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A Quasi-Zero-Stiffness-Based Sensor System
in Vibration Measurement

XiuTing Sun, XingJian Jing, Member, IEEE, Jian Xu, and Li Cheng

Abstract—Quasi-zero-stiffness (QZS) systems have been exten-
sively studied and used as a useful vibration isolation device. In
this paper, the feasibility of the application of a QZS system for
vibration measurement is investigated. The structural parameters
of the QZS system are first analyzed to ensure that the system
is staying at stable equilibriums. Comparisons of the absolute
motion of a general and typical vibration platform (e.g., a moving
vehicle body) and the motion signal measured from the QZS
system attached are then conducted to show the effectiveness of the
method under different base excitations. Moreover, the case under
which the QZS-based sensor system may not behave well is also
studied and potential solutions are discussed. The QZS vibration
system is shown to be a useful device for absolute displacement
measurement in vibration control systems particularly for moving
platforms compared with the exciting methods and would benefit
a wide range of engineering practices.

Index Terms—Absolute motion, predeformation spring, quasi-
zero-stiffness (QZS) system, vibration sensor.

I. INTRODUCTION

THE STATE measurement for a dynamic system is always
a critical task in various engineering practice for system

identification, control and filter design, etc. [1]–[13]. Many
active vibration control methods for moving platforms (e.g.,
vehicle suspension, instrument protection in ships or unmanned
aerial vehicles (UAVs), etc.) usually require accurate measure-
ment of full system states with respect to a global coordinate
system for better performance in vibration suppression [5], [6].
A variety of sensors have been introduced in previous research
works for mechatronics systems [14], [15]. Accelerometers are
often used to measure the absolute acceleration of a dynamic
system, while the absolute displacement of the system would
not be straightforward and accurate to measure in moving
platforms. For measurement of the absolute displacement or
location, although some advanced measurement technologies
could be applied, for example, inertial sensors [16], radar
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or laser technologies [17]–[20], etc., accuracy, installation, or
development cost would be realistic issues. To circumvent
these burdens, some output feedback control methods could be
applied with a dynamic filtering system designed to estimate
those unmeasured states [21]–[29] or some existing algorithms
(e.g., integration) can directly be used to obtain the unmeasured
states (e.g., displacement) from the measured ones (e.g., ac-
celeration). However, these would incur the other problems to
the controlled system, e.g., time delay. For the case of using
acceleration feedback control with time delay [30], [31], the
controlled system would be referred to as a neutral delayed
differential equation in the literature, in which it is known that
the time delay could easily deteriorate the robustness of the
dynamic system and bring complexity for theoretical analysis
[32], [33]. Even though time delay could benefit the vibration
control when the absolute displacement is used in the feedback
control for some cases [30]–[35], the value of the time delay
should usually be set in some critical ranges. However, the
filtering methods mentioned earlier can often introduce time
delay to feedback signals more than what is desired [34], [35].

To conveniently and accurately measure the absolute dis-
placement for vibration control in moving platforms such as
vehicle suspension systems or instrument protection in ships
or UAVs, etc., a novel quasi-zero-stiffness (QZS)-based sensor
system is proposed in this study. The idea comes from the QZS
vibration isolator (QZS-VI) which can isolate the vibration
from the base structure [36]–[39]. This kind of isolators is often
connected to the base by two horizontal springs and a vertical
spring and has many advantages such as small static dis-
placement, small dynamic stiffness, and low natural frequency.
Because of the remarkable isolation effect of the QZS-VI, the
relative motion between the QZS system and the base structure
can be close to the absolute motion of the base structure below.
In order to decrease the error between the relative motion and
absolute motion aforementioned, the stiffness characteristics
and geometric parameters of the QZS system should be prop-
erly analyzed and designed [36]–[39]. This paper utilizes the
isolation characteristic of the QZS system to approximately
obtain the absolute displacement of moving platforms. The
QZS-based sensor system is easy to design and convenient to
implement in practice and no time delay problems would be
incurred. It is shown that the QZS-based vibration sensor is very
effective for absolute displacement measurement of moving
platforms in a large frequency range under different excitation
signals.

This paper is organized as follows. The novel QZS-based
sensor system is introduced in Section II. Then, the equilibrium
position and static stability of the system are analyzed to
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Fig. 1. Scheme of the QZS-based sensor on a moving platform. (a) QZS-based
sensor. (b) Overall vibration system.

