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A 3-D Quasi-Zero-Stiffness-Based Sensor System
for Absolute Motion Measurement and Application

in Active Vibration Control
Xiuting Sun, Xingjian Jing, Member, IEEE, Li Cheng, and Jian Xu

Abstract—A novel 3-D quasi-zero-stiffness (3DQZS) system is
proposed to construct a 3-D sensor system for absolute motion
measurement in vibration systems. The 3DQZS system is achieved
by employing a predeformed scissor-like structure. With mathe-
matical modeling and the harmonic balance method, the nonlinear
dynamic response of the 3-D sensor system is deeply analyzed.
It is shown that this novel 3DQZS-based sensor system is very
effective and reliable in 3-D absolute motion measurement in vi-
bration systems. A case study in active vibration control using the
proposed 3-D sensor indicates that much better vibration control
performance can be readily achieved compared with conventional
methods using a similar linear feedback controller. This novel sen-
sor system should provide an alternative or much better solution to
many vibration control problems in various engineering practices.

Index Terms—Active vibration control, nonlinear system, quasi-
zero stiffness (QZS), scissor-like structure (SLS), vibration sensor.

I. INTRODUCTION

IN VARIOUS engineering practices for system identifica-
tion [1]–[3], control [4]–[12], [31]–[33], and filter design

[13], [14], system state measurement or estimation has always
been a critical task because the control of vibration platforms
(e.g., vehicle suspension, instrument protection in ships or UAV,
etc.) usually requires accurate knowledge of full system states
with respect to a global coordinate system in active/semiactive
control for better vibration suppression performance [9]–[12].
Therefore, various mechatronic systems are introduced as sen-
sors for motion measurement [15]–[19]. For measurement of ab-
solute displacement or velocity, although some advanced mea-
surement technology could be applied such as inertial sensors
[15], radars or laser technology [16]–[19], etc., realistic issues
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related to accuracy, installation and/or development cost would
have to be considered. Accelerometers are often applied to mea-
sure absolute acceleration in a vibrating system. But absolute
motion of a system could not be accurately recovered from
acceleration signals. Although some existing algorithms (e.g.,
linear filters) could be used to estimate unmeasured states (e.g.,
displacement) from measured ones (e.g., acceleration), it would
induce problems to control systems such as time delay due to
computation cost. It is known that time delay could easily dete-
riorate the stability of a dynamic system and bring complexity
for analysis and design [20]–[23]. Even though for some cases
[24]–[26] in vibration absorbers, time delay could benefit vi-
bration suppression when absolute displacement can be used in
feedback control, the value of the time delay should be set in
certain critical ranges with the help of precise instruments such
as signal amplification and readout devices.

In order to conveniently and accurately measure absolute mo-
tion for vibration control of vibration systems such as vehicle
suspension systems or instrument protection in ships or UAV,
etc., a novel three-direction sensor (3DS) system is proposed in
this study. The sensor is designed by employing a novel 3-D
quasi-zero-stiffness (3DQZS) vibration isolation system. The
latter can achieve excellent passive nonlinear vibration isola-
tion using a predeformed scissor-like structure, and this scissor-
like structure was shown to be an excellent quasi-zero-stiffness
(QZS) system recently in [27]. Different from existing QZS vi-
bration isolators in [28]–[30] effective only for one-direction
(typically composed by two horizontal precompression springs
and a vertical spring), the proposed 3DQZS system is con-
structed by two horizontal scissor-like structures (SLSs) with
predeformation and vertical springs, which can realize QZS
property in three directions. Because of this remarkable advan-
tage of the 3DQZS system, the relative motion between the
3DQZS system and the base structure can be sufficiently close
to the absolute motion of the base structure. Moreover, the stiff-
ness characteristics and geometric parameters of the 3DQZS
system can be easily designed and adjusted so as to greatly in-
crease measurement accuracy in three directions. The proposed
3-D sensor is easy to design and implement in practice and some
problems as mentioned above (e.g., time delay, high cost) could
be reasonably avoided. Besides theoretical analysis, a case study
in active vibration control using this novel sensor vindicates the
effectiveness.

