
Minimization of the mean square velocity response
of dynamic structures using an active-passive dynamic
vibration absorber

Y. L. Cheung, W. O. Wong,a) and L. Cheng
Department of Mechanical Engineering, The Hong Kong Polytechnic University, Hung Hom,
Hong Kong Special Administrative Region

(Received 8 August 2011; revised 8 March 2012; accepted 23 April 2012)

An optimal design of a hybrid vibration absorber (HVA) with a displacement and a velocity feed-

back for minimizing the velocity response of the structure based on the H2 optimization criterion is

proposed. The objective of the optimal design is to reduce the total vibration energy of the vibrating

structure under wideband excitation, i.e., the total area under the velocity response spectrum is

minimized in this criterion. One of the inherent limitations of the traditional passive vibration

absorber is that its vibration suppression is low if the mass ratio between the absorber mass and the

mass of the primary structure is low. The active element of the proposed HVA helps further reduce

the vibration of the controlled structure, and it can provide very good vibration absorption perform-

ance even at a low mass ratio. Both the passive and active elements are optimized together for the

minimization of the mean square velocity of the primary system as well as the active force required

in the HVA. The proposed HVA was tested on single degree-of-freedom (SDOF) and continuous

vibrating structures and compared to the traditional passive vibration absorber.
VC 2012 Acoustical Society of America. [http://dx.doi.org/10.1121/1.4714362]
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I. INTRODUCTION

The traditional passive dynamic vibration absorber

(PVA) is an auxiliary mass-spring- damper system that,

when correctly tuned and attached to a vibrating system sub-

ject to harmonic excitation, gives rise to a reduced steady-

state motion at the point to which it is attached. An early

research conducted at the beginning of the 20th century con-

sidered an undamped PVA tuned to the frequency of the dis-

turbing force.1 Such an absorber is of a narrow-band type as

it is not effective in reducing structural vibration when there

is any change in the disturbing frequency.

Finding the optimum parameters of a PVA with a viscous

damper in single degree-of- freedom (SDOF) system drew the

attention of many scholars. One common optimization method

is the H1 optimization that aims at minimizing the resonant

vibration amplitude of the dynamic structure. The standard

H1 optimum design method of PVA applied to SDOF system

is well documented by Den Hartog.2 H2 optimization is

another optimization method that aims at minimizing the

mean square motion of the dynamic structure. The H2 optimi-

zation is more desirable than the H1 optimization when the

vibrating system is subjected to random excitation rather than

sinusoidal excitation. The H2 optimum design method of PVA

applied to SDOF system is proposed by Warburton.3,4 How-

ever, the major disadvantage of PVA is that its vibration sup-

pression performance depends very much on the ratio between

the mass of the absorber and that of the vibrating structure.5

This mass ratio is small in cases where the primary mass is

big such as buildings and ships. Therefore PVA is not com-

monly applied to civil and large mechanical structures.

To improve the performance of the PVA, some

researchers rearranged the elements of the absorber6–9 and

some researchers applied multiple vibration absorbers and

Helmholtz resonators to reduce the vibration and sound

transmission of a wide frequency band.10–12 On the other

hand, some researchers added an active force actuator to a

PVA to form a hybrid vibration absorber (HVA) as illus-

trated in Fig. 1. Various methods were proposed for the con-

trol of the active force of the HVA including neural

network,13 delayed resonator,14 modal feedback control15–19

and closed-loop poles by modal feedback.20,21 Most of these

control methods of HVA are very complicated, and only the

active elements but not the passive elements are optimized.

In this article, an optimized design of a HVA using dis-

placement and velocity feedback for the minimization of the

kinetic energy of the vibrating structure based on the H2 opti-

mization criterion is proposed. The objective of the H2 optimi-

zation is to reduce the mean square velocity of the vibrating

system, i.e., the total area under the velocity response spec-

trum is minimized. Both the active and passive elements of

the HVA are optimized together analytically. It is proved ana-

lytically that the proposed HVA can provide good vibration

absorption performance even at a low mass ratio and the use

of the velocity feedback can reduce the amount of active force

required in the HVA. The theoretical analysis improves our

understanding and the design of HVA. The proposed HVA is

tested numerically on both a SDOF system and a continuous

beam structure and compared to the optimized PVA.22,23 The

test results shows that the proposed HVA has a much better

vibration suppression performance than the traditional PVA.

a)Author to whom correspondence should be addressed. Electronic mail:

mmwowong@polyu.edu.hk

J. Acoust. Soc. Am. 132 (1), July 2012 VC 2012 Acoustical Society of America 1970001-4966/2012/132(1)/197/11/$30.00

A
u

th
o

r'
s 

co
m

p
lim

en
ta

ry
 c

o
p

y



II. HVA APPLIED TO A SINGLE
DEGREE-OF-FREEDOM SYSTEM

A. Mathematical model

A HVA coupled with an undamped primary system is

shown in Fig. 1, where x, M, and K denote, respectively,

displacement, mass, damping, and spring coefficients of

the primary system; and xa, m, c, and k are those of the

absorber.