TABLE I
STRUCTURAL PARAMETERS OF THE QZS-BASED

VIBRATION SENSOR

show the effect of structure parameters on linear and nonlinear
responses. The dynamic responses of the QZS-based sensor
system are given under different base excitations in Section IV.
Section V shows the influence of the QZS-based sensor system
on the host vibration system. An example is illustrated in
Section VI. Finally, a conclusion is drawn.

II. DESIGN OF THE QZS-BASED SENSOR SYSTEM

The QZS-based sensor proposed in this paper is a single-
degree-of-freedom (DOF) system attached to a moving plat-
form, as shown in Fig. 1. The sensor part is a QZS-based system
which is made of a small mass, two horizontal prepressing
springs, and a vertical spring. The original length of the hori-
zontal spring is l0, and its predeformation is λ0. The stiffness
of the vertical spring is k2, and that of the horizontal spring is
k3. The vertical spring could be connected with a force sensor
or else to measure the relative displacement between M1 and
M2. The springs of the vibration sensor system are fixed on a
frame. The structural parameters of the QZS vibration sensor
are listed in Table I.

In Fig. 1(b), the mass–spring–damper vibration system sub-
jected to a base excitation can be widely found in engineering
practice (e.g., a quarter-vehicle suspension model). Utilizing
the QZS-based sensor approximately measures the absolute dis-
placement of the vibration platform by measuring the relative
displacement of the major mass, i.e., M2, in the QZS system
(many methods are available for this measurement, e.g., using a
force sensor, as shown in Fig. 1). The QZS system is connected
to the base by a spring with linear stiffness k1l and a nonlinear
stiffness k1n and a damping c1. From Fig. 1(b), the absolute
displacement of M1 is x1(t), the absolute displacement of M2

is x2(t), and the displacement input from the base is z(t). The
structural parameters of the system and kinematical variables
are listed in Table II.

TABLE II
STRUCTURAL PARAMETERS AND KINEMATICAL

VARIABLES OF THE SYSTEM

In practice, in order to suppress the vibration of the platform,
different forms of active or passive control methods are studied
[5], [6], [23], [24], which usually require knowing the absolute
displacement of the platform for a better performance. How-
ever, as mentioned before, the existing methods often have ob-
vious limitations to achieve the absolute vibrating displacement
of the platform, and existing displacement sensors can usually
measure the relative motion between the body and base for the
moving platform.

III. STATIC CHARACTERISTICS

A. Modeling

Based on the model in Fig. 1(b), the equations of the vehicle
and vibration sensor can be established by a Lagrange equation.
The kinetic energy of the system can be written as

T =
1

2
M1ẋ

2
1 +

1

2
M2ẋ

2
2 (1)

and the potential energy as

V =
1

2
k1l(x1 − z)2 +

1

4
k1n(x1 − z)4 +

1

2
k2(x2 − x1)

2

+ k3

(
l0 −

√
(l0 − λ0)2 + (x2 − x1)2

)2

. (2)

For the two generalized coordinates x1 and x2, according to
the Lagrange equation, the dynamic equation of the system is

d

dt

∂(T − V )

∂ẋ1
− ∂(T − V )

∂x1
= − c1(ẋ1 − ż)

d

dt

∂(T − V )

∂ẋ2
− ∂(T − V )

∂x2
= − c2ẋ2. (3)

Substituting the kinetic energy and potential energy into (1)
and (2), the dynamic of the system is

M1ẍ1 + k1l(x1 − z) + k1n(x1 − z)3 + c1(ẋ1 − ż)

+ 2k3
(x2 − x1)

[
l0 −

√
(l0 − λ0)2 + (x2 − x1)2

]
√

(l0 − λ0)2 + (x2 − x1)2

− k2(x2 − x1)− k2(x2 − x1) = 0 (4)
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Fig. 2. Assembly process of the QZS vibration sensor. (a) Position before
assembling mass. (b) Equilibrium position of the vibration sensor.

M2ẍ2 + c2ẋ2 + k2(x2 − x1)

− 2k3
(x2 − x1)

[
l0 −

√
(l0 − λ0)2 + (x2 − x1)2

]
√
(l0 − λ0)2 + (x2 − x1)2

= 0.

