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Abstract

This paper investigates the design of l-synthesis controller for vibration control of a plate with piezoelectric patches. A numerical

model with the consideration of the coupling between the PZT actuators and host plate is first derived. Using the model, a l-
controller is synthesized, in which model uncertainties are quantified by uncertainty weights included in the control design process.

Experiments are then performed to verify the effectiveness of the present design approach, using the dSPACE DS 1103 and sim-

ulation tools in conjunction with MATLAB/Simulink. It is shown that, as an alternative of purely experimental approach, the

established model provides a useful tool for the controller design, pointing to a straightforward extension to the case of multi-layer

composite laminates and other composite structures.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The use of composite plates, either fiber-reinforced or

multi-layered, in various engineering situations has
substantially increased over the past years owing to their

high strength and stiffness. One of the most widely used

structures is the laminated composite plate with piezo-

electric materials, which has attracted the attention of

many researchers in fields of structural vibration anal-

ysis, damage detection and vibration control, etc. [1–6].

Due to the intrinsic direct and converse effects of the

piezoelectric materials, they can be used as sensors
or actuators. Vibration control of smart piezoelectric

composite plates has been a topic of a significant

amount of investigations up to the present, and led

to the development of many control strategies [5–8].

Piezoelectric material can either be piecewise over the

structure surface [1] or occupying a whole layer [3]. In

the latter case, the host plate and the piezoelectric layer

form a composite multi-layer lamina.
Irrespective of the physical arrangement of the lam-

ina, a crucial problem to be tackled during the controller

design process is the robustness problem, which is
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caused by the discrepancy of modeling from the system

identification error, disturbance (input) or high-fre-

quency model truncation. To solve this problem, tech-

niques such as the robust pole assignment, H1 control
and l-synthesis, etc. have been successfully developed

and applied to suppress the vibration [9–12]. Among

these approaches, l-synthesis is an attractive method for

the controller design because it allows the direct inclu-

sion of system uncertainties in the design process, and

provides a framework for analyzing the performance

and stability of uncertain systems. Literature survey

shows that although l-synthesis has been successfully
applied in vibration suppression of many flexible struc-

tures, such as manipulators or steering wheel, etc. [13–

16], it has been seldom considered on the plate-like

structures coupled with piezoelectric material. There is

also a lack of experimental data.

It is known that l-synthesis is a model-based control

design technique requiring a detailed mathematical

model of the structure including a characterization of
system uncertainties. The system modeling is the first

step of the design. An attempt was made in our recent

work [17], in which a MIMO l-controller was designed
based on experimental approach. In order to avoid do-

ing a large amount of laboratory works on experimental

modeling, it would be interesting to seek possibilities

of using numerical modeling for controller design.
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Fig. 1. Schematic diagram of a plate with piezoelectric patches.
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The possible involvement of the numerical modeling in

the design process provides numerous possibilities in

exploring different configurations and optimizing the

sensor/actuator placement. This is even true when PZT
actuators are used, since once they are glued on the

structure surface, it is impossible to relocate them during

experiments. This paper attempts to explore this avenue.

It is pertinent to mention that this study does not try to

find a novel control algorithm, which is always done by

many controller experts. It will rather emphasis on the

application of the l-synthesis for vibration control of

plate-like structures coupled with piezoelectric material,
which will change the structural properties, such as

natural frequencies and mode shapes (or nodal lines) to

a large extend, and will subsequently affect the selection

of weighting functions. Moreover, the framework es-

tablished in this paper is very general. Although results

presented use single-layer lamina with piece-wise PZTs,

it can be easily extended to the case of multi-layer

composite laminates.
This paper is organized as follows. The numerical

model of the plate coupled with PZTs is first developed

and described in state-space form in Section 2, and then

validated by experiments. A l-controller is then syn-

thesized based on the simulated model, in which the

model uncertainties are characterized and described by

the weighting functions. Criteria on the selection of

weighting functions are also presented. Section 3 elab-
orates the experimental setup, controller synthesis and

result analysis. Two cases are tested to investigate the

robustness of the designed controller. In Section 4 some

conclusions are drawn.
2. Modeling and design of l-controllers

2.1. Modeling

Consider a simply supported rectangular plate

ða� b� hÞ with r pairs piezoceramic (PZT) bonded on

both sides of the plate (see Fig. 1). Based on the Kir-

chhoff�s assumption and the perfect bonding between the

host plate and the PZT patches, the equation of motion

for flexural motion of the structure under the action of

an applied electric field and external disturbance

f ðx; y; tÞ can be expressed by
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where wðx; y; tÞ denotes the mid-plane transverse dis-

placement of point ðx; yÞ either on the plate or on the

piezoelectric elements. D11, D12, D22 and D66 are the

flexural rigidities of the plate in different directions,
ðEpl; mplÞ and ðEpe; mpeÞ the Young�s modulus and Poisson

ratio of the plate and piezoelectric patch, respectively.