The equations of motion of the primary mass M and the

absorber mass m may be written as

M€x ¼ �Kx� k x� xað Þ � c _x� _xað Þ � fa þ F;
m€xa ¼ �k xa � xð Þ � c _xa � _xð Þ þ fa

�
(1)

where F is a disturbance and fa ¼ a0xþ a0 _x is the active force

applied by the actuator as illustrated in Fig. 1. Performing

Laplace transformation of Eq. (1), the transfer function of the

velocity response of the primary mass M may be written as

G pð Þ ¼
_X

xn
F=K

� � ¼ c2 þ 2fcpþ p2
� �

p

1þ p2
� �

c2 þ p2
� �

þ lc2 þ 2a0

� �
p2 þ 2fcp 1þ 1þ lþ 2a1lð Þp2

� � ; (2)

where p ¼ s=xn, l ¼ m=M, xn ¼
ffiffiffiffiffiffiffiffiffiffi
K=M

p
, xa ¼

ffiffiffiffiffiffiffiffiffi
k=m

p
, c ¼ xa=xn, f ¼ c=2

ffiffiffiffiffiffi
mk
p

, a0 ¼ a0=2K, and a1 ¼ a1=2c.

The frequency response function of mass M can be obtained by replacing p in Eq. (2) by jk where k ¼ x=xn and j2¼�1.

The frequency response function of mass M may be written as

G jkð Þ ¼
�2fck2 þ jk c2 � k2

� �
1� k2
� �

c2 � k2
� �

� lc2 þ 2a0

� �
k2 þ 2jfck 1� 1þ lþ 2a1lð Þk2

� � : (3)

The amplitude of the velocity response function in Eq. (3) may be written as

G kð Þj j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2fck2
� �2þk2 c2 � k2

� �2

1� k2
� �

c2 � k2
� �

� lc2 þ 2a0ð Þk2
� �2þ 2fckð Þ2 1� 1þ lþ 2a1lð Þk2

� �2

vuut : (4)

The mean square velocity of the primary mass M may be

written as24

E _x2
� �
¼
ð1
�1

Gj j2Sy xð Þdx (5)

where G is the velocity response function of the primary

mass and Sy(x) is the input mean square spectral density

function.

If the input spectrum is assumed to be ideally white, i.e.,

Sy(x)¼ S0, a constant for all frequencies, Eq. (5) can then be

rewritten as

E _x2
� �
¼ S0

ð1
�1

G xð Þj j2dx: (6)

The non-dimensional mean square velocity of mass M may

be defined as24

E _x2
� �
¼ xnS0

2p

ð1
�1

G kð Þj j2dk: (7)

A useful formula of Gradshteyn and Ryzhik25 written as

Eq. (8) in the following text is used for solving Eq. (7).

If

G xð Þ ¼ �jx3B3 � x2B2 þ jxB1 þ B0

x4A4 � jx3A3 � x2A2 þ jxA1 þ A0

(8a)FIG. 1. Schematic diagram of the proposed hybrid vibration absorber

(m-k-c-fa system) attached to the primary (M-K) system.
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then

ð1
�1

G xð Þj j2dx ¼
p

B2
0 A2A3 � A1A4ð Þ

A0

þ A3 B2
1 � 2B0B2

� �
þ A1 B2

2 � 2B1B3

� �
þ B2

3 A1A2 � A0A3ð Þ
A4


 �
A1 A2A3 � A1A4ð Þ � A0A2

3

: (8b)

Comparing Eqs. (3) and (8a), we may write

A0 ¼ c2; A1 ¼ 2fc; A2 ¼ 1þ 2a0 þ c2 þ lc2; A3 ¼ 2fc 1þ 1þ 2a1ð Þlð Þ; A4 ¼ 1;

B0 ¼ 0; B1 ¼ c2; B2 ¼ 2fc and B3 ¼ 1: (9)

Using Eqs. (8) and (9), Eq. (7) may be rewritten as

E _x2
� �
¼ pxnS0

2fc

1þ 2a0 � 2c2 1� 2f2 þ la1

� �
þ c4 1þ l 1þ 2a1ð Þð Þ

lþ 2a0 1þ lð Þ þ 2la1 þ 4la0a1 � 2lc2a1 1þ lþ 2la1ð Þ

 !
: (10)

The dimensionless mean square velocity of the primary mass M is calculated using Eq. (10) with l¼ 0.2, a0¼ 0.1, and

a1¼ 0.3, and the results are plotted in Fig. 2 for illustration. The dimensionless mean square velocity of the primary mass M
has a minimum as marked in Fig. 2. The optimum frequency and damping of the HVA for this minimum may be found by

solving @=@c E _x2½ � ¼ @=@fE _x2½ � ¼ 0. Using Eq. (10), we may consider

@

@f
E _x2
� �
¼ xnS0

2f2c

1þ 2a0 � 2c2 1þ 2f2 þ la1

� �
þ c4 1þ l 1þ 2a1ð Þð Þ

lþ 2a1 1þ lð Þ þ 2la1 þ 4la0a1 � 2lc2a1 1þ lþ 2la1ð Þ

 !
¼ 0; (11)

