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Abstract

A new dynamic vibration absorber combining a translational-type absorber and a rotational-type absorber is proposed

for isolation of beam vibration under point or distributed harmonic excitation. Finite element analysis and Euler–Bernouli

beam theory are used for evaluation of the performance of vibration isolation of the proposed absorber mounted on a

beam. It is proved theoretically that the absorber can isolate the vibration in one part of a beam when it is subjected to a

point or distributed harmonic excitation. A prototype of the combined translational and rotational dynamic absorber had

been designed and made for evaluation. Both numerical and experimental tests have been done for verification of the

theoretical prediction of vibration isolation in beam vibration. The proposed absorber is also suitable for vibration

isolation of beam with nonuniform cross-section.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

The traditional dynamic vibration absorber is an auxiliary mass-spring system which, when correctly tuned
and attached to a vibrating system subject to harmonic excitation, causes to cease the steady-state motion at
the point to which it is attached [1–3]. It has the advantage of providing a cheap and easy-to-maintain solution
for suppressing vibration in vibrating systems with harmonic excitation. However, when applying dynamic
vibration absorber to a continuous structure such as a beam, vibration can be eliminated only at the
attachment point of the vibrating beam while amplification of vibration may occur in other parts of the beam.
Research on suppressing vibration in a region or the whole span of a beam structure by using the dynamic
vibration absorber have been reported recently [4,5]. These methods require the use of many translational-type
mass-spring absorbers for creating a region of nearly zero amplitude in the beam structure. In this paper, it is
proved that a region of zero amplitude in the beam structure can be obtained if a translational-type absorber
and a rotational-type absorber are combined as one and attached at a suitable location on a beam structure
under distributed or point load of harmonic excitation. The performance of the proposed absorber for
vibration isolation in beam structures was investigated via finite element analysis and verified by numerical
and experimental tests.
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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2. Theory

The finite element model of a beam with a translational absorber and a rotational absorber attached at node
i is shown in Fig. 1. The finite element equation of the beam under excitation may be written as

M
q2uðx; tÞ

qt2
þ Kuðx; tÞ ¼ f ðx; tÞ, (1)

where u and f are the nodal displacement and load vectors, respectively. M and K are the mass and stiffness
matrices, respectively.

For a distributed harmonic excitation with frequency o, f may be written as F(x) sinot, where F is a vector
of the nodal amplitudes of excitation written as

F ¼ ½F 1;M1;F2;M2; . . . ;Fn;Mn�
T, (2)

where superscript T represent the transpose of the matrix. Fj and Mj where j ¼ 1,2,3,y,n are the force and
moment applied at node j, respectively.

For the steady state response of the nodal displacement of the beam in the equilibrium state,

u ¼ U sin ot, (3)

where U is the vector of nodal amplitudes of vibration written as

U ¼ ½U1;Y1;U2;Y2; . . . ;Un;Yn�
T, (4)

where Uj and Yj where j ¼ 1,2,3,y,n are the nodal amplitudes of translation and rotation at node j,
respectively.

Eq. (1) may be written as

K � o2M
� �

U ¼ F . (5)

Based on Euler–Bernoulli beam theory with Hermite shape functions [6], the stiffness matrix of the jth
element of the beam is

Column : 2j � 1 2j ð2j þ 1Þ ð2j þ 2Þ

kej
¼

EeIe

l3e

0

. .
.

0

12 6le �12 6le

6le 4l2e �6le 2l2e

�12 �6le 12 �6le

6le 2l2e �6le 4l2e

0

. .
.

0

2
6666666666666666666666664

3
7777777777777777777777775

. ð6Þ

According to Fig. 1, a translational absorber in form of a spring-mass and a rotational absorber in form of a
pendulum are attached at node i of the beam. The stiffness matrix of the absorber Ka to be added to the global
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Fig. 1. A finite element model of a flexural beam with a translational and rotational dynamic absorber at node i.
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stiffness matrix of the beam is

Column : 2i � 1 2i 2n� 1 2n

Ka ¼

0 0 0

..

. . .
. ..

. ..
.

