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Abstract
A magnetorheological (MR) fluid embedded pneumatic vibration isolator (MrEPI) with hybrid
and compact connection of pneumatic spring and MR damping elements is proposed in this
study. The proposed MrEPI system allows independent nonlinear stiffness and damping control
with considerable maneuverable ranges. Meanwhile, it allows convenient switching between
different passive and active vibration control modes, thus providing more flexibility and
versatility in applications. To demonstrate the advantageous dynamic performance of the
MrEPI, a nonlinear non-dimensional dynamic model is developed with full consideration of the
nonlinear elements involved. A systematic analysis is therefore conducted which can clearly
reveal the influence on system output performance caused by each physically important
parameter and provide a useful insight into the analysis and design of nonlinear vibration
isolators with pneumatic and MR elements.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Vibration isolators are extensively used for vibration isolation
and suppression [1–6]. Passive isolators can only cover a
limited high frequency range and their performance usually
deteriorates with changing dynamics. Therefore, active
and semi-active vibration isolators have attracted increasing
attention.

Various active or semi-active devices have been used in
the design of vibration isolators, for example, pneumatic or
hydraulic cylinders [7], voice coil motors [8], electromag-
netic actuators [9], magnetorheological or electrorheological
dampers [10], piezoelectric actuators [11] and intelligent
materials such as THUNDER [12] and shape memory
alloys [13]. Pneumatic isolators have the advantages of
providing high payload, reliable and inexpensive maintenance
and low natural frequency, and thus find wide applications

1 Author to whom any correspondence should be addressed.

in high precision machinery, measurement apparatus and
seismic protection [7, 14]. Usually, a pneumatic isolator
with one air chamber cannot provide sufficient damping,
which results in excessive vibration around the system’s
resonance frequency, poor performance at low frequencies,
and strongly nonlinear spring dynamics with coupled damping
characteristics. To alleviate the problem, some improved
structures of pneumatic isolators with passive/active hydraulic
and pneumatic damping devices have been developed [15–23].
Although the performance of pneumatic vibration isolation
systems can be improved by active damping or optimal design
of passive stiffness and damping, the damping introduced
by pneumatic orifice valves usually has complex dynamics
coupled with the dynamics of the pneumatic chamber and
consequently requires complex controller design. Moreover,
most systems utilize only one orifice damping device and do
not allow independent damping control [6, 18, 24–26].

In a different perspective, magnetorheological (MR) fluids
have been extensively used in isolator design as damping-
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controlled elements [27–32]. MR fluids have several appealing
features, i.e., large and controllable dynamic yielding
stress due to high magnetic energy density, lower power
requirement, robustness against contaminants or impurities
and instantaneous response. For decades, vibration isolators
consisting of MR dampers and passive spring elements have
been developed [3, 21, 33–37]. Most systems are designed to
target some specific applications (e.g., shock absorbers [35]),
lacking flexibility or adaptability to different situations due
to small adjustable range or limited maneuverable variables.
Recently, variable stiffness and damping vibration isolators
using MR dampers have been studied, in which the stiffness
is controlled by one adjustable MR damper and two
constant springs in series connection, and the independent
variable damping is realized by the other MR damper in
parallel [26, 38]. Although these systems allow a simple
mechanism to achieve adjustable stiffness, the drawback is
linked to the expense and the bulbous structures due to the
additional MR dampers and different components involved.

The design of vibration isolators allowing independent
adjustment of stiffness and damping is obviously of great
relevance in engineering applications since it can provide more
flexibility and versatility. However, existing isolator systems,
as discussed before, are far from full development.

One potential way to achieve independent adjustment of
stiffness and damping is to properly combine the pneumatic
spring and MR damping elements in a relatively compact
structure. Although conventional single-rod MR dampers have
one air chamber to provide the stiffness effect, the gas pressure
is either too high for active control, or the system stiffness
is too low to effectively support the static load due to the
limitation of the effective piston rod area in conventional gas
control. Thus, it is important to explore an integrated and more
compact structure in using MR fluids and gas to enhance the
effective spring and damping characteristics. To this end, an
MR fluid embedded pneumatic vibration isolator (MrEPI) is
proposed in this study. The MrEPI has a relatively compact
structure and can achieve independently adjustable stiffness
and damping characteristics of considerable maneuverable
ranges. It also provides the flexibility in switching between
different working modes (passive, semi-active and active
control), has independent height control within a large range,
produces high output force, and is convenient in manipulation
with lower power requirement.

Note that there are many physical parameters influencing
system performance with strongly nonlinear effects in both
the pneumatic and MR fluid elements. To demonstrate
the advantageous dynamic performance of the MrEPI, a
nonlinear non-dimensional dynamic model is systematically
developed and analyzed with full consideration of the
nonlinear dynamics involved, which is very different from
most of the existing results which adopted an approximation to
the nonlinearities [34, 39–45]. The nonlinear non-dimensional
model can clearly reveal the influence of important physical
parameters on system performance and provide a useful insight
into the analysis and design of nonlinear vibration isolators
with pneumatic and MR elements. It should be noted that

few results are available in the literature regarding the non-
dimensional dynamic analysis of MR damping in the context
of a vibration isolator system.

The paper is organized as follows. Section 2 gives the
structure of the MrEPI using hybrid connection of pneumatic
springs and MR dampers. Section 3 presents a non-
dimensional dynamic model and analysis for the MrEPI system
subject to harmonic excitation. The influences of the non-
dimensional physical variables upon system performance are
analyzed in section 4. Section 5 details the conclusions drawn.

2. The MrEPI with independently adjustable
stiffness and damping

The structure of the proposed MrEPI is shown in figure 1.
It consists of three low chambers filled with air (CG1, CG2,
CG3) and two upper chambers filled with MR fluid (CM1,
CM2). Chamber CG1 and chamber CG2, functioning as a
dual-working-chamber pneumatic spring to provide adjustable
stiffness and height control, are separated by a moving piston
with diaphragm seals and controlled by four pneumatic high
speed on–off valves. An auxiliary chamber CG3 is connected
to chamber CG2 with a flow restrictor that is designed to
operate on a laminar flow region for linear damping. An MR
valve is connected to the two sides of a double-rod cylinder
filled with MR fluids (chambers CM1 and CM2) to provide
adjustable damping. The notable advantages of the MrEPI are
summarized as follows.

(1) Compact structure and convenient realization of active
control.
Usually, the effective gas area is determined by the piston
rod area in conventional single-rod MR dampers with a
small air chamber [30]. To meet a loading requirement,
high gas pressure, an additional air spring or a coil
spring would be needed [21, 35, 37]. This leads to
more mechatronic components involved in the system
and thus results in a complex and non-compact system
structure. Differently from those designs, the proposed
MrEPI employs piston area rather than the conventional
piston rod area as the effective area to enlarge the spring
force with fewer requirements on volume size. The flow
restrictor between chambers CG2 and CG3 can introduce
large damping for rejecting a high peak value at resonance
frequency and low damping for keeping a fast decaying
rate of transmissibility at high frequencies under a small
volume for a pneumatic spring with severely nonlinear
characteristics.

