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Abstract

In this paper, the use ofm-synthesis technique for the vibration control of plate-like struc-
tures is investigated. First, a robustm-controller is synthesized and the selection of weightings
is discussed. Different from the conventional studies, the mathematical model between the
disturbance force and the structure is not required during the controller design. A MIMO
control system is built using dSPACE DS1103 platform. Then, MIMO experimental tests are
performed. AH� controller with same weightings is also designed and implemented for com-
parison purpose. Small masses are added to the structure to simulate parameter variations for
the robustness investigation. Experimental results show thatm-controller can provide good
disturbance rejection in the analyzed bandwidth and is more robust to parameter variations
thanH� controller. The experimental findings of the present study using a MIMOm-synthesis
scheme are believed to be useful for the vibration control of more general thin-walled
structures.
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1. Introduction

Robust vibration control of plate-like structures has received much attention due
to their wide applications, and led to a rapid development of various control strategies
such as the LQG control and the fuzzy control, etc. [1–3]. In recent years, a great
deal of attention has been paid to the H� control because it not only provides a
unified and general control framework for all control structures, but also yields a
controller with guaranteed margins [4,5]. However, H� control models all uncer-
tainties as a single complex full block, which results in a rather conservative design
[6]. Under such circumstances, the m-synthesis technique, which involves the use of
H� optimization for synthesis and structured singular value (m) for analysis, has been
developed [7–9]. Literature survey shows that most results related to m-synthesis are
simulations or SISO experimental tests. For MIMO cases, only a few results have
been reported, e.g. the results of Balas and Doyle [10,11]. Due to the coupling
between different sensors and actuators, the design of MIMO controllers is signifi-
cantly more complex and demanding than the SISO case in terms of control perform-
ance, stability and robustness. Up to this point, there is no sufficient experimental
evidence using MIMO scheme for vibration suppression using m-synthesis.

Prior to the MIMO control implementation, the synthesis of a m-controller is
needed. During the controller design, an issue to be considered is the process of the
mathematical model between the disturbance force and the structure, which is always
assumed to be known [7–9,12]. In engineering practice, however, it is difficult to
obtain this model even through system identification or theoretical approach. Hence,
how to design a m-controller without requiring a mathematical model between the
disturbance force and the structure is of great interest in the application of m-syn-
thesis technique.

The aim of this paper is to design such a m-controller and to verify its robustness
by performing MIMO experiments. These investigations would hopefully provide
additional experimental evidence to the existing literature for a better assessment of
the m-synthesis control. The outline of this paper is as follows. Section 2 presents
the design of a robust m-controller and the selection of performance and uncertainty
weighting functions. In Section 3, the MIMO experimental tests are carried out based
on the dSPACE DS1103 PPC digital system, and some additive masses added to the
plate to simulate parameter variation for the robustness investigation. For comparison
purposes, a H� controller with same weightings is also implemented and compared
to the m-synthesis control. Finally, some conclusions are drawn.

2. Robust m-control design

In general, the design of a m-control system includes the synthesis of the controller
and the selection of weighting functions. The consideration of the physical system
is crucial. The so-called physical system includes both the system to be controlled
and the actuator/sensor configuration. Different selections of actuator/sensor
locations lead to very different sensor/actuator transfer functions and accordingly
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affect the design of m-controllers. As is known, the actuator/sensor configuration
determines the controllability and observability of the system, which has direct
impact on the modes to be controlled and the control energy required [13,14]. When
piezoelectric actuators are used, they should be usually located at regions where the
strain deformations of the most dominant modes are large enough. Ideally, sensors
should be collocated (or at least very close to the actuators) to ensure the plant model
described by the transfer function as a minimum phase system in the controlled
frequency band. The number of sensors and actuators to be used depends on the
number of modes to be controlled.

