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Abstract

A controllability assessment of plate-like structures with uncertainties under piezoelectric actuation is
performed in this paper. Different from the previous studies, a novel index is proposed to quantify the
degree of controllability using the sensor/actuator transfer function. Influences of unmodelled high-
frequency dynamics and structural parameter variations on controllability are discussed, and the
relationship between the indices for the nominal and uncertain cases is derived. In order to validate the
controllability assessment numerically, the modelling of a plate with piezoelectric actuation is developed
with the consideration of the full coupling between the PZT actuators and the host plate, and verified by
experiments. It is demonstrated that a proper design of the polyvinylidene flouride sensor would help
eliminate effects of higher order modes on the basis of strain mode shapes. Since the latter is very sensitive
to the mass and stiffness added by PZT actuators, the dynamics of PZT actuators must be taken into
account during the design, as opposed to the case where a point transducer is used.
r 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Plate-like structures with active device are important components which are extensively used in
mechanical, aeronautical and structural engineering, in which piezoelectric materials are
frequently used as actuators and/or sensors due to their intrinsic direct and converse piezoelectric
effects. For years, vibration control of this type of structures has been a major research topic, and
led to the development of various control strategies [1–5].

ARTICLE IN PRESS

*Corresponding author. Tel.: +852-2766-6769; fax: +852-2365-4703.

E-mail address: mmlcheng@polyu.edu.hk (L. Cheng).
1On leave from Department of Mechanical Engineering, Fuzhou University, Fujian 350001, China.

0022-460X/$ - see front matter r 2003 Elsevier Ltd. All rights reserved.

doi:10.1016/j.jsv.2003.12.015



During the controller design process, one of the important issues to be considered is the
controllability analysis. A high degree of controllability allows one to obtain a better performance
with the least number of actuators and minimum control effort. This issue has received much
attention from both qualitative (whether a system is controllable) [6,7] and quantitative (to what
extent a system is controllable) point of view [8–10].

In general, the quantitative analysis of controllability not only provides information on
selecting the most dominant modes for control, but also assesses the degree of controllability. A
popular way is to define the controllability indices by measuring the degree of controllability of
each mode [11] or to use the minimum singular value of the controllability Gramian [10,12]. These
indices have shown great merits in many cases. However, for the structure with uncertainties,
which can be caused by parameter variations, higher order mode truncation, etc., it is difficult to
measure the degree of each mode or to solve the Gramian determinately. In such cases, the
previous indices cannot reflect the variation tendency of controllability accurately.

As is known, the controllability relates to the selection of actuator locations, which leads to
very different frequency response function (FRF) HðoÞ and accordingly affects the design of
controllers, especially in the design of HN or m-controllers. This paper presents an attempt to
develop an index based on the FRF for controllability assessment in the case of structures with
uncertainties. It is pertinent to mention that this study does not emphasize either on the
theoretical derivation of the sufficient and necessary conditions, which is always done for the
robust controllability analysis, or on the controller design. It will rather provide a feasible way to
assess the controllability of a given system and further illustrate changes of degree of
controllability due to the parameter variations and higher order modes.

The paper is organized in four sections including the Introduction. In Section 2, the modelling
of a plate with piezoelectric patches is performed and validated by experiments. In Section 3, an
index is defined to measure the degree of controllability. Influences of unmodelled high-frequency
dynamics and parameter variations on controllability index are examined. Numerical results on
the effect of PZTs on strain nodal lines, the elimination of high order modes using PVDF sensors,
and the variation tendency of controllability index under parameter changes are discussed.
Finally, some conclusions are drawn.

2. Modelling of a plate with piezoelectric actuation

In order to formulate the transfer functions between the PZTs (as actuators) and polyvinylidene
fluoride (PVDFs) (as sensors), the modelling of a plate with piezoelectric actuation is developed,
in which the equation of motion is cast in a state-space form so as to obtain a set of FRFs.