(2) Independent adjustable stiffness, damping and height
control with large ranges.
The adjustable stiffness can be realized by changing
the average pressures of the working gas chambers
while keeping a constant pressure difference for invariant
static displacement of the isolator owing to the special
structure of the dual-working-chamber pneumatic spring.
Importantly, the instantaneous stiffness can also be
adjusted by changing the gas volume with an additional
accumulator [18]. Moreover, the adjustable height of

2



Smart Mater. Struct. 20 (2011) 085025 X Zhu et al

Figure 1. The schematic structure of the MrEPI.

the isolator can be realized by only modifying the
pressure difference. Notably, the system damping is
independently adjustable through manipulating the field-
controlled MR damping element. Therefore, independent
stiffness, damping and height control can be realized. This
demonstrates a unique system property compared with
many existing systems [6, 17–19, 21, 26].

(3) Multiple control modes to improve system flexibility.
The proposed isolator has three operation modes. The
passive control mode can be realized by closing valves
A1, A2, B1 and B2 to separate the gas chamber from
the outside air and setting the MR active damping to
zero. This mode is beneficial for vibration isolation at
high frequency and invariant working condition [20]. The
semi-active control mode can be realized by properly
regulating either the pressure of working gas chamber
(with on–off valves A1, A2, B1 and B2), the controllable
current of the MR damping or the accumulator volume.
This mode is beneficial for different requirements under
various working conditions within a larger frequency
band [25, 26, 36, 46]. The third mode is active control,
which can provide arbitrary force through pressure
regulation of the pneumatic cylinders. This mode can
be used for isolation at ultra-low frequency and complex
requirements, such as negative stiffness for rejecting large
instantaneous disturbances [4, 14].

(4) Less sealing and power requirements.
Basically, the operating pressure of the MR fluid and
pneumatic chamber is lower than that of conventional
hydraulic oil. There are no movable components in the
MR valve or pneumatic on–off valves utilized in the
MrEPI. These designs impose fewer sealing requirements

compared with some existing isolator systems [47–50].
Moreover, in the semi-active control mode, the field-
controlled MR valve and on–off pneumatic valves can
be employed to control the damping and stiffness
characteristics using only a small amount of energy;
the power consumption could be much lower compared
to a traditional active pneumatic isolator using servo
valves [17, 51].

3. Non-dimensional dynamics of the MrEPI

In order to quantitatively analyze and explore the character-
istics and potential values of the MrEPI, a non-dimensional
dynamic model of the MrEPI is developed in this section. The
MrEPI can be considered as three components, i.e., component
1 consisting of pneumatic chamber CG2 and fast switching
valves; component 2 consisting of pneumatic chamber CG1
and MR fluid chambers CM1, CM2, and an MR valve; and
component 3 consisting of auxiliary chamber CG3 and an air
flow restrictor. The equivalent mechanical system of the MrEPI
is shown in figure 2 which has a hybrid connection including
two pneumatic springs and one passive viscous damper in
both serial and parallel, and one MR damper in parallel [18].
Practically, each component can be considered as a sub-isolator
with one pneumatic spring and one MR damper. The non-
dimensional models of the sub-isolators are first developed,
and then the entire non-dimensional model of the MrEPI is
obtained by integrating the three sub-models.

3.1. Non-dimensional dynamics of the sub-isolators

The non-dimensional dynamic models of the sub-isolators are
developed for the nonlinear pneumatic springs and MR damper
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Figure 2. An equivalent mechanical system of the MrEPI system with nonlinear and independent adjustable stiffness and damping
characteristics taking an equivalent hybrid connection of each component.

under harmonic excitation by defining some non-dimensional
variables.

3.1.1. Output force of the pneumatic spring element. The
relationship between the volume and pressure inside the
working chambers (CG1 and CG2) can be described by the
polytropic gas law [52]

Pd

(
Vd

mad

)λ

= Const, Pu

(
Vu

mau

)λ

= Const. (1)

If there is no air flowing into or out of the chambers, mad and
mau are constant. Thus the actual gas pressures are given by

PdV λ
d = Pd0V λ

d0, PuV λ
u = Pu0V λ

u0. (2)

Note that the initial gas pressure and volume are dependent
on the static equilibrium state of the payload, i.e,

Ad Pd0 − su Au Pu0 = mg + Patm Ad − su Patm Au. (3)

For convenience in analysis of the influences due to
adjustable pressure, adjustable volume, and variation of the
effective area of the pneumatic spring element under certain
payload masses, let

Vd0 = Vdr + �Vd, Pd0 = Pdr + �Pd

Ad = Adr + �Ad

(4)

where Vdr, Pdr, Adr are reference volume, reference pressure
and reference effective area, respectively, which satisfy the
following static equilibrium state under reference payload mass
mr:

mrg + Patm Ad − su Patm Au = Pdr Adr. (5)

The restoring force (output force) of the pneumatic spring
under reference payload is given by

Fs(xp) = Ad(Pd − Patm) − su Au(Pu − Patm) − mrg

= Ad Pd − (mrg + Patm Ad) − su(Pu − Patm)Au

= Ad Pd0

(
Vd0

Vd0 + Adxp

)λ

− su Au Pu0

(
Vu0

Vu0 − Auxp

)λ

− Pdr Adr (6)

where xp = x − xb is the relative displacement. Let the
reference stiffness and initial length be

k0 = λAdr Pdr

L0
, (7a)

L0 = Vdr

Adr
. (7b)

Substitution of equations (4), (5) and (7) into equation (6)
yields

Fs = Adr Pdr

{
(1 + φP0)

(
1

1 + xp/Ld0

)λ

− suφK P

(
1

1 − xp/Lu0

)λ

− 1

}

= k0L0

λ

{
(1 + φP0)

(
1

1 + xp/L0(1 + φV 0)

)λ

− suφK P

(
1

1 − xp/φK L L0(1 + φV 0)

)λ

−1

}
(8)

where φV 0, φP0, φK P and φK L are the non-dimensional
adjustable variables, which are defined as

φP0 = �Pd

Pdr
+ �Ad

Adr
+ �Pd

Pdr

�Ad

Adr
(9a)

φV 0 = Adr

Adr + �Ad

(
�Vd

Vdr
− �Vd

Adr

)
(9b)

φK L = Lu0

Ld0
(9c)

φK P = Pu0 Au

Pdr Adr
(9d)

Ld0 = Vd0

Ad
(9e)

Lu0 = Vu0

Au
. (9 f )

It should be emphasized that the non-dimensional
dynamic model in equation (8) of the pneumatic spring
element is developed with the nonlinear physical model of
the pneumatic isolator system and therefore there is no
approximation error due to the linearization that is often used
in the literature [39].
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Figure 3. Schematic of the MR fluid cylinder and MR valve.

