j p j= + ¢ ( )2 , 14u u1 1

in which p j p- < ¢ <2 2.u1 The switch points are

t
j
w

p
w

j
w

= +
¢

= +
¢

=   ( ) ( )t k k k 0, 1, 2 . 15k sw
u

e e

u

e

1 1

The switched actuator voltage is periodic and expanded
in Fourier series. For convenience, the time is shifted by
j w¢u e1 and the new time ¢t is defined as j w¢ = - ¢t t .u e1

Then, ¢( )V tsw is an odd function and can be expressed in
Fourier series as follows:

å w
¢ = ¢

=

¥

( ) ( )V t b k tsin
2

. 16sw
k

k
sw sw

1

The coefficient bk
sw in equation (16) can be calculated as

follows:

=
= - =

= =
p-





⎪

⎪

⎧
⎨
⎩

ˆ ( )

( )
( )( )b

V k j j

k j j

2 1, 1, 2,

0 2 , 1, 2,
. 17k

sw j sw
4

2 1

The above expression shows that due to the switching
action, the actuator voltage contains the odd-order super-
harmonic components, and all the even-order components
are zero.

In the SSDV control, the amplitude of switched voltage
can be expressed in the following form [21]:

g
g

a
=

+
-

+
⎛
⎝⎜

⎞
⎠⎟

ˆ ( )V
C

u V
1

1
, 18sw

1

p
M1 cc

where γ is the voltage inversion efficiency of the circuit and
Vcc is the output of the voltage source. In the enhanced SSDV
control, the output of the voltage source is assumed to be
proportional to the amplitude of vibration [22–24], that is,

b
a

= ˆ ( )V
C

u , 19cc
1

p
M1

where β is a coefficient and ûM1 is the vibration amplitude
under control.
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Substitution of equations (1) and (16)–(19) into
equation (5) gives

åa a
a

p
g
g

a
b w j

p

= - = - +
-

+
-

´ + - - +

=

¥

⎜ ⎟

⎡
⎣
⎢⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

( )
( )

( ) ˆ ( )
( )

F V
C

u t
j

C
u j t

4

2 1

1

1

1 sin 2 1
2

.

20

i i a i
j

e u

c
1

p
1

1

1

p
M1 1

The above result indicates that the control force acting on
the ith mode, F ,ic which is generated by the switched actuator,
contains not only the fundamental harmonic, but super-
harmonic components. If the natural frequency of the ith
mode is close to the frequency of (2j − 1)th superharmonic
components, that is w w» -( )j2 1 ,in e the mode will be
strongly excited. In a structure with dense modal frequencies,
this is very likely to happen. The response of the system at
superharmonic frequencies will be discussed in the next

subsection. In this subsection, the targeted mode with =i 1 is
considered.

When =i 1, the fundamental harmonic in Fc1 is the control
force for suppression of the vibration excited by the external
force. The superharmonic vibrations of the targeted mode
excited by the control force Fc1 are relatively small compared
to the fundamental harmonic because the frequencies of the
superharmonic forces in Fc1 are several times larger than the
natural frequency of the targeted mode w w- (( )j2 1 e n1

 )jwith 2 and will be further discussed in the next subsection.
Substitution of F ,e1 Fc1 and ( )u t1 in equations (6), (9) and

(20) into equation (3) by setting i to 1 and solving the
amplitude ûM1 and phase ĵu1 under control from the resulting
equation gives

where

a a

w

= = + = +

=

˜ ( ˜ )

( )

K
K C

K K
C

K K

K M

, 1 ,

22

S S11
2 1

2

E1 p
D1 E1

1
2

p
E1 11

2

n1 D1 1

are the squared electromechanical coupling coefficient of the
structure, the modal stiffness when the piezoelectric actuator
is in open-circuit state, and the angular natural frequency of
the first mode with the actuator in open-circuit state,
respectively.