2.1. Synthesis of the m-controller

A block diagram of a m-control system design is shown in Fig. 1. C(s) is the plant
model described by the transfer function matrix between the control force u(t) and
the sensor. �C(s) is the plant uncertainty module including the unmodeled dynamics,
parameter variations and the error of system identification, and is described as the
multiplicative uncertainty in the frequency region. K(s) is the controller. P(s) is the
transfer function matrix between the disturbance force F(t) and the sensor, which is
difficult to be determined in practice. Using modal analysis, the mathematical model
of the structure is expressed as

�q̈i � 2wiziq̇i � w2
i qi � �M

k � 1

uik(t)fi(xu
k,yu

k,zu
k), i � 1,...,n

yl � �n

i � 1

fi(xa
l ,ya

l ,za
l )q̈i � e1,l, l � 1,...,N

, (1)

where qi, fi(x,y,z), wi and zi are the modal coordinate, shape function, natural fre-

Fig. 1. Block diagram of a robust m-control system.
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quency and damping ratio of mode i, respectively. (xu
k,yu

k,zu
k) and (xa

l ,ya
l ,za

l ) are
locations of the kth actuator and the lth sensor, respectively. uik(t) is the kth control
force acting on the ith mode, and e1,l is the response of the lth sensor to the disturb-
ance. Transforming Eq. (1) into the state-space form by introducing state vectors
Xc = [{q}T{q̇}T]T and e1 = {e1,1,...,e1,N}T yields

�Ẋc � AcXc � Bcu(t)

Y � CcẊc � e1 � CcAcXc � CcBcu(t) � e1

, (2)

where
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For the m-synthesis control, the objective is to design a controller K(s) satisfying
the following constraint with the presence of plant uncertainty �C(s)

�TYe1
(s)�� � �[1 � (1 � �C(s))C(s)K(s)]�1�� � 1, (3)

where Ye1
(s) is the transfer function matrix between e1 and Y. In general, in order

to find a controller to suppress e1 in desired frequency bandwidth, Y should be
weighted by a performance weighting function matrix W1(s). In addition, the control
force u(t) should be weighted by the uncertainty weighting function matrix W2(s) so
as to prevent the saturation of controller output. Thus, the control objective, i.e. Eq.
(3), should be rewritten as

	Tz1e1
(s)

Tz2e1
(s)	

�

� 	W1(s)[1 � (1 � �C(s))C(s)K(s)]�1

W2(s)K(s)[1 � (1 � �C(s))C(s)K(s)]�1	
�

� 1, (4)

where z1 = W1(s)Y, z2 = W2(s)u(t) = W2(s)K(s)Y.
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In order to apply the general m-framework [15] to the AVC design, the plant
uncertainty �C(s) is represented by �C(s) = �3(s)W3(s), with ��3(s)���1. W3(s) is
the robust weighting function. By introducing a fictitious uncertainty block �F =
[�F1�F2](��F���1) between the disturbance e1 and control objects [z1 z2]T, i.e. e1

= �F[z1 z2]T, an augmented AVC system in the general m-framework is given (see
Fig. 2) as

�
z1

z2

z3

Y
� � �

W1(s) W1(s) W1(s)C(s)

0 0 W2(s)

0 0 W3(s)C(s)

1 1 C(s)
��e1

e3

u � � ĜP(s)�e1

e3

u �. (5)

In the general m-framework, the control problem (Eq. (4)) is to find a stable K(s)
so that the closed-loop system is stable for all model uncertainty �3(s) and its infinity-
norm is less than 1, i.e.

	Tz1e1
(s)

Tz2e1
(s)	

�

� 	W1(s)[1 � (1 � �C(s))C(s)K(s)]�1

W2(s)K(s)[1 � (1 � �C(s))C(s)K(s)]�1	
�

(6)

� �FU(FL(ĜP(s),K(s)),�3)���1,

where FL and FU are the lower and upper linear fractional transformation, respect-
ively [15]. Thus, the problem is equivalent to find a K(s) which the inequality

Fig. 2. An augmented AVC system.
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sup
w�R
m(Ĝ(jw)) � sup

w�R
m(FL(ĜP(jw),K(jw))) � 1 (7)

holds under the constrain

	Tz1e1
(s)

Tz2e1
(s)	

�

� �FU(FL(ĜP,K),�3)���1.