The rest of the paper is organized as follows. The structure of
the novel 3-D sensor system is introduced in Section II which
is modeled through the Lagrange principle [34]. Then, relative
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Fig. 1. Structural diagram of (a) the proposed absolute motion sensor and
(b) its application to a vibration system.

motion is compared to absolute motion of the vibration mass
for different base excitations. A method for signal rectification
for accuracy improvement is discussed in Section IV. Section V
shows an application of the novel sensor in feedback control. A
conclusion is drawn thereafter.

II. THREE-DIMENSIONAL SENSOR SYSTEM AND ITS MODELING

A. Structure of the Sensor System

Fig. 1(a) is the proposed 3-D sensor which can be used to
measure absolute motion of a vibration system in three different
directions. In the structure of the 3-D sensor, M2 is a small mass
which includes the mass of two relative motion Sensors 1 and
2. The mass M2 is connected to two n-layer SLSs with springs
whose stiffness is k1 and original length is l10 . And two vertical
springs whose stiffness is k2 and original length is l20 .

Fig. 1(b) shows the structural diagram of the 3-D sensor used
in a vibration platform with mass M1 . The vibration platform
is supposed to be connected to the base with horizontal springs
whose linear stiffness is kxl and nonlinear stiffness kxn , verti-
cal springs whose linear stiffness is kyl and nonlinear stiffness
kyn , and two dampers with damping coefficients cx and cy . All
the structural parameters and their default values are listed in
Table I in the Appendix. Without loss of specialty, the base ex-
citations are supposed in horizontal direction zx(t) and vertical
direction zy (t). The absolute vibration displacements of mass
M1 are denoted by x1(t) and y1(t), respectively. Similarly, the
absolute vibration displacements of the mass M2 are denoted
by x2(t) and y2(t). Sensors 1 and 2 are the two relative mo-
tion sensors whose signals obtained are the relative motions
(displacement/velocity) between the mass M2 and M1 for two
directions. The variables of the system in Fig. 1 are listed in
Table II in the Appendix.

B. Geometrical Relations

In order to model this dynamic system to obtain relative and
absolute motion, the geometrical relations and deformations of
each spring and component in the system should be analyzed.
Fig. 2 is the right-side SLS in the 3-D sensor.

Fig. 2 shows the deformation of the right-side SLS in the
3-D sensor. After deformation, the length of the spring in the

Fig. 2. Deformations of springs and SLSs in the 3-D sensor in vibration.

Fig. 3. Deformation of one layer in the right SLS in the sensor.

right-side SLS is defined as lr and the length of the spring in
the left-side SLS is defined as ll . The deformation of the upper
vertical spring in the 3-D sensor is defined as lu , and the lower
vertical spring is ld . Fig. 3 is the geometrical relation of one
layer in the right-side SLS in vibration.

As shown in Fig. 3, the deformation of the right-side spring
lr can be obtained from the corresponding geometrical relation.
Similar to the deformation lr , the deformation of the spring in
the left-side SLS in the sensor ll also can be obtained from the
geometrical relation, and the values of the deformations ll and
lr of the two springs are as follows:

ll = 2

√
l2 − (2nl sin θ + x2 − x1)2 + (y2 − y1)2

4n2 (1)

lr = 2

√
l2 − (2nl sin θ − x2 + x1)2 + (y2 − y1)2

4n2 (2)

and similar to the left- and right-SLSs in the sensor, the defor-
mations of the upper and lower springs are defined as lu and ld ,
which are given by

lu =
√

(l20 − y2 + y1)2 + (x2 − x1)2 (3)

ld =
√

(l20 + y2 − y1)2 + (x2 − x1)2 . (4)

Then, the dynamic equation of the system in Fig. 1(b) can
be obtained by Langrage principle, which is derived in the next
section.

