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Abstract

This paper addresses the problem of identification of damage locations for plate-like structures using strain mode

technique. Based on the Rayleigh–Ritz approach, the strain modal analysis of a damaged plate is performed and strain

mode shapes are consequently obtained. In light of the continuity condition and the residual strain mode shape

technique, two novel damage sensitive parameters are proposed to determine the locations of damage, and corre-

sponding damage indices are constructed. Compared with the conventional indices, they are simple and intuitive, and

easy to be used in practice. Numerical simulations and experiments are carried out. Results show a good consistency

and a strong identification capability of the proposed indices.

� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

An important topic in mechanical, aeronautic and

structural engineering application is the detection of

damage occurring in structures, which affects structural

safety, reliability and operational life [1–3]. Usually,

damage detection includes the determination of the ex-

istence of damage, the location identification and the

severity estimation. Among these three stages, the iden-

tification of damage locations is the foundation of

damage repair and control, which has received consid-

erable attention and leads to a rapid development of

many techniques in recent years [4–7].

Damage index approach by constructing indices from

various modal parameters, as one of the most effective

methods for damage location identification, has been

extensively adopted [8–11]. Ahmadian et al. formulated

two damage location indicators from the condition

number using substructure mode shapes [8]. Cornwell

et al. defined the damage index using the strain energy

approach, in which the information of mode shapes of

the structure before and after damage are required [9].

Dems and Mroz proposed that the frequency variation

can be adopted in assessing the location and magnitude

of damage by introducing the damage indices [10]. These

indices have shown to be very reliable for location as-

sessment. The existing problem is that the establishment

of some indices, for example, indices from the condition

number, requires a complicated computation, and is

difficult to be realized in many practical applications.

Moreover, some indices, such as the index from the

change in natural frequency, are insensitive to incipient

damage in the structure. In view of this, some simple and
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effective indices need to be developed with the help of

proper selection of damage sensitive parameters.

As is known, strain (or curvature) mode shape is a

sensitive parameter to damage because of its local be-

haviour [12,13], and has been utilized to locate damage

sites in beams or frame structures [14–17]. When it is

used to identify damage in complex structural systems,

such as the plate-like structures, some issues will be of

great interest, e.g., the establishment of an intuitive and

effective damage sensitive index, the achievement of an

accurate strain mode shape, and etc. Cornwell et al.

detected damage locations in plate-like structures based

on the changes in strain energy, which is related to the

change in the curvature of mode shapes [9]. Swamidas

and Chen discovered qualitatively that the difference of

the strain mode shape is a sensitive parameter to damage

[18]. However, there is no existing report on systematical

and quantitative analysis concerning the selection of

damage sensitive parameters, the construction of dam-

age index and the description of the strain mode shape.

The aim of this paper is to investigate these problems

in detail. The outline of this paper is as follows. In

Section 2, the strain modal analysis of the damaged plate

is performed, and the strain mode shape used for the

construction of damage index is derived using the Ray-

leigh–Ritz approach. In Section 3, with the help of the

continuity condition and the residual strain mode shape

technique, two novel indices––the bending moment

index �bbr;xðx; yÞ and the residual strain mode shape index
D�eer;xðx; yÞ, are proposed to locate damage sites in plate-
like structures. In Section 4, numerical simulations of a

simply supported plate with different number and loca-

tions of damage are performed. Experimental verifica-

tions are carried out in Section 5, showing a good

agreement with the theoretical analysis. Finally, con-

clusions are drawn.

2. Strain modal analysis of damaged plates

Since the achievement of an accurate strain mode

shape is the foundation for the construction of damage

indices using strain mode technique, the strain modal

analysis of a damaged plate is carried out in this section.

To analytically investigate the change in strain mode

shapes at the damage site, vibration analysis of a dam-

aged plate is first investigated. Usually, different kinds of

damage, such as crack and corrosion cause a local

stiffness reduction so as to affect the structural behav-

iour. In this paper, this type of damage is simulated by a

defective area of the plate with a reduced thickness.

