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Abstract

Variation of the modal reactive power distribution of a damaged plate is analyzed. Large variation of local reactive

power flow in or around the damage region of a plate under resonant vibration is related to the change of strain and kinetic

energies in the damage region. Feasibility of damage identification based on the detection of this local variation of modal

reactive power flow in a structure is studied. Compared with the damage identification techniques based on the

determination of the active power flow in a damaged plate, the proposed method only requires data of a vibration mode

shape of the structure and it is easier to apply in practice. Two common types of damage have been tested for

identification, the first with a region of reduced stiffness in the plate while the second with a small hole in the plate.

Numerical tests show that the proposed method is effective for both types of damage and the modal power flow is more

sensitive to the change of plate stiffness than the strain mode shape in the test case.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Detection of damage occurring in structures is an important topic in mechanical and structural engineering
applications [1–3]. Identification of damage location is crucial for damage repair and control and there have
been many techniques developed for damage identification and location in recent years [4–7]. One relatively
new technique is based on the study of power flow or structural intensity (SI) in a vibrating structure. There
are in general active and reactive powers presented in a vibrating structure. Active power is defined as the
product of a generalized force with the in-phase component of a generalized velocity, where the velocity is in
the same direction as the force. Forces and velocities in a vibrating structure will be exactly 901 out of phase if
no damping and no energy dissipation such as sound radiation in the system is assumed. The product of the
corresponding force and velocity terms is called the reactive power, which represents the amount of energy
stored in the structure [8].

Li et al. [9] proposed the diagnosis of flaws in damaged beam structures using vibrational power flow. Khun
et al. [10] showed that loosened bolt joints in plate assembly could be identified from the power flow pattern in
the plates. Lee et al. [11] calculated the diversion of energy flow near crack tips of a vibrating plate using SI
technique. They showed that the presence of a crack can be identified by the changes of the directions of SI
ee front matter r 2008 Elsevier Ltd. All rights reserved.
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vectors near the crack. In all these reported methods, however, the forced vibration data of an excited
structure were required. Accordingly, it was the active power flow which was used for damage identification.
There is no report found in the literature about the use of reactive power flow in a plate for damage
identification.

The aim of this paper is to study the power flow and energy distribution of a vibration mode of a damaged
plate. The power flow is shown to be of reactive nature in this case, and referred to as the modal power flow in
the following. The outline of this paper is as follows. In Section 2, the modal power flow analysis of the
damaged plate is performed, and the relation between the modal power flow and the modal energy distribution
in the plate is derived. The modal power flow is proposed to locate damage sites in plate-like structures. In
Section 3, some numerical simulations are demonstrated to analyze the identification capability of the
proposed damage indicator. Finally, conclusions are drawn.

2. Modal power flow analysis of a damaged plate

From plate theory, the equation of motion of a thin vibrating plate may be written as

D
q4w

qx4
þ 2

q4w

qx2qy2
þ

q4w
qy4

� �
þ rh

q2w

qt2
¼ 0 (1)

where D ¼ Eh3=12ð1� n2Þ is the flexural rigidity of the plate, E is the modulus of elasticity, n is the Poisson
ratio, h is the thickness of the plate, and r is the material density.

Assuming the plate has a harmonic motion of frequency o, its displacement may be written as

wðx; y; tÞ ¼W ðx; yÞ sin ot (2)

where W(x, y) is the vibration amplitude of the plate.
The strain distributions of the plate may be written as
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The instantaneous power flow at point (x, y) may be written as [12]

~Pðx; y; tÞ ¼ Pxðx; y; tÞ~i þ Pyðx; y; tÞ~j (4)
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Pyðx; y; tÞ ¼ D
qðr2wÞ

qy
_w�

q2w

qy2
þ n

q2w

qx2

� �
q _w
qy
� ð1� nÞ

q2w
qyqx

q _w
qx

� �
(6)
2.1. Relationship between power flow and energy distributions of a vibrating plate