C. Modeling

The absolute motions x1 , y1 , x2 and y2 of mass M1 and M2
are chosen as the generalized coordinates. The kinetic energy T



256 IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 20, NO. 1, FEBRUARY 2015

of the system is

T =
1
2
M1 ẋ

2
1 +

1
2
M1 ẏ

2
1 +

1
2
M2 ẋ

2
2 +

1
2
M2 ẏ

2
2 . (5)

Potential energy V is expressed as

V =
1
2
kyl(y1 − zy )2 +

1
4
kyn (y1 − zy )4 + kxl(x1 − zx)2

+
1
2
kxn (x1 − zx)4 +

1
2
k1(ll − l10)2 +

1
2
k1(lr − l10)2

+
1
2
k2(ld − l20)2 +

1
2
k2(lu − l20)2 (6)

where it has l10 + λs = 2l cos θ because of the geometric con-
dition before deformation in SLSs. The Lagrange principle [34]
of the two-direction vibration in the system of Fig. 1(b) is⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d

dt

(
∂L

∂ẋ1
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+
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(7)

where L in the Langrage equation is given by L = T − V ; Qx1 ,
Qy1 , Qx2 , and Qy2 are the generalized forces in the four coor-
dinates which reflects the effect of linear dampers. Therefore,
the dynamic equations of the four generalized coordinates are
as follows:

M1 ¨̂x1 + 2kxl x̂1 + 2kxn x̂3
1 + k1

(
λs sec3 θ

ln2 − 2 tan2 θ

n2

)
x̂2

+ 2cx
˙̂x1+

[
2k2

l220
− k1 (2l cos θ − λs) (2 − cos 2θ) sec5 θ

8l3n4

]
x̂2 ŷ

2
2

+
[
k1 sec6 θ

(
3 − 2 cos 2θ

4l2n4

) (
λs sec θ − 2l

2l

)
− k2

l220

]
x̂3

2

= −M1 z̈x (8)

M1 ¨̂y1 + kyl ŷ1 + kyn ŷ3
1 +

(
k1λs sec θ

ln2 − 2k2

)
ŷ2

+ cy
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l220
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2 ŷ2

+
k1 sec2 θ

4l2n4

(
λs sec θ

2l
− 1

)
ŷ3

2 = −M1 z̈y (9)

M2(¨̂x1 + ¨̂x2) + k1

(
2 tan2 θ

n2 − λs sec3 θ

ln2

)
x̂2

+
[
−2k2

l220
+

k1(2l cos θ − λs)(2 − cos 2θ) sec5 θ

8l3n4

]
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2
2

+
[

k2

l220
− k1 sec6 θ

(
3 − 2 cos 2θ

4l2n4

) (
λs sec θ

2l
− 1

)]
x̂3

2

= −M2 z̈x (10)

M2(¨̂y1 + ¨̂y2) +
(

2k2 −
k1λs sec θ

ln2

)
ŷ2

+
[
k1(2l cos θ − λs)(2 − cos 2θ) sec5 θ

8l3n4 − 2k2

l220
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2l
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ŷ3

2 = −M2 z̈y (11)

where x̂1 , ŷ1 , x̂2 , ŷ2 are the relative motions which are expressed
as x̂ = x̂1 − zx , ŷ1 = y1 − zy , x̂2 = x2 − x1 , ŷ2 = y2 − y1 ,
and zx = zx0 cos ωt and zy = zy0 cos ωt for harmonic base ex-
citation. Introducing the dimensionless transform, the dimen-
sionless parameters of the system are chosen as

ω0 =
√

kxl

M1
, t′ = ω0t, γx =

kxn

kxl
, ξx =

cx

2
√

M1kxl

,

ωy =
√
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, ξy =
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2
√

M1kxl

, γ1 =
k1
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,

γ2 =
k2
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, μ =
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M2
, Ω =

ω

ω0
. (12)

The default values of the dimensionless parameters are listed
in Table III in the Appendix. Then, the dimensionless dynamic
equation of the system is given by

x̂′′
1 + 2x̂1 + 2γxx̂3

1 + γ1

(
λs sec3 θ

ln2 − 2 tan2 θ

n2

)
x̂2 + 4ξxx̂′

1

+
[
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2l
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)
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]
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2
2
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ŷ′′
1 + ŷ′′

2 + μ
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ln2
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+ μ

[
γ1 (2l cos θ − λs) (2 − cos 2θ) sec5 θ

8l3n4 − 2γ2

l220

]
x̂2

2 ŷ2
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μγ1 sec2 θ
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where (·)′′ = d2(·)/dt′
2
, d2 (·)

dt ′2 , (·)′ = d(·)/dt′ d(·)
dt ′ , and z′′x =

−Ω2zx0 cos Ωt′, z′′y = −Ω2zy0 cos Ωt′ for harmonic base ex-
citation.