2.1. Vibration analysis of damaged plates

Consider the free vibration of a rectangular

plate ða� b� hÞ with damage locating at the defective

area Sd (Sd ¼ ½x1x2� � ½y1y2�) (Fig. 1(a)). In view of
the continuity conditions of the bending momentMxðx; yÞ
and the transverse shearing force Vxðx; yÞ at the inter-
face between the non-defective and defective regions, we

have

Mþ
x ðx; yÞ

��
x¼xþ
1

x¼xþ
2

¼ M�
x ðx; yÞ

��x¼x�
1

x¼x�
2

; ð1aÞ

V þ
x ðx; yÞ

��
x¼xþ
1

x¼xþ
2

¼ V �
x ðx; yÞ

��x¼x�
1

x¼x�
2

; ð1bÞ

where

Mxðx; yÞ ¼ �Dðx; yÞ o2W ðx; yÞ
ox2

�
þ m

o2W ðx; yÞ
oy2

�
; ð2aÞ

Vxðx; yÞ ¼ �Dðx; yÞ o

ox
o2W ðx; yÞ

ox2

�
þ o2W ðx; yÞ

oy2

�
; ð2bÞ

where Dðx; yÞ is the variable flexural rigidity, which can
be obtained by defining the general location function

vcðx; yÞ as

vcðx; yÞ ¼
1; ðx; yÞ 6
Sd;
1� hc

h ; ðx; yÞ 
 Sd;

�
ð3Þ

i.e.,

Dðx; yÞ ¼ D0v3r ðx; yÞ; D0 ¼
Eh3

12ð1� m2Þ ; ð4Þ

where E and m are the elastic modulus and the Poisson
ratio, respectively, hc is the depth of damage and
0 < hc=h < 1. In Eqs. (2a) and (2b), W ðx; yÞ is the mode
shape function expressed by a series as [19]

W ðx; yÞ ¼
Xm
i¼1

Xn
j¼1

cijuiðxÞgjðyÞ; ð5Þ

where uiðxÞ and gjðyÞ are appropriate admissible func-
tions, cij are the unknown coefficients. In light of the
strain–displacement relationship, one can define the

‘‘strain mode shape’’ as the distribution of the in-plane

strain components at the top or bottom surface of the

plate according to the corresponding natural vibration

mode. For example, the strain mode shape in the x and y

directions can be expressed as

exðx; yÞ ¼ �hvrðx; yÞ
o2W ðx; yÞ

ox2
; ð6aÞ

eyðx; yÞ ¼ �hvrðx; yÞ
o2W ðx; yÞ

oy2
: ð6bÞ
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Combining Eqs. (1a)–(2b) and (6a) results in the fol-

lowing equation,

eþx ðx; yÞ
��
x¼xþ
1

x¼xþ
2

¼ 1ð � hc=hÞe�x ðx; yÞ
��x¼x�

1
x¼x�
2

: ð7Þ

It is clear that (discussion is focused on exðx; yÞ, similar
results can be obtained for eyðx; yÞ):

• For the intact case (hc=h ¼ 0), Dðx; yÞ is a constant
and eþx ðx; yÞ ¼ e�x ðx; yÞ. It implies that the curve sur-
face of exðx; yÞ is continuous and smooth.

• For the damaged case (0 < hc=h < 1), the sudden
change of h at the defective area leads to the appear-

ance of significant variations in exðx; yÞ, and with the
increase of hc, i.e., the exacerbation of damage, this
phenomenon tends to be significant.

Fig. 1. (a) The schematic diagram of a simply supported plate with damage occurring at Sd. (b) Four cases of damage locations.
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• Change in strain mode shape will be trivial outside
the defective area.

Apparently, this local characteristic of the strain

mode shape can be adopted to identify damage locations

in plate-like structures.