0 0 0

�kt kt 0

�kr 0 kr

0 ..
.

0

. .
. ..

.

0

0 � � � 0 kt 0 � � � 0

0 � � � 0 kr 0 � � � 0

2
6666666666666666666664

3
7777777777777777777775

; (7)

where kt and kr are the stiffness of the translational and rotational absorbers, respectively.
The global stiffness matrix K of the beam with the absorbers may be written as

K ¼
Xn

j

kej
þ Ka. (8)

The mass matrix of the jth finite element of the beam is [6],

Column : 2j � 1 2j ð2j þ 1Þ ð2j þ 2Þ

mej
¼

reAele

420

0

. .
.

0

156 22le 54 �13le

22le 4l2e 13le �3l2e

54 13le 156 �22le

�13le �3l2e �22le 4l2e

0

. .
.

0

2
6666666666666666666666664

3
7777777777777777777777775

. ð9Þ
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The mass matrix of the absorber Ma to be added to the global mass matrix of the beam is

Column : 2n� 1 2n

Ma ¼

0 . . . � � � 0 0

..

. . .
. ..

. ..
.

. .
. ..

.

..

.
0 0 ..

.

0 � � � � � � 0 mt 0

0 � � � � � � 0 Ir

2
6666666666666666666664

3
7777777777777777777775

; (10)

where mt and Ir are the lumped mass of the translational absorber and the moment of inertia of the rotational
absorber, respectively.

The global mass matrix M is the sum of the element mass matrices and the mass matrix of the absorber:

M ¼
X

i

mej
þMa. (11)

The matrix in Eq. (5) may be written as

(12)

where Dpp ¼ Kpp�o
2Mpp, Dpq ¼ Kpq; p, q ¼ 1, 2, 3,y,n, and p 6¼q.

When the absorbers are tuned such that

kt

mt

¼
kr

mr

¼ o2 (13)
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(14)

Referring to Fig. 1 and consider a harmonic distributed excitation with frequency o, written as F0(x) sinot,
where F0 is a vector of the nodal amplitudes of excitation written as

F 0 ¼ ½F1;M1;F 2;M2 . . .Fi;Mi; 0 . . . 0�
T. (15)

The vector of nodal amplitudes of the beam may be written as

U ¼ ðK � o2MÞ�1F 0

¼ D�1F 0. ð16Þ

By Cramer’s rule, the amplitude of the translation or rotation of the (2i+a)th degree-of-freedom, where
a ¼ 1, 2, 3,y,2n�2i, may be written as

U2iþa ¼
S2iþa

�� ��
Dj j

, (17)

where matrix Sa+2i has F0 as its (2i+a)th column and the corresponding columns of D as its other columns.
Determinant of S2i+a may be written as

(18)
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Since there is only one nonzero element in the last two columns and the last two rows, the determinant in
Eq. (18) can be simplified as

(19)

where block matrices A and D are square matrices with (2i�2) columns and (2i�2) rows, and (2n�2i+2)
columns and (2n�2i+2) rows, respectively; block matrices B and C are rectangular matrices with (2n�2i+2)
columns and (2i�2) rows, and (2i�2) columns and (2n�2i+2) rows, respectively.

Eq. (19) may be rewritten as [7]

(20)

Examination of the block matrix C in Eq. (19) reveals that all elements of C are zeros. Determinant of block
matrix D equals to zero because all elements of the (a+2)th column of D are all zeros. Eq. (20) may therefore
be rewritten as

(21)

Eq. (17) can be written as

U2iþa ¼
S2iþa

�� ��
Dj j
¼ 0. (22)

Referring to Fig. 1 and Eq. (22), the vibration amplitude of displacement and rotation at all the nodes on
the right-hand side of the absorbers are zeros. Assuming linear vibration, it proves that the part of the beam in
opposite to the point or distributed load measured from the absorbers is isolated from the forced vibration.
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3. Numerical results and discussion