3.1.2. Output force of the MR damping element. The
following nonlinear hysteretic model of the MR damping is
adopted in our analysis according to the geometric schematics
of the MR fluid cylinder and the MR valve shown in figure 3
[27, 53]:

Fd(xp, ẋp) = cvisẋp + (Fτ + Ff) tanh{[(ẋp + λ1xp)]λ2}. (10)

The Newtonian viscous force and yield force due to the
MR effect are given by [30, 31, 50]

Fη = cvis ẋp (11a)

Fτ = 2 fcla

d
τy(H )(Ap − A p1) (11b)

where cvis = (
12ηlp
wd3 + 8ηlt

πr4
t
)(Ap − A p1)

2, and w = 2π(rd + d
2 ) ≈

2πrd, Ap = πr 2
m , A p1 = πr 2

r . For convenience in analysis,
the passive damping is denoted by Fdp = cvis ẋp and the active
damping by Fda = (Fτ + Ff) tanh{[(ẋp + λ1xp)]λ2} (although
Fda usually includes the friction force Ff).

3.1.3. Non-dimensional dynamics of the sub-isolator under
harmonic excitations. Note that equations (8) and (10) are
used to describe the nonlinear spring force and nonlinear
damping force with some adjustable design parameters. To
assess the influence of design parameters upon isolation
performance of the MrEPI, the non-dimensional dynamics
under harmonic excitations is established in terms of some
deliberately defined non-dimensional variables.

Base excitation. For the sub-isolator in the MrEPI system
with pneumatic spring and MR damper elements, merely
subjected to a harmonic base excitation (in figure 2, F = 0),
the equation of motion is given by

mẍ = Fs(x − xb) − Fd(x − xb, ẋ − ẋb)

xb = x̂b0 sin(ωt + ϕ)
(12)

where Fs(x − xb) and Fd(x − xb, (ẋ) − ẋb) are the spring and
damping forces given by equations (8) and (10), respectively.

The dimensions of the variables above can be reduced to
three basic dimensions (mass (M), length (L), time (T )). By
selecting m, k0 and x̂b0 as the basic independent dimensional

variables, the non-dimensional equation of motion under base
excitations can be derived with a reduction method [54]:

d2φx

dφ2
t

+ 2ξ

(
dφx

dφt
− d�xb

dφt

)
+ 2ξφDVMR

× tanh

{[(
dφx

dφt
− d�xb

dφt

)
+ φλ1(φx − �xb)

]
φλ2

}

= φL

λ

{
(1 + φP0)

[
φL(1 + φV 0)

φL(1 + φV 0) + φx − �xb

]λ

− suφK P

[
φK LφL(1 + φV 0)

φK LφL(1 + φV 0) − (φx − �xb)

]λ

− 1

}
(13)

with the normalized base excitation

�xb = sin(φωϕt + φ)
d�xb

dφt
= φω cos(φωφt + ϕ) (14)

where φx , φω, φt are the non-dimensional displacement,
frequency and time, respectively. The corresponding non-
dimensional variables are defined as

L0 = φL x̂b0 (15a)

cvis = 2ξ
√

mk0 (15b)

x = φx x̂b0 (15c)

φDVMR = φDMRφVM (15d)

φDVMR = Fτ + Ff

cvisVM
(15e)

φV M = VM

x̂b0ωn
(15 f )

λ1 = φλ1

√
k0/m (15g)

λ2 = φλ2

x̂b0
√

k0/m
(15h)

with t = φt

√
m
k0

, dx
dt = dφx

dφt
x̂b0

√
k0
m , d2x

dt2 = d2φx

dφ2
t

x̂b0
k0
m , ω =

φω

√
k0
m , ωn =

√
k0
m = ω

φω
.
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Force excitation. For the sub-isolator in the MrEPI system
subjected to merely a harmonic force excitation (in figure 2,
xb = 0), the equation of motion is given by

mẍ = Fs(x − xb) − Fd(x − xb, ẋ − ẋb) + F

F = F̂0 sin(ωt + ϕ).
(16)

By selecting m, k0 and F̂0 as the basic independent
variables and using the dimension reduction method in [54],
the non-dimensional model under force excitation is

d2φF x

dφ2
t

+ 2ξ
dφF x

dφt
+ 2ξφFDVMR

× tanh

{[
dφF x

dφt
+ φFλ1φF x

]
φFλ2

}

= φF L

λ

{
(1 + φP0)

[
φF L(1 + φV 0)

φF L(1 + φV 0) + φF x

]λ

− suφK P

[
φK LφF L(1 + φV 0)

φK LφF L(1 + φV 0) − φF x

]λ

− 1

}
+ �F (17)

with the normalized force excitation

�F = sin(φωφt + ϕ). (18)

The corresponding non-dimensional variables are defined as
follows:

L0 = φF L
F̂0

k0
(19a)

x = φF x
F̂0

k0
(19b)

φFDVMR = φDMRφFVM (19c)

φFVM = VM
√

mk0

F̂0

(19d)

λ1 = φFλ1

√
k0/m (19e)

λ2 = φFλ2
√

k0m

F̂0

(19 f )

with dx
dt = dφFx

dφt

F̂0√
k0m

, d2x
dt2 = d2φFx

dφ2
t

F̂0
m .

The force excitation and base excitation can be unified by
letting rF = x̂b0k0

F̂0
. Then

φF L = rFφL , φF x = rFφx , φFVM = rFφV M ,

φFλ1 = φλ1, φFλ2 = φλ2

rF
.

The unified non-dimensional dynamics of the sub-isolator
under harmonic excitation is given by

d2φx

d2φt
+ Fdn

(
φx −�xb,

dφx

dφt
− d�xb

dφt

)
= Fsn(φx −�xb)+�F

(20)

where the non-dimensional spring force is given by

Fsn(φx − �xb) = Fsnb(φx − �xb) + Fsna(φx − �xb) (21a)

Fsnb(φx − �xb) = φL

λ

{
(1 + φP0)

×
[

φL(1 + φV 0)

φL(1 + φV 0) + (φx − �xb)

]λ

− 1

}
(21b)

Fsna = −suφK P
φL

λ

[
φK LφL(1 + φV 0)

φK LφL(1 + φV 0) − (φx − �xb)

]λ

(21c)

and the non-dimensional MR damping force is given by

Fdn = Fdna

(
dφx

dφt
− d�xb

dφt

)
+ Fdnp

(
φx −�xb,

dφx

dφt
− d�xb

dφt

)

(22a)

Fdna = 2ξφDVMR tanh

{[
dφx

dφt
− d�xb

dφt
+φλ1(φxp −�xb)

]
φλ2

}

(22b)

Fdnp = 2ξ

(
dφx

dφt
− d�xb

dφt

)
(22c)

with φxp = φx − �xb, φL = L0
x̂b0

for base excitation, and

φL = L0k0

F̂0
for force excitation.

Static equilibrium state of the vibration isolator. According
to equations (20)–(22), the static equilibrium state is given by

(1 + φP0)

[
1

1 + φx0/[φL(1 + φV 0)]
]λ

− suφK P

[
1

1 − φx0/[φK LφL(1 + φV 0)]
]λ

= 1. (23)

For a single-working-chamber pneumatic spring (su = 0
in equation (23)), the static displacement could be adjusted by
pressure regulation, i.e., by changing the additional pressure
ratio φP0. From equation (23),

(1 + φP0)

[
φL(1 + φV 0)

φL(1 + φV 0) + φx0

]
= 1. (24)

Thus, the static displacement is given by

φx0 = [(1 + φP0)
1/λ − 1]φL(1 + φV 0). (25)

It is noted that the variation of φP0 is equivalent to the
variation of φV 0, which satisfies

φ′
V 0 = [(1 + φP0)

1/λ − 1]. (26)

For a dual-working-chamber pneumatic spring (su = 1
in (23)), zero static displacement of the isolator could also be
obtained if φP0 = φK P (see equation (23)). This means that the
stiffness of the dual-working-chamber pneumatic spring could
be adjusted by pressure regulations without height variation.