2.2. Derivation of strain mode shapes for the damaged

plate

According to Eqs. (6a) and (6b), the strain mode

shape can be obtained by taking partial derivative on the

corresponding W ðx; yÞ with respect to Cartesian coor-
dinates. Based on this fact, the determination of the

unknown coefficients cij in Eq. (5) is the essential step for
the achievement of an accurate strain mode shape. By

using the Rayleigh–Ritz method, cij can be obtained by
solving the minima of the energy function JðW Þ as

oJðW Þ
ocij

¼ o

ocij

Z a

0

Z b

0

Dðx; yÞ
2

o2W ðx; yÞ
ox2

�"(
þ o2W ðx; yÞ

oy2

�2

� 2ð1� mÞ o2W ðx; yÞ
ox2

o2W ðx; yÞ
oy2

 

� o2W ðx; yÞ
oxoy

� �2!#
dy dx

� x2

2

Z a

0

Z b

0

cvcðx; yÞW 2ðx; yÞdy dx
)

¼ 0; ð8Þ

where x and c are the modal frequency of the plate and
the mass of the plate per unit area, respectively. Eq. (8)

implies that the occurrence of damage in a plate-like

structure is regarded as the loss of energy, and the in-

fluence of damage on mode shape herein will be em-

bodied by cij through the variable Dðx; yÞ. Substituting
Eq. (5) into (8) and denoting that

Eðr;sÞ
ik ¼

R x1
0

druiðxÞ
dxr

dsuk ðxÞ
dxs dx; 06 x < x1;

ðh�hcÞ3
h3

R x2
x1

1
v3r ðx;yÞ

druiðxÞ
dxr

dsuk ðxÞ
dxs dx; x1 6 x6 x2;R a

x2
druiðxÞ
dxr

dsuk ðxÞ
dxs dx; x2 < x6 a;

i; k ¼ 1; . . . ;m;

8>>><
>>>:

ð9Þ

F ðr;sÞ
jl ¼

Z b

0

drgjðyÞ
dyr

dsglðyÞ
dys

dy; j; l ¼ 1; . . . ; n; ð10Þ

Gð0;0Þ
ik ¼

R x1
0

uiðxÞukðxÞdx; 06 x < x1;
1� hc

h

� � R x2
x1

1
vcðx;yÞ

uiðxÞukðxÞdx; x16 x6 x2;R a
x2

uiðxÞukðxÞdx; x2 < x6 a;

8><
>:

ð11Þ

mij;kl ¼ Gð0;0Þ
ik F ð0;0Þ

jl ; ð12Þ

kij;kl ¼ Eð2;2Þ
ik F ð0;0Þ

jl þ Eð0;0Þ
ik F ð2;2Þ

jl þ mðEð2;0Þ
ik F ð0;2Þ

jl þ Eð0;2Þ
ik F ð2;0Þ

jl Þ

þ 2ð1� mÞEð1;1Þ
ik F ð1;1Þ

jl ; ð13Þ

we have the following matrix expression,

k11;11 � k2m11;11 � � � kmn;11 � k2mmn;11

� � � � � � � � �
k11;mn � k2m11;mn � � � kmn;mn � k2mmn;mn

2
4

3
5 c11

..

.

cmn

8><
>:

9>=
>; ¼ 0;

ð14Þ

where k2 ¼ ðc=D0Þ1=2xa2 is the frequency parameter. It is
known that the characteristic equation resulting from

Eq. (14) has m� n roots, corresponding to m� n natural
frequencies and m� n mode shapes. Using one of these
m� n roots, called mode r, the corresponding cr;ij coef-
ficients are determined. Thereby, the rth strain mode

shape of the damaged plate can be derived. It should

also be pointed out that only relative values of cr;ij can
be determined. Thus, all quantities derived from them

ought to be appropriately scaled.

According to the Rayleigh–Ritz method, the assumed

strain function er;xðx; yÞ in Eqs. (6a) and (6b) (or dis-
placement function W ðx; yÞ in Eq. (5)) approaches the
exact solution as ðm; nÞ approach infinity under the
condition that the admissible functions uiðxÞ and gjðyÞ
satisfy [19,20]: (1) uiðxÞ and gjðyÞ are linearly indepen-
dent; (2) each of uiðxÞ and gjðyÞ forms a complete system
of functions, and (3) they satisfy the geometric boundary

conditions in the x and y directions, respectively. Con-

sider that the low-frequency modes can furnish adequate

information for damage location identification, the

number of terms should be selected properly so that a

high accuracy of results can be guaranteed within the

frequency range of interest. An effective way to select N

(N stands for a combination of m and n) is described as

follows:

Given a small threshold value d, if the tolerance D
(D is the maximal difference between er;xðx; yÞ with
N þ 1 and N terms in the series expansion among
the analyzed modes) converges to d, then N will
be chosen as the orders of the series in Eq. (5).