Obviously, this is the standard m-control problem, and the design can be based on the
MATLAB m-toolbox, in which the D-K iteration is adopted to perform the synthesis
procedure. D-K iteration is a two-step minimization process: the first step is a minim-
ization of the H� norm over all stabilizing controllers K while the scaling matrix D
is held fixed, and the second step is a minimization over a set of scaling D while
the controller K is held fixed [16,17].

2.2. Selection of weighting functions

As is known, the weightings are included in controller synthesis instead of in
control system implementation to yield robust performance and stability. In general,
in order to find a controller, they should be properly selected in advance.

As shown in Fig. 1, with open loop, i.e. K(s) = 0, the transfer function matrix
TYF(s) = [1 + (1 + �C(s))C(s)K(s)]�1P(s) is simply P(s). Hence, the reduction of the
principal gains of TYF(s) using feedback control can result in the disturbance rejec-
tion. It is clear that when the disturbance force F(t) is an impulse, P(s) and TYF(s)
will be the open- and closed-loop frequency response matrices at outputs Y, respect-
ively. Since the resonance peaks in the frequency response matrix are a measure of
damping for each mode, the constraint of 
TYF(s)
� � 1 can be regarded as a closed-
loop damping constraint on the structure modes. Although P(s) is not always avail-
able in engineering practice, it shows the essence of the control mechanism. Based
on this fact, the control objective, i.e. �TYe1

(s)�� � 1 in Eq. (3), is also interpreted
as a closed-loop damping constraint on the structure modes. Thus, the selected W1(s)
should be intended to penalize the resonant peaks only, in which those modes that
make dominant effects in structural vibration should be weighted maximally.

3. Experimental analyses

3.1. Experimental setup

The structure used for vibration control is an aluminum plate with dimensions of
380 × 300 × 3 mm3. The plate is clamped on the left side and fixed by two screws
on the right side on the workbench (see Fig. 3). Three pairs of PZT patches with
dimensions of 50 × 50 × 0.5 mm3 (Sensortec BM500) are bonded on the two opposite
sides of the plate using the adhesive (Loctite 495). PZT-3 is used to generate disturb-
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Fig. 3. The tested plate.

ance while PZT-1 and PZT-2 are used as actuators to provide control actions. The
experimental setup is shown schematically in Fig. 4. The responses of the plate are
monitored by two accelerometers (B&K 4369) at locations S-1 and S-2. Signals are
then amplified (using B&K 2635), filtered (using band-pass filter, YE-3790), and fed
to a digital control system. The 2 × 2 control algorithms are implemented using
dSPACE DS1103 system with necessary Matlab/Simulink software installed in a PC.
A dual-channel power amplifier (Trek Model 700) is used to amplify the control
signals. Disturbance is created using white noise generated from the DS1103. Low-
pass filters are used to prevent exciting the structure beyond the control bandwidth
and to smooth the control signal. Band-pass filters are used to suppress the effect
of unmodeled dynamics on the controller design and prevent aliasing. Since the
frequency band to be controlled is between 0 and 200 Hz including the first five

Fig. 4. Schematic diagram of experimental setup.
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modes of the plate, the cut-off frequency of low-pass filter is set to 200 Hz, and the
frequency range of band-pass filter is from 5 to 200 Hz to exclude the instability
caused by the accelerometer in low-frequency (�5 Hz). The sampling rate of DS1103
is selected to be 500 Hz. The control objective is to minimize the power spectrum
density of two sensor outputs within the control bandwidth under the excitation of
the disturbance force.