(5)

The force signal obtained by the force sensor on the vertical
spring is F which can be written as

F = k2(x2 − x1). (6)

From (6), the force is closer to the value of k2x1 for a smaller
amplitude of x2, i.e., F ≈ −k2x1 for an ideal zero-stiffness
system. This means that the QZS system can approximately
measure the displacement of the base platform and the accuracy
depends mainly on the isolation effect of the QZS system.

B. Static Equilibrium Position

Fig. 2 shows the assembly process of the QZS-based vibra-
tion sensor. Fig. 1(a) shows the initial state of the springs. There
is x0 from the mass to equilibrium position. To guarantee the
symmetrical characteristic of the vibration, the two springs with
stiffness k3 should be horizontal after assembling the mass M2

and the equilibrium position of the QZS vibration sensor should
be at the horizontal level, as indicated in Fig. 2(b).

By principle of virtual displacement, the distance x0 and
mass M2 should satisfy the following condition:

∂

{
M2gx0 + k3

[√
l20 − x2

0 − l0

]2
+ 1

2k2x
2
0

}
∂x0

= 0. (7)

Then, the initial deformation of the horizontal springs is

λ1 = l0 −
√

l20 − x2
0. (8)

The vertical spring can ensure a stable equilibrium [Fig. 2(b)].
In the assembly of the QZS system, to ensure that the

mass M2 should reach the horizontal equilibrium position, (7)
and (8) should be satisfied. The relationship between initial
deformation λ1 and mass M2 is an implicit function but the
value of initial deformation can be obtained easily for a value
of mass M2.

Fig. 3. Initial deformation λ1 of the horizontal spring due to a different
mass M2.

Fig. 3 is the initial deformation of the horizontal spring
λ1 for a different mass M2 under l0 = 0.5 and k3 = 300.
For a heavier mass, i.e., M2, the horizontal spring is more
compressed. After assembling the mass M2 which will induce
the initial deformation λ1 of the horizontal spring, the two
horizontal springs should be compressed to a desired value λ0

for better vibration isolation.

C. Stiffness of the QZS-Based Vibration Sensor

Form the previous analysis, the initial deformation increases
with the mass in the QZS vibration sensor increasing. However,
if the coefficients of the predeformation and mass are improp-
erly changed, the equilibrium position of the QZS vibration
sensor is unstable, which can induce faulty measurement. Thus,
to maintain the stability of equilibrium position, the predefor-
mation λ0 and other parameters of the vibration sensor are
required to stay in a reasonable range.

Utilizing the relative vibration as the variables, the dynamic
equation can be expressed as

M1ü1 + k1lu1 + k1nu
3
1 + c1u̇1 − k2u2

+ 2k3
u2

[
l0 −

√
(l0 − λ0)2 + u2

2

]
√

(l0 − λ0)2 + u2
2

= −M1z̈ (9)

M2(ü1 + ü2) + c2(u̇1 + u̇2) + k2u2

− 2k3
u2

[
l0 −

√
(l0 − λ0)2 + u2

2

]
√

(l0 − λ0)2 + u2
2

= −c2ż −M2z̈ (10)

where u1 = x1 − z is the relative motion of the platform to the
base and u2 = x2 − x1 is the relative motion of mass M2 to the
platform.

The applied force of the QZS vibration sensor is

f = k2u2 − 2k3
u2

[
l0 −

√
(l0 − λ0)2 + u2

2

]
√

(l0 − λ0)2 + u2
2

. (11)

The applied force can be expanded to the Taylor series expan-
sion, which approximately reflects the static characteristics and
simplifies the calculation of the sensor. The third-order Taylor
series expansion is employed as follows:

f=

(
k2+ 2k3−

2k3l0
l0 − λ0

)
u2+

k3l0
(l0 − λ0)3

u3
2 + o

(
u5
2

)
. (12)

In Fig. 4, the values of the applied force expanded by the
third-order Taylor series are close to the original expression
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Fig. 4. Comparison of the applied force of (lines) (11) and (dots) the third-
order Taylor expansion as (12) for different λ0’s for k2 = 300, k3 = 100, and
l0 = 0.5.