@

@c
E _x2
� �
¼ xnS0

2f2c

C0f
2 � C1

lþ 2a0 1þ lð Þ þ 2la1 þ 4la0a1 � 2lc2a1 1þ lþ 2la1ð Þð Þ2

 !
¼ 0; (12)

where

C0 ¼ 8lc4a1 1þ lþ 2la1ð Þ þ 4c2 1þ 2a0ð Þ 1þ 2a1ð Þlþ 2a0ð Þ;

C1 ¼ 2la1 1þ lþ 2la1ð Þ2c6

þ 1þ lþ 2la1ð Þ 4l2a2
1 � 12a0a1 þ 3þ 2a1 þ 6a0ð Þl� 6a0

� �
c4

� 4a1 1þ 2a0ð Þ 1þ 2a1ð Þl2 þ �2� 4a0 þ 2a1 � 4a1a2ð Þl� 4a0ð Þc2

þ 1þ 2a0ð Þ 1þ 2a0ð Þ 1þ 2a1ð Þlþ 2a0ð Þ:

8>>>>>>>><
>>>>>>>>:

Solving Eqs. (11) and (12), the optimum tuning ratio may be written, respectively, as

copt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D0l2 þ D1lþ D2

1þ lþ 2la1ð Þ D0l2 þ D1lþ D2 þ a1 1þ 2a0 þ 4a0a1ð Þl2 þ 2a0a1lð Þ

s
; (13)

fopt ¼
lþ 2a0 þ 2la0 þ 4la0a1ð Þ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D0l2 þ D1lþ D2ð Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

1l
2

D0l2 þ D1lþ D2 þ a1 1þ 2a0 þ 4a0a1ð Þl2 þ 2a0a1lð Þ

s
; (14)
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where

D0 ¼ �a1 1þ 2a0ð Þ 1þ 2a1ð Þ;

D1 ¼ 1þ 2a0 þ 2a0a1;

D2 ¼ 2a0:

8>><
>>: (15)

Both the optimum frequency ratio copt and damping ratio fopt

exist if

D0l
2 þ D1lþ D2 > 0: (16)

Using Eq. (15) and the inequality (16), a1 may be stated as

a1 <
� 2a0lþ l� 2a0ð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a0lþ l� 2a0ð Þ2þ8 1þ 2a0ð Þ lþ 2la0 þ 2a0ð Þ

q
4l 1þ 2a0ð Þ ¼ a1 max:

(17)

D0l
2þD1lþD2 is calculated with different values of a0 and a1 with l¼ 0.2 and plotted in Fig. 3 for illustration. As shown in

Fig. 3, a1 has a range of values such that D0l
2þD1lþD2> 0. The values of a1 corresponding to the contour

D0l
2þD1lþD2¼ 0 in Fig. 3 are a1_max with l¼ 0.2.

Substituting Eqs. (13) and (14) into Eq. (10), the mean square velocity of the primary mass M using the optimum fre-

quency and damping may be written as

E _x2
� �

HVA opt
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D0l2 þ D1lþ D2 þ a1 1þ 2a0 þ a1 þ 4a0a1ð Þl2 þ 2a0a1l

p
2a0a1lþ D1lþ D2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a1lþ lþ 1
p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2a0 þ 4a0a1ð Þlþ 2a0 � a2

1l
2

p
1þ 2a0 þ 4a0a1ð Þlþ 2a0½ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ lþ 2a1l
p : (18)

It can be shown using Eq. (18) that the mean square velocity of the primary mass M, E _x2½ �HVA opt, decreases when l or a1

increases. Differentiating E _x2½ �HVA opt with respect to a0 using Eq. (18), we may write

@

@a0

E _x2
� �

HVA opt
¼ � 1

E _x2½ �HVA opt

D0l2 þ D1lþ D2 þ a1 1þ 2a0 þ 4a0a0ð Þl2 þ 2a0al

1þ 2a0 þ 4a0a1ð Þlþ 2a0ð Þ3

 !
< 0: (19)

Moreover, Eq. (19) shows that E½ _x2�HVA opt decreases as a0

increases. Therefore there is no optimum value for these pa-

rameters such that the mean square velocity of the primary

mass M becomes a minimum.

FIG. 3. Contours of D0l
2þD1lþD2 with l¼ 0.2.