III. DYNAMIC RESPONSE OF THE SENSOR SYSTEM

A. Selection of Structural Parameters

The signals measured by Sensors 1 and 2 are defined, respec-
tively, as

g1 (x̂2) = x̂2 = x2 − x1 (17)

g2 (ŷ2) = ŷ2 = y2 − y1 . (18)

From (17) and (18), the signals measured by Sensors 1 and 2
are linear functions of x̂2 which is the relative motion from M2
to M1 . Because the 3-D sensor can achieve 3DQZS property
when the amplitude of x2 is close to zero, the signals measured
by Sensors 1 and 2 are as g1 ≈ −x1 and g2 ≈ −y1 , respectively.
Then, the signals measured for different directions can describe
the absolute motion of M1 .

As the signals measured by Sensors 1 and 2 are expected
to represent the absolute motion of M1 , the smaller amplitude
of x2 leads to more accuracy of the measured signals to the
absolute motion. From the dimensionless dynamic equations in
(15) and (16) for mass M2 , the equivalent dimensionless linear
stiffness for M2 in x- and y-directions are given by

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Kx = μγ1

(
2 tan2 θ

n2 − λs sec3 θ

ln2

)

Ky = μ

(
2γ2 −

γ1λs sec θ

ln2

)
.

(19)

As the values of Kx and Ky are close to zero, the 3DQZS
property can be obtained. The parameters in (19) contain stiff-
ness of springs γ1 , γ2 , structural parameters of SLSs l, n, θ and
the predeformation of the springs in SLSs λs . The structural
parameters λs and θ can be adjusted more easily than γ1 , γ2 , l,
and n. To achieve Kx = Ky = 0, the value of λs and θ can be
chosen as

⎧⎪⎪⎨
⎪⎪⎩

λs =
2l tan2 θ

sec3 θ

θ = arcsin
(
n
√

γ2
γ1

)
= arcsin

(
n
√

k2
k1

)
.

(20)

With the values of equivalent stiffness Kx and Ky close to
zero, the signals measured can precisely describe the absolute
motion of M1 in a large frequency domain.

Fig. 4. Comparisons of amplitudes between absolute motion −x1 , −y1 and
relative motion x̂2 , ŷ2 , of the 3-D sensor for periodic excitation. Plots (a) and
(b) are comparisons in x-direction (x-D), and (c) and (d) are comparisons in
y-direction (y-D).

B. Periodic Excitation

From the dimensionless dynamic equations (13)–(16), it is
obvious that the stiffness and damping properties are nonlinear
functions of motion and velocity, and the natural frequencies
(17) of the horizontal and vertical vibrations are dependent on
the structural parameters of the system. The harmonic balance
method is utilized to solve the motions in two-dimensional vi-
brations. The solutions of x̂1 , ŷ1 , x̂2 , and ŷ2 are denoted as⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x̂1 (t′) = ax1 cos (Ωt′ + φx1)

ŷ1 (t′) = by1 cos (Ωt′ + φy1)

x̂2 (t′) = ax2 cos (Ωt′ + φx2)

ŷ2 (t′) = by2 cos (Ωt′ + φy2)

(21)

where ax1 , by1 , ax2 , and by2 are the amplitudes of the first
harmonic vibrations of the system; φx1 , φy1 , φx2 , and φy2 are
the phases. The amplitude of x-direction excitation is zx0 and
y-direction excitation is zy0 .