Consider a rectangular plate ð2a � 2b � 2hÞ with r pairs of piezoelectric patches
Opek

: fxpek1
pxpxpek2

; ypek1
pypypek2

; k ¼ 1;y; rg on both sides of the structure as shown in
Fig. 1. It is assumed that perfect bonding between the plate and the piezoelectric elements with
zero glue thickness is realized so as to ensure the continuity of deflection at all interfaces.
According to the first order shear deformation plate theory, the stress–strain relations without
considering the transverse shear stresses can be expressed as [13,14]

fsg ¼ ½S�fe	 ug; ð1Þ
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where fsg ¼ fsx sy sxyg
T is the stress vector and feg the strain vector. S is the elastic stiffness

matrix satisfying

½S�pl ¼
Epl

1 	 n2
pl

1 npl 0

npl 1 0

0 0
ð1 	 nplÞ

2

2
6664

3
7775 ð2aÞ

for the plate and

½S�pe ¼
Epe

1 	 n2
pe

1 npe 0

npe 1 0

0 0
ð1 	 npeÞ

2

2
6664

3
7775 ð2bÞ

for the piezoelectric patch

fug ¼
Vkd

hpe

1

1

0

8><
>:

9>=
>;wpek

ðx; yÞ; k ¼ 1;y; r: ð3Þ

ðEpl ; nplÞ and ðEpe; npeÞ are the Young’s modulus and Poisson ratio of the plate and piezoelectric
patch, respectively. hpe; Vk and d are the thickness of the piezoelectric patch, the input voltage
applied on the kth actuator patches and the piezoelectric strain coefficients, respectively. wpek

ðx; yÞ
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Fig. 1. Schematic diagram of a plate with piezoelectric actuation.
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is the generalized location function described by the Heaviside function H as [14,15]

wpek
ðx; yÞ ¼ ½Hðx 	 xpek1

Þ 	 Hðx 	 xpek2
Þ�½Hðy 	 ypek1

Þ 	 Hðy 	 ypek2
Þ�: ð4Þ

In the light of the stress resultants

Mx

My

Mxy

8><
>:

9>=
>; ¼

Z sx

sy

sxy

8><
>:

9>=
>;z dz; ð5Þ

the moments under the presence of piezoelectric patch are determined as

Mx ¼
Eplh

3

12ð1 	 n2
plÞ

ðkx þ nplkyÞ þ
Xr

k¼1

Epe

1 	 npe

2l1ðkx þ npekyÞ
3ð1 þ npeÞ

	
l2

hpe

Vkd

� �
wpek

ðx; yÞ;

My ¼
Eplh

3

12ð1 	 n2
plÞ

ðky þ nplkxÞ þ
Xr

k¼1

Epe

1 	 npe

2l1ðky þ npekxÞ
3ð1 þ npeÞ

	
l2

hpe

Vkd

� �
wpek

ðx; yÞ;

Mxy ¼ kxy

Eplh
3

24ð1 þ nplÞ
þ
Xr

k¼1

Epel1

3ð1 þ npeÞ
wpek

ðx; yÞ

" #
; ð6Þ

where kx ¼ 	@2w=@x2; ky ¼ 	@2w=@y2; kxy ¼ 	2@2w=@x@y: w denotes the mid-plane transverse
displacement of point ðx; yÞ either on the plate or on the piezoelectric element. l1 and l2 are two
coefficients defined as [15]

l1 ¼ ðh þ hpeÞ
3 	 h3; l2 ¼ ðh þ hpeÞ

2 	 h2: ð7Þ

In general, the equilibrium equation of the plate induced by the applied electric field is given by

@2Mx

@x2
þ 2

@2Mxy

@x@y
þ

@2My

@y2
¼ rh

@2w

@t2
; ð8Þ

where r is the mass per unit volume combining the material properties of plate ðrplÞ and
piezoelectric patch ðrpeÞ: Substituting Eq. (6) into (8) and denoting the equivalent flexural rigidity
D0 as

D0 ¼
Eplh

3

12ð1 	 n2
plÞ

þ
Xr

k¼1

2Epel1

3ð1 	 n2
peÞ

wpek

" #
; ð9Þ

one has

D0r4w þ rh
@2w

@t2
¼
Xr

k¼1

DkVk; ð10Þ

where

r2 ¼ ð@2=@x2 þ @2=@y2Þ;

Dk ¼ 	
Epel2d

hpeð1 	 npeÞ

@2wpek
ðx; yÞ

@x2
þ

@2wpek
ðx; yÞ

@y2

 !
: ð11Þ

Eq. (10) describes the displacement equation of motion of the plate with piezoelectric actuation
in a formal way. The effect of piezoelectric patches on deflection is included through the rigidity
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coefficients ðD0;DkÞ; the combined mass density r and the input voltage Vk: Eq. (11) shows the
physical effect of the PZT as a distributed line moment applied along the edges [14]. In practice,
however, Eq. (10) is difficult to handle. Consequently, a parallel variational approach is developed
to calculate the mode shape functions of the plates with PZT patches fijðx; yÞ detailed later.