FIG. 2. Contours of the mean square velocity of mass M, E[|G|2]/(pxnS0),

of Fig. 1 with l¼ 0.2, a0¼ 0.1, and a1¼ 0.3. (*) – Optimum tuning fre-

quency [Eq. (13)] and damping [Eq. (14)].
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If only displacement feedback signal is used, we have

a1¼ 0 and fa¼ a0x. The optimum frequency, damping and

the mean square velocity of mass M may be obtained by

substituting a1¼ 0 into Eqs. (13), (14), and (18), respec-

tively, and we may write

copt ¼
ffiffiffiffiffiffiffiffiffiffiffi

1

1þ l

s
; (20a)

fopt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2a0ð Þlþ 2a0

4

r
; and (20b)

E _x2
� �

HVA opt
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 2a0ð Þlþ 2a0½ � 1þ lð Þ
p : (20c)

If only velocity feedback signal is used, we have a0¼ 0 and

fa ¼ a1 _x. The optimum frequency, damping and mean

square velocity of mass M may be obtained by substituting

a0¼ 0 into Eqs. (13), (14), and (18), respectively, and we

may write

copt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� la1 1þ 2a1ð Þ
1þ l 1þ 2a1ð Þð Þ 1� 2la2

1

� �
s

; (21a)

fopt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l 1� la2

1

� �
4 1� la1 1þ 2a1ð Þð Þ 1� 2la2

1

� �
s

; and (21b)

E _x2
� �

HVA opt
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� la2

1

l 1þ lþ 2la1ð Þ

s
: (21c)

If no feedback signal and no active force are applied, a0¼ a1

¼ 0, fa¼ 0. The absorber becomes the traditional passive

dynamic vibration absorber. The mean square velocity of the

primary mass M is calculated according to Eq. (18) with

a0¼ a1¼ 0 and is written as

E _x2
� �

PVA opt
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

l 1þ lð Þ

s
: (22)

As shown in Eq. (22), E _x2½ �PVA opt tends to infinity as l tends

to zero. On the other hand, E _x2½ �HVA opt tends to 1=
ffiffiffiffiffiffiffi
2a0

p

according to Eq. (18) as l tends to zero. Therefore the tradi-

tional passive vibration absorber is not effective in suppress-

ing the mean square velocity of the primary system if the

mass ratio l is small while the proposed hybrid absorber can

be effective even though the mass ratio is very small if a0 is

not too small. The velocity response amplitude of the pri-

mary mass M, G kð Þj j, at l¼ 0.01 with the proposed optimum

frequency and damping ratios are calculated according to

Eqs. (4), (13), and (14) with a0¼ a1¼ 0, and a0¼ 0.3 and

a1¼ 0, respectively, and the results are plotted in Fig. 4 for

illustration. It shows that the proposed optimized HVA is

very effective in suppressing the velocity response of the

vibrating mass M but the passive PVA is not effective when

the mass ratio l is small.

Using Eqs. (18) and (22), the dimensionless mean

square velocity of the primary mass M may be defined as

E _x2½ �HVA opt

E _x2½ �PVA opt

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2a0þ 4a0a1ð Þlþ 2a0� a2

1l
2

� �
1þlð Þl

q
1þ 2a0þ 4a0a1ð Þlþ 2a0½ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þlþ 2a1l
p :

(23)

Equation (23) shows the relation between the mean square ve-

locity E _x2½ �HVA opt=E _x2½ �PVA opt and the parameters of the HVA

including the mass ratio l and the feedback gains a0 and a1.

The mean square velocity of the primary mass M is calculated

according to Eq. (23) with different values of a0 and a1 and the

contours of the percentage reduction of E _x2½ � are plotted in Fig.

5 for illustration. As shown in Fig. 5, E _x2½ �HVA opt=E _x2½ �PVA opt

decreases when a0 or a1 increases. There is no limit in selecting

the value of a0, but a1 has a maximum value according to Eq.

(17), and it is plotted as the dotted line in Fig. 5.

Besides the mean square velocity of the mass M, another

important factor to be considered would be the active force

required in the HVA to achieve the desired mean square ve-

locity of the mass M. Recall from Eq. (1) that fa ¼ a0xþ a1 _x
¼ 2Ka0xþ 2xa1 _x, the transfer function of the active force in

the absorber may be written as

FIG. 4. The velocity response of the primary mass M of the SDOF in Fig. 1

with l¼ 0.01. ——, a0¼ a1¼ 0; - - - - - -, a0¼ 0.3 and a1¼ 0.

FIG. 5. Contours of E _x2½ �HVA opt=E _x2½ �
PVA opt

according to Eq. (23).

l¼ 0.2. - - -, a1¼ a1_max [Eq. (17)].
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Fa

F
¼ � 2ja0

k
þ 4a1lfc

� 

_X

xnF=K
: (24)

Using Eqs. (2) and (24), we may write

Fa

F
¼
�4jlfck3a1 � 2 a0 þ 4lf2c2a1

� �
k2 þ 4jfck lc2a1 þ a0ð Þ þ 2c2a0

1� k2
� �

c2 � k2
� �

� lc2 þ 2a0ð Þk2 þ 2jfck 1� 1þ lþ 2a1lð Þk2
� � : (25)

The mean square actuation force may be written as

E f 2
a

� �
¼ xnS0

2p

ð1
�1

Fa

F

����
����
2

dk: (26)

Comparing Eqs. (8a) and (25), we may write

A0 ¼ c2; A1 ¼ 2fc; A2 ¼ 1þ 2a0 þ c2 þ lc2; A3 ¼ 2fc 1þ 1þ 2a1ð Þlð Þ; A4 ¼ 1; B1 ¼ 2a0c
2;