For the values of structural parameters shown in Table I, as
k1 = 300 N·m−1, k2 = 100 N·m−1, n = 1, l = 0.2 m for the
SLSs in the proposed 3-D sensor, the equivalent linear stiffness
Kx and Ky of the sensor are zero as λs = 0.109 m and θ =
0.6155 rad. The amplitudes and phases of relative motions can
also be obtained by the harmonic balance method. Comparisons
of the amplitudes and phases between the signals measured by
the 3-D sensor, x̂2 , ŷ2 and the absolute motion −x1 , −y1 of
mass M1 are shown in Figs. 4 and 5.

From Fig. 4, it can be seen that in a wide frequency range,
the difference of the relative motion of M1 with respect to
M2 and the absolute motion of M1 is very small. Because the
accuracy between the measured signals and the absolute mo-
tions is dependent on the vibration isolation effectiveness of the
structures within the sensor system, the response of M2 is the
difference between the measured signals of the proposed sensor
and the absolute motions. Figs. 4 and 5 show that in the natural



258 IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 20, NO. 1, FEBRUARY 2015

Fig. 5. Phases of absolute motion −x1 , −y1 and relative motion, x̂2 ŷ2 . Plot
(a) is in x-direction and (b) is in y-direction.

Fig. 6. Relative motion x̂2 , ŷ2 (lines) and absolute motion −x1 , −y1 (dashed
lines) for multiperiodic excitation in (a) x-direction and (b) in y-direction; plot
(c) is the difference between x̂2 and −x1 , and (d) is the difference between ŷ2
and −y1 .

frequency and ultralow frequency domain, there is error be-
tween the relative motion and absolute motion. And around the
natural frequency of M1 , the vibration of mass M2 is excited
by x1 whose amplitude is large, thus the vibration amplitude of
x2 cannot reach zero. Although the equivalent linear stiffness
of the proposed sensor is set to zero, the nonlinearity cannot be
ignored which induces the offset of resonance peak from zero
to the right side of the response of M2 . Thus, for the range of
ultralow frequency domain, the vibration of mass M2 is around
resonance peak which results in the error between the relative
motion and the absolute motion. Also, from Fig. 5, it can be
seen that the phase of the relative motion is very close to the
absolute motion.

Therefore, it can be summarized that through choosing appro-
priate structural parameters in the proposed 3-D sensor, under
harmonic excitation, the relative motion in x-and y-direction
measured by Sensors 1 and 2 can reflect the absolute motion of
the mass M1 in a wide frequency range.

C. Multiperiodic Excitation

Fig. 6 is the comparison of the absolute motion and the
relative motion of M1 for multiperiodic excitation zx(t)
and zy (t) which are for example zx(t) = 0.01cos(1.1t) +
0.005cos(1.6t) + 0.008cos(3t) and zy (t) = 0.012cos(1.1t) +
0.007cos(1.6t) + 0.006cos(3t). Similar conclusions can be

Fig. 7. Time series diagram of random base excitation. Plot (a) is zx (t) and
(b) is zy (t).

Fig. 8. Relative motion, x̂2 , ŷ2 (lines) and absolute motion−x1 ,−y1 (dashed
lines) for random excitation in (a) x-direction and (b) in y-direction. Plot (c)
is the difference between x̂2 and −x1 , and (d) is the difference between ŷ2
and −y1 .

drawn for other multiperiodic excitation. The structural param-
eters in the system are chosen as Table I. Fig. 6 clearly shows
that the magnitudes of the amplitude in x- and y-direction are
in the order of 0.2 while the magnitudes of the difference are
less than 0.01. Therefore, the relative motions measured by the
3-D sensor can also describe the absolute motion of M1 for
multiperiodic base excitation because of the excellent isolation
effectiveness by using the SLSs.

D. Random Excitation

Fig. 7 is the random excitation zx(t) and zy (t), and Fig. 8 is
the comparison of the absolute motion −x1 and −y1 of M1 and
its relative motion x̂2 and ŷ2 .The structural parameters in the
system are still chosen as Table I.