The transverse displacement wðx; y; tÞ can expressed as a superposition of modes as

wðx; y; tÞ ¼
XN
i¼1

XN
j¼1

fijðx; yÞZijðtÞ: ð12Þ

Eq. (10) with the consideration of structural damping and mode truncation denoted by the
nominal system can therefore be rewritten by a set of differential equations as

.ZijðtÞ þ 2zijoij ’ZijðtÞ þ o2
ijZijðtÞ

¼
Xr

k¼1

Vk

rhab

Z Z
Opek

Dkfijðx; yÞ dx dy ði ¼ 1;y;m; j ¼ 1;y; nÞ; ð13Þ

where ZijðtÞ; fijðx; yÞ; oij and zij are the ijth modal co-ordinate, shape function, natural frequency
and damping ratio, respectively. ðm; nÞ are the numbers of modes after the truncation. Using the
transformation QðtÞ ¼ f’ZðtÞT ZðtÞTgT; Eq. (13) is re-expressed in the state-space form as

’QðtÞ ¼ AQðtÞ þ BUðtÞ; ð14Þ

where

UðtÞ ¼

V1

^

Vr

8><
>:

9>=
>;

r�1

; A ¼
0 I

½	o2
ij� ½	2zijoij�

" #
2mn�2mn

;

B ¼

½0�
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?bijðxpek
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?

2
64

3
75

2
66664

3
77775

2mn�r

;

bijðxpek
; ypek

Þ ¼
1

rhab

Z Z
Opek

Dkfijðx; yÞ dx dy: ð15Þ

In general, matrices (A,B) and the left eigenvectors are taken to analyze the degree of
controllability using the controllability Gramian [11] or modal controllability theory [6]. For
example, A and B are essential to the solution of controllability Gramian matrix Wc from the
Lyapunov equation

AWc þWcA
T þ BBT ¼ 0; ð16Þ

in which the controllability is assessed from the singular values ofWc: However, for a complicated
structure, the inevitable error of structural parameter identification, e.g., oij and zij; results in a
variation of A, which makes it difficult to analyze the controllability from Eq. (16) determinately.
In addition, the spillover caused by the truncation of high-frequency modes might shift the poles
of closed-loop system to the unstable region and also evoke some uncontrollable modes. In order
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to investigate these influences on the controllability, Eq. (14) with the consideration of high-
frequency modes and parameter variations denoted by the uncertain system is rewritten as

’QðtÞ ¼ AuQðtÞ þ BuUðtÞ; ð17Þ

where

Au ¼
0 I

½	 *o2
ij� ½	2*zij *oij�

" #
; Bu ¼

½0�

?

?bijðxpek
; ypek

Þ?

?

2
64

3
75

2
66664

3
77775: ð18Þ

The symbol ‘B’ over oij and zij represents the actual quantity of natural frequencies and
damping ratios obtained from system identification. Eq. (17) describes the dynamics of the plate
under PZT actuation. Since the controllability assessment discussed later is based on the transfer
function, which relates the sensor output to actuator input, the sensor output equation is required.
In general, accelerometers, strain gauges or PVDF film can be used as the sensors. Thanks to its
direct effect, PVDF film made of piezoelectric material produces electric charges once deformed.
Bonded on the surface of the plate, the charge produced is proportional to the strain over the area
it covers. For a subset of charge signals measured by p PVDF sensors, the charge output yðtÞ is
given by

yðtÞ ¼ CuQðtÞ; ð19Þ

where

Cu ¼

?

?cijðxsl
; ysl

Þ?

?

2
64

3
75 ½0�

2
64

3
75; ð20aÞ

cijðxsl
; ysl

Þ ¼ 	
ðh þ hpvdf Þ

2

Z Z
Osl

e31

@2fij

@x2
þ e32

@2fij

@y2

 !
dx dy; l ¼ 1;y; p; ð20bÞ

in which hpvdf is the thickness of the PVDF, e31 and e32 are the piezoelectric stress constants, and
e31 ¼ e32 if there is no skew angle or the PVDF sensor is equally poled. Knowing the capacitance
of the sensor, the charge signal can be converted to a voltage signal using charge amplifiers.

Clearly, the FRF from the kth piezoelectric actuation to the lth PVDF response for the
uncertain system can be expressed by *HklðoÞ as

*HklðoÞ ¼
ylðoÞ
UkðoÞ

¼
XN
i¼1

XN
j¼1

cijðxsi; ysiÞbijðxpek
; ypek

Þ

ð *o2
ij 	 o2Þ þ 2j*zij *oijo

; k ¼ 1;y; r; l ¼ 1;y; p: ð21Þ

Eq. (21) shows that *HklðoÞ obtained from the FRF comprise information about actuator
locations, which is related to the analysis of controllability. The problem hereafter is to find a
feasible index, and then to explore the controllability in the cases of high-frequency mode
truncation, structural parameter variations, etc.