3.2. Non-dimensional dynamics of the MrEPI system

Similarly to equation (20), the non-dimensional dynamics
of the MrEPI in hybrid connection with three sub-isolators

6



Smart Mater. Struct. 20 (2011) 085025 X Zhu et al

characterized by equations (21) and (22) is consequently given
by

d2φx

dφ2
t

= Fsn1(φx − φxm) − Fdn1

(
φx − φxm ,

dφx

dφt
− dφxm

dφt

)

+ Fsn2(φx−�xb)−Fdn2

(
φx−�xb,

dφx

dφt
−d�xb

dφt

)
+�F

Fsn1(φx − φxm) − Fdn1

(
φx − φxm ,

dφx

dφt
− dφxm

dφt

)

= Fsn3(φxm − �xb) − Fdn3

(
φxm − �xb,

dφxm

dφt
− d�xb

dφt

)

(27)

where Fsn1 and Fdn1 are the spring and damping forces of the
pneumatic spring due to low chamber CG2; Fsn3 and Fdn3 are
the spring and damping forces of the pneumatic spring due to
the auxiliary chamber and air restrictor; and Fsn2 and Fdn2 are
the spring and damping forces of the pneumatic spring due to
the upper chamber CG1 and the MR damping element. The
parameter rp (0 � rp � 1) is a parallel ratio which is to
guarantee invariant static displacement in the case of parallel
connections. The parameter φxm is the displacement of the
middle platform in series connection.

Although there are contributions from the pneumatic
spring as a damping force (i.e., Fdn1) or from the MR damper
as a spring force, these forces have no coupling effects with
the corresponding main damping and spring forces Fdn2, Fsn1

and Fsn2, and can basically be neglected compared with the
main factors due to the inherent structure of the MrEPI. Similar
cases hold for Fsn3 and Fdn3. Note also that the spring
forces Fsn1 and Fsn2 from the pneumatic springs are nonlinear
functions of the parameters φP0 and φV 0 respectively, and
the damping force Fdn2 from the MR damper is a nonlinear
function of the parameter φDVMR. No coupling exists among
these critical parameters either. Therefore, the overall stiffness
and damping can be independently controlled to any values
by the pneumatic spring element and the MR damper element,
respectively. Practically, φV 0, φP0 and φDVMR can be used to
control independently the spring force Fs1, the spring force Fs2

and the damping force Fd2, respectively.

3.3. Model verification

To verify the non-dimensional dynamic model established
above, the transmissibility of the non-dimensional model and
the actual plant dynamic model of the MrEPI can be compared.
To this end, the linearized non-dimensional models of the
pneumatic springs and MR damper can be derived through
the first-order Taylor series expansion for equation (21) and
Fourier transform for equation (22) as in [42], i.e.,

Fsnl = −Knφxp (28a)

Fdnl = (2ξ + 2ξa)
dφxp

dφt
(28b)

where Kn = Kan + Kbn , Kan = suφK P

φK L (1+φV 0)
, Kbn =

1+φP0

1+φV 0
, ξa = ∫ 2π/φω

0 Fndaφω cos(φωφt) dφt/2πφω. Substituting
equation (28) into equation (27), the transmissibility of the

non-dimensional model of the MrEPI in figure 2 could be
obtained through the Laplace transform of equation (27) as

φx(s)

�xb(s)
= K ∗

n + (2ξ2 + 2ξa2)s

s2 + K ∗
n + (2ξ2 + 2ξa2)s

(29)

where K ∗
n = 1

1/[Kn1+(2ξ1+2ξa1)s]+1/[Kn3+(2ξ3+2ξa3)s] + Kn2.

On the other hand, the actual plant of the MrEPI in figure 1
is given by [16, 52]

Ṗu = λRTu Qmu

Vu
− λPuV̇u

Vu

Ṗd = λRTd Qmd

Vd
− λPuV̇d

Vd
− λRTd Qmc

Vd

Ṗc = λRTc Qmc

Vc

mẍ = (Pd − Patm)Ad − su(Pu − Patm)Au − mg − Fd + F
(30)

where Qmc = Crρ(Pd − Pc) is the laminar flow rate due

to the air flow restrictor; ρ = Pd+Pc
2RTc

; Cr = πd4
c

128μlc
; and

Qmu = Qmd = 0 for the passive mode. For comparison,
equation (30) can also be linearized through the Taylor series
expansion in the neighborhood of the static equilibrium point
with initial states Pc0 = Pd0, Ta0 = Td0 = Tc0 = T0 and
applying Fourier transform for the active damping part of the
MR damper:

Ṗu = λPu0 Auẋp

Vu0

Ṗd = −λPd0 Ad ẋp

Vd0
− Vc0 Ṗc

Vd0

Ṗc = RF (Pd − Pc)

m
...
x = Ṗd Ad − su Ṗu Au − (cvis + ca)ẋ

(31)

where RF = λCr Pd0
Vc0

, ca = ∫ 2π/ω

0 Fda x̂b0ω cos(ωt) dt/πωx̂2
b0.

Therefore, the transmissibility of the actual plant dynamics of
the MrEPI could be given by

x(s)

xb(s)
= K ∗ + (cvis + ca)s

ms2 + K ∗ + (cvis + ca)s
(32)

where K ∗ = 1
1

Kd
+ 1

Kc(s/RF +1)

+ su Ku, Kd = λPd0 A2
d

Vd0
, Kc = λPd0 A2

d
Vc0

,

Ku = λPu0 A2
u

Vu0
. According to equations (7), (9), (15) and (29),

equation (32) can be rewritten as

x(s)

xb(s)
= k0 K ∗

n + √
mk0(2ξ + 2ξa)s

ms2 + k0K ∗
n + √

mk0(2ξ + 2ξa)s

= 2ξpωps + ω2
p

s2 + 2ξpωps + ω2
p

(33)

where ωp =
√

k0
m

√
K ∗

n , ξp = ξ+ξa√
K ∗

n

, and the appropriate non-

dimensional values for the three components in equation (29)
are set as Kbn1 = Kd

k0
= 1+φP01

k0(1+φV 01)
, Kan2 = Ku

k0
= φK P2

k0φK L2(1+φV 02)
,

7
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Figure 4. Transmissibility comparison of non-dimensional dynamics and actual plant dynamics of the MrEPI. (a) Transmissibility under
different φDVMR. (b) Transmissibility under different φP0 and φV 0.

Kbn3 = Kc
k0

= 1+φP03

k0(1+φV 03)
, Kan1 = Kbn2 = Kan3 = 0,

ξ1 = ξa1 = ξa3 = 0, ξ2 = ξ , ξa2 = ξa, ξ3 = Kbn3

2RF
√

mk0
.