Eq. (5) may be rewritten using Eqs. (2) and (3) as

Pxðx; y; tÞ ¼ D
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¼ Px_max sin 2ot (7a)
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where
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Eq. (6) may be rewritten using Eqs. (2) and (3) as
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The power gradients may be written as
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The power flow ~Pðx; y; tÞ can be related to the instantaneous energy stored in the plate in the following. The
distribution of the instantaneous kinetic energy of the plate may be written as

T ¼ 1
2
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2 ot (11)

where
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The distribution of the instantaneous strain energy of the plate may be written as
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The instantaneous energy and distributions in the plate are written, respectively, as

E ¼ Tmax cos
2 otþUmax sin

2ot

¼ 1
2
ðTmax þUmaxÞ þ

1
2
ðTmax �UmaxÞ cos 2ot (15)
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and

qE
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Using Eqs. (9) and (10), the sum of the power flow gradients can be written as
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Eq. (1) may be rewritten using Eq. (2) as
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Eq. (17) can be rewritten using Eq. (18) as
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Using Eqs. (12), (14) and (16), the instantaneous energy balance at a point (x, y) of the plate may be written
as

qPx
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qy
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(20)

The net power flow out of a region x1pxpx2 and y1pypy2 can be obtained by integrating the above
equation along x-direction from x1 to x2 and along y direction from y1 to y2 and the result may be written asZ y2

y1

½Pxðx2Þ � Pxðx1Þ�dyþ

Z x2
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Z x2
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This energy flow and balance in a region of the plate is illustrated in Fig. 1.
Using Eqs. (7), (8), (16) and (20), we may write

qPx_max

qx
þ

qPy_max

qy
¼ oðTmax �UmaxÞ (22)

Eq. (22) shows that the sum of power flow gradients is proportional to the Lagrangian density (Tmax�Umax)
of the plate.

2.2. Modal power flow of a plate

Since damping is neglected in the present analysis, the force and moment terms has no in-phase component
of the corresponding velocity terms in the calculation of the power flow of a vibration mode of the plate.
Therefore, the power flow of a vibration mode of the plate is the reactive power associated with that particular
mode and it is termed as the modal power flow in the following analysis.
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Fig. 1. Illustration of the power flow in and out of a region (as shown by the hollow arrows) in a vibrating plate.

W.O. Wong et al. / Journal of Sound and Vibration 320 (2009) 84–10088
Using Eqs. (4)–(6), the reactive power flow at the mnth mode where m, n ¼ 1, 2, 3y, may be defined as

~Pmnðx; y; tÞ ¼ Pmn_xðx; yÞ sin 2omnt~i þ Pmn_yðx; yÞ sin 2omnt~j (23)

where
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and
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where omn and Wmn are the natural frequency and mode shape of the mnth vibration mode of the plate,
respectively. From Eq. (20), the modal power flow can be related to the modal energy distribution of the plate as
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2.3. Damage identification from the modal power flow of a plate

This part deals with the damage identification in a plate using the information about modal power flow. The
basic concept is that a localized loss of stiffness will produce a curvature increase at the same location [2]. If no
change of mass in the damage region is assumed, this local change of curvature would induce a local change of
bending strains [5] and strain energy distribution [6] around the damage region resulting in the change of the
gradients of power flow around the region as depicted by Eq. (26). This change of modal power flow may be
more sensitive to the damage as it is a higher order derivative of the mode shape than the strain distribution of
the plate [13].

The modal power flow vector field may be rewritten as

~Pmnðx; y; tÞ

omnD
¼ ½ ~Pmn_xðx; yÞ~i þ ~Pmn_yðx; yÞ~j� sin 2omnt (29)
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~Pmn_yðx; yÞ ¼
qðr2W mnÞ

qy
W mn �

q2W mn

qy2
þ n

q2W mn

qx2

� �
qW mn

qy
� ð1� nÞ

q2W mn

qyqx

qW mn

qx

� �
(31)
Fig. 2. (a) Contours of vibration mode shape W11 of a simply supported rectangular plate, (b) contours of the stationary modal energy

(T11_max+V11_max), (c) contour of the time varying modal energy (T11_max�V11_max) and (d) modal power flow ~P11ðx; yÞ=Do11 (illustrated

by the arrows).
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The vector field ~Pmnðx; yÞ=omnD ¼ ~Pmn_x
~i þ ~Pmn_y

~j is proposed to be used for damage identification and
location in plate-like structures. The advantage of using this term is that both the modal power flow
components ~Pmn_x and ~Pmn_y can be derived by the mode shape data which can be obtained with a standard
modal testing procedure [14].