3. Sensitive indices for damage location identification

As has already been pointed out, the strain mode

shape is a sensitive parameter for locating damage sites

in plate-like structures. The construction of damage in-

dicators using the measured information of strain mode

shape is dealt with, and two novel damage sensitive in-

dices are presented in the following sections.
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3.1. Bending moment index

According to the continuity condition of the bending

moment (Eqs. (1a) and (2a)), for the rth vibration mode,

one has

eþr;xðx; yÞ
�

þ meþr;yðx; yÞ
����x¼xþ

1

x¼xþ
2

¼ 1ð � hc=hÞ e�r;xðx; yÞ
�

þ me�r;yðx; yÞ
����x¼x�

1
x¼x�
2

: ð15Þ

Define the bending moment parameter as

br;xðx; yÞ ¼ er;xðx; yÞ þ mer;yðx; yÞ; ð16Þ

it is evident that br;xðx; yÞ is sensitive to damage, and is
therefore adopted to construct the bending moment in-

dex as

�bbr;xðx; yÞ ¼
br;xðx; yÞ
�� ��

max br;xðx; yÞ
�� �� : ð17Þ

This is an intuitive way for locating damage sites

without requiring the measured information of the

strain mode shape of the intact case. An easy imple-

mentation of this method is to attach strain gauges to

some critical areas of the structure to measure the rela-

tive amplitudes of strains, which are directly related to

strain mode shapes.

When the bending moment index is used for damage

location identification, the problem considered is that

peaks appear not only at the defective area, but also at

those positions where the extreme amplitudes of modes

are found. In order to reduce the �neglect alarm� to a low
level, the following identification procedure is proposed:

Step 1. By using the vibration test, i.e., exciting the

analyzed structure with the rth natural frequency, the

relative amplitudes of strains at the measurement loca-

tions are recorded to form the bending moment index
�bbr;xðx; yÞ.
Step 2. Searching the locations (s1; . . . ; si; . . . ; sl) of

significant variations of �bbr;xðx; yÞ, and determining the
aggregation ðSpÞr of locations at peaks for the rth strain
mode. Then, checking whether si is not the element of
ðSpÞr, i.e., whether the condition si \ ðSpÞr ¼ ; is satis-
fied. If it is the case, no intersection between si and ðSpÞr
will be found. According to the local behaviour of the

parameter of bending moment, si must be the location of
damage; otherwise, it may be the peak of the rth mode.

Step 3. Re-exciting the structure with another fre-

quency to judge the nature of si, and repeating these
procedures till all potential damage locations are ana-

lyzed.

Next, the selection of parameter br;xðx; yÞ for the
construction of the damage index is investigated.

To analyze the sensitivity of parameters er;xðx; yÞ and

br;xðx; yÞ to damage sites, the degrees of changes in these
parameters at the interface between the non-defective

and defective areas are given by

aer ¼ 1�
eþr;xðx ¼ xþ; yÞ
e�r;xðx ¼ x�; yÞ ¼ hc=h ð18Þ

and

abr ¼ 1�
bþ
r;xðx ¼ xþ; yÞ

b�
r;xðx ¼ x�; yÞ ¼ hc=h: ð19Þ

A comparison between Eqs. (18) and (19) shows that

both br;xðx; yÞ and er;xðx; yÞ are sensitive parameters for
damage location identification. However, br;xðx; yÞ will
give stronger indication of damage location than that

given by er;xðx; yÞ, because the signal of the former is the
superposition of er;xðx; yÞ and er;yðx; yÞ (Eq. (16)), and is
thus stronger than the latter. For this reason, the

bending moment is more sensitive in detecting damage

than the strain mode shape, and it is therefore appro-

priate to select br;xðx; yÞ for the construction of the
damage sensitive index.