Therefore, the non-dimensional dynamics of the MrEPI
is basically equivalent to the actual plant dynamics. That is,
the non-dimensional dynamics provides a convenient insight
into the quantitative analysis and design for the MrEPI with
normalized formulation regardless of the different load mass
and stiffness configuration that exists for the actual plant
system.

For further verification, the simulation results using
the nonlinear non-dimensional model of the MrEPI under
different parameter values and the actual model with physical
parameters calculated by equations (7), (9), (15) and (19)
are given in figure 4, where the x-axis for the actual plant
dynamics uses normalized frequency. Almost no differences
between the transmissibilities of the two dynamic models
(non-dimensional and actual ones) are observed for any non-
dimensional variables. Moreover, the natural frequency for
φV 0 = 2 is ωp = 0.563, which is approximately consistent
with the theoretical calculation using equation (33) (ωp =√

1/(1 + φV 0) = 0.578) (see figure 4(b)). Thus the non-
dimensional model established is effective for the analysis and
design of nonlinear vibration isolators consisting of pneumatic
springs and MR dampers.

4. Performance evaluation of the MrEPI through
simulation

Using equation (27), the influences of non-dimensional
variables on system performance could be quantified to provide
a clear understanding of the dynamic characteristics and
structural design of the MrEPI. The default values of the
non-dimensional variables used are listed in table A.1 (see
appendix).

4.1. Performance index of the vibration isolator

To evaluate the isolation performance of a vibration isolator,
there are usually two performance indices for the linear
vibration isolation system (displacement transmissibility and
force mobility) [39]. However, in nonlinear isolators the

transmitted signal may contain subharmonics, superharmonics,
and sometimes chaotic behaviors. Therefore, the generalized
transmissibility and the force mobility are adopted [55]

TR =
√

E[(x − x̄)2]√
E[(xb − x̄b)2] , (34a)

TF =
√

E[(ẋ − ¯̇x)2]√
E[(F − F̄)2]

(34b)

where x̄ , ¯̇x , x̄b and F̄ are mean values of x , ẋ , xb and F , and
E[·] is to take the mean value of a variable in steady state
response.

4.2. Effects of different variables on the pneumatic spring
dynamics

The design parameters of the pneumatic spring element include
φL , λ, φP0, �V 0, �K P and φK L . In view of the symmetric
excitation, φK L is set to 1 without imposing restrictions.
Since the polytropic exponent λ is included in the definition
of reference stiffness (equation (7a)) and also the non-
dimensional model is not affected by the payload and reference
stiffness, the influence of λ is omitted. Note that the pneumatic
spring is nonlinear and the stiffness of the isolator can be easily
adjusted via the pressure and volume. Therefore, the influences
upon the isolation performance incurred by the nonlinearity
degree ratio φL , additional volume ratio φV 0 and additional
pressure ratio φP0 along with φK P are investigated in this
section.

4.2.1. Influence of the nonlinearity degree ratio φL . The
dynamics of the isolator with small and large damping under
different nonlinearity degree ratios φL are given in figures 5
and 6.

In figures 5(a) and 6(a), the peak value at linear resonance
frequency  = 1 decreases when φL is set smaller. However,
there is a fairly large peak at the harmonic frequency when
φL and damping ξ are both set smaller. In figures 5(b)
and 6(b), the generalized force mobility usually has its peak
value at the linear resonance frequency, which is reduced
with larger damping value and smaller φL . However, there

8



Smart Mater. Struct. 20 (2011) 085025 X Zhu et al

Figure 5. Isolation performance with small damping under different nonlinearity degree ratios φL . (a) Generalized transmissibility under base
excitation. (b) Force mobility function under force excitation. (c) Average displacement under base excitation.

Figure 6. Isolation performance with large damping under different nonlinearity degree ratios φL . (a) Generalized transmissibility under base
excitation. (b) Force mobility function under force excitation. (c) Average displacement under base excitation.

Figure 7. Isolation performance under different additional volume ratios φV 0. (a) Generalized transmissibility under base excitation. (b) Force
mobility function under force excitation. (c) Average displacement under base excitation.

are multiple peaks below the linear resonance frequency.
The system demonstrates obvious subharmonics in force
mobility and superharmonics in transmissibility because of the
nonlinear pneumatic spring. This could bring difficulties in
low frequency vibration control. Another nonlinear behavior
is that the average displacement under base excitation is
zero at low frequency and increases greatly around the linear
resonance frequency, and consequently maintains a small static
displacement at high frequency (see figures 5(c) and 6(c)).
Note that φL represents the degree of nonlinearity of the
pneumatic spring. Therefore, a larger excitation amplitude or
smaller initial length results in more complicated nonlinear
dynamics of the pneumatic spring under a small damping
effect, and the nonlinear dynamics brings a smaller peak value
at the linear resonance frequency, obvious superharmonics in
transmissibility and subharmonics in force mobility as well as
larger nonzero average displacement at high frequency.

4.2.2. Influence of the additional volume ratio φV 0. The
effects of the additional volume ratio φV 0 are shown in figure 7.
All the nonlinear characteristics including superharmonics,
subharmonics and the nonzero average displacement at high
frequency observed in the previous cases tend to disappear
while the force mobility at low frequency deteriorates when
φV 0 is set larger. This demonstrates the effect of the
additional air volume in counteracting the nonlinear effects
in the system. Moreover, both the first peak value of
transmissibility and the resonance frequency decrease when
φV 0 is set larger, indicating that the natural frequency and
stiffness of the isolator can be adjusted by φV 0. Therefore,
a larger additional volume is helpful to remove the nonlinear
effects in the pneumatic spring and result in a smaller stiffness
of the isolator with smaller transmissibility peak but poor
capability in rejecting force disturbance around the resonance
frequency.

9
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Figure 8. Isolation performance under different additional pressure ratios φP0 for the single-working-chamber pneumatic spring.
(a) Generalized transmissibility under base excitation. (b) Force mobility function under force excitation. (c) Average displacement under
base excitation.

Figure 9. Performance under additional pressure ratio φP0 and its equivalent additional volume ratio φV 0 for the single-working-chamber
pneumatic spring. (a) Generalized transmissibility under base excitation. (b) Force mobility function under force excitation. (c) Average
displacement under base excitation.

4.2.3. Influence of the additional pressure ratio φP0.
The influence of the additional pressure ratio φP0 for the
single-working-chamber pneumatic spring (i.e., su = 0) is
shown in figure 8, where the resonance frequency, peak
value of transmissibility, magnitude of force mobility and
static displacement of the isolator are adjustable through
manipulating φP0. The system tends to be more linear
with weak superharmonics in transmissibility and weak
subharmonics in force mobility, and also demonstrates smaller
stiffness and poor capability of rejecting force disturbance at
around the resonant frequency when φP0 is set larger. Since
φP0 is related to the additional pressure of the pneumatic
spring, it can be concluded that large static displacement,
more linear behavior and small stiffness of the isolator can be
achieved by utilizing a large difference between the additional
pressure and the reference pressure for the single-working-
chamber pneumatic spring.