The plate described above is just one of the many other possible configurations.
The implementation of sensors and actuators is based on the general principle given
in Section 2. The selected PZT/accelerometer locations can properly cover the first
five modes, while ensuring a minimum phase system C(s) in the controlled frequency
band by keeping accelerometers close to the PZT actuators.

3.2. System identification of the plant model C(s)

The synthesis of the m-controller is based on a nominal model C(s) constructed
by low-frequency modes. Thus, the identification of C(s) is the first step of the
design. In the present case, a five-mode multivariable model of plate structure is
used. During the system identification, a sample rate of 500 Hz is adopted for data
acquisition. Hanning window and ensemble average are utilized to enhance the qual-
ity of data. In addition, the Chebyshev polynomial is employed to fit the transfer
function. The first five nature frequencies and the corresponding damping ratios are
identified and tabulated in Table 1.

3.3. Selection of weighting function matrices

The determination of weighting function matrices W1(s), W2(s) and W3(s) is a
crucial step in the controller design. As mentioned in Section 2.2, the introduction
of W1(s) is to reduce the influence of disturbance on sensor outputs. In general, it
is chosen with large amplitude so as to suppress the low-frequency vibration. In this
paper, W1(s) is chosen as a two-order diagonal matrix, and each diagonal element
is given by

w1(s) � As2 �
5

i � 1

1
(s2 � 2siwis � w2

i )
, (8)

Table 1
The first five natural frequencies and damping ratios

Mode Natural frequency (Hz) Damping ratio (%)

1 56.6 0.28
2 68.8 0.38
3 121.1 0.10
4 146.5 0.17
5 180.2 0.67
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where A = 5×1021, s1 = 0.03, s2 = 0.04, s3 = 0.02, s4 = 0.01 and s5 = 0.0015. Fig.
5 shows the amplitude-frequency response of w1(s). The above selection of W1(s)
for each accelerometer channel penalizes all the first five lower frequency modes
which are in the control bandwidth 0–200 Hz.

The weighting function matrix W2(s) is selected as

W2(s) � �0.1 0

0 0.1
�

to prevent the saturation of controller output due to the ±10 V limits of DS1103
D/A converter output.

The robust weighting function matrix W3(s) is selected to be

W3(s) �
2s � 400

3s � 2000�1 0

0 1
�. (9)

It is clear that the four elements of the transfer function matrix C(s) have the same
weight. This weight implies that the model error is approximately 20% at lower
frequency that rises to approximately 60% at high frequency (200 Hz). Fig. 5 shows
the amplitude-frequency response of W1(s) and W3(s). Since W2(s) has a constant
magnitude of 0.1, it is not shown in the figure. It should be emphasized that this
uncertainty weight is only the predicted uncertainty values rather than the true uncer-
tainty values which are obviously unknown. As in the case of this weight, the closed-
loop system will be robust to 20% error at low-frequency rising to 60% at high fre-
quency.

Fig. 5. Frequency response of weightings: W1(s), ————; W3(s), -----.
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3.4. Experimental results

Using these weighting function matrices, five D-K iterations are performed to syn-
thesize the m-controller by reducing the order from 44 to 22 with balanced-realization
model reduction. In the meanwhile, a 21-order H� controller with same weightings
is also designed via mixed sensitivity method [18] for comparison. These two con-
trollers are implemented in experiments, respectively, and the vibration control
effects are evaluated from the curve of power spectrums.

Fig. 6(a) and (b) shows curves of power spectrum of the plate C(s) with and
without control measured at locations S-1 and S-2, respectively. It can be seen that
peaks of the first four modes have been reduced with the use of the m-synthesis and
H� control, meaning that a significant amount of damping can be obtained for these
four modes. In addition, comparison of the results between m-synthesis and H� con-
trol further shows that the former is significantly better than the latter. As an example,
a further 20 dB reduction for the mode 3 is obtained using m-synthesis control. As
for mode five, a little spillover occurs (see Fig. 6(b)). It is due to the model error

Fig. 6. Curves of power spectrums for the plant C(s) with and without control at (a) S-1 and (b) S-2.
Uncontrolled: fine dotted line; m-synthesis control: thick solid line; H� control: fine solid line.
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Fig. 7. The model error of system identification.

during system identification, which is illustrated in Fig. 7 by subtracting the
maximum singular value of experimental model from that of identified model. It can
be seen from Fig. 7 that the model error increases with the frequency increasing
from 0 to 200 Hz, and reaches its maximum (�3.24 dB) at 180 Hz (closed to the
fifth natural frequency, w5 = 180.2 Hz) which just exceeds the robust weighting.