3.2. Residual strain mode shape index

The concept of the residue strain mode shape is from

the difference of the curvature of the same order mode

shape between the intact and damaged cases. In general,

it can be written in the form as

Der;xðx; yÞ ¼ er;xðx; yÞ � ðeuÞr;xðx; yÞ

¼
Xm
i¼1

Xn
j¼1

hvcðx; yÞ ðcuÞr;ij
h

� cr;ij
i
u00

i ðxÞgjðyÞ

¼ wðx; yÞ½ �fCrg; ð20Þ

where ðeuÞr;xðx; yÞ and ðcuÞr;ij are the correspondence of
er;xðx; yÞ and cr;ij for the intact case, and

wðx; yÞ½ � ¼ u00
1ðxÞg1ðyÞ; . . . ;u00

1ðxÞgnðyÞ; . . . ;
�

u00
mðxÞg1ðyÞ; . . . ;u00

mðxÞgnðyÞ
 
1�mn; ð21aÞ

fCrg ¼ hvcðx; yÞfcr;11 � ðcuÞr;11; . . . ; cr;1n � ðcuÞr;1n . . . ;
cr;m1 � ðcuÞr;m1; . . . ; cr;mn � ðcuÞr;mng

T
: ð21bÞ

Similar to the construction of the bending moment

index, the residual strain mode shape index can be de-

fined as

D�eer;xðx; yÞ ¼
Der;xðx; yÞ
�� ��

max Der;xðx; yÞ
�� �� : ð22Þ

Thus, damage locations in the plate-like structure will

be found from peaks of D�eer;xðx; yÞ. That is to say, they
will appear at those locations satisfying
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oDer;xðx; yÞ
ox

¼ 0 and
oDer;xðx; yÞ

oy
¼ 0: ð23Þ

Since the construction of the index D�eer;xðx; yÞ is based
on the subtraction approach, the influence of peaks

caused by modes on the identification result will be

eliminated. This is a simple way for damage location

identification from vibration test. The only deficiency is

that it requires the strain measurement of the intact

structure.

The above analysis is for the identification of dam-

age locations using the information of the rth mode.

In order to reveal the relationship between the identifi-

cation result and the selection of different modes, the

following derivation is presented.

Assume that the elements of wðx; yÞ½ � in Eq. (20) are
not equal to zero simultaneously, i.e., damage does not

locate at the nodal line. Then, the general expression of

fCrg can be given by

fCrg ¼ wðx; yÞ½ �þDer;xðx; yÞ; ð24Þ

where ½wðx; yÞ�þ ¼ ½wðx; yÞ�Tð½wðx; yÞ�½wðx; yÞ�TÞ�1 is the
pseudo-inverse of ½wðx; yÞ�.
Substituting Eqs. (20) and (24) into (23) yields

o wðx; yÞ½ �
ox

wðx; yÞ½ �þDer;xðx; yÞ ¼ 0;
o wðx; yÞ½ �

oy
wðx; yÞ½ �þDer;xðx; yÞ ¼ 0:

8><
>: ð25Þ

To investigate the number and location of peaks at

the defective area for different modes, the equivalent

equations of Eq. (25) for the i and jth modes are formed

to construct the objective function as

Y
:

o wðx; yÞ½ �
ox

wðx; yÞ½ �þ Dei;xðx; yÞ � ljDej;xðx; yÞ
� �

¼ 0;
o wðx; yÞ½ �

oy
wðx; yÞ½ �þ Dei;xðx; yÞ � ljDej;xðx; yÞ

� �
¼ 0;

8><
>:

ð26Þ

where lj is the weighting function. Since damage locates

away from the nodal line, the conditions

o wðx; yÞ½ �
ox

wðx; yÞ½ �þ 6¼ 0 and
o wðx; yÞ½ �

oy
wðx; yÞ½ �þ 6¼ 0

hold. In such case, the solution of Eq. (26) satisfies

Dei;xðx; yÞ � ljDej;xðx; yÞ ¼ 0. It shows implicitly that the
number and location of peaks are the same for different

modes. That is, they are independent of the selected

modal order for analysis.