Actually, the two parameters φP0 (additional pressure)
and φV 0 (additional volume) have the same effects of
transmissibility and force mobility in the entire frequency
band (figures 9(a) and (b)) but different height effects
(figure 9(c)). Figure 9 shows the frequency responses under
different φP0 and equivalent φV 0 for the single-working-
chamber pneumatic spring. Variation of the additional volume
can achieve adjustable instantaneous stiffness while variation
of the additional pressure can be employed to adjust the height
of the isolator, which is consistent with suggestions in [17].

For the dual-working-chamber pneumatic spring case (i.e.,
su = 1), the system stiffness can also be changed by adjusting

the additional pressure ratio while the static displacement can
always be guaranteed to be zero when φK P = φP0. In
figure 10, the system resonance frequency is increased and
the magnitude of the force mobility is decreased when φP0 is
increased while keeping φK P = φP0. This indicates that the
system stiffness and capability in rejecting force disturbance
are increased. The static displacement under low frequencies
is always zero due to the invariant static equilibrium when
φK P = φP0. Thus stiffness adjustment with invariant static
displacement of the isolator can be achieved by changing the
difference between the additional pressure and the reference
pressure while keeping the pressure ratio of the dual-working-
chamber pneumatic spring equal to the additional pressure
ratio.

4.3. Effects of different variables on the MR damping
dynamics

The main design parameters of the MR damping element are
ξ , φDVMR, φλ1 and φλ2, the influences of which are analyzed in
this section.

4.3.1. Influence of the dynamic range of the MR active damping
φDVMR. The system response under different φDVMR is shown
in figure 11. The peak value of transmissibility at the resonance
frequency and the maximum average displacement under
base excitation are decreased greatly when φDVMR increases.
Moreover, the magnitude of force mobility is small and nearly
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Figure 10. Isolation performance under different additional pressure ratios φP0 for the dual-working-chamber pneumatic spring.
(a) Generalized transmissibility under base excitation. (b) Force mobility function under force excitation. (c) Average displacement under
base excitation.

Figure 11. Isolation performance under different dynamic ranges of the MR active damping φDVMR. (a) Generalized transmissibility under
base excitation. (b) Force mobility function under force excitation. (c) Average displacement under base excitation.

Figure 12. Isolation performance under different dynamic ranges of the MR active damping and the equivalent viscous damping. The
equivalent viscous damping is 0.368 when the MR damping φDVMR = 5 and ξ = 0.05, it is 0.686 when φDVMR = 10 and ξ = 0.05, and it is
1.323 when φDVMR = 20 and ξ = 0.05. (a) Generalized transmissibility under base excitation. (b) Force mobility function under force
excitation.

constant under large φDVMR at all frequencies, indicating the
excellent capability of resisting force disturbance over all
frequency bands. Note that a larger φDVMR implies a larger
available nonlinear active damping. Therefore, the capability
of resonance attenuation under base excitation and disturbance
rejection under force excitation can generally be significantly
improved by increasing the nonlinear damping effect.

To further evaluate the nonlinear damping characteristics
of the MR damping, the isolation performances under different
dynamic ranges of φDVMR and the equivalent viscous damping

[53] at the natural frequency  = 1 are shown in figure 12.
It is noted that the nonlinear damping has a smaller peak
value at the resonance frequency and a faster decaying rate
at high frequencies than those of the constant equivalent
viscous damping, indicating the advantageous characteristics
of nonlinear damping [56].

4.3.2. Influence of the hysteretic width coefficient φλ1. The
comparison under different hysteresis width coefficients φλ1

is shown in figure 13. The transmissibility at resonance
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Figure 13. Isolation performance under different hysteresis width coefficients φλ1. (a) Generalized transmissibility under base excitation.
(b) Force mobility function under force excitation.

Figure 14. Isolation performance under different velocity-dependent hysteresis coefficients φλ2. (a) Generalized transmissibility under base
excitation. (b) Force mobility function under force excitation.

frequency deceases while the force mobility at low frequencies
increases with φλ1 increasing. The decaying rate of
transmissibility at high frequency is only slightly affected by
φλ1. This is also the case for the transmissibility performance
when φλ1 is small (e.g., φλ1 < 0.01). Thus, a large hysteresis
width of the MR damping force (i.e., severe displacement-
dependent hysteresis) results in a smaller damping effect
under base excitation and a greater damping effect under
force excitation at low frequencies, while better resonance
attenuation and disturbance rejection as well as a faster
decaying rate at high frequency may be achieved with a smaller
hysteresis width.

4.3.3. Influence of the hysteretic slope coefficient φλ2.
The isolation performance under different hysteresis slope
coefficients φλ2 is shown in figure 14. A smaller
transmissibility peak at the resonance frequency and nearly
constant force mobility magnitude at all frequencies are
achieved and the nonlinear damping effect becomes more
dominant, when φλ2 is increased. When φλ2 is too
large (e.g., φλ2 > 100), the transmissibility performance
is only slightly influenced by φλ2. Therefore, a larger
hysteresis slope introduces a more effective velocity-dependent

nonlinear damping force, which is helpful to attenuate the
transmissibility peak and resist force disturbance.

4.4. Effects of the passive damping of the auxiliary chamber

In application, the volume of the gas chamber should be as
small as possible to achieve compact structure and reduced
cost. The variable φV 0 is a useful design parameter to
evaluate the required gas volume. The same gas volume
could be obtained for a difference of 1 between the additional
volume ratios in parallel connection (i.e., the isolator without
auxiliary chamber, a special case of the MrEPI with ξ3 =
0) and in hybrid connection (i.e., the isolator with auxiliary
chamber and restrictor connecting to the working chamber, the
proposed case for the MrEPI with ξ3 > 0) under the same
nonlinearity degree ratio. The comparisons between hybrid
and parallel connections under the same volume constraint
but different passive damping of the restrictor are shown
in figure 15. The hybrid connection can achieve a much
smaller transmissibility peak value and better force mobility
as well as a small maximum average displacement around
the resonance frequency under both small and large passive
damping of the restrictor ξ3. The larger ξ3 is, the smaller
the transmissibility peak value and force mobility that can

12



Smart Mater. Struct. 20 (2011) 085025 X Zhu et al

Figure 15. Isolation performance of the hybrid and parallel connections under the same volume constraint as well as different passive
dampings of the restrictor. (a) Generalized transmissibility under base excitation. (b) Force mobility function under force excitation.
(c) Average displacement under base excitation

Figure 16. Isolation performance of the MrEPI under different additional volume ratios φV 0 and MR active dampings φDVMR. (a) Generalized
transmissibility under base excitation. (b) Force mobility function under force excitation. (c) Average displacement under base excitation.

be obtained are. Thus, the isolator in hybrid connection can
achieve better performance under the same volume constraint
compared to the isolator in pure parallel connection of the
pneumatic spring and damping element.