The vibration isolation effect of the proposed absorbers as predicted in the previous section was studied
numerically and compared to the experimental result as shown in the next section. A computer program was
written in Matlab for the numerical study of the vibration isolation of beam vibration using the proposed
absorbers. An aluminum beam of dimensions 82.3mm� 25mm� 2.5mm was modeled with fifty standard
Euler beam elements. Young’s modulus and density of the beam are 70GN/m2 and 2720 kg/m3, respectively.
The finite element equation was constructed according to Eqs. (6)–(15) of the previous section. Two different
cases of boundary conditions were considered for the beam. In the first case, the beam was assumed as free at
the left end and clamped at the right end as illustrated in Fig. 2(a), and the corresponding columns and rows of
the matrices in the finite element equation were removed. The first two natural frequencies of the beam
without the absorbers were found as 6 and 25.37Hz, respectively. A uniformly distributed force of unit
amplitude of frequency 14.64Hz was applied from the left end of the beam to 30% of the beam span measured
from the same end of the beam. The forced response vector was calculated according to Eq. (16) and the
amplitude of translation at the nodes along the beam was plotted in Fig. 2(b). Forced response of the beam
with only the traditional translational absorber was also calculated using Eq. (16) after removing the last
column and row of D in Eq. (14) and the last element of F0 in Eq. (15). The nodal vibration amplitudes were
plotted in the Fig. 2(b) for comparison. In the second case, the beam was assumed as clamped at the two ends
as illustrated in Fig. 3(a). The finite element equation was constructed as before with the corresponding
columns and rows of the matrices in the finite element equation removed for the clamped–clamped boundary
condition. The first two natural frequencies of the beam without the absorbers were found as 19 and 53Hz,
respectively. A point harmonic force of frequency 43Hz was applied at a point measured 20% of the beam
span from the left end of the beam. The forced response vector was calculated according to Eq. (16) and the
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Fig. 2. (a) Schematic and (b) deflection shape of a free-clamped beam under harmonic excitation distributed uniformly in the region

0ox/Lo0.3L. - - - - - with only the translational dynamic absorber attached at x/L ¼ 0.3, ––––– with both the translational and rotational

dynamic absorbers attached at x/L ¼ 0.3.
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Fig. 3. (a) Schematic and (b) deflection shape of a clamped–clamped beam under harmonic excitation at x/L ¼ 0.2. - - - - - with only

the translational dynamic absorber attached at x/L ¼ 0.3, ––––– with both the translational and rotational dynamic absorbers attached

at x/L ¼ 0.3.
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amplitude of translation at the nodes along the beam was plotted in Fig. 3(b). Forced response of the beam
with only the traditional translational absorber was also calculated for comparison. In both Figs. 2 and 3, the
results shows that the proposed absorber combining a translational and a rotational vibration absorber can
isolate the vibration in the region of excitation applied onto the beam while the traditional dynamic vibration
absorber can only enforce zero vibration at the point of attachment of the absorber.
4. Experimental test and design of the absorber

Experiments were done for validation of the theoretical predictions of vibration isolation using the
proposed absorber in beam vibration. Since only one vibration exciter and a force transducer were available,
the test rig was designed according to the model as shown in Fig. 3(a) and the experimental setup is illustrated
in Fig. 4. An aluminum beam of dimensions 832mm� 25mm� 2.5mm was clamped at the two ends in the
experiment. Before fixing the absorbers onto the beam, it was excited with an impact hammer (B & K 8202)
and the frequency response of the beam were measured by a light weight piezoelectric accelerometer (Endevco
Model 22 Picomin) of 0.14 g and read from a spectrum analyser (B & K Pulse 3560c). The first two natural
frequencies were measured to be 19.5 and 53Hz.

A prototype of the absorber was designed and made for experimental verification of the theoretical
prediction of vibration isolation in beam vibration. The prototype consisted of a translational absorber and a
rotational absorber. The translational one was made by fixing a cylindrical block of copper of mass 13 g to one
end of a compression spring of stiffness 900N/m as shown in Fig. 5(a). The other end of the compression
spring is fixed onto the beam by adhesive (Pattex Repair Express) at 30% of the beam span measured from
one end of the beam. The mass of the absorber can be adjusted by fixing additional copper washers onto the
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copper block. The part of the beam carrying the translational absorber was rigidly clamped and the resonant
frequency of the up-and-down vibration of the translational absorber was measured by the light weight
accelerometer attached onto the copper block and read from the spectrum analyser. The resonant frequency of
the up-and-down vibration of the translational absorber was tuned at 43Hz which is between the first and the
second frequencies of bending vibration of the beam.