The above results give the displacement response when
the structure is excited at a non-resonance frequency. In a real
structure, the condition K̃ 1S11

2 holds. If the structure is
excited at the resonance frequency, then w w=e n1 and the
above results are simplified to those obtained in the previous
studies [28]. The attenuation is defined as

In the above expression, the approximations w w»n1 n1

and + »K̃ 1 1S11
2 have been used because of the condition

K̃ 1.S11
2 When w w= ,e n1 the above expression for

attenuation is simplified to

z p
g
g

b

z p
g
g

b

= +
+
-

+

»
+
-

+

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

( ) ˜

( ) ˜ ( )

A K

K

20 log 1
1

2

4 1

1
1

20 log
1

2

4 1

1
1 . 24

10
1

S11
2

10
1

S11
2

This expression is the same as that obtained in previous
studies of SSDV control [26].
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2.3. Superharmonic vibration induced by switched actuator
voltage

As shown in equation (18), the actuator force includes an
infinite number of superharmonic components. Although the
amplitude of the superharmonic component of the actuator
force decreases as the order, -( )j2 1 ( j=2, 3, K), increa-
ses, the higher-order modes can still be effectively excited if
their frequencies are sufficiently close. For convenience of
analysis, it is assumed that the frequency of the -( )j2 1 th
superharmonic component, w-( )j2 1 ,e is sufficiently close to
the frequency of the ith mode, w ,in that is, w w» -( )j2 1 .in e

By neglecting the other superharmonic components, whose
frequencies are far from the resonance frequency of the ith
mode, the modal force is approximately expressed as

a
p

g
g
a

b

w j
p

= -
-

+
-

+

´ - - +⎜ ⎟⎛
⎝
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⎠
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4
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1

1
1

sin 2 1
2

. 25

i i

e u

c
1

p
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1

The response is assumed to be

w j= - -- - -( ) [( ) ] ( )( ) ( ) ( )u t u j tsin 2 1 . 26i j i j ui j2 1 M 2 1 e 2 1

Substitution of equations (25) and (26) into equation (3)
and solutions of -( )u i jM 2 1 and j -( )ui j2 1 from the resulting
equation yield:
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a a

=K̃
K C

.i
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i
S1
2 1

E p
The first expression in equation (27)

gives the ratio between the amplitude of the -( )j2 1 th
superharmonic in the ith mode and the controlled amplitude
of the targeted mode (the first mode in this case), which is the
factor before ûM1 on the right-hand side of the expression.
When the ratio - ˆ( )u ui jM 2 1 M1 is smaller than 0.1, it may be
thought that the exited vibration is not significant.

First, the special case with =i 1 and - =( )j2 1 3, the
third superharmonic vibration of the targeted mode, is con-
sidered. If w w=e n1 and the damping ratio is sufficiently
small, then the amplitude can be approximately expressed in
the following form:

p
g
g

b=
+
-

+ˆ · ( ) ˜ ( )( )u u K
1

24

4 1

1
1 . 28M1 3 M1 S11

2

This expression gives the ratio between ( )uM1 3 and û .M1
As shown in equation (24), the control performance of the
fundamental harmonic mainly depends on the factor

b+
p

g
g

+
-

( )K̃1 ,4 1

1 S11
2 which also directly affects the control

performance, as shown in equation (28). As shown in the

previous studies, the vibration attenuation of SSDV is usually
20–35 dB [27, 28, 33]. This means that the factor is usually
smaller than 1 if the damping ratio of the mode is assumed to
be x = 0.01.1 Hence, the third harmonic of the first mode is at
least one-order smaller than the fundamental harmonic and is
negligible.

Next, another special case of w w= -( )j2 1in e with a
given pair of i and j is considered. The ratio -( )u ui jM 2 1 M1 can
be expressed in the following form:

z p
g
g

b=
-

+
-

+- ˆ
( )

· · ( ) ˜

( )

( )u u
j

K
1

2 1

1

2

4 1

1
1 .

29

i j
i

iM 2 1 M1 S1
2

If z z=i 1 and =˜ ˜K K ,iS1 S11 then the term

b+
z p

g
g

+
-

· ( )K̃1 i
1

2

4 1

1 S1
2

i
is the same as that in equation (24).

Its value usually ranges from 10–50, depending on the
required control performance. This indicates that the ampl-
itude of superharmonic vibration, -( )u ,i jM 2 1 can be much
larger than the controlled amplitude of the targeted mode,
û ,M1 if the condition w w= -( )j2 1in e is satisfied. In a
practical structural system, this condition is not exactly
satisfied, but it is highly possible that it is approximately
satisfied.