Fig. 5. Applied force for different λ0’s for k2 = 300, k3 = 100, and
l0 = 0.5.

of (9). Thus, the dynamical equation of the two-freedom iso-
lator is

M1ü1 + k1lu1 + k1nu
3
1 + c1u̇1 − k3

l0
(l0 − λ0)3

u3
2

−
(
k2 + 2k3 −

2k3l0
l0 − λ0

)
u2 = −M1z̈ (13)

M2(ü1 + ü2) + c2(u̇1 + u̇2) +
k3l0

(l0 − λ0)3
u3
2

+

(
k2 + 2k3 −

2k3l0
l0 − λ0

)
u2 = −c2ż −M2z̈ (14)

where the base excitation is given by z(t) = z0 cosωt.
When k2 = 300, k3 = 100, and l0 = 0.5, the curves of the

Taylor series expansion (12) of the applied force are shown in
Fig. 5 for different values of predeformation λ0. In Fig. 5, the
gradient of the applied force f deceases with the increasing
of λ0 and can be zero for the proper value of λ0 at u2 =
0. From the dynamical equation, the closer the value of the
gradient of the applied force to the zero, the more similar the
relative motion u2 and the absolute motion of the platform
x1. Therefore, from (12), the gradient of the applied force at
u2 = 0 equals to zero when k2 + 2k3 − 2k3l0/(l0 − λ0) = 0,
which means when λ0 = k2l0/(k2 + 2k3), the linear part of the
applied force equals zero and then f = k3l0u

3
2/(l0 − λ0)

3.

IV. DYNAMIC RESPONSE UNDER DIFFERENT EXCITATIONS

A. Single-Frequency Excitation

From the analysis of the applied force f , the QZS device
realizes the vibration isolation between the mass M1 and mass
M2. Because of the QZS, the amplitude of the relative motion
u2 is close to the amplitude of the absolute motion x1, i.e.,

Fig. 6. Comparison of the (lines) amplitude of relative motion u2 and (dots)
absolute motion x1 for (a) λ0 = 0.25, (b) λ0 = 0.28, and (c) λ0 = 0.3.

u2 ≈ −x1. The closer the linear part of the QZS system to zero,
the smaller the difference between u2 and −x1. The response
of the moving platform and the corresponding signal measured
are studied to show that the QZS-based sensor is effective
and useful for vibration measurement. The relative motions of
the overall two-DOF vibration system are defined as u1(t) =
a1 cosωt+ b1 sinωt and u2(t) = a2 cosωt+ b2 sinωt, where
a1, b1, a2, and b2 are the values of the basic harmonic solutions
of (13) and (14).

The absolute motion of the vibration platform is x1 = u1 +
z. For the relative motion solution u1 = x1 − z, its expression
is x1(t) = (a1 + z0) cosωt+ b1 sinωt. Similarly, the expres-
sion of the relative motion solution u2 is u2(t) = a2 cosωt+
b2 sinωt. These expressions are substituted into (13) and (14)
and the coefficients of the sin and cos functions of the resulting
equations should be zero, and then, the amplitude of the ab-
solute motions and relative motions can be obtained. The am-
plitudes of the absolute and relative motions are [(a1 + z0)

2 +
b21]

1/2 and (a22 + b22)
1/2, respectively. The frequency–amplitude

curves of x1 and u2 are shown in Fig. 6. The phase of the abso-
lute motion x1 is defined as θ1, and that of u2 is θ2, as given by
θ1 = arctan[−b1/(a1 + z0)] and θ2 = arctan(−b2/a2). The
phase responses are shown in Fig. 7.

Because the predeformation parameter λ0 is the most critical
factor affecting the vibration isolation performance of the QZS
system [36]–[39] and, thus, the most crucial factor influencing
the accuracy of the sensor system compared with the other
structural parameters, the results in what follows only indicate
the accuracy performance with different λ0 values while the
other parameters are given just for example, satisfying that
1) λ0 is around k2l0/(k2 + 2k3) (such that the linear stiffness
in (12) is zero) and 2) M2 � M1 [such that the accuracy of
the sensor can be guaranteed in a larger frequency range and
no additional coupling resonance frequency is incurred (see
Section V)].

Fig. 6 shows the frequency amplitude response, and Fig. 7
shows the phases of relative motion u2 and absolute motion
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Fig. 7. Phases of the (lines) relative motion u2 and (dots) absolute motion x1

for (a) λ0 = 0.25, (b) λ0 = 0.28, and (c) λ0 = 0.3.