From Fig. 8, it can be seen that the absolute motion of M1
is very close to the relative motion between M2 and M1 . For
x-direction, the amplitude of the response of the vibration object
is about 0.02 while the maximum difference between x̂ 2−x1 is
only about 0.002, and for y-direction, the response is about 0.01
and the difference is less than 0.001. This is exactly consistent
with the conclusions made for other types of excitations above.
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E. Signal Rectification for High Accuracy

As the results already shown, there are some errors between
the relative motion (measured) and the absolute motion of M1
which are induced by the vibration of M2 . For periodic exci-
tation, the relative motion signals measured can be rectified to
approach the absolute motion of M1 based on the analysis of
displacement transmissibility from M1 to M2 . As the displace-
ment transmissibility in x-direction is Tx and y-direction is Ty ,
which are given by⎧⎪⎪⎪⎨

⎪⎪⎪⎩

Tx =
‖x2‖
‖x1‖

=
‖x̂2 + x̂1 + zx‖

‖x̂1 + zx‖

Ty =
‖y2‖
‖y1‖

=
‖ŷ2 + ŷ1 + zy‖

‖ŷ1 + zy‖
.

(22)

For harmonic excitation, substituting the expressions of solu-
tions and excitations zx and zy into (14), it is obtained that Tx

and Ty can be described as

Tx

=

√
1 +

a2
x2 + 2ax1ax2 cos (φx1 − φx2) + 2ax2zx0 cos φx2

a2
x1 + 2ax1zx0 cos φx1 + z2

x0

(23)

Ty

=

√
1 +

a2
y2 + 2ay1ay2 cos (φy1 − φy2) + 2ay2zy0 cos φy2

a2
y1 + 2ay1zy0 cos φy1 + z2

y0
.

(24)

The signal measured by Sensors 1 and 2 are as g1(x̂2) = x̂2 =
x2 − x1 and g2(ŷ2) = ŷ2 = y2 − y1 . Because of the displace-
ment transmissibility from M1 to M2 can be obtained by (17)
and (18), the amplitude of the relative motion signals measured
can thus be corrected to approach the amplitude of the absolute
motion of M1 . The amplitude of the signals measured can be
expressed as

‖g1 (x̂2)‖ = ‖x̂2‖ =
√

‖x2 − x1‖2 = |1 + Tx | ‖x1‖ (25)

‖g2 (ŷ2)‖ = ‖ŷ2‖ =
√

‖y2 − y1‖2 = |1 + Ty | ‖y1‖ . (26)

Therefore, the corrected amplitudes of the absolute motion of
M1 are ⎧⎪⎪⎪⎨

⎪⎪⎪⎩

‖x1‖ =
‖g1 (x̂2)‖
|1 + Tx |

=
‖x̂2‖

|1 + Tx |

‖y1‖ =
‖g2 (ŷ2)‖
|1 + Ty |

=
‖ŷ2‖

|1 + Ty |
.

(27)

In the effective isolation frequency range of the 3DQZS sys-
tem, both Tx and Ty are near to zero in (27), and thus the ampli-
tude of the absolute motion of M1 can be precisely obtained by
(17). For the equivalent stiffness of the proposed sensor struc-
ture is close to zero in different vibration directions and the
natural frequency is close to zero, the effective isolation fre-
quency range of the 3DQZS is very large. Therefore, in a wide
frequency range, the relative signal measured by Sensors 1 and
2 can be very close to the absolute motion of M1 .

Fig. 9. Comparison among the absolute motion −x1 , −y1 , relative motion,
x̂2 , ŷ2 , and corrected absolute motion via (27) for harmonic excitation. Plot (a)
is the comparison in x-direction and (b) in y-direction.

At the resonance peak, the relative motions around natural
frequency are not so close to the absolute ones, the rectification
calculation (27) can be used at the natural frequency. Moreover,
for example, if the structural parameters take k1 = 300 N·m−1,
k2 = 100 N·m−1, n = 1, l = 0.2 m, λs = 0.1 m and θ = 0.6
rad in SLSs, the zero-stiffness conditions Kx = 0 and Ky = 0
cannot be satisfied. In this case, the relative motions measured
may have some deviation from the absolute motions of M1 .
However, with the rectification method proposed in (27), the
amplitudes of the relative motions measured are sufficiently
close to the absolute motions of M1 which is shown in Fig. 9.
For the harmonic input, the difference between the measured
signals and the absolute motions can be eliminated because Tx

and Ty can be known or computed accurately at each frequency.