In particular, when all the elements of wðx; yÞ½ � be-
come zero, wðx; yÞ½ �þ does not exist and it is untenable to
analyze the number and location of peaks using Eq. (26).

This case happens when damage locates at the nodal line

of the mode. Under this circumstance, for mode r, peaks

appear at those locations that make

o wðx; yÞ½ �
ox

fCrg
����
y 6¼yr

¼ 0 and
o wðx; yÞ½ �

oy
fCrg

����
x 6¼xr

¼ 0

ð27Þ

hold simultaneously, xr, yr being the nodal lines of mode
r if they exist. Obviously, the number and location of

peaks are variable for different modes.

One problem to be mentioned is the possible influ-

ences of uncertainties such as measurement noise and

parameter variation on damage location identification.

Similar issue has been discussed in Ref. [21], which

shows that the index constructed from curvature modes

is effective for damage location identification for systems

with small parameter variations. Since the two indices

proposed in this paper are in the same nature as the one

used in [21], one would expect a similar conclusion. In

addition, care should be taken during experiment, to

enhance the quality of the signals by using standard

techniques such as anti-aliasing, filter and ‘‘ensemble

averaging’’. Moreover, techniques such as wavelet-based

de-noising can also be used to refine rough data before

they are used for identification [22].

4. Simulation analyses

A Matlab program was developed to demonstrate

the strain modal analysis and the damage location

identification of a simply supported plate with dimen-

sion a� b� h ¼ 1� 1:5� 0:006 (non-dimensional) (Fig.
1(b)).

4.1. Strain modal analysis

Assume that the center of the defective area locates at

ð0:25a; 0:25bÞ with ac=a ¼ 0:1, bc=b ¼ 0:1 and hc=h ¼ 0:2
(Fig. 1(b), case 1). Let the threshold be d ¼ 5� 10�3 and
choose the trail functions as uiðxÞ ¼ sinðipx=aÞ and
gjðyÞ ¼ sinðjpy=bÞ. According to the analysis described
in Section 2 and after computer iterations, the tolerances

of er;xðx; yÞ (r ¼ 1; . . . ; 5) will converge to d if the orders
of series are selected as m ¼ n ¼ 18. The strain mode
shape of the damaged plate can be obtained thereby.

Fig. 2(a)–(d) shows plots of the normalized strain mode

shapes for modes (1,1) and (1,2) of the intact and

damaged cases, respectively. It can be found that when

damage occurs at the structure, there is a significant

variation at the defective area; and outside this area,

change in the strain mode shape is trivial. Obviously, the

strain mode shape is a parameter sensitive to local

damage.
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Fig. 2. The normalized strain mode shapes of the intact and damaged cases.

Fig. 3. Contours of constant level for parameters e11;xðx; yÞ and b11;xðx; yÞ with the Sd shown in Fig. 1(b), case 1.
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4.2. Sensitivity analysis of damage indices

4.2.1. Sensitivity of parameters er;xðx; yÞ and br;xðx; yÞ
The contours of constant level of parameters er;xðx; yÞ

and br;xðx; yÞ for mode (1,1) of the structure with damage
shown in case 1 of Fig. 1(b) are plotted in Fig. 3. It can be

seen that the maximal values of e11;xðx; yÞ and b11;xðx; yÞ at
the defective area (marked with the shadow in figures)

are 8 and 10, respectively. This observation is consistent

with previous description on the sensitivity analysis of

br;xðx; yÞ and er;xðx; yÞ, i.e., the index defined from the
bending moment can give stronger indication of damage

locations than that from the strain mode shape.

4.2.2. Sensitivity of damage location indices br;xðx; yÞ and
Der;xðx; yÞ
In order to investigate the identification capability of

the two proposed indices, the contour (or mesh) plots of

the bending moment index �bbr;xðx; yÞ and the residual
strain mode shape index D�eer;xðx; yÞ for damage occurring
at different locations in the structure are illustrated.