The rotational absorber was made by attaching two rectangular aluminum plates of total mass 13 g onto a
piece of steel strip of dimensions 100mm� 18.3mm� 0.7mm as shown in Fig. 5(b). One end of the steel strip
is fixed on the beam by adhesive (Pattex Repair Express) to form a cantilever. The aluminum plates are
clamped onto the steel strip by bolts and nuts so that their mounting position on the steel strip can be changed
easily. The fundamental frequency of the rotational absorber can be tuned easily by adjusting the location of
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the aluminum plates on the steel strip. Similar to the tuning procedure of the translational absorber, the
fundamental frequency of the rotational motion of the rotational absorber was measured by the light weight
accelerometer attached onto the surface of one of the aluminum plates and read from the spectrum analyser.
The resonant frequency of the rotational oscillation of the rotational absorber was tuned at 43Hz by carefully
adjusting the mounting position of the aluminum plates on the steel strip as shown in Fig. 5(b).

After mounting the absorbers onto the beam, the beam was clamped at the two ends again. The beam was
excited with an impact hammer (B & K 8202) applied at 166mm (0.2L) and the response of the beam were
measured by the light weight accelerometer at the attachment point of the absorbers (0.3L). The frequency
spectrum was generated with the spectrum analyser and it is shown in Fig. 6. As observed in Fig. 6, two small
peaks appeared around the absorption frequency and the response drops to a minimum at the absorption
frequency, 43Hz.

To test the theoretical prediction of vibration isolation using the absorbers, an electromagnetic shaker
(B & K 4810) was used to excite the beam at 166mm (0.2L) with a single harmonic excitation at 43Hz as
illustrated in Fig. 4. Vibration amplitudes were measured at twenty points on the beam surface by the light
weight accelerometer and recorded by the spectrum analyser. The measurement procedure of the forced
vibration amplitudes was repeated for the case of the beam with only the translational absorber and also
the case of the beam without any absorber. Vibration amplitudes of the beam of all three cases were plotted in
Fig. 7. As shown in Fig. 7, the vibration level of the whole beam was suppressed greatly when the combined
type of absorber was implemented. The experimental result showed that the combined type of absorber could
not completely isolate the vibration of the beam in the region 0ox/Lo0.3. This might due to the presence of
damping in the vibration absorbers. Nevertheless, the effectiveness of using the combined type of absorber in
vibration suppression and isolation was better than just using a translational absorber at all points of the
beam. At some points such as x/L ¼ 0.7, the vibration amplitude of the beam after using the combined type of
absorber was 22 times lower than that of the case without any absorber and 4 times lower than that of the case
with the translational vibration absorber alone.

5. Conclusion

It has been proved with finite element analysis using Euler beam theory that the forced beam vibration
under point or distributed harmonic excitation can be isolated in a region of the beam by attaching a
translational dynamic absorber and a rotational dynamic absorber at the same location on the beam surface.
A practical design of the dynamic absorbers has been made and tested. Both numerical and experimental tests
have been done for verification of the theoretical prediction of vibration isolation using the proposed dynamic
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absorber. The numerical tests show that beam vibration under harmonic excitations can be isolated in a region
of the beam by the proposed absorber but not the traditional translational absorber alone. In the experimental
test, forced vibration of a beam were measured and compared for the cases of the beam carrying the proposed
absorber, the beam carrying only the traditional translational absorber, and the beam carrying no absorber.
The case of the beam with the proposed absorber has the best performance of vibration suppression and
isolation in comparison of the case of using only the translational absorber. However, the region of the beam
expected to be isolated from vibration was found to have vibration of relatively small amplitudes. This
imperfection of vibration isolation would be due to the presence of damping in the prototype of the absorber
because adhesive was used in joining the absorber onto the beam.
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