IV. APPLICATION IN ACTIVE VIBRATION CONTROL

WITH A SIMPLE LINEAR FEEDBACK

The proposed 3-D sensor can be used to provide absolute mo-
tion states of a system in feedback vibration control. An example
can be seen in Fig. 10(a), where the measured velocity signals
are used in the feedback for damping control. In order to show
the advantage and effectiveness of the 3-D sensor, Fig. 10(b)
is the vibration system without the 3-D sensor system, where
the corresponding relative velocity signals (with respect to the
base) are used instead.

As shown in Fig. 10(a), the control signals u1x and u1y are
the linear functions of the relative velocity signals which can be
expressed as

u1x = α1 x̂
′
2 (28)

u1y = α2 ŷ
′
2 (29)

where α1 and α2 are the dimensionless feedback control
strength. According to the modeling analysis above, the
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Fig. 10. Structural diagram of the vibration system in two directions with
linear feedback control. Plot (a) is with the 3-D sensor and (b) is without the
3-D sensor.

dimensionless dynamic equation of the vibration system is as

x̂′′
1 + 2x̂1 + 2γxx̂3

1 + γ1

(
λs sec3 θ

ln2 − 2 tan2 θ

n2

)
x̂2 + 4ξxx̂′

1

+
[
γ1 sec6 θ

(
3 − 2 cos 2θ

4l2n4

)(
λs sec θ

2l
− 1

)
− γ2

l220

]
x̂3

2

+
[
2γ2

l220
− γ1 (2l cos θ − λs) (2 − cos 2θ) sec5 θ

8l3n4

]
x̂2 ŷ

2
2

= u1x − z′′x = α1 x̂
′
2 − z′′x (30)

ŷ′′
1 + ω2

y ŷ1 + γy ŷ3
1 +

(
γ1λs sec θ

ln2 − 2γ2

)
ŷ2

+
[
2γ2

l220
− γ1 (2l cos θ − λs) (2 − cos 2θ) sec5 θ

8l3n4

]
x̂2

2 ŷ2

+ 2ξy ŷ′
1 +

γ1 sec2 θ

4l2n4

(
λs sec θ

2l
− 1

)
ŷ3

2 = u1y − z′′y

= α2 ŷ
′
2 − z′′y . (31)

For harmonic excitation of the base, the displacement trans-
missibility in the two directions can be defined as

Tvx = ‖x1‖/‖zx‖ (32)

Tvy = ‖y1‖/‖zy‖. (33)

The results with the 3-D sensor are shown in Fig. 11.
Fig. 11 reveals that increasing the feedback control strength

can reduce the vibration response of the mass M1 in the two di-
rections both in low- and high-frequency range; the signals mea-
sured by the 3-D sensor are actually the absolute motion/velocity
of the vibrating mass.

Fig. 11. Displacement transmissibility of M1 by feedback control signals
from the 3DS. Plot (a) is Tv x and (b) is Tv y .

Fig. 12. Displacement transmissibility of M1 by relative velocity control
signal. Plot (a) is Tv x and (b) is Tv y .

Similarly, in Fig. 10(b), the feedback control signals u2x and
u2y in the two directions are the linear functions of the relative
velocity of M1 with respect to the base which are

u2x = β1 x̂
′
1 (34)

u2y = β2 ŷ
′
1 . (35)

Then, the dimensionless dynamic equation of the vibration
object with feedback control in Fig. 10(b) is given as

x̂′′
1 + 2x̂1 + 2γxx̂3

1 + 4ξxx̂′
1 = u2x − z′′x = β1 x̂

′
1 − z′′x (36)

ŷ′′
1 + ω2

y ŷ1 + γy ŷ3
1 + 2ξy ŷ′

1 = u2y − z′′y = β2 ŷ
′
1 − z′′y . (37)



SUN et al.: 3DQZS-BASED SENSOR SYSTEM FOR ABSOLUTE MOTION MEASUREMENT AND APPLICATION IN ACTIVE VIBRATION CONTROL 261

The results with the relative velocity feedback control (i.e.,
without the 3-D sensor) are shown in Fig. 12.