The above procedures describe the derivation of the transfer function used for controllability
analysis. In most cases, however, structural mode shapes with patched PZT actuators can hardly
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be known analytically. For this reason, a parallel formulation based on the variational principle is
developed to obtain the mode shape function or to calculate the response of the system under PZT
actuation. In summary, a set of uniformly distributed springs, working in both translation and
rotation, is used along the four edges of the plate. A proper assignment of the spring stiffness
would allow simulation of different boundary conditions. The Hamiltonian of the system,
including both kinetic energy and potential energy of the plate, PZT actuators, boundary springs
and enthalpy density can be formulated. Using a polynomial decomposition in both x and y
directions and applying Lagrange equation yields a set of linear differential equations. These
equations can then be resolved to find the natural frequencies and mode shapes of the system. As a
result, the aforementioned procedure can then be applied. As an alternative, the whole set of
equations can be directly resolved to compute structural response under PZT actuation. Readers
are referred to Ref. [16] for more details.

The validity of the modelling is verified by comparing numerical simulations to experimental
tests using a free aluminum plate. The plate contains a pair of PZT patches (Sensortech BM500),
which were bonded on the two opposite sides of the plate at location Ope: ½	0:055 	 0:005� �
½0:007 0:057� m2: Dimensions and material properties of the plate and the PZTs are tabulated in
Table 1. For the numerical modelling, a software package using Matlab was developed, in which
Newmark method was adopted to solve the state-space equation so as to obtain the FRF [17]. For
experiment, pseudo-random signal was generated by a TGA 1230 signal generator, then amplified
by a Trek Piezo-Driver (Model 607), and exerted on the PZT pair. The responses of the plate were
measured using B&K 4397 accelerometers and analyzed by the B&K 3023 signal analyzer [18].
Fig. 2 shows the FRF curves at location ð	0:106; 0:095Þ; which are obtained from the numerical
simulation and experimental test, respectively. It can be observed that apart from the very-low-
frequency region containing experimental noise, tendencies of the two FRF curves are basically the
same. Before 350 Hz; resonant peaks of these two curves coincide with each other. At higher-
frequency region, a slight shift between the two curves occurs. It is appropriate to mention that
calculations used nominal values for different parameters related to material properties. No
attempt was made to match simulations with experiments by adjusting these parameters. One
plausible explanation for this shift is that perfect bonding between the host structure and PZTs was
assumed in the model, while in reality the connection between both was less rigid. Therefore, the
model seems to overestimate the stiffness of the system, which apparently becomes more obvious
in the high-frequency region. As a whole, however, the model gives very satisfactory results.

ARTICLE IN PRESS

Table 1

Components characteristics

Material Plate (aluminium) Actuator (piezoceramic) Sensor (PVDF)

Dimension (m) 0:34 � 0:24 0:05 � 0:05 0:008 � 0:012

Thickness (m) 2E–03 5E–04 5.2E–05

Mass density ðkg=m3Þ 2700 7650 1780

Young’s modulus (GPa) 71 64.5 3

Poisson ratio 0.3 0.3 —

Piezo. constant ðe31Þ (N/mV) — 10.32 0.217

Loss factor 0.01 — —
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3. Controllability assessment

3.1. Controllability index

Without loss of generality, the transfer function from the kth piezoelectric actuator to the lth
PVDF response is described as

HklðoÞ ¼
Xm

i¼1

Xn

j¼1

cijðxsl
; ysl

Þbijðxpek
; ypek

Þ
½ðo2

ij 	 o2Þ þ 2jzijoijo�
: ð22Þ

Clearly, HklðoÞ depends on the natural frequency, bijðxpek
; ypek

Þ and cijðxsl
; ysl

Þ; in which the
latter two are crucial for the determination of balanced controllability and observability
Gramians. As is known, the Hankel singular value of Gramian reflects the degree of
controllability, in which a high value indicates a more controllable mode. That is to say, the
modal Hankel singular value can measure balanced controllability and observability of each
resonance mode to deselect insignificant resonance modes [19]. On the other hand, there exists a
relationship between the klth Hankel singular value and the norm of transfer function HklðoÞ; i.e.,
jjHklðoÞjj at the resonant frequency [20,21]. It is therefore possible to develop an index based on
HklðoÞ for controllability assessment. An intuitive observation is that when the locations of
actuators are ascertained, the controllability of the system will be consequently determined. In
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terms of HklðoÞ; a certain ijth mode is controllable when the coefficient bija0; whereas when
bij ¼ 0; the ijth mode will be uncontrollable.