As an example, a cantilever beam is considered. Theo-
retically, the relationship w w= 6.2764n2 n1 holds for a canti-
lever beam. If the excitation frequency satisfies
w w= 0.8966 ,e n1 that is, just a little lower than the first
resonance frequency, then there exists w w»7 .e n2 Letting
=i 2 and - =( )j2 1 7 in equation (29), we obtain

z p
g
g

b=
+
-

+ˆ · · ( ) ˜ ( )u u K
1

7

1

2

4 1

1
1 . 30M2,7 M1

2
S12
2

Since b+
z p

g
g

+
-

· ( )K̃11

2

4 1

1 S12
2

2
approximately ranges

from 10–50, the ratio ˆu uM2,7 M1 can be as large as seven.
Therefore, the suppression of superharmonic vibration is very
important in semi-active control.

3. Reduction of superharmonic components by
increasing voltage inversion time

3.1. Analysis of the switched voltage with finite inversion time

In the above analysis, the voltage inversion time is assumed to
be infinitesimal and the switched voltage is assumed to have
rectangular waveform. In this section, the voltage inversion
time is assumed to be finite. If the period of the LC circuit for
voltage inversion is t ,c the switch circuit is closed at the
displacement extrema and kept closed for a duration of t 2c

for voltage inversion, as shown in figure 3. Hence, the
inversion time is t 2,c half the period of the LC circuit. A
new parameter, called switching time ratio, is defined as

m
t
t

= ( )
2

. 31c

sw

6
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Obviously, switching time ratio m can be changed from 0
to 1. When m is 0, the inversion time is infinitesimal. When μ

equals to 1, the switched voltage becomes an ideal sinusoidal
waveform.

The same expression of excitation and displacement
response shown in equation (6) is assumed in the following
analysis. When the voltage is switched at the displacement
extrema, the switching points are also the same as those in
equation (15). The waveform of ( )V tsw is plotted in figure 3
for j¢ = 0.u1 For convenience of analysis, a shift of the time
axis is carried out. The new time is defined as

j
w

t j
w

mp
w

¢ = -
¢

- = -
¢

- ( )t t t
4 2

. 32u

e

c u

e e

1 1

Obviously, the switched voltage in the new time domain,
¢( )V tsw is an odd function. The switched voltage is expressed

in the following form:

¢ = ¢ ¢( ) ˆ ( ) ( )V t V S t , 33sw sw c

where V̂sw is the amplitude of Vsw given in equation (12),
¢ ¢( )S tc is the switch function in the new time domain. The

switch function can be expressed in the following form:

where ¢k is an integer and

w
p
t

= ( )2
, 35c

c

is the angular frequency of the switch circuit.

The switched voltage is periodic. Its frequency is the
same as the harmonic vibration used for switch control. The
kth-order harmonic of the switched voltage can be expressed as

p m
m
p

w j m
p

=
-

- ¢ -⎜ ⎟⎛
⎝

⎞
⎠

ˆ
( )

( )

V
V

k k
k k t

4 1

1
cos

2
sin

2
.

36

sw k
sw

e u, 2 1

This expression indicates that the phase delay is induced
by the voltage inversion time.

The amplitude of superharmonic components in the
switched voltage is normalized as follows:

= ˆ ( )V
b

V
. 37sw k

k
sw

sw
,

The normalized amplitude of the superharmonic voltages
is plotted as a function of the order k in figure 4 for
0<k<21, with the frequency ratio m as a parameter taking
values of 0, 0.2, 0.4, 0.6, 0.8 and 0.99, respectively. In order to
more clearly display the results, the normalized amplitudes are
plotted as a function of m with k equal to 1, 3 and 5 in figure 5
and with k equal to 7, 9 and 11 in figure 6. When m = 0, the
voltage inversion time is infinitesimal and the switched voltage
has a rectangular waveform. When m = 0.99, the voltage
inversion time is almost half the period of mechanical vibration.
The generated voltage on PZT becomes a harmonic waveform.