B1 ¼ 4fc a0 þ a1lc2
� �

; B2 ¼ 2 a0 þ 4a1lf2c2
� �

; B3 ¼ 4a1lfc: (27)

Using Eqs. (8b) and (26), the mean square actuation force may be written as

E f 2
a

� �
¼ xnS0

2fc
G0c6 þ G1c4 þ G2c2 þ G3

lþ 2a0 1þ lð Þ þ 2la1 þ 4la0a1 � 2la1c2 1þ lþ 2la1ð Þ

� 

; (28a)

and the mean square actuation force of the HVA under optimal tuning condition may be written using Eqs. (13), (14), and

(28a) as

E f 2
a

� �
HVA opt

¼ xnS0

2foptcopt

G0c6
opt þ G1c4

opt þ G2c2
opt þ G3

lþ 2a0 1þ lð Þ þ 2la1 þ 4la0a1 � 2la1c2
opt 1þ lþ 2la1ð Þ

 !
(28b)

where

G0 ¼ 4l2f2a2
1 1þ lþ 2la1ð Þ;

G1 ¼ 16l2f4a2
1 � 8l2f2a2

1 1þ la1ð Þ þ a2
0 1þ 2l 1þ a1 þ a2

1

� �
þ l2

� �
;

G2 ¼ 4f2 a2
0 þ la2

0 1þ 2a1ð Þ þ l2a2
1 1þ 2a0ð Þ

� �
�a2

0 l� 2la0 þ 2� 2a0 þ 2la1 � 4la0a1ð Þ;
G3 ¼ a2

0:

8>>>>>>><
>>>>>>>:

(29)

As shown in Eq. (23), the mean square velocity

E _x2½ �HVA opt=E _x2½ �PVA opt of mass M is a function of l, a0,

and a1. The active force required in the HVA may be dif-

ferent with different values of the feedback gain a0 and a1.

After selecting the mass ratio l and the desired mean

square velocity E _x2½ �HVA opt=E _x2½ �PVA opt, the possible sets

of a0 and a1 that can satisfy Eq. (23) can be found numeri-

cally. These sets of a0 and a1 were used to calculate the

active force required according to Eq. (28b) and the results

are plotted in Fig. 6 with l¼ 0.2 for illustration. Figure 6

shows the contours of E _x2½ �HVA opt=E _x2½ �PVA opt at different

values of mean square force E½f 2
a � and feedback gains a0

and a1. It can be observed that for a desired mean square

velocity E _x2½ �HVA opt=E _x2½ �PVA opt, there is a certain set of

a0 and a1 such that the mean square active force E f 2
a

� �
HVA opt

is a minimum. It shows that a nonzero positive value of a1

would help to reduce the active force required in the HVA if

this value is selected properly. The proposed optimum feed-

back gain a0 is the one that corresponds to the minimum points

of the solid curves in Fig. 6. After the optimum feedback gain

a0 is determined, the corresponding optimum feedback gain a1

can then be found from Fig. 5.

B. Stability analysis

According to Eq. (2), the characteristic equation of the

control system may be written as
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p4 þ 2fcð1þ lþ 2a1lÞp3 þ ð1þ 2a0 þ c2 þ lc2Þp2

þ 2fcpþ c2 ¼ 0 (30)

where 8f; c; l; a0; a1 2 Rþ.

The system is stable if the real parts of all poles of

Eq. (2) are negative. To apply the Routh’s stability crite-

rion,26 the array of coefficient of Eq. (30) may be written

as

p4 1 1þ 2a0 þ c2 þ lc2 c2

p3 2fcð1þ lþ 2alÞ 2fc 0

p2 ð1þ lþ 2a1lÞð1þ lÞc2 þ 2a0 þ lð1þ 2a0Þð1þ 2a1Þ
1þ lþ 2a1l

c2

p
2fcð2a0ð1þ lþ 2la1Þ � lð2a1c2ð1þ lþ 2la1Þ � 1� 2a1ÞÞ
ð1þ lþ 2a1lÞð1þ lÞc2 þ 2a0 þ lð1þ 2a0Þð1þ 2a1Þ

1 c2

(31)

�������������������

All the coefficients of the array in Eq. (31) are positive if the

following inequality is true.

2a0ð1þ lþ 2la1Þ
� lð2a1c

2ð1þ lþ 2la1Þ � 1� 2a1Þ > 0: (32)

If a1¼ 0, the inequality in the preceding text will become

2a0(1þl)þl> 0 and therefore the control system must be

stable. However, it is shown in the previous section that the

active force required in the HVA can be reduced if a1> 0,

and therefore both displacement and velocity feedbacks are

used in the proposed HVA design.

Substituting the optimum frequency copt of Eq. (13) into

the inequality (32), we have

½ð1þ 2a0 þ 4a0a1Þlþ 2a0�2

D0l2 þ D1lþ D2 þ a1ð1þ 2a0 þ a1 þ 4a0a1Þl2 þ 2a0a1l
> 0:

(33)

According to the Routh’s stability criterion, the dynamic sys-

tem is stable if the inequality (33) is true. As shown in Eqs.