Slight changes in mass, stiffens or boundary conditions of the structure will lead
to a change of system dynamics. All these changes can be classified as uncertainties
and it is very difficult to apprehend, a priori, by the time the controllers are designed.
A good control system should then be robust enough when faced with these changes.
In order to investigate the robustness of the two control strategies, three masses are
added at locations A, B and C of the plate to change modal frequencies so as to
simulate parameter variation (see Fig. 3). Their locations and weights are listed in
Table 2. As a result of added masses, the nominal model C(s) changes, the first five
natural frequencies are shifted from 56.6, 68.8, 121.1, 146.5 and 180.2 Hz to 55.6,
67.8, 116.3, 146.0 and 172.8 Hz. It is clear that a small perturbation occurs for
natural frequency at modes 1 (�1.77%), 2 (�1.45%) and 4 (�0.3%), whereas a
large one at modes 3 (�3.96%) and 5 (�4.1%).

Table 2
Locations and weights of additional masses

Point x (mm) y (mm) Weight (g)

A 205 0 21
B 120 30 21
C 290 �60 10
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Fig. 8(a) and (b) shows the power spectrum for the uncertain plate (C(s) +
�C(s)) with and without control at measuring locations S-1 and S-2, respectively.
Again both controllers are applied. It can be seen that for the m-synthesis, the
vibration amplitudes of the first four modes are systematically suppressed, while for
the H� control, only the amplitudes of modes 1 and 4 have been reduced, while no
obvious changes are observed for modes 2 and 3. These results suggest that m-
synthesis is less insensitive to additional masses than H� control is. Evidently, the
m-controller has better robustness than the H� controller. One point to be mentioned
is that for mode 5, the control effect is deteriorated due to the large perturbation of
natural frequency (�4.1%). Therefore, even for the m-controller, dynamic changes
should be kept with a certain limit.

4. Conclusions

In this paper, the design of a robust m-controller for vibration suppression of plate-
like structures is presented, and the MIMO experimental tests are performed. During

Fig. 8. Curves of power spectrums for the plant (C(s) + �C(s)) with and without control at (a) S-1 and
(b) S-2. Uncontrolled: fine dotted line; m-synthesis control: thick solid line; H� control: fine solid line.
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the design of m-controller, the mathematical model between the disturbance force
and the structure is not required, and the proper selection of weightings is discussed.
In order to investigate the robustness of the synthesized controller for vibration con-
trol, the case of parameter variation by adding masses to the structure is studied.
Meanwhile, a H� controller with same weightings is also implemented for compari-
son. From the experimental tests, the following conclusions can be drawn:

1. Based on the presented model, the structural response to disturbance force can
be significantly suppressed using both m-synthesis and H� control techniques. The
control performance of m-synthesis is however better than that of H� control.

2. The perturbation of nominal model weakens the control performance of both
designed control approaches. However, m-synthesis seems to provide a better dis-
turbance rejection in the analyzed bandwidth comparing with H� control, i.e. it
is more robust to parameter variation than H� control.

The configuration investigated in this paper, leading to the aforementioned con-
clusions, is arbitrarily chosen. In this sense, these conclusions are believed to have
some general significance for other possible configurations. It should be stressed
however, although the design approach presented in this paper is general, the final
controller may be significantly different due to the difference in terms of dynamic
properties among varied physical systems.
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