Since the actuator force is directly proportional to the
actuator voltage, it is very important to reduce the super-
harmonic components of the switch voltage. When the voltage
is switched in infinitesimal time (m = 0), the normalized
voltage amplitude of the superharmonic components is in
inverse proportion to its order. Although the normalized
amplitude decreases as the order increases, strong super-
harmonic vibration can still be excited for the first several
superharmonic components if their frequencies are close
enough to the natural frequency of certain structural modes.
Hence, it is very important for further reducing the normalized
amplitude of the superharmonic voltages by increasing the
inversion time. One effective method is to increase the value of
the inductor. Obviously, the normalized amplitude of the

superharmonic voltages decreases as m increases from 0 to 1.
However, the rate of decrease is different for different super-
harmonic components. An inversion time of m = 0.5 is enough
for all the superharmonic k 5, but an inversion time of
m 0.9 is necessary for the superharmonic =k 3. The

Figure 3. Switched voltage.
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normalized amplitude of the fundamental harmonic is p4
for m = 0 and 1 for m = 1. This means that although the
normalized amplitude of the fundamental harmonic decreases
as m increases, the percentage decrease is about 21%, not as
significant as for the superharmonic components.

3.2. Influence of voltage inversion time on control performance

The voltage inversion time does not only affect the amplitude
of fundamental harmonic voltage, but its phase. Hence, it is
important to investigate its influence on the control perfor-
mance. According to equations (11), (18) and (36), the force
generated by the piezoelectric actuator and acting on the ith
mode can be expressed as

åa a
a

p

g
g
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b
m

m
p

w j
p
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+
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1
M1

1

p
2

1

Obviously, the phase delay is induced when μ is greater
than 0.

In order to investigate the control performance of the
targeted mode, only the fundamental harmonic in the control

force in equation (38) is considered by neglecting the
superharmonic components.

The submission of F ,e1 Fc1 and ( )u t1 in equations (6), (8) and
(38) into equation (3) by setting i to 1 and solving ûM1 and ĵ ,u1
the amplitude and phase angle under control, from the resulting
equation give

Figure 4. Normalized switched voltages as a function of k. Figure 5. Normalized switched voltages as a function of m.

Figure 6. Normalized switched voltages as a function of m.
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where

k
p

g
g

b
m

m
p
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+
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+
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˜
( )K
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1
1

1

1
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The denominator in the expression is zero when m = 1,
but its limit exits when m approaches 1. The value of k11 at
m = 1 is defined by the limit, which is

k
g
g

b=
+
-

+
+

( )
˜

˜
( )K

K

1

1
1

1
. 4111

S11
2

S11
2

Equation (39) indicates that due to the phase delay in the
actuator force it does not only influence the damping of the
structure, but also its stiffness. If w w=e n1 and m = 1, then
there exists approximately

k
j» »ˆ ˆ ( )u

F

K

1
, 0, 42uM1

11

M1

D1
1

because z k .1 11 This means that the displacement is almost
in phase with the external excitation.

The attenuation is defined as

The same approximations as those used in equation (24)
have been used in the above equation. In the case that
w w=e n1 and m = 1, the attenuation can be approximately
expressed as
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Comparison of equations (24) and (44) indicates that the
attenuation of the targeted mode is weakened, but it is only
reduced by p =( )20 log 4 2 dB10 for the same values of
system parameters z ,1 g, b and K̃S11 when the switching time
ratio m is raised from 0 to 1.

3.3. Reduction of the superharmonic vibration

Similar to the analysis in section 2.3, the vibration of the ith
mode excited by the kth superharmonic component in the
actuator voltage is considered. The modal force acting on ith
mode due to kth = -( )k j2 1 superharmonic components of

actuator voltage is

a
p

g
g
a

b

m
m
p

w j
p

m
p

k

w j
p

m
p

= -
-

+
-

+

- -
-

´ - - + -

= - -

´ - + -

-

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

ˆ
( )

( )

·
(( ) )

( )

( )

ˆ ( )

( )

( )