4.5. Performance of the MrEPI with independent stiffness and
damping control

The achievable isolation performance of the MrEPI with
independent stiffness and damping control could be evaluated
through the three adjustable non-dimensional variables, i.e.,
the additional volume ratio φV 0, the additional pressure ratio
φP0 and the dynamic range of the MR active damping φDVMR.
The adjustable range is between 0 and 4 for φV 0, between
0 and 3 for φP0, and between 0 and 30 for φDVMR. The
other parameters in the simulation are φL = 3, ξ1 = 0.005,
ξ2 = 0.05 and ξ3 = 0.25. It should be noted that the
system resonance frequency is usually around the natural
frequency, and the latter is dependent on the stiffness of
the passive isolator. Therefore, the stiffness under certain
additional pressure or additional volume values can basically
be evaluated by the resonance frequency that can be seen from
the transmissibility function in the following sections.

4.5.1. Achievable performance through adjusting the
additional volume and MR active damping. Figure 16 shows
the performance of the MrEPI under adjustable additional
volume ratio φV 0 and dynamic range of the MR active damping

φDVMR, where φV 0 is used to adjust the stiffness of the isolator
and φDVMR is used to adjust the damping. The achievable
performance is evaluated in table 1 and the corresponding
performances for parallel and series connections of the spring
and damper elements are also given for comparison, which
show that the performance of the hybrid structure is basically
better than the others in terms of the achievable stiffness and
peak values. The stiffness of the hybrid isolator could be
adjusted within 0.4 and 0.68 by the additional volume. Note
that the range for φV 0 is restricted to [0 4] for all the cases
in the comparisons, and actually larger φV 0 results in even
smaller stiffness. In application, the stiffness could be designed
to reject low frequency or static force disturbance since the
magnitude of the force mobility at low frequency is greatly
influenced by the adjustable stiffness (see figure 16(b)). On the
other hand, the transmissibility peak value and decaying rate at
high frequency can both be modified obviously with different
damping effects to attenuate vibration under certain stiffnesses
(figure 16(a)), with simultaneously rejecting force disturbance
at all frequencies (figure 16(b)). Moreover, a smaller maximum
average displacement around the resonance frequency under
force and base excitations could be achieved, as seen from
table 1 and figure 16(c). Thus, the isolation performances,
including zero peak value and fairly small magnitude of the
force mobility at low frequencies, and fast decaying rate of
transmissibility at high frequencies under certain stiffnesses,
could all be achieved simultaneously by the MrEPI due to the
independently adjustable stiffness and damping.
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Figure 17. Performance of the MrEPI under adjustable additional pressure ratio φP0 and MR active damping φDVMR. (a) Generalized
transmissibility under base excitation. (b) Force mobility function under force excitation. (c) Average displacement under base excitation.

Table 1. Performance evaluation under additional volume ratio and dynamic range of MR active damping.

(a) Performance comparison under base excitation

Low stiffness High stiffness

Resonant
frequency Peak value (db)

Maximum average
displacement near
resonant frequency

Resonant
frequency Peak value (db)

Maximum average
displacement near
resonant frequency

Hybrid connection Low damping 0.4 11.0106 0.2815 0.68 10.2622 0.7296
High damping 0.1298 −0.2494 0.1180 −0.2271

Parallel connection Low damping 0.4 12.7057 0.3262 0.66 15.1707 1.9492
High damping 0.1166 −0.2302 0.1311 −0.2302

Series connection Low damping 0.4 4.4508 0.1347 0.68 13.2029 1.3663
High damping 2.8794 0.0480 6.7423 0.5198

(b) Performance comparison under force excitation

Low stiffness High stiffness

Magnitude of force
mobility at
 = 0.01 (db)

Maximum average
displacement near
resonant frequency

Magnitude of force
mobility under
 = 0.01 (db)

Maximum average
displacement near
resonant frequency

Hybrid connection Low damping −21.4179 8.3047 −30.9740 2.7959
High damping −69.2498 0.0021 −69.2635 0.0020

Parallel connection Low damping −21.4183 9.8903 −30.9736 8.6032
High damping −69.2511 0.0021 −69.2623 0.0020

Series connection Low damping −21.4147 2.7019 −30.9736 6.1401
High damping −22.9929 2.0537 −36.9747 0.5476

4.5.2. Achievable performance through adjusting the
additional pressure and MR active damping. Figure 17
shows the effects of the additional pressure ratio φP0 and
MR active damping φDVMR, where φP0 is used to adjust the
stiffness and φDVMR is used to adjust the damping. The
performance evaluation is given in table 2 with comparisons
with the corresponding performances for parallel and series
connections, which indicate that the hybrid structure is much
better than the others in terms of the achievable stiffness
and peak values. In figure 17(a), the system resonance
frequency could be changed over a large range from 0.68
to 2.6 by adjusting φP0 (larger φP0 results in a larger
resonance frequency and the stiffness could be set for
different requirements). Also, from figures 17(a) and (b) the
transmissibility peak and force mobility magnitude could be
decreased obviously with a larger damping while the decaying
rate at high frequency was retained (no matter whether with
low stiffness or high stiffness). The unsatisfactory nonlinear

characteristics (multiple peaks and large average displacement
around resonance frequency) can all be mitigated (figure 17).

Therefore, similarly to the cases of adjusting the additional
air volume, the isolation performance including a smaller
peak value and better capability in force mobility as well
as minimum average displacement around the resonance
frequency could all be achieved due to the independently
adjustable stiffness and damping. The height of the isolator
can be adjusted through pressure regulation (see section 4.2).

5. Conclusions

A new vibration isolator MrEPI is proposed and systematically
analyzed, which can provide independently adjustable stiffness
and damping characteristics, and is able to work in different
(passive/semi-active/active) control modes. A systematic
nonlinear non-dimensional analysis of the MrEPI is conducted
by considering the linear and nonlinear components involved
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Table 2. Performance evaluation under additional pressure ratio and dynamic range of MR active damping.

(a) Performance comparison under base excitation

Low stiffness High stiffness

Resonant
frequency Peak value

Maximum average
displacement near
resonance
frequency Peak value

Resonance
frequency

Maximum average
displacement near
resonance
frequency

Hybrid connection Low damping 0.6800 10.2623 0.7295 14.8810 2.6000 0.1108
High damping 0.1293 −0.2271 1.8913 −0.1143

Parallel connection Low damping 0.66 15.1707 1.9492 15.0053 2.6 0.1108
High damping 0.1311 −0.2302 11.5207 −0.1170

Series connection Low damping 0.6800 13.2029 1.3663 15.7909 0.7600 3.1007
High damping 6.7385 0.5198 3.7008 0.1848

(b) Performance comparison under force excitation

Low stiffness High stiffness

Magnitude of force
mobility at
 = 0.01

Maximum average
displacement near
resonant frequency

Magnitude of force
mobility at
 = 0.01

Maximum average
displacement near
resonant frequency

Hybrid connection Low damping −30.9740 2.7959 −50.7963 0.0423
High damping −69.2635 0.0020 −69.4262 0.0012

Parallel connection Low damping −30.974 8.6032 −50.6809 0.0553
High damping −69.2623 0.0020 −69.4245 0.0012

Series connection Low damping −30.9736 6.1401 −36.3360 5.6242
High damping −36.9747 0.5476 −56.4237 −0.0386

in the pneumatic springs and MR dampers subject to harmonic
excitation. The present study not only demonstrates a
clear insight into the advantageous dynamic performance
of the proposed MrEPI, but also provides a systematic
non-dimensional model for the analysis and design of
nonlinear vibration isolators with pneumatic springs and
MR dampers. The MrEPI has the following dynamic
characteristics.