4.2.2.1. Case 1: damage locates away from the nodal line

of the structure. Fig. 4(a)–(d) shows the contours of the

bending moment index �bbr;xðx; yÞ and the residual strain
mode shape index D�eer;xðx; yÞ for modes (1,1) and (1,2)
with the defective area shown in case 1 of Fig. 1(b),

Fig. 4. The bending moment index �bbr;x and the residual strain mode shape index D�eer;x with the Sd shown in Fig. 1(b), case 1.
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respectively. From Fig. 4(a) and (b), it can be found that

the aggregations ofS and ðSpÞr for �bb11;xðx; yÞ and �bb12;xðx; yÞ
are S ¼ S11 [ S12 ¼ s1; s3; s4; s5f g, ðSpÞ11 ¼ fs5g and

ðSpÞ12 ¼ s3; s4f g. According to the identification using
the bending moment index, when si locates at the posi-
tion s1, the condition si \ ðSpÞ11 \ ðSpÞ12 ¼ ; is satisfied.
This means that s1 is the location of damage, while s5
and ðs3; s4Þ are the locations of peaks for modes (1,1)
and (1,2) only. In Fig. 4(c) and (d), the influence of

peaks caused by modes is vanished, and the maximum

of the residual strain mode shape appears at the defec-

tive area. It also can be seen that the number and lo-

cation of peaks are independent of the mode selected for

analysis, i.e., no matter which mode is selected for

analysis, the damage location can always be identified

accurately.

4.2.2.2. Case 2: damage locates at the nodal line of the

structure. In Fig. 5(a)–(d), the contours of �bbr;xðx; yÞ and
D�eer;xðx; yÞ for modes (1,1) and (1,2) with the defective
area shown in case 2 of Fig. 1(b) are plotted, respec-

tively. For the bending moment index, damage site lo-

cating at s2 is accurately identified from �bb11;xðx; yÞ. From
�bb12;xðx; yÞ, however, no peak is observed at s2, because s2
locates at the nodal line of that mode. This gives guid-

ance on damage detection during experimental tests,

i.e., more than one modes need to be measured to avoid

�neglected alarm� using the bending moment index. As to

Fig. 5. The bending moment index �bbr;x and the residual strain mode shape index D�eer;x with the Sd shown in Fig. 1(b), case 2.
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the residual strain mode shape index, change in mode

shapes at s2 is observed remarkably. Although the
number and locations of peaks are variable for different

modes, for example, three peaks for mode (1,1) and four

peaks for mode (1,2), they appear around s2 (Fig. 5(c)
and (d)). Thus, it is summarized that the proposed in-

dices are valid even if damage occurs at the nodal line of

the structure.

4.2.2.3. Case 3: damage locates at the center of the

structure. A special case to be discussed is for damage

locating at the center of the structure (s5). As is known,
for a given mode ði; jÞ, s5 will be the location of peak of
that mode when both ði; jÞ are odd; otherwise, s5 will be
the location of nodal line. In such case, the identification

capability of �bbr;xðx; yÞ and D�eer;xðx; yÞ on damage location
is of interest. In results presented hereafter, instead of

the damage indices (Eqs. (17) and (22)), the sensitive

parameters (Eqs. (9) and (20)) are used for the sake of

convenience. Fig. 6(a)–(d) shows the mesh plots of the

normalized br;xðx; yÞ and Der;xðx; yÞ for modes (1,2) and

(2,2) with the defective area shown in case 3 of Fig. 1(b),

respectively. No obvious peak is found at the defective

area from br;xðx; yÞ, while the variation is significant and
peaks are observed from Der;xðx; yÞ. Consequently, the
residual strain mode shape index is more sensitive to

location identification than the bending moment index

for damage locating at the center of the structure.

4.2.2.4. Case 4: multiple damage in the structure. Theo-

retically speaking, when more than one damage occur-

ring in the structure, the bending moment index and the

residual strain mode shape index should be effective for

damage detection because of the local characteristic of

strain mode. Fig. 7(a)–(d) plots the mesh of the nor-

malized br;xðx; yÞ and Der;xðx; yÞ for modes (1,2) and (2,2)
when the structure is subjected to two damage (Fig. 1(b),

case 4). Evidently, damage occurring at s1 and s6 are
accurately detected. This demonstrates the flexibility of

the adopted indices for multi-damage location identifi-

cation.