3. Simulation analyses

Two common types of damage are considered in the following analysis in plate vibration. The first with a
region of reduced stiffness in the plate while the second with a small hole in the plate. The vibration modes and
hence the modal power flow of a simply supported rectangular plate with the first type of damage are calculated
with a self-developed Matlab program based on the Rayleigh–Ritz method [5,15] while those of the second type of
damage are calculated with the commercial finite element software Patran. Changes of modal energy distributions
and power flow due to these two types of damage in a plate are compared and discussed in the following sections.
Modal power flow and modal energy distributions are calculated according to Eqs. (24), (25), (27) and (28).

3.1. Simulation of the modal power flow in a plate

A simply supported rectangular plate of size 1.5� 1� 0.01m3 is used in the simulation. In applying the
Rayleigh–Ritz method, the rth mode shape function of the plate is expressed in a series written as [5,15]

W rðx; yÞ ¼
Xp

i¼1

Xq

j¼1

cr;ijjiðxÞZjðyÞ (32)
Fig. 3. (a) Contours of vibration mode shape W21 of a simply supported rectangular plate and (b) modal power flow ~P21ðx; yÞ=Do21

(illustrated by the arrows).
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where ji(x) and Zj(y) are appropriate admissible functions, cr,ij the unknown coefficients. p ¼ q ¼ 30 is applied
in the calculation of the mode shape functions.

Contour plots of the calculated mode shape functions and modal energy distributions are generated and
displayed by using the CONTOUR function in Matlab. Fig. 2(a) shows the contours of the vibration mode
W11 of the plate. Modal energy distributions of the plate are calculated according to Eqs. (12) and (14).
Fig. 2(b) and (c) show the contours of the time-invariant modal energy distribution T11_max+V11_max and the
Lagrangian density distribution T11_max�V11_max, respectively. It should be noted that the modal power flow
is proportional to the gradient of the Lagrangian density distribution; hence, the modal power flow would be
more sensitive to a disturbance to the plate than the modal energy distribution. Fig. 2(d) shows the vector field
of the modal power flow ~P11=Do11 of the intact plate. Fig. 3(a) and (b) show the contours of the vibration
mode W21 and the modal power flow ~P21=Do21, respectively. It is observed that power flow is smallest at the
anti-nodes and the corners and power radiates in and out from the anti-nodes to the edges and the nodal line.
Fig. 4(a) and (b) show the contours of the vibration mode W31 and the modal power flow ~P31=Do31,
Fig. 4. (a) Contours of vibration mode shape W31 of a simply supported rectangular plate and (b) modal power flow ~P31ðx; yÞ=Do31

(illustrated by the arrows).
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Fig. 5. (a) A simply supported rectangular plate with a damaged (shaded) region of 20% EI reduction, (b) contours of the stationary

modal energy (T11_max+V11_max), (c) contour of the time-varying modal energy (T11_max�V11_max), (d) modal power flow 11(x,y)/Do11

(illustrated by the arrows), and (e) streamline representation of the modal power flow ~P11ðx; yÞ=Do11 of the simply supported rectangular

plate.

W.O. Wong et al. / Journal of Sound and Vibration 320 (2009) 84–10092
respectively. Similar to the previous case, power flow is smallest at the anti-nodes and the corners and power
radiates in and out from the anti-nodes to the edges and the nodal line.