(1) The nonlinearity degree of the pneumatic spring element
is strongly dependent on the initial length of the
pneumatic chamber and the excitation amplitude. The
nonlinear characteristics of the pneumatic spring such
as superharmonics in transmissibility, subharmonics in
force mobility and large average displacement around
the resonance frequency can all be obviously weakened
through utilizing the auxiliary chamber and restrictor
connecting to the working chamber under small volume
constraint.

(2) The stiffness of the MrEPI could be designed or controlled
purposely with invariant static displacement either by
appropriately changing the additional pressure ratio (i.e.,
the difference between the additional pressure and the
reference pressure) and the pressure ratio of the dual-
working-chamber pneumatic spring simultaneously, or by
changing the additional volume ratio (i.e., the difference
between the additional volume and the reference volume).
The pressure control is functionally equivalent to control
of the volume at different static displacements under the
same static load for a single-working-chamber pneumatic
spring case. The height control can be achieved through
pressure regulation of two working chambers regardless
of pressure balance for certain payloads.

(3) The nonlinear dynamic characteristics of the MR active
damping in the MrEPI demonstrate noticeable advantages
for the attenuation of resonance peaks and maintenance
of a fast decaying rate at high frequency compared to the
corresponding linear viscous damping. Furthermore, the
magnitude of the force mobility is decreased significantly
and kept nearly constant at all frequencies when the
nonlinear MR damping is set larger, which could be used
to effectively improve the performance of resisting force
disturbance. In addition, the effective MR damping can
also be controlled by choosing properly the hysteretic
width coefficient or the hysteretic slope coefficient.

(4) The proposed MrEPI, which employs a hybrid config-
uration of two pneumatic elements in series connection
and one MR damping element in parallel connection,
exhibits excellent and flexible isolation performance (e.g.,
small resonance peak values and high capability of
resisting force disturbance as well as fast decaying rate
at high frequencies under certain stiffnesses) because
of the independently adjustable stiffness and damping
characteristics.
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Appendix
Table A.1. Default values and illustrations of non-dimensional variables for the MrEPI.

Variable Name Default Value Illustration

φL Nonlinearity degree ratio 5 Ratio of reference initial length of pneumatic spring
to excitation amplitude

λ Polytropic exponent 1.4 Parameter influencing the heat process
φP0 Additional pressure ratio 0 Ratio of additional initial pressure to reference

pressure
φV 0 Additional volume ratio 0 Ratio of additional initial volume to reference volume
φK P Pressure ratio of dual-working-chamber

pneumatic spring
0 Ratio of pressure of upper pneumatic chamber to

reference pressure
φK L Volume ratio of dual-working-chamber

pneumatic spring
1 Ratio of initial length of upper pneumatic chamber to

reference length
ξ Passive viscous damping 0.05 Passive linear viscous damping
φDVMR Dynamic range of MR active damping 0 Dynamic range of active damping due to

field-controlled yield force of MR fluid
φλ1 Hysteretic width coefficient 0.001 Parameter to capture the displacement-dependent

hysteresis width in the MR damping model
φλ2 Hysteretic slope coefficient 1000 Parameter to capture the velocity-dependent

hysteresis slope in the MR damping model
rF Unified coefficient for base and force

excitation
1 Unifying the non-dimensional variables for force

excitation and base excitation
ξ3 Viscous damping of the restrictor 1000 Passive damping of auxiliary chamber (large damping

functions as a block for the two pneumatic chambers)

Table A.2. Illustrations of symbols for the MrEPI.

Symbol Illustration Symbol Illustration

P Absolute gas pressure (bar) V Gas volume (m3)
A Effective area of pneumatic chamber (m2) L Length of pneumatic chamber (m)
T Temperature of pneumatic chamber (K) ma Air mass in pneumatic chamber (kg)
dc, lc Diameter and length of the capillary

tube as an air restrictor, respectively (m)
Qm Air mass flow rate through valve of

capillary tube (kg s−1)
μ Dynamic viscosity of air (Pa s) ρ Density of air (kg m−3)
Fs Output force of pneumatic spring element (N) Fd Output force of MR damping element (N)
Fsa Output force of pneumatic spring

element due to upper chamber (N)
Fsb Output force of pneumatic spring

element due to low chamber (N)
Fda Active damping force of MR damping element (N) Fdp Passive damping force of MR damping element (N)
Ka, Kb, Kc Linearized stiffness due to upper

chamber, low chamber and auxiliary
chamber, respectively (N m−1)

K Linearized stiffness (N m−1)

m Payload mass (kg) R Gas constant of air (J kg−1 K−1)
k0 Reference stiffness (N m−1) L0 Initial length of pneumatic spring (L)
λ Polytropic exponent VM Maximum velocity of the isolator (m s−1)
cvis, ca Viscous damping coefficient and equivalent active

damping coefficient, respectively (N s m−1)
ξ, ξa Viscous damping ratio and equivalent

active damping ratio, respectively

x̂b0 Displacement amplitude under sinusoidal excitation (m) F̂0 Force amplitude under sinusoidal excitation (N)
λ1 Scale factor that captures the shape of

the displacement-dependent hysteresis
loop in the MR damping model (s−1)

λ2 Scale factor that captures the hysteresis
slope of the yield force in the MR
damping model (s m−1)

x Absolute displacement of payload (m) ω Excitation frequency (rad s−1)
t Excitation time (s) η Viscosity of MR fluid (Pa s)
rm, rr Radius of piston and radius of piston rod in

MR fluid cylinder, respectively (m)
w, d, rd Circumference of the annulus, gap size

of the annulus, inner radius of the
annulus of the MR valve (m)

la, lp Gap lengths in the active and passive
domains of the MR valve, respectively (m)

rt, lt Radius and total length of the circular
tubing, respectively (m)

H Applied magnetic field intensity (A m−1) Ff Friction force due to shaft seals (N)
fc Coefficient that depends on the flow

velocity profile in the MR valve and
range at [2.07, 3.07]

τy Dynamic yield shear stress of MR fluid (Pa)

su Switching flag with su =0 for the case of a
single-working-chamber pneumatic spring (i.e, the
relative pressure of the upper chamber of the
pneumatic spring is zero), and su = 1 for the case
of the double-working-chamber pneumatic spring
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Table A.3. Illustrations of subscripts and prefixes for symbols.

Subscript Illustration Subscript Illustration

0 Static or initial value n Non-dimensional output
u Upper chamber b Motion for base excitation
d Low chamber m Motion for middle plate of an isolator
c Auxiliary chamber r Reference state
atm Atmosphere
i = 1, 2, 3 Component consisting of pneumatic

spring and MR damping element

Prefix Illustration Prefix Illustration

� Variation of variables φ Non-dimensional variable
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