Fig. 8. Time series of the (lines) relative motion u2 and (dots) absolute motion
−x1 for (a) λ0 = 0.28, (b) λ0 = 0.3, and (c) λ0 = 0.32.

x1 for different λ0 values with M1 = 15, M2 = 1.44, l0 =
0.5, k1l = 5000, k1n = 100 000, k2 = 300, k3 = 100, c1 = 2,
and c2 = 1, z0 = 0.003. For λ0 = 0.25 and λ0 = 0.28, the
relative motion has more deviation from the absolute motion
and the deviation is obvious at low frequency. For λ0 = 0.3,
the amplitude of u2 is very close to x1 in a wider frequency
range.

Fig. 8 is the time-series of u2 and −x1. With appropriate
value of pre-deformation λ0, there is u2 = x2 − x1 ≈ −x1 due
to x2 ≈ 0. The deviation from the best value of pre-deformation
λ0 induces the error between u2 and −x1.

From Fig. 9, the relative error of the two amplitudes ex-
tremely depends on the predeformation. With the decreasing
of predeformation λ0, the relative error of amplitude between
the relative motion u2 and absolute motion −x1 increases. The
error is very close to zero for small base excitation as λ0 = 0.3.
Also, the larger value of the amplitude of base excitation z0
induces a slightly larger proportional error of the two ampli-
tudes due to the high-order nonlinear truncation in numerical
computation.

Fig. 9. Proportional error between the amplitude of the relative motion u2

and absolute motion −x1 under different amplitudes of base excitation z0 and
predeformation λ0.

Fig. 10. Time series of (solid) u2 and (dotted) −x1 for multifrequency
excitation of different values of parameters (a) λ0 = 0.28, z0 = 0.002, z1 =
0.001, ω0 = 16, ω1 = 20, z2 = z3 = · · · = 0; (b) λ0 = 0.3, z0 = 0.004,
z1 = 0.003, ω0 = 15, ω1 = 38, z2 = z3 = · · · = 0; (c) λ0 = 0.28, z0 =
0.002, z1 = 0.001, z2 = 0.004, ω0 = 16, ω1 = 21, ω2 = 21, z3 = z4 =
· · · = 0.

B. Multifrequency Excitation

The QZS system also performs well under multifrequency
excitation. For a base excitation z =

∑
zi cos(ωit+ ϕi), the

responses of u2 and −x1 are shown for different values of
excitation amplitude. In simulations, all phase angles ϕi’s are
set to zero.

Fig. 10 shows the time series of the relative motion and the
absolute motion for different cases. The relative motion u2 is
very close to −x1. The result shows that the amplitudes of
the two motions are very approximate and their error becomes
smaller for the appropriate value of predeformation λ0. Also,
the phases of the two motions are observed to be similar to
each other for different parameters. Therefore, under the multi-
frequency base excitation, the signal measured by the QZS-
based sensor can also reflect the absolute motion of the motion
of the vibrating platform.

C. Random Excitation

Considering random excitations, the mean value of the ran-
dom input signal is set to zero, the unbiased variance is 0(10−3),
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Fig. 11. Random input signal.

Fig. 12. Comparison of (lines) u2 and (dots) −x1 under random input for
(a) λ0 = 0.26, (b) λ0 = 0.28, and (c) λ0 = 0.3.

and the frequency range of the random signal is set into the
range of [15, 65] rad/s, which is shown partially in Fig. 11.

In the simulations, the input signals are different in each
simulation, satisfying the conditions aforementioned. For dif-
ferent values of predeformation, i.e., λ0 = 0.26, 0.28, and 0.3,
the comparisons between the relative motion u2 and absolute
motion −x1 are shown in Fig. 12. For λ0 = 0.3, the relative
motion u2 is very close to −x1. The relative motion u2 can
reflect the absolute motion, and the error of the two motions
decreases as the linear part is near to zero by adjusting the
predeformation λ0.

From the analysis and numerical simulation aforementioned,
it can be concluded that the QZS-based sensor is effective for
different input excitations including periodic and random base
excitations. The predeformation λ0 has huge impact on the
error between the relative motion u2 and absolute motion −x1,
and the error can be designed to approximately zero. Different
methods can be used to measure the relative motion u2, which is
an approximation of x1. For example, when applying the force
sensor on the spring k2, the force signal measured is k2u2, and
the absolute displacement x1 can be approximately and easily
obtained from this force signal by dividing the constant −k2.