l1 ¼ ðhþ hpeÞ3 � h3, hpe is the thickness of PZT and

vpe‘
ðx; yÞ the generalized location function described

by the Heaviside function H as

vpe‘
ðx; yÞ ¼ bHðx� xpe‘1Þ � Hðx� xpe‘2Þc


 bHðy � ype‘1Þ � Hðy � ype‘2Þc: ð2Þ

q is the mass per unit volume combining the properties

of plate and PZT; V‘ the voltage applied to the ‘th pair

of PZT patches (driven in anti-phase), and D‘ðx; yÞ ¼
D‘ 
 vpe‘

ðx; yÞ the coefficient related to material properties

of the ‘th PZT and its location. For an isotropic host

plate with discretely distributed PZTs, Eq. (1) can be

rewritten as
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where D is the equivalent flexible stiffness of the smart

plate. In light of mode superposition theory, wðx; y; tÞ
can be formulated by

wðx; y; tÞ ¼
X1
i¼1

X1
j¼1

/ijðx; yÞgijðtÞ; ð3Þ

where gijðtÞ and /ijðx; yÞ are the ijth modal coordinate
and shape function, respectively. Substitution of Eq. (3)

into Eq. (1a), pre-multiplication by /klðx; yÞ, integration
over the whole plate, and with the considerations of

structural damping and mode truncation gives a set of

differential equations as
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where xkl and fkl are the klth natural frequency and

damping ratio, respectively; ðm; nÞ the numbers of

modes after the truncation of the series. It is clear that

the first term of right side of Eq. (4) is the disturbance
force, and the second term the control force (V‘ the

control inputs). Using the transformation QðtÞ ¼
fgTðtÞ _ggTðtÞgT, Eq. (4) is rewritten in the state-space form

as

_QQðtÞ ¼ AQðtÞ þ BuðtÞ þ Bf f ðtÞ; ð5Þ
where
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Assuming that the outputs are a subset of charge signals

measured by accelerometers, the charge output equa-
tions can be written as

yðtÞ ¼ CQðtÞ; ð7Þ

where

C ¼
/11ðxs1 ; ys1Þ 
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:: :: ::
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24 35
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:

ð8Þ

The above development established the formalism,

which will be used hereafter for controller design.

However, structural mode shapes with PZT actuation

can hardly be obtained analytically in most cases. To

overcome this problem, a parallel formulation based on

the variational principle is derived and the natural fre-
quencies and modes shapes can be obtained numerically

[18]. As a result, the aforementioned procedure can then

be applied. As an alternative, the whole set of equation

can be directly resolved to compute structural response

under PZT actuation. It is pertinent to mention that the

whole modeling approach is based on a very general

variational approach requiring the calculating of the
kinetic energy and potential energy of the system.

Therefore the established approach can be easily ex-

tended to other types of composite structures. For dif-

ferent types of structures, only the way to calculate the
potential energy differs.

The validity of the modeling is verified by comparing

numerical and experimental results using an aluminum

plate with dimensions of 0.38 · 0.3 · 0.003 m. The plate

is clamped on the left side, in which three pairs of

bonded PZT patches (Sensortech BM500) are symmet-

rically adhered to the opposite sides of the structure (see

Fig. 2(a)). The frequency response function (FRF) is
used for comparison purposes. For the experimental

testing, a pesudo-random signal was generated using a

signal analyzer (B&K 3023), then amplified by a Piezo-

Driver (Trek Model 603), and exerted on the PZTs at

the center location of (0.135, 0.265). The response of the

plate at point (0.155, 0.225) was measured using a B&K

4369 accelerometer. For the numerical modeling, the

corresponding FRF is obtained from the state-space
equation solved by Newmark method and FFT trans-
formation. Fig. 2(b) shows the FRF curves obtained

from the simulation and experimental test respectively.
It can be observed that apart from the very low fre-

quency region containing experimental noise, resonant

peaks of these two curves coincide with each other, and

tendencies of curves are basically the same. Obviously,

the present model can simulate the real system well and

is accurate enough for the controller synthesis.
2.2. l-synthesis control

Eqs. (5) and (7) describe the dynamics of the struc-

ture, which can be denoted by the nominal system GðsÞ
in Laplace domain. In general, due to the identification

error and unmodelled dynamics, the design of an active

controller based on GðsÞ might lead to poor or even

unstable behavior of the closed-loop system. In such
case, the uncertainties should be included in the model

during the controller synthesis so as to achieve a certain

degree of robustness and stability.