3.2. Change of modal power flow in a damaged plate

Fig. 5(a) illustrates the presence of a region, 0.34x40.6 and 0.154y40.45, with stiffness reduction of 20%
in the plate. Fig. 5(b) and (c) show the time-invariant modal energy distribution T11_max+V11_max and the
Lagrangian density distribution T11_max�V11_max, respectively. It is observed that the modal energy
distribution T11_max+V11_max increases whilst the Lagrangian density distribution decreases in the damage



ARTICLE IN PRESS

Fig. 6. (a) A simply supported plate with a damaged (shaded) region of 20% EI reduction, (b) modal power flow ~P11ðx; yÞ=Do11

(illustrated by the arrows) and (c) modal power flow in and around the damage region of the plate.

W.O. Wong et al. / Journal of Sound and Vibration 320 (2009) 84–100 93
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region. These effects would be a result of the increase of strain energy in the damage region as pointed
out in Section 2.3. Fig. 5(d) is a vector plot of the modal power flow in the damaged plate. Significant
changes in amplitude and direction of the modal power flow can be observed in and around the
damage region. These changes are consistent with the prediction as depicted by Eq. (26). Obviously, the
modal power flow distribution is a local parameter sensitive to damage. Fig. 5(e) is a plot of the modal
power flow using the streamline representation [16,17] in the damaged plate. The streamlines around the
damage region are discontinued because of the big changes of modal power flow in and around the damage
region.

In order to investigate the identification capability of the proposed damage indicator, the vector plots of the
modal power flow ~Pmn=omnD for damage occurring at a vibration anti-node and node of the structure are
calculated and plotted in Figs. 6–8. Fig. 6(a) illustrates the presence of a damage region, 0.64x40.9 and
0.44y40.6, with stiffness reduction of 20% in the plate. Fig. 6(b) shows the modal power flow in the
Fig. 7. (a) Contours of vibration mode shape W21 of the damaged plate in Fig. 6 and (b) modal power flow ~P21ðx; yÞ=Do21 (illustrated by

the arrows).
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Fig. 8. (a) Contours of vibration mode shape W31 of the damaged plate in Fig. 6 and (b) modal power flow ~P31ðx; yÞ=Do31 (illustrated by

the arrows).
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damaged plate. Fig. 6(c) shows a close up of the modal power flow ~P11=Do11, around the damage region for
clarity. Similar to the previous case, significant changes in amplitude and direction of the modal power flow
can be observed in and around the damage region. Fig. 7(a) and (b) show the contours of the second vibration
mode W21 and the modal power flow ~P21=Do21, respectively. Comparing Fig. 3(b) with Fig. 7(b), it is found
that the modal power flow exhibits a big change in both the magnitude and direction even when the damage
region is located at a nodal line of the vibration mode. Fig. 8(a) and (b) show the contours of the vibration
mode W31 and the modal power flow ~P31=Do31, respectively. Comparing Fig. 4(b) with Fig. 8(b), big changes
in both the magnitude and direction of the modal power flow in and around the damaged region is observed.
Streamline representations of modal power flow of both the intact and damaged plates are shown in
Figs. 9(a)–(f). The streamlines in Fig. 9(a), (c) and (e) for the intact plate are continuous but those in Fig. 9(b)
(d) and (f) for the damaged plate are not in the damaged region because of the big changes of modal power
flow in that region.
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Fig. 9. (a) Streamline representation of the modal power flow ~P11ðx; yÞ=Do11 of the simply supported rectangular plate, (b) streamline

representation of the modal power flow ~P11ðx; yÞ=Do11 of the simply supported damaged rectangular plate in Fig. 6a, (c) streamline

representation of the modal power flow ~P21ðx; yÞ=Do21 of the simply supported rectangular plate, (d) streamline representation of the

modal power flow ~P21ðx; yÞ=Do21 of the simply supported damaged rectangular plate in Fig. 6a, (e) streamline representation of the modal

power flow ~P31ðx; yÞ=Do31 of the simply supported rectangular plate and (f) streamline representation of the modal power flow
~P31ðx; yÞ=Do31 of the simply supported damaged rectangular plate in Fig. 6a.