V. POTENTIAL INFLUENCE BY THE QZS-BASED

VIBRATION SENSOR

Although the QZS-based sensor can approximately measure
the absolute motion of the moving platform under different base
excitations, it could also induce a problem to the system.

Fig. 13. Magnitudes of (solid) u2 and (dotted) x1 for (a) λ0 = 0.28 and
(b) λ0 = 0.3.

When the QZS-based sensor is attached to the moving
platform, the overall system could become a two-freedom
vibration system. There is another resonant frequency therefore
induced. The resonant frequency of the original system is ω1 =
(k1l/M1)

1/2 while the resonant frequencies of the two-freedom
system are determined by the linear part of the dynamic (13)
and (14) as

k1lβΩ
4 − (k1l + β)Ω2 +M1M2 −M2β = 0 (15)

where β = k2 + 2k3 − 2k3l0/(l0 − λ0) and Ω is the resonant
frequency of the coupled system. From the analysis of stability,
the parameter β cannot be negative. For β > 0, the resonant
frequencies are

Ω1,2=

√
k1l+ β ±

√
(k1l+ β)2− 4(M1M2−M2β)

2k1lβ
. (16)

For β = 0, one of the two resonant frequencies equals zero and
the other one equals (k1l/M1)

1/2. However, for the nonlinear-
ity of the vibration system, there are a resonant peak and a jump
phenomenon in the low-frequency range even for β = 0.

Fig. 13 shows the frequency responses for u2 and x1. There
are a resonant peak and a jump phenomenon at the low-
frequency range where the amplitude of the relative motion u2

cannot represent the amplitude of the absolute motion x1. For
the low-frequency base excitations, the signal measured by the
QZS-based sensor will lose the accuracy and validity. However,
in this case, a low-frequency antiresonance isolation such as
a lever-type isolator [39] could be applied for performance
improvement, which will be investigated in a future study.

Although it can induce a new resonant frequency by coupling
with the QZS-based sensor, the induced resonant peak could
be very small if the mass of the sensor is small relative to the
platform mass and, thus, could be neglected.

VI. APPLICATION OF THE QZS-BASED

VIBRATION SENSOR

One straightforward application of the proposed QZS-based
sensor is for vibration control. There are many results for semi-
active or active feedback control for vibration suppression,
which rely strictly on the absolute state feedback (e.g., position,
velocity, or acceleration) [7]–[10]. However, compared with
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Fig. 14. Use of QZS sensor for feedback control in a quarter-vehicle system.

measuring the absolute motion of the vibrating system, it is
usually much easier to obtain the relative motion between the
vibration platform and vibration base. Therefore, this paper
provides a novel and convenient method for measurement of
absolute motion, which can directly be used as feedback signal
in these semi-/active vibration control systems. As an example,
consider the quarter-vehicle suspension system in [7]–[10]
shown in Fig. 14. The structure parameters in this system
x1(t), x2(t), and x3(t) represent the absolute displacements of
the wheel m1, vehicle m2, and QZS system m3, respectively;
z(t) is the base excitation; K1 and C1 are the stiffness and
damping of the pneumatic tyre; and K2 and C2 are the stiffness
and damping of the suspension system. In the QZS-based
sensor, k2 and k3 represent the stiffness of the vertical spring
and horizontal spring, C3 is the damping of the vertical spring
k2, l0 is the original length, and λ0 is the predeformation of the
horizontal springs.

The system model with feedback control is given as

m1ẍ1 +K1(x1 − z) +K2(x1 − x2) + C1(ẋ1 − ż)

+ C2(ẋ1 − ẋ2) = g (17)

m2ẍ2 +K2(x2 − x1) + C2(ẋ2 − ẋ1) + C3(ẋ2 − ẋ3)

+

(
k2 + 2k3 −

2k3l0
l0 − λ0

)
(x2 − x3) +

k3l0(x2 − x3)
3

(l0 − λ0)3

= −g (18)

m3ẍ3 + C3(ẋ3 − ẋ2) +

(
k2 + 2k3 −

2k3l0
l0 − λ0

)
(x3 − x2)

+
k3l0(x3 − x2)

3

(l0 − λ0)3
= 0 (19)

where g is the control input. The signal measured by the force
sensor in the QZS-based sensor is k2(x2 − x3), used directly as
the feedback signal. Thus, it can be written as g = α(x2 − x3)
where α is the control gain. Simplifying the dynamic equations
gives

m1ü1 +K1u1 −K2u2 + C1u̇1 − C2u̇2 = αu3 −m1z̈ (20)

m2(ü1 + ü2) +K2u2 + C2u̇2 − C3u̇3

−
(
k2 + 2k3−

2k3l0
l0 − λ0

)
u3−

k3l0u
3
3

(l0−λ0)3
=−αu3−m2z̈

(21)

m3(ü1 + ü2 + ü3) + C3u̇3

Fig. 15. Frequency–amplitude curves of the vehicle under feedback control.