(13) and (14), optimum frequency copt and damping fopt of

the HVA exist if D0l
2þD1lþD2> 0. Therefore, the

dynamic system is stable if D0l
2þD1lþD2> 0 such that

all the poles of the characteristic equation as shown in

Eq. (30) have negative real parts. The root locus and zero

locus of Eq. (30) are calculated with l¼ 0.2, c¼ copt,

f¼ fopt, a0¼ 0.5, and 0� a1< a1_max and plotted in Figs.

7(a) and 7(b), respectively, for illustration. One of the root

FIG. 6. Contours of E _x2½ �HVA opt=E _x2½ �PVA opt at different values of mean sqaure force and feedback gains a0 and a1. –– - –– - –, a1¼ a1_max [Eq. 17];

- - - - - - - - -, a1¼ 0, l¼ 0.2.
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loci (solid curve) in Fig. 7(a) approaches the origin as a1

approaches a1_max. It shows that stability of the control sys-

tem is reduced when a1 approaches a1_max.

C. Design guideline of the hybrid vibration absorber

A design guideline of the HVA is proposed as follows.

An applicable mass ratio l and the desired mean square ve-

locity of the HVA are decided first. For example, if l is

selected to be 0.2 and the desired E _x2½ �HVA opt is 0.4.

The corresponding dimensionless mean square velocity

E _x2½ �HVA opt=E _x2½ �PVA opt can be determined to be 0.2 using

Eq. (22). Many sets of a0 and a1 can then be determined by

solving Eq. (23), and the result is plotted as the curve with

label 0.2 in Fig. 5. These sets of a0 and a1 with the selected

value of l are used to calculate the active force using Eq.

(28b), and the results are plotted as the thick solid curve in

Fig. 6. One set of a0 and a1 leading to the minimum active

force can then be found. The optimum frequency copt and

damping fopt of the passive elements of the proposed HVA

can then be determined according to Eqs. (13) and (14),

respectively. In the present example, the optimum feedback

gains can be found as a0¼ 0.488 and a1¼ 2.589. The active

force required in the HVA is calculated according to Eq. (25),

and its amplitude is plotted as the solid curve in Fig. 8 and

compared to the case of non-optimum feedback gains with

a0¼ 2 and a1¼ 0 (dotted curve). It shows that both the maxi-

mum active force amplitude and the mean square force are

reduced if a1 is selected properly. As illustrated in Fig. 8,

using both the feedback signal of the velocity and displace-

ment of the primary mass can help reduce both the maximum

and the mean square value of the active force required in the

HVA. The required control force for the case with optimum

feedback gains (solid curve) exceeds the excitation force only

in a small frequency range k< 1.25 and it approaches to zero

at higher frequency. It is normal because we aim at reducing

the control force at the entire frequency range instead of just

one frequency. The optimum values of the feedback gains a0

and a1 are derived such that the mean square force

E½f 2
a � ¼ xnS0=2pð Þ

Ð1
�1 Fa=Fj j2dk becomes a minimum. The

dotted curve in Fig. 8 represents the case of non-optimum

feedback gains and therefore the active force required in the

HVA is higher than the case represented by the solid curve.

The effect of the active elements in the proposed hybrid

absorber can be observed when the mass ratio l is small. To

illustrate this effect, the dimensionless mean square velocity

E _x2½ �=xnS0 is assumed to be 0.4, and the corresponding opti-

mum feedback gains a0 and a1 are derived according to the

procedure as stated in Sec. II C. The corresponding dimen-

sionless mean square forces E½f 2
a �=wnS0 are calculated

according to Eq. (28b) and listed in Table I. It shows that to

FIG. 7. (a) Root locus of the control system with l¼ 0.2, a0¼ 0.5 and

0� a1< a1_max. ——, root 1; - - - -, root 2; �����, root 3; -�-�-, root 4 of Eq.

(30). (b) Locus of the zeros of the control system with l¼ 0.2, a0¼ 0.5 and

0� a1< a1_max. �����, zeros 1; ——, zero 2; zero 3 of Eq. (2).

FIG. 8. Active force amplitude of the HVA, Fa=Fj j. l¼ 0.2 and

E _x2½ �HVA opt=E _x2½ �
PVA opt

¼ 0:2. ———, a0¼ 0.488 and a1¼ 2.589; - - - - - -

a0¼ 0.488 and a1¼ 0.

TABLE I. Dimensionless mean square forces E f 2
a

� �
/xnS0 of the HVA with

optimum feedback gains at five different mass ratios.

l
E _x2½ �
xnS0

E _x2½ �
HVA opt

E _x2½ �PVA opt

a0 (Optimum

value)

a1 (Optimum

value)
E f 2

a½ �
xnS0
¼ 1

2p

� � Ð1
�1

Fa

F

�� ��2dk

0.3 0.4 0.25 0.086 11.62 1.1

0.2 0.4 0.20 0.488 2.589 1.2

0.1 0.4 0.133 0.31 3.98 1.5

0.05 0.4 0.092 0.5497 11.46 1.63

0.02 0.4 0.057 0.5442 29.68 1.72
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achieve a constant value of mean square velocity of the mass

M, the mean square active force required in the proposed

absorber increases when the mass of the absorber is reduced.