W.O. Wong et al. / Journal of Sound and Vibration 320 (2009) 84–10096
3.2.1. Sensitivity of parameters, emn_x(x, y) and Pmn_x(x, y)

Fig. 10(a) illustrates the presence of a region, 0.34x40.6 and 0.14y40.3, with stiffness reduction of 5% in
the plate. Fig. 10(b) is a plot of the distribution of modal strain along x-direction e11_x(x, y). Contours of the
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Fig. 10. (a) A rectangular plate with a damaged (shaded) region of EI reduction of 5%, (b) contour of the normalized strain mode shape

e11_x of the damaged plate and (c) contour of the normalized modal power flow ~P11ðx; yÞ=Do11 of the damaged plate.
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Fig. 11. (a) A rectangular plate with two damage regions (shaded) of EI reduction of 20% in the lower region and EI reduction of 10% in

the upper region, (b) modal power flow ~P11ðx; yÞ=Do11 of the damaged plate. The damage regions are marked by two rectangles, and

(c) streamline representation of the modal power flow ~P11ðx; yÞ=Do11 of the simply supported rectangular plate.
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modal power flow component along x-direction P11_x(x, y) is plotted in Fig. 10(c) for comparison. It can be
observed that the strain distribution shows little change in the damage region while the modal power flow
component has very large variations in the damage region.

3.2.2. Location of multiple damage in the structure

Fig. 11(a) illustrates the presence of two damage regions; one is 0.34x40.6 and 0.14y40.3, with plate
stiffness reduction of 20% and another one is 0.94x41.2 and 0.14y40.3, with plate stiffness reduction of 10%.
Fig. 11(b) is a plot of the modal power flow ~P11=Do11 in the plate. Significant changes in amplitude and direction
of the modal power flow can be observed in and around both of the damage regions. Fig. 11(c) is a plot of the
modal power flow using the streamline representation in the damaged plate. The streamlines around the damage
regions are discontinued because of the big changes of modal power flow in and around the damage regions.

3.3. Modal power flow in a plate with a small hole

Modal power flow of a thin rectangular plate of size 0.8� 0.6� 0.01m3 with a small hole of size
0.01� 0.01� 0.01m3 at the center as illustrated in Fig. 12(a) is studied using the commercial finite element
software, Patran. There are 4799 elements in the finite element model. Vibration mode shapes are calculated
by using Patran. The mode shape data is exported as text file and then imported in Matlab for the calculations
Fig. 12. (a) A simply supported plate with a small hole at the center, (b) modal power flow ~P11ðx; yÞ=Do11 (illustrated by the arrows) and

contours of T11_max�V11_max, (c) modal power flow ~P11ðx; yÞ=Do11 around the hole and contours of T11_max�V11_max, and (d) streamline

representation of the modal power flow ~P11ðx; yÞ=Do11 of the simply supported rectangular plate.
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of the reactive power flow distribution following Eqs. (30) and (31). Fig. 12(b) is a plot of the modal power
flow ~P11=Do11 and Fig. 12(c) is a close up of the modal power flow around the hole. Very large variation of
the power flow vectors is observed around the hole. Fig. 12(d) is the streamline representation of the modal
power flow in the damaged plate. The streamlines around the damage region is discontinued because of the big
changes of modal power flow around the damage region.

4. Conclusions

Modal energy distributions and modal power flow in a damaged plate are studied, with the objective to
demonstrate the capacity of modal power flow as a damage indicator. It is shown that the local time-averaged
energy (Tmax+Umax) increases at the damage region, hence the damage region behaves as an energy trap.
Energy flowing in and out of the damage region to the surrounding regions may be increased or decreased
depending on the location of the damage.

The capability for damage location identification for plate-like structures using modal reactive power flow is
then demonstrated. Compared with the conventional damage indicators such as the change of strain mode
shape of the plate, the proposed one is new and found to be more sensitive to the reduction of plate stiffness
than the strain mode shape.

Moreover, compared with the damage identification techniques based on the determination of the active
power flow in a damaged plate, the proposed method only requires information of a vibration mode shape of
the structure and it is easier to apply in practice. Two common types of damage are tested for identification.
The first type features a region of reduced stiffness in the plate while the other type exhibits a small hole in the
plate. Numerical tests show that the proposed method is effective for both types of damage. Experimental
study and validation will be carried out and reported in the future.
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