An ideal controllability index should reflect the degree of controllability subject to unmodelled
dynamics and structural parameter variations. Considering the fact that the unmodelled dynamics
(e.g., the effect of high-frequency modes) can be included in the jjHklðoÞjj (described later in
Eq. (24)), and parameter variations (mass, stiffness or damping) affect the natural frequency and
damping ratio, which can be embodied in the resonance bandwidth Dij ¼ 2zijoij; an index bij

involving the average resonance amplitude at frequency o ¼ oij and the resonance bandwidth is
defined as

bij ¼
1

rp

Xr

k¼1

Xp

l¼1

jjHklðoijÞjj
ffiffiffiffiffiffi
Dij

p
; Dij ¼ 2zijoij; i ¼ 1;y;m; j ¼ 1;y; n; ð23Þ

where jjHklðoijÞjj is the norm Hkl at frequency o ¼ oij (see Fig. 3). When the PZT is placed at the
largest deformation region of the mode ij; bij achieves its maximum, leading to a high value of
jjHklðoijÞjj and bij:

3.2. Controllability assessment

The effects of unmodelled high-frequency dynamics ðiXm þ 1; jXn þ 1Þ and parameter
variations on controllability index are analyzed. To gain further insights into the relationship
between *HklðoÞ for the uncertain system and HklðoÞ for the nominal system, Eq. (21) is re-
organized in three parts as follows:

*HklðoÞ ¼ HklðoÞ þ DHklðoÞ þ
XN

i¼mþ1

XN
j¼nþ1

DRðoÞ; ð24Þ
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where DHklðoÞ and DRðoÞ are the residues of FRF caused by parameter variations and high order
modes, respectively, and

DHklðoÞ ¼
Xm

i¼1

Xn

j¼1

cijðxsl
; ysl

Þbijðxpek
; ypek

Þ

�
1

ð *o2
ij 	 o2Þ þ 2j*zij *oijo

	
1

ðo2
ij 	 o2Þ þ 2jzijoijo

" #
; ð25aÞ

DRðoÞ ¼
cijðxsl

; ysl
Þbijðxpek

; ypek
Þ

ð *o2
ij 	 o2Þ þ 2j*zij *oijo

: ð25bÞ

Correspondingly, the index bij is modified as

*bij ¼
1

rp

Xr

k¼1

Xp

l¼1

HklðoijÞ þ DHklðoijÞ þ
XN

i¼mþ1

XN
j¼nþ1

DRðoijÞ

�����
�����

�����
�����
ffiffiffiffiffiffi
*Dij

q
; ð26Þ

where *Dij ¼ 2*zij *oij ¼ 2ðzij þ DzijÞðoij þ DoijÞ: It can be seen that the controllability index *bij

deviates from its nominal value bij due to the existence of high order modes fromP
N

i¼mþ1

P
N

j¼nþ1 DRðoÞ and parameter variations from DHklðoijÞ and
ffiffiffiffiffiffi
*Dij

q
:

Detailed discussions are presented in the following sections. A flow chart showing the
controllability assessment procedure is given in Fig. 4.

3.2.1. Influence of unmodelled high-frequency dynamics
The design of an effective controller is based on a good knowledge about the system dynamics,

which can be readily obtained from either system identification process or structural modelling.
Since active control mainly focuses on the low-frequency range, in both cases, lower order modes
are usually well apprehended and used for designing the controller. Higher order modes however,
can in principle, affect the control performance if they are totally ignored. The consideration of
these higher order modes will render the design or the system modelling more demanding and
complex. One solution is to arrange the actuator or sensor configurations in a way to minimize the
contribution from these higher order modes. According to Eqs. (25b) and (26), the effect of the
higher order modes on *bij is quantified by the term