F u
j C

j
j

j t

K u j

t

4

2 1

1

1
1

1

1 2 1
cos 2 1

2

sin 2 1
2 2

sin 2 1

2 2
, 45

i i

e u

i j i

e u

c M1
1

p

2

1

1 2 1 E M1

1

where

k
p

g
g

a a
b

m
m
p

=
-

+
-

+

´
- -

-

-

⎜ ⎟⎛
⎝

⎞
⎠

( )
( )

(( ) )
( ) ( )

( )
j K C

j
j

4

2 1

1

1
1

1

1 2 1
cos 2 1

2
. 46

i j
i

i
1 2 1

1

E p

2

The response with finite inversion time is assumed to be

w j= - -- - -˜ ( ) ˜ [( ) ˜ ] ( )( ) ( ) ( )u t u j tsin 2 1 . 47i j i j ui j2 1 M 2 1 e 2 1

Substitution of equations (45) and (47) into equation (3)
and solution of -( )u i jM 2 1 and j -( )ui j2 1 from the resulting
equation yield
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In order to evaluate the reduction of the superharmonic
components of vibration, an attenuation index is defined as
follows:
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The larger the value of -( )Ai j2 1 is, the better the per-
formance in the reduction of the superharmonic components
will be. The attenuation index depends only on the order of
the superharmonic components. It is independent of the
order of the vibration mode. Because -( )Ai j2 1 is infinity for
any value of j when m = 1, all superharmonic components
of vibration are completely canceled. This agrees well with
the results of the superharmonic force components in
figures 4–6 that all the superharmonic components are zero
at m = 1.

4. Experimental validation and discussion

4.1. Experimental system

For experimental validation of the method proposed above to
reduce the superharmonic vibrations, semi-active control of a
cantilever aluminum beam was employed. The length, width
and thickness of the beam, as shown in figure 7, are 280, 75 and
1mm, respectively. The two piezoelectric patches, PZT1 and
PZT2, are bonded onto the surface near the clamped end, where
the maximum strain is induced. The inherent capacitance of
both of the piezoelectric actuators is 3.8 pF. The size of the
piezoelectric patches is 30×30×0.2 mm. They are polarized
in the thickness direction. PZT2 was used to excite the vibration
of the beam, while PZT1 was used to control the vibration. The
natural frequencies of the first two modes are 10.41 and
57.1 Hz, respectively, that is, there exists w w»5.49 .n1 n2 Due
to the influence of the bonded piezoelectric elements and the
imperfect boundary conditions, the frequency ratio of the first
two modes is different to the theoretical value. The displace-
ment at the free end of the beam was measured by a laser
displacement sensor and the signal was used for switch control
in the shunt circuit. The schematic chart of the enhanced
SSDV control system is shown in figure 8, in which the voltage
source is proportional to the vibration amplitude, shown as
equation (19).

The beam was excited at the first resonance frequency
10.41 Hz. Inductors of 0.3, 4.4, 9.6, 16.7 and 24.8 H were
used in enhanced SSDV control to change the inversion time
of the voltage by the shunt circuit. Corresponding to these
values of inductance, the switching time ratio defined in
equation (31) is 7%, 24%, 38%, 50% and 61%, respectively.
The voltage coefficient β was set as 15. In experiments, it is
impossible to realize zero inversion time.

4.2. Experimental results and discussion

The actuator voltage on the PZT and the displacement of the
beam in two typical cases, where μ=7% and μ=50%, are
shown in figure 9. When the inductance is 0.3 H (μ=7%),
the inversion time is very short and the voltage waveform

Figure 7. Schematic representation of the beam.

Figure 8. Experimental setup.

Figure 9. Output voltage of piezoelectric element and displacement
of the beam.
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looks almost rectangular. The 5th superharmonic vibration
was significantly excited because the frequency of the 5th
superharmonic is very close to the natural frequency of the
2nd mode of the beam. The slight decrease at the plateau of
the voltage waveform is due to circuit leakage [6]. It can also
observed that the voltage is not switched exactly at the dis-
placement extrema of the first mode due to the influences of
the second mode. Actually, the two modes coupled in this
case, as was discussed in the previous studies [30]. When an
inductor of 16.7 H (μ=50%) was used, the width of the
plateau in the voltage waveform is 50% of that in the ideal
switching condition. The amplitude of the 5th superharmonic
has been significantly reduced.