From Fig. 12, it can be seen that using the relative velocity
between the vibrations of mass M1 and the base can reduce the
resonant peak while it increases the vibration response in high-
frequency range. Obviously, the proposed 3-D sensor provides
an effective way to measure absolute motion states for feed-
back control which would definitely benefit various engineering
practices.

V. CONCLUSION

This study proposes a novel 3-D sensor which can obtain ab-
solute motion states of a vibration system subjected to different
types of base excitations. By employing horizontally prede-
formed SLSs, the 3-D sensor system has QZS in three di-
rections. This provides relatively a fixed point in a vibration
system, which can thus be utilized for absolute motion mea-
surement for different purposes in various engineering practices
(robust control, vibration control, filter design, signal process-
ing, etc.). Because the structural parameters in the sensor system
can be easily adjusted to ensure the QZS property, the sensor
system with SLSs has excellent vibration isolation effect in a
large frequency range. This results in the vibration of the sensor
mass much smaller than the sensor platform. Thus, the mea-
sured signals (relative motion) can be used to represent absolute
motions with sufficient accuracy by adjusting the structure pa-
rameters. Both theoretical analysis and simulation or example
studies demonstrate clearly the effectiveness of this novel sen-
sor system for different vibration sources including periodic and
random excitations.

Further study will focus on a practical experimental valida-
tion and prototyping of the proposed 3-D sensor system and its
applications.

APPENDIX

TABLE I
STRUCTURAL PARAMETERS OF THE SYSTEM WITH DEFAULT VALUES

Symbol Structural parameters Unit Default values

M 1 Mass of vibration object kg 2
M 2 Mass in 3-D sensor kg 0.2
kx l Linear stiffness of horizontal springs N·m−1 2000
kx n Nonlinear stiffness of horizontal springs N·m−3 10 000
ky l Linear stiffness of vertical spring N·m−1 2000
ky n Nonlinear stiffness of vertical spring N·m−3 10 000
cx Damping coefficient in horizontal direction N·s·m−1 3
cy Damping coefficient in vertical direction N·s·m−1 5
k1 Stiffness of spring in SLS N·m−1 300
l1 0 Original length of springs in SLSs m
k2 Vertical spring stiffness N·m−1 100
l2 0 Original length of vertical spring in 3-D sensor m 0.5
N Number of layer of SLS 1
L Length of rod in SLS m 0.2
θ Assembly angle of rod rad 0.6155
λs Predeformation of horizontal spring m 0.109

TABLE II
BASE EXCITATIONS, ABSOLUTE MOTIONS, AND RELATIVE

MOTIONS OF THE VIBRATION SYSTEM IN FIG. 1

Symbol Structural parameters Unit

x1 Horizontal absolute displacement of M 1 m
y1 Vertical absolute displacement of M 1 m
x2 Horizontal absolute displacement of M 2 m
y2 Vertical absolute displacement of M 2 m
x̂1 Horizontal relative displacement of M 1 to base m
ŷ1 Vertical relative displacement of M 1 to base m
x̂2 Horizontal relative displacement of M 2 to M 1 m
ŷ2 Vertical relative displacement of M 2 to M 1 m
zx Horizontal base excitation m
zy Vertical base excitation m
ω Frequency of harmonic excitation rad·s−1

zx 0 Amplitude of horizontal excitation zx m
zy 0 Amplitude of vertical excitation zy m

TABLE III
EXPRESSIONS AND VALUES OF DIMENSIONLESS PARAMETERS IN (8)–(11)

Symbol Expressions Values

ωy

√
k y l
k x l

1

γx
k x n
k x l

5

γy
k y n
k x l

5

ξx
c x

2
√

M 1 k x l
0.0237

ξy
c y

2
√

M 1 k x l
0.0395

γ1
k 1
k x l

0.15

γ2
k 2
k x l

0.05

μ
M 1
M 2

10

Ω ω
ω 0

ω√
1 0 0 0
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