P
N

i¼mþ1

P
N

j¼nþ1 DRðoÞ: It can be eliminated if
either bij or cij in DRðsÞ is zero. bij and cij depend on the actuator and sensor configurations
(shapes and positions), respectively. Considering that DRðsÞ is mainly contributed by the modes
close to the truncated frequency, bij and cij can be eventually minimized through a proper design
of the PZT actuators or PVDF sensors, for example, at the intersection area of the nodal lines of
the corresponding strain mode shapes. It is noted that bij is usually non-zero because of the size
and orientation of PZTs. Although the problem can be solved theoretically by optimizing the
shape and location of PZTs, it is however intractable to cut the PZT into a desired shape due to its
brittle mechanical property. Based on the fact that PVDF sensor is a thin flexible film which can
be easily shaped to meet the requirement, the alternative is to design PVDF configuration so that
cij ¼ 0: This issue is elaborated hereafter using numerical simulations.
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The structure used in numerical simulations is the same as that for experiments with a pair of
PZTs and a PVDF sensor. The frequency range of interest is between 0 and 250 Hz: For
simplicity, the selected modes are rearranged in the ascending order of frequencies by replacing
the subscript pair ði; jÞ of modal functions with a single c: As can be seen from Fig. 2, the number
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of modes within ocC½0 250� Hz is 5, the PVDF sensor should thus be placed at the intersection of
nodal lines of modes 6 and 7 to eliminate these two modes on *bc:

The PVDF sensor measures the overall strain of the covered area. Its design should therefore be
based on strain mode shapes, which can be calculated once the displacement mode shapes are
obtained. In order to explore the intersection, the distribution of nodal lines for the first seven
strain modes with PZT actuation is analyzed and shown in Fig. 5(a). For comparison purpose, the
corresponding strain mode shapes without PZTs are given in Fig. 5(b). It can be seen that the
distribution of nodal lines with PZTs is highly irregular compared with their counterparts without
PZTs. Apparently, the mass and stiffness added by PZTs significantly change strain mode shapes,
and consequently the intersections of nodal lines. This observation suggests the consideration of
the full coupling between the PZT actuators and the host plate when PVDF should be used as
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sensors. If one uses a point sensor (e.g., accelerometer), the design will be based on the
displacement mode shapes only. Fig. 5(c) and (d) shows the distribution of the nodal lines for
displacement mode shapes with and without PZTs, respectively. A comparison between these two
figures shows a change, which is much smaller than the one observed in the case of strain mode
shapes. Based on these observations, it can be concluded that PZT actuators strongly affect the
strain mode shapes, but have weak effect on displacement mode shapes. When PVDF sensors are
used, the dynamics of PZT actuators should be taken into account because of the high sensitivity
of the strain modes.

The PZT effect on controllability index is quantitatively analyzed using different sensors. Based
on the simulated FRF curves, the amplitude of jjHðocÞjj; oc and zc ðc ¼ 1;y; 7Þ with and without
PZT patches can be obtained. The corresponding controllability indices can then be calculated
and normalized with their maximums. The absolute difference between indices, with and without
PZT effects, is used to quantify the PZT effect. It is denoted by jDSðbÞj for the PVDF sensor and
jDDðbÞj for the point sensor. Fig. 6 shows jDSðbÞj and jDDðbÞj for the first seven modes. The center
of PZT is located at point b (0.07, 0.075). Either a PVDF sensor (with a dimension of 0:008 �
0:012 m2Þ or an accelerometer is located at c ð0:1437;	0:0387Þ (see Fig. 5(a)). It can be seen that
due to the existence of the PZTs, the change of jDSðbÞj is significant and it reaches approximately
30% at mode 3, while the variation of jDDðbÞj is slight with a maximal of 7%. These results further
confirm the conclusions drawn above.

In order to validate the effectiveness of positioning sensors in eliminating high order modes on
*bc; numerical simulations are carried out using a PVDF sensor located at point d

ð	0:0082; 0:0325Þ: As can be seen in Fig. 5(a), the PVDF covers the intersection of the strain
nodal lines of modes 6 and 7 (ab and ef) in a quasi-symmetrical manner. The modal responses
from these two modes can therefore be expected to be very low. To further confirm this, the FRF
curve of the previous case with PVDF at c (Fig. 7(a)) is compared to the present configuration
(Fig. 7(b)). In both figures, dotted lines show the modal response of the two higher order modes
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(6 and 7). It can be observed that peaks corresponding to modes 6 and 7 decrease dramatically by
moving the PVDF sensor from c to d.