The block diagram of a l-control system design is

depicted in Fig. 3. In order to apply the general l-syn-
thesis framework, an interconnection structure is

formed which consists of the model uncertainties and



Fig. 2. (a) Experimental setup for modeling. (b) The frequency re-

sponse function: (––) experimental result; (- - -) numerical result.

Fig. 3. Block diagram of a l-synthesis control.
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performance objectives, which are formulated in terms

of weighting functions on system transfer functions. In

this paper, the multiplicative uncertainty is assumed and

GðsÞ is modified by

eGGðsÞ ¼ ðIþ DGðsÞÞ 
 GðsÞ; ð9Þ

where GðsÞ ¼ CðsI� AÞ�1
B, DGðsÞ ¼ DGðsÞ 
 WGðsÞ with

kDGðsÞk1 6 1. Then, the augmented plant model GpðsÞ
is described by the input–output scheme as

ð10Þ

where z1 and z2 are a set of weighted exogenous outputs

to be minimized, and W1ðsÞ and W2ðsÞ the weighting

function matrices to be selected. For the design of l-
controllers, the objective is to find a stabilizing con-
troller so that the weighted closed-loop transfer function

is internally stable with
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Tz2dðsÞ
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and

sup
x2R

lDðGP ðjxÞÞ < 1; ð12Þ

where lDðGP Þ represents the structured singular value.

Clearly, it is the standard l-design, which can be solved

using the ‘‘l-analysis and synthesis’’ toolbox of MAT-

LAB. The detailed description of the synthesis proce-

dure can be found in Refs. [19–21].

During the controller synthesis, a vitally important
issue to be addressed is the selection of weighting

functions, which depend on the stability and perfor-

mance required, the modes to be controlled and test

conditions, etc. Some criteria are summarized as below.

2.2.1. Selection of W1(s)
(1) When the high-frequency unmodelled dynamics is

to be compensated for, W1ðsÞ can be selected as a high-

pass filter covering the higher vibration modes so as to

control high-frequency roll-off, and the cutoff frequency



Fig. 4. Distribution of nodal lines of the first five strain modes (a) with

PZT; (b) without PZT.
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of W1ðsÞ is set lower than the maximal frequency xmn of

the designed model to avoid spillover problem. In this

regard, the location of actuators plays a crucial role. In

fact, it relates to the controllability analysis and the

actuators are usually located at strain nodes of mode

xmnþ1 to reduce system uncertainties. However, when
the PZTs are used as actuators, the nodal lines will be

changed due to the coupling between the PZTs and the

host structure. An example is illustrated in Fig. 4, which

shows the distributions of nodal lines for the first five

strain modes of the structure with and without PZT

actuation. It can be observed that the distribution of

nodal lines with PZTs is highly irregular compared with

their counterparts without PZTs. As a result, a coupled
model, considering the electromechanical properties of

the PZTs, is very important. This issue should also be

considered when selecting W1ðsÞ.
(2) Under test conditions, W1ðsÞ should be properly

selected to prevent the saturation of controller output
due to the limit of output voltage of hardware. For

example, when the DS1103 D/A converter is used, W1ðsÞ
will be set as 0.1 to prevent the saturation due to the �10

V limits of converter output.
2.2.2. Selection of W2(s)
The introduction of W2ðsÞ is to reduce the influence of

disturbance on outputs so as to improve robust perfor-

mance. In general, in order to suppress low-frequency

vibration, W2ðsÞ can be set as a low-pass weighting filter

with large amplitude, which is equivalent to adding

damping to the system.
3. Experimental verification

3.1. Experimental setup

The experimental setup used for vibration control is

schematically shown in Fig. 5. The test structure is the

same as the one used in simulation described in Section 2

with partial clamping on the right side. During the test,

one pair of PZTs ðd1Þ is used to generate the disturbance
and two others (c1 and c2) to produce control forces.

Firstly, the responses of the plate at locations s1 and s2
are monitored using two accelerometers (B&K 4369)

and amplified using B&K 2635 charge amplifiers. Sig-

nals were then filtered by the Band-pass filters (YE-

3790) and fed to a digital control system, which was

built on a platform consisting of Matlab/Simulink

software and a dSPACE DS 1103 controller in a com-
puter. Control signals generated by the controller were

amplified by a Piezo-Driver (Trek Model 700), and ex-

erted on to the structure at c1 and c2 through PZTs,

which are activated 180� out-of-phase. The sampling

time is 0.25 ms (sampling frequency 4 kHz). A white

noise generated from an FFT analyzer (B&K 3023) is

taken as primary disturbance.
3.2. Controller synthesis and implementation

The D–K iteration is adopted to perform the synthesis
procedure [20]. Since the weightings are included during

the controller synthesis instead of the control system

implementation, they should be determined in advance.