This shows that the passive elements of the hybrid absorber

help reduce the active force required for vibration control of

the mass M.
An important finding in this research is the effect of the

velocity feedback in the control scheme. To illustrate this

effect, the cases as listed in Table I are considered again but

this time with displacement feedback only. The displacement

feedback gains to achieve the same mean square velocity

E _x2½ �=wnS0 of mass M and the respective mean square active

forces E½f 2
a �=wnS0 are calculated according to Eq. (28b), and

they are listed in Table II. Comparing the mean square active

forces E½f 2
a �=wnS0 listed in Tables I and II, it can be observed

the active forces can be reduced significantly if the proposed

optimum velocity feedback is used together with the dis-

placement feedback in the control scheme.

III. HVA APPLIED TO SUPPRESSING VIBRATION
OF FLEXIBLE BEAM STRUCTURE

A. Mathematical model

In this section, a general Euler–Bernoulli beam is con-

sidered as the primary system. The mean square velocity of

the frequency response of a simply supported beam excited

by an uniform distributed force as shown in Fig. 9 is to be

suppressed with the proposed HVA attached at x¼ x0. The

equation of motion of the beam may be written as27

qA
@2w

@t3
þ EI

@4w

@x4
¼ pðtÞgðxÞ þ FhðtÞdðx� x0Þ (34)

where p(t)g(x) is the externally applied forcing function

and Fh is the force acting by the HVA onto the beam. The

eigenfunction and the eigenvalues of the beam may be

written as

uiðxÞ ¼
2

L
sinðbixÞ where bi ¼

ip
L
; i 2 N: (35)

The spatial parts of the forcing functions and the Dirac delta

function expanded in Fourier series written as

gðxÞ ¼
X1
i¼1

aiuiðxÞ; and (36a)

dðx� x0Þ ¼
X1
i¼1

biuiðxÞ (36b)

where the Fourier coefficients ai and bi are, respectively,

ai ¼
2

npL
; i ¼ 2n� 1; n 2 N (37a)

else ai¼ 0, and

bi ¼
2

L
sin

ipx0

L

� 

; (37b)

assuming the HVA is tuned to suppress the first vibra-

tion mode of the beam. The velocity response function

of the beam can be derived using a similar approach of

Ref. 23 and written as

_Wðx; sÞ
xnPðsÞ ¼

jk
qAx2

n

X1
p¼1

ap � bp

lL

X1
q¼1

aquqðx0Þ
c2

q � k2

� c2 � k2 þ 2jfck

k2 c2 þ 2a0

e
þ 2jfckþ 4ja1fck

� 
þ lL
X1
r¼1

brurðx0Þ
c2

r � k2

0
BBBBBBB@

1
CCCCCCCA

c2
p � k2

0
BBBBBBBBBB@

1
CCCCCCCCCCAupðxÞ

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA (38)

where xn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EIb4

1=qA
q

, xr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EIb4

r=qA
q

, cr ¼ xr=xn, l ¼ m=qAL, e ¼ lu2
1ðx0Þ, and a0 ¼ au2

1ðx0Þ=2EILb4
1 and

a1 ¼ a1=2c.

TABLE II. Dimensionless mean square forces E f 2
a

� �
/xnS0 of the HVA with

displacement feedback gains only at five different mass ratios.

l
E _x2½ �
xnS0

E _x2½ �
HVA opt

E _x2½ �PVA opt

a0 (Optimum

value)

a1 (Optimum

value)
E f 2

a½ �
xnS0
¼ 1

2p

� � Ð1
�1

Fa

F

�� ��2dk

0.3 0.4 0.25 1.734 0 5.53

0.2 0.4 0.2 2 0 7.18

0.1 0.4 0.133 2.536 0 10.81

0.05 0.4 0.0917 2.808 0 12.94

0.02 0.4 0.0571 2.997 0 14.51

FIG. 9. Schematics of a simply supported beam with a hybrid vibration

absorber excited by a uniform disturbed force.
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The mean square velocity of the beam averaged over the beam length can be written using Eq. (38) as

ðL

0

_Wðx; kÞ
xnPðkÞ

����
����
2

dx

L
¼ k

qAx2
n

� 
2X1
p¼1

ap �
lLbp

X1
q¼1

aquqðx0Þ
c2

q � k2

�
c2 � k2 þ 2jfck

k2 c2 þ 2a0

e þ 2jfckþ 4ja1fck
� �þ lL

X1
r¼1

brurðx0Þ
c2

r � k2

c2
p � k2

�������������

�������������

2

: (39)

For a structure with well-separated natural frequencies, the modal velocity response in the vicinity of the first natural fre-

quency may be approximated by considering p¼ q¼ r¼ 1 and ignoring other vibration modes of the beam. Equation (38)

may then be approximately written as

_W x; sð Þ
xnP sð Þ ¼

a1u1 xð Þ
qAx2

n

�2fck2 þ jk c2 � k2
� �

1� k2
� �

c2 � k2
� �

� ec2 þ 2a0ð Þk2 þ 2jfck 1� 1þ eþ 2a1eð Þk2
� � : (40)