In order to validate the theoretical results of the switched
voltage and control performance, Fourier transform was used
to extract the amplitude of the superharmonic components of
the actuator voltage and normalized by the voltage amplitude
at the plateau, which corresponds to the Vsw in equation (12).
The switched voltages of kth-order harmonic (k = 1, 3, 5, 7
and 9) when μ equals to 7%, 24%, 38%, 50% and 61% are
plotted in figure 10. Although there are some differences
between the experimental and theoretical results, as shown in
figure 4, their trends are very similar. There are many factors
that may affect the experimental results, such as, errors in
inductor values, measurement noise in experiments, the delay
of switching action, etc. The results of the experiments further
confirm that the voltage of the high-order harmonic comp-
onent can be effectively suppressed by increasing the inver-
sion time of the voltage by the shunt circuit. When μ is over
0.5, the 5th harmonic component is very small. The ampli-
tudes of normalized switched voltage are plotted as a function
of μ in figure 11 with parameter k equal to 1, 3, 5, 7 and 9,
respectively. These results are also very similar to the theor-
etical results shown in figures 5 and 6.

Figure 12 shows the amplitude of the targeted mode and
the vibration excited by the fifth superharmonic under

enhanced SSDV control with parameter μ equal to 7%, 24%,
38%, 50% and 61%, respectively. The vibration amplitude of
the first mode increases slightly with the increase of inversion
time. There is only 2.69 dB reduction when the switching
time ratio was increased from μ=7% to μ=61%. How-
ever, the amplitude of the fifth superharmonic vibration was
reduced significantly when the switching time ratio was
raised. The sudden reduction of the fifth superharmonic as μ
is increased from 7% to 24%, was due to decoupling between
the first and second modes. As shown in figure 9(a), the
amplitude of the fifth superharmonic is large enough to affect
the switching point in the displacement response. That is, the
switching point is determined by the vibration of both the first
and second modes and the actuator voltage is not uniformly

Figure 10. Experimental results of the normalized switched voltages
as a function of k.

Figure 11. Experimental results of the normalized switched voltages
as a function of μ.

Figure 12. Spectrum of the displacement of the beam.
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switched, so that the switching frequency contains two
components. Hence, the first and second modes are coupled
[30]. When the amplitude of the fifth superharmonic is
reduced by increasing the switching time ratio, decoupling
between the first two modes is achieved and the vibration
amplitude of the second mode can be significantly reduced.

5. Conclusion

In the classical SSD control, smaller inductance, which makes
the inversion time of the LC circuit shorter, is considered
better for control performance. But it results in a rectangular
waveform of actuator voltage on the piezoelectric element.
The rectangular waveform gives high control voltage for the
targeted vibration mode, consequently yielding high control
performance, but it also contains rich superharmonic com-
ponents, which may excite undesired high-order modes.
When the frequency of a certain superharmonic is sufficiently
close to the natural frequency of a certain mode of the
structure, the amplitude of the excited high-order mode may
reach a nonnegligible level, especially when coupling occurs
between the targeted mode and excited high-order mode.
Therefore, reduction of superharmonic components in the
switched voltage is very important in semi-active SSDV
control. In this study, a new method to reduce the super-
harmonic components in the switched voltage by increasing
the inversion time in the LC circuit has proposed. The general
expressions of the switched voltage on the piezoelectric
actuator under different inversion time conditions were
derived. Based on its periodicity in steady-state control, the
harmonic components of the actuator voltage were derived
using Fourier series expansions. The vibration of high-order
modes excited by superharmonic components of the switched
actuator voltage has also been solved. An experimental setup
of a cantilever beam was built to validate the theoretical
results. The results show that the control performance of the
fundamental harmonic vibration was only slightly affected by
increasing the switching time, but the superharmonic vibra-
tion excited by the actuator voltage was greatly reduced. The
theoretical and experimental results verified the advantages of
the proposed method by increasing the inversion time of the
LC circuit in SSDV control. This method can further extend
the application of SSDV control in practical structures where
superharmonic vibrations are critically harmful.
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