For this case study, W1ðsÞ was chosen as

W1ðsÞ ¼
0:1

0:1

� �
to limit the maximal output for DS 1103 D/A converter,

while the performance weighting W2ðsÞ was selected

based on the desired controller bandwidth and the fre-

quency of the truncated vibration mode. The weighting

for each control input can be modeled by the second-

order transfer function as (see Fig. 6)



Fig. 5. Schematic diagram of the experimental setup.
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W2ðsÞ ¼ diagðw2ðsÞw2ðsÞÞ;

w2ðsÞ ¼
3000sþ 1

2s2 þ 1720sþ 911184
: ð13Þ
In addition, the multiplicative uncertainty weight WGðsÞ
was selected to be

WGðsÞ ¼
3sþ 100

4sþ 2000

 1

1

� �
: ð14Þ

In light of these weightings, a 22-order l-controller
was obtained after five iterations and model reduction,

and implemented on the dSPACE DS 1103 control

platform.
3.3. Experimental results

Two cases were tested to investigate the robustness of
the designed controller. For the ‘‘nominal case’’ con-

figuration, the modal parameters identified from the

modeling was utilized to construct the plant GðsÞ; while
for the ‘‘uncertain case’’, small masses were added to the

structure to change modal frequencies so as to simulate

model uncertainty. The same l-controller was adopted

and the control effect was evaluated from the curve of

power spectrum.
Fig. 7(a) and (b) show the curves of power spectrum

for the ‘‘nominal case’’ with and without l-control at s1
and s2, respectively. It can be seen that peaks of the first

four modes decrease after control. This reduction is



Fig. 6. The weighting functions of W2ðsÞ (––) and W3ðsÞ (- - -).
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Fig. 7. The power spectrums of the sensor at (a) s1 and (b) s2 for the

nominal case controller off (open loop): dashed; controller on (closed

loop): solid line.
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Fig. 8. The power spectrums of the sensor at (a) s1 and (b) s2 for the

uncertain case controller off: (- - -); controller on: (––).
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especially obvious for modes 2–4 in Fig. 7(b), in which a

maximum attenuation of approximate 20 dB is obtained

in terms of vibration magnitude, due to a significant
amount of damping added to these modes. It is noticed

however, that a little spillover occurs for mode 5. One

plausible reason is that the natural frequency of mode 5
(180 Hz) is closed to the truncated frequency (200 Hz),

which can affect the control performance at this region.

The result can be improved by extending the truncated

frequency and assigning the PZT at the nodal lines

of mode 6.

In order to investigate the robustness of the designed

controller against the parameter variations, three masses
(m1 with weight 10 g at location (0.29, 0.09), m2 and m3

with weight 21 g at locations (0.205, 0.15) and (0.12,

0.18), respectively) were added to the plate so as to

change natural frequencies of the structure. Tests were

carried out using the same controller. Fig. 8(a) and (b)

show the curves of power spectra of the ‘‘uncertain case’’

with and without l-control at s1 and s2, respectively.
Similar to the result obtained for the ‘‘nominal case’’, the
first four vibration modes are well suppressed. The ad-

dition of the masses does not seem to reduce the control

efficiency of the controller. Similar tests using other

configuration also confirm the observation made above.

The l-controller designed using the present approach

is rather robust in handling parameter variations.
4. Conclusions

The application of l-synthesis for vibration control of

plate-like structures with PZT actuation is investigated.
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Since l-synthesis is a model-based control, numerical

modeling of the coupled structure is developed and

validated by experiments, showing a satisfactory agree-

ment between both. Based on the numerical model, a
MIMO l-controller is synthesized and the selection of

weightings is discussed. Two cases of experiment tests

are carried out. The ‘‘nominal case’’ is used to vali-

date the effectiveness of the designed l-controller for

vibration suppression, while the ‘‘uncertain case’’ to in-

vestigate its robustness. It is demonstrated that the es-

tablished model can provide all information needed for

the controller design and be further used in experiments.
Experimental results also show that the l-controller
designed using the present scheme can provide robust

stability and performance for vibration suppression of

plates with model uncertainties.

As a final note, it is pertinent to mention that al-

though a single-layer lamina with piece-wise PZTs was

used for discussion, the general procedure for controller

design applies to the multi-layer laminates with PZTs
covering the whole surface. When fibre-reinforced

composite material is involved, the variational approach

can also handle the modeling problem using the

framework established in this paper to achieve the final

goal for controller design.
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