Similarly, Eq. (39) may then be approximately written as

ðL

0

_W x; kð Þ
xnP kÞð Þ

����
����
2

dx

L
¼ a1

qAx2
n

� 
2 �2fck2 þ jk c2 � k2
� �

1� k2
� �

c2 � k2
� �

� ec2 þ 2a0ð Þk2 þ 2jfck 1� 1þ eþ 2a1eð Þk2
� �

�����
�����
2

: (41)

Equation (40) has a similar form as Eq. (3) if e in Eq. (40) is replaced by l. Following the same procedure as described in

Sec. II A, one can obtain the optimum tuning frequency and damping of the proposed HVA, respectively, to minimize the

mean square velocity averaged over the beam length. These optimum frequency and damping of the proposed HVA may be

written as

copt ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D0l2 þ D1lþ D2

1þ lþ 2la1ð Þ D0l2 þ D1lþ D2 þ a1 1þ 2a0 þ 4a0a1ð Þl2 þ 2a0a1lð Þ

s
; (42a)

fopt ¼
eþ 2a0 þ 2ea0 þ 4ea0a1ð Þ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D0e2 þ D1eþ D2ð Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2

1e
2

D0e2 þ D1eþ D2 þ a1 1þ 2a0 þ 4a0a1ð Þe2 þ 2a0a1eð Þ

s
: (42b)

B. Numerical example

Assuming the length of the beam is L¼ 1 m with cross

section 0.025 m� 0.025 m. The proposed HVA is attached at

x¼ x0¼ 0.5 m of the beam as shown in Fig. 9. The mass ratio

l is 0.05. e ¼ lu2
1 x0ð Þ ¼ 0:2. The material of the beam is alu-

minum with q¼ 2710 kgm�3 and E¼ 6.9 GPa. The desired

dimensionless mean square velocity E _x2½ �HVA opt=E _x2½ �
PVA opt

is assumed to be 0.2. As discussed in Sec. II A, the optimum

feedback gain can be determined to be a0¼ 0.488 and

a1¼ 2.589. The spatial mean square velocity of the beam,

1=Lð Þ
Ð L

0
_W x; kð Þ=xnP kð Þ
�� ��2dx, is calculated according to

Eqs. (39), (42a), and (42b) and plotted in Fig. 10. The calcula-

tion is repeated for the case of using the passive absorber

(a0¼ a1¼ 0), and the result is also plotted in Fig. 10 for com-

parison. As shown in Fig. 10, the suppression of beam

vibration by the HVA is much better than by the PVA for both

the fundamental and higher vibration modes of the beam. It

FIG. 10. Mean square velocity of the beam averaged over the beam length

(Eq. 41) of the beam in Fig. 9. x0/L¼ 0.5; l¼ 0.05 and e¼ 0.2. ——,

a0¼ 0.488 and a1¼ 2.589 (HVA with optimum feedback gains); ������,
a0¼ a1¼ 0 (PVA).
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shows that the proposed HVA may also be used for suppress-

ing vibration of continuous vibrating systems.

IV. CONCLUSION

The hybrid vibration absorber (HVA) is an active-

passive vibration control device that is attached to a vibrat-

ing body subjected to exciting force or motion. In this arti-

cle, we propose an optimal design of a HVA with a

displacement and a velocity feedback for minimizing the ve-

locity response of the structure based on the H2 optimization

criterion. The objective of the optimal design is to reduce the

total vibration energy of the vibrating structure under wide-

band excitation through minimization of the total area under

the velocity response spectrum. One of the inherent limita-

tions of the traditional passive vibration absorber is that its

vibration suppression is low if the mass ratio (between the

absorber mass and the mass of the primary structure) is low.

The proposed HVA overcomes this limitation and provides

good vibration suppression performance even at a low mass

ratio. Optimal tuning frequency and damping of the passive

elements of the HVA are derived for the minimization of the

mean square velocity of the primary system. On the other

hand, optimal feedback gains of the displacement and veloc-

ity of the primary system are derived to minimize the active

force required in the HVA. The proposed HVA was tested

on both a SDOF and a beam like structure and compared to

the traditional passive vibration absorber.

The proposed vibration absorber has both passive and

active element similar to the commercial inertial actuator.

However, the inertial actuator has fixed secondary mass m,
stiffness k and damping c using a standard proportional con-

trol based on the feedback displacement signal for generating

the active force fa. As shown in Sec. II, using velocity feed-

back signal together with displacement feedback signal to

generate the active force would lead to smaller active forces

for wideband vibration control. In this manuscript, we derive

the optimum passive and active parameter values for the mini-

mization of the mean square velocity of the primary system as

well as the active force required in the HVA. The research

results in the manuscript improve the understanding of the

relations between the passive and active parameters of a HVA

and provide a design guideline of the HVA and may motivate

an improved design of the commercial inertial actuator.
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