An indicator is defined to quantify the contribution of these two higher order modesP7
c¼6 DRcðoÞ to the total FRF *HðoÞ: Since the area under the FRF curve roughly represents the
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energy level within a given frequency band [22], the indicator is defined as

gðoÞ ¼
AreaðDRðoÞÞ
AreaðHðoÞÞ

� 100%; ð27Þ

where

AreaðDRðoÞÞ ¼
Z o2

o1

X7

c¼6

ccbc

ðo2
c 	 o2Þ þ 2jzcoco

do; ð28aÞ

AreaðHðoÞÞ ¼
Z o2

o1

X7

c¼1

ccbc

ðo2
c 	 o2Þ þ 2jzcoco

do: ð28bÞ

The above definition applies to each frequency band ðo2 	 o1Þ; which is set as 50 Hz: The
histogram of gðoÞ for the PVDF sensor locating at c and d are plotted in Fig. 8. As can be seen,
the contribution of modes 6 and 7 to FRF is significantly reduced to a minimal level by the proper
determination of PVDF location, e.g., the maximal one is from 4.1% for location c to less than
0.2% for d at the frequency band 0–50 Hz:

3.2.2. Influence of structural parameter variations

Once the high order modes are minimized or eventually eliminated,
P

N

i¼mþ1

P
N

j¼nþ1 DRðoÞ ¼ 0:
Eq. (26) is then simplified as

*bij ¼
1

rp

Xr

k¼1

Xp

l¼1

jjHklðoijÞ þ DHklðoijÞjj
ffiffiffiffiffiffi
*Dij

q
: ð29Þ
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Denote *Dij as

*Dij ¼ Dijð1 þ aijÞ; ð30Þ

where aij ¼ 2ðzijDoij þ Dzijoij þ DzijDoijÞ=Dij : Eq. (29) can be rewritten as

*bij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ aij

p
bij þ

1

rp

Xr

k¼1

Xp

l¼1

jjDHklðoijÞjj
ffiffiffiffiffiffi
Dij

p !
: ð31Þ

The above equation describes the relationship between *bij for the uncertain case and bij for the
nominal case. Apparently, the change of controllability index depends on the variation of
parameters ðDoij;DzijÞ through aij and jjDHklðoijÞjj: To reveal the tendency of *bij vs. parameter
variations, cases involving slight changes in frequency, damping and boundary conditions are
investigated. It is pertinent to note that these changes or uncertainties can be easily made due to
an error in system identification or modelling.

For the case of frequency variation, a mass with a dimension of ð0:05 � 0:05 � hmÞ is added to
the structure at location ð0;	0:07Þ: hm varies from 0 to 0:008 m: The introduction of additional
mass will lead to a change of the natural frequencies of the plate. The histogram of the
corresponding controllability index and their relative change for the first five modes are plotted in
Fig. 9(a) and (b), respectively. It can be seen that

* For the nominal case, i.e., hm ¼ 0; bc achieves large values at modes 2 ð92:65 HzÞ; 3 ð189:16 HzÞ
and 4 ð191:81 HzÞ; indicating a good controllability of these modes. This is consistent with the
observation that the PZT is placed close to the largest deformation areas of these modes.

* With hm varying from 0.001 to 0.008, the overall trends of *bc and bc are similar, e.g., *bc reaches
its maximum at mode 4 and minimum at mode 1. That is to say, this change in frequency will
not fundamentally alter the characteristic of controllability of the structure.

* Fig. 9(b) shows that the relative change of controllability index is obvious and irregular,
especially for those modes with close frequencies, e.g., modes 1 and 2. The reason is that with
the increase of hm from 0 to 0.008, the first two frequencies are gradually getting closer with
each other, i.e., from 81.59 and 92:65 Hz to 81.27 and 82:73 Hz; respectively. In such case, the
degree of controllability for these two modes will be reconstructed, resulting in a large variation
of controllability index.

For the case of damping variation, zc ðc ¼ 1;y; 7Þ is increased from 0.01 (nominal case) to
0.02. The histogram of the corresponding index and the weighting of controllability degree are
shown in Fig. 10(a) and (b), respectively. It can be observed that bc is not sensitive to damping
variation. This is understandable in the sense that an increase in damping leads to a decrease in
the peak value accompanied by an enlargement of the bandwidth. The total effect results in a
relatively stable bc with respect to damping.

Slight changes in boundary conditions are considered as the last test case. As mentioned in
Section 2, various boundary conditions are simulated using a set of virtual rotational (ci in N/rad,
i ¼ 1;y; 4) or translational (ki in N=m2) springs equally distributed along each edge of the plate.
A proper assignment of these stiffness constants allows one to simulate cases ranging from free
ðki ¼ ci ¼ 0Þ to clamped boundaries ðki-N; ci-NÞ: In general, rigid cases can be reasonably
well simulated using sufficiently high stiffness values called limit asymptotic values. In the present
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case, these values are determined to be kc ¼ 1 � 107 N=m2 and cc ¼ 1 � 106 N=rad: Since only
small changes in boundaries are of concern here, a variation of 0.005–0.025% is assigned to both
ki=kc and ci=cc: Normalization to their respective limit asymptotic values would allow the
comparison more meaningful and objective. In the case of translational spring, this range of
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variation is equivalent to applying a soft support of 580–2900 N=m to a plate of 0:44 kg: The
corresponding controllability indices are shown in Fig. 11(a) and (b) for different values of ki and
ci; respectively. It can be seen that