+

(
k2 + 2k3 −

2k3l0
l0 − λ0

)
u3 +

k3l0u
3
3

(l0 − λ0)3
= −m3z̈ (22)

where u1, u2, and u3 are relative motions given by u1 = x1 −
z, u2 = x2 − x1, and u3 = x3 − x2 and z = z0 cosωt. The
values of different structure parameters are borrowed from [7]
as m1 = 100 kg, m2 = 1000 kg, K1 = 101.1 KN · m−1, K2 =
42.7 KN · m−1, C1 = 20 Ns ·m−1, C2 = 1095 Ns ·m−1, and
z0 = 0.035 m. Obviously, the QZS-based sensor acts here to
obtain the absolute motion of the vehicle used as feedback
signal. In the previous discussions, the parameters of the
QZS-based sensor are set as m3 = 1 kg, k2 = 300 N · m−1,
k3 = 100 N · m−1, C3 = 2 Ns · m−1, l0 = 0.5 m, and λ0 =
0.3 m. Applying the harmonic balance method, the frequency
responses with different gain α values are obtained and shown
in Fig. 15.

From Fig. 15, the resonant frequency, resonant peak, and
amplitude at high frequency can all be reduced, which proves
that the feedback control g = α(x2 − x3) using the signal
obtained by the QZS system as feedback signal is very ef-
fective in this vibration control. Note that the relative motion
between the QZS system and vehicle is very close to the
absolute motion of the vehicle. Therefore, the output of the
QZS-based vibration sensor is actually the absolute motion of
the system. This shows a very effective and simple method
for measuring the absolute motion of a vibration platform in
vibration control. First, compared with the results in [7]–[10],
the vibration isolation range achieved by the feedback control
using the proposed QZS-based sensor is much wider than
that with H∞ control in [7]–[10]. Second, the time delay in
signal processing involved in a complicated control process
can be greatly reduced with the proposed sensor, because the
signal measured by the force sensor of the QZS-based sensor
system can directly be used as feedback signal as shown earlier.
Third, although the absolute motion of the vehicle body can
be obtained by accelerometers [23], [24], further computation
process must be involved to obtain the absolute displacement
and will inevitably induce time delay and computational error.
Displacement sensors usually need a global stationary point.
Even compared with laser or ultrasonic sensors for absolute
displacement measurement in the aforementioned application,
the QZS-based sensor provides the direct reflection on the
wheel–ground vibration interaction instead of the ground sur-
face fluctuation (an indirect measurement). Note also that the
QZS-based sensor is often much smaller than the vibrating
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platform and thus affects little on natural frequency, stiffness,
and damping properties of the original system.

From the aforementioned example and discussions, the
QZS-based sensor can help achieve excellent vibration control
performance with convenient, reliable, and effective absolute
displacement measurement. Importantly, the experiments done
previously in [39] show that the QZS system has very good
performance in vibration isolation, indicating the effectiveness
of the novel sensor system in practical application.

VII. CONCLUSION

This paper has proposed a simple and effective method for
measurement of the absolute motion of a moving platform for
vibration control and signal processing. A QZS-based sensor
system has thus been developed and demonstrated to this aim.
The QZS system, which is initially developed in the literature
for vibration suppression, is now proposed to act as a vibration
sensor which can be used to measure the absolute motion
approximately. The design and application of the QZS-based
vibration sensor is discussed by adjusting structural parame-
ters in order to achieve a stable and accurate sensor system,
considering potential problems. Different base excitations are
tested for the novel QZS-based sensor system, which vindicates
clearly the effectiveness and potential value of this method
in practical applications for different purposes. The example
given demonstrates a very practical and successful application
of the novel sensor system, showing its obvious advantages and
potential value in absolute motion measurement for vibration
control, filter design, system identification, etc. Further study
will focus on prototyping the novel sensor system and its
detailed application issue.
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