* With the slight increase of ki=kc; the nature of controllability keeps unchanged. For example,
mode 4 is the most controllable mode among those five, then modes 2, 3 and so on. In addition,
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the change of degree of controllability for each mode is moderate. The maximal variation of
20% occurs at mode 2 in the case of ki=kc ¼ 0:015%:

* With the same increase of ci=cc; change in controllability is much more dramatic. Not only
the absolute controllability of each mode but also the relative controllability between
different modes is altered. A quantitative analysis of each individual mode shows a 45%
reduction of controllability index for mode 4 and 40% increase for mode 2 for the case of
ci=cc ¼ 0:025%: Apparently, even slight variations in rotational constraint can lead to
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significant perturbation of the controllability of individual mode, as opposed to the case of
translational one.

4. Conclusions

The controllability assessment of plate-like structures with uncertainties under piezoelectric
actuators is performed. A novel controllability index based on the FRF rather than the
controllability Gramian is proposed to quantify the degree of controllability. The state-space
description of the model is developed so as to obtain the FRF between the PZTs and PVDFs, and
then verified by experiments. The effects of unmodelled high-frequency dynamics and structural
parameter variations on the controllability are discussed, leading to the following conclusions:

* Unmodelled higher order dynamics can be effectively minimized or eventually eliminated via a
proper design of the sensor location. Since PZT actuators create significant effects on the strain
mode shapes, an accurate modelling of the structure with PZTs’ stiffness and mass is crucial
when strain sensors are used for this purpose. These effects are, however, weak when using
point transducers.

* Among all uncertainties and parameter variations considered, rotational constraint is found to
be the most sensitive parameter affecting the controllability index. Special care is needed to
limit its estimation error and variation in the implementation of the controllers.

* The model developed in this work can satisfactorily simulate the dynamics of plate-like
structures with the consideration of the full coupling between the piezoelectric actuators and
the host structure. Together with the proposed controllability index, it can further be
incorporated into the whole design process, including both physical sensor/actuator
arrangement and controller design.
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Appendix A. Nomenclature

a � b � h dimension of the plate (length�width�height)
(A,B), ðAu;BuÞ system matrices of the nominal system and the uncertain system
d piezoelectric strain coefficients
D0;Dk equivalent flexural rigidities
e31; e32 piezoelectric stress constants
ðEpl ; nplÞ Young’s modulus and Poisson ratio of the plate
ðEpe; npeÞ Young’s modulus and Poisson ratio of the piezoelectric patch
hpe; hpvdf thickness of the piezoelectric patch and the PVDF
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H the Heaviside function
HklðoÞ; *HklðoÞ the klth FRF, symbol ‘B’ over H represents the actual quantity
jjHklðoijÞjj Hankel singular value of HklðoijÞ
DHklðoÞ the residue of FRF caused by parameter variations
Mx;My;Mxy resultant moments
l1; l2 coefficients and l1 ¼ ðh þ hpeÞ

3 	 h3; l2 ¼ ðh þ hpeÞ
2 	 h2

ðm; nÞ numbers of the reserved modes
QðtÞ co-ordinate transformation, QðtÞ ¼ ’ZðtÞT ZðtÞT

T

DRijðoÞ the residue of FRF caused by high order modes
S elastic stiffness matrix
Vk input voltage applied on the kth actuator patches
w The mid-plane transverse displacement
Wc controllability Gramian matrix
s ¼ sx sy sxy

T stress vector
sx;sy normal stress
sxy shear stress
e strain vector
kx; ky; kxy mid-plane mechanical curvature vector
r equivalent density of the plate ðrplÞ and piezoelectric patch ðrpeÞ
ZijðtÞ The ijth modal co-ordinate
fijðx; yÞ;oij; zij The ijth mode shape, natural frequency and damping ratio
bij ; *bij controllability index
gðoÞ indicator used to quantify the contribution of high order modes
jDSðbÞj; jDDðbÞj absolute difference between indices with and without PZT effects for PVDF

sensor and point sensor, respectively
Opek

area of the kth piezoelectric patch
wpek

ðx; yÞ the generalized location function
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