Fig. 6. The normalized bending moment br;x and the residual strain mode shape Der;x with the Sd shown in Fig. 1(b), case 3.
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5. Experimental verifications

Experimental tests using aluminum plates with free

boundary conditions were conducted. To create the free

boundary condition, the plates were suspended from a

stiff steel frame by two nylon bands of very weak stiff-

ness. The dimension of the damaged plate is the same as

that of the intact plate with a� b� h ¼ 330� 240� 2
mm3, and the defective area locates at the region X:
356 x6 65 mm, 606 y6 90 mm with hc=h ¼ 0:5.
Fig. 8(a) shows the experimental set-up used for

testing. A sinusoidal signal was generated by a signal

generator (TGA 1230), then amplified by a Piezo-Driver

(Trek Model 700), and exerted on the test structures

through a pair of piezoceramic actuators (Sensortech

MB400) [23]. The strain amplitudes in both x and y

directions were sensed by strain gauges (FLA-6-11, using

the half bridge connection) and processed by the strain

data logger (MGCplus). The first (mode (1,1)) and third

(mode (2,1)) natural frequencies of the intact and dam-

aged plates were first measured using the frequency re-

sponse functions, i.e., x11 ¼ 81:5 Hz and x21 ¼ 182 Hz
for the intact plate, and x11 ¼ 81 Hz for mode (1,1) and
x21 ¼ 181:5 Hz for the damaged plate. Then, the fre-
quencies of excitation signals were set as the corre-

sponding resonant frequencies of each analyzed modes

to ensure that the most strain information of the ana-

lyzed modes can be obtained. The amplitudes of er;xðx; yÞ
and er;yðx; yÞ at 12 locations (Fig. 8(b)) were measured to
construct indices �bbr;xðx; yÞ and D�eer;xðx; yÞ for modes (1,1)
and (2,1).

The variation of �bbr;xðx; yÞ at all 12 measuring points
has been experimentally tested. Using a cross section A–
A, passing through the defective area as an example,
both experimental and simulation results at ðs1; s2; s4;
s8; s12Þ for modes (1,1) and (2,1) are shown in Fig. 9(a)
and (b) for comparison. Numerical simulation for the

intact plate is also given for reference. The experimental

data are all normalized with respect to the maximum

value. It can be seen that good agreement between

simulation and experiment is achieved, i.e., �bbr;xðx; yÞ
decreases at the defective area, and outside this area, no

Fig. 7. The normalized bending moment br;x and the residual strain mode shape Der;x for the structure with two damage shown in Fig.
1(b), case 4.
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obvious change is observed. It clearly shows that
�bbr;xðx; yÞ is an effective index for damage location iden-
tification.

Fig. 9(c) and (d) shows the histogram of residual

strain mode shape index D�eer;xðx; yÞ at locations (s1–s12)
for modes (1,1) and (2,1), respectively. It can be found

that three significant peaks of D�eer;xðx; yÞ can be observed.

The largest one appears at s2, i.e., at the defective area,
and the other two appear at s1 and s4, i.e., both locating
near the defective area. Apart from these locations, the

values of D�eer;xðx; yÞ are relatively small. Apparently, the
index D�eer;xðx; yÞ is sensitive to damage. Experimental
results are therefore consistent with numerical simula-

tions.

Fig. 8. Experimental set-up.
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6. Conclusions

Identification of damage location of plate-like struc-

tures using strain mode technique has been investigated,

and two novel sensitive damage indices––the bending

moment index and the residual strain mode shape index,

have been proposed in this paper. In order to construct

these indices from the strain modal parameter, strain

modal analysis of the damaged structure is performed,

and the strain mode shape is derived based on the

Rayleigh–Ritz approach. Comparing with the conven-

tional indices, the proposed indices are intuitive and easy

to be realized in practical applications.

For the bending moment index, no baseline infor-

mation is required during the identification process.

Obviously, this is a simple way because only the strains

of the damaged case need to be measured during vi-

bration tests. Sensitivity analysis of the parameters of

the strain mode shape and the bending moment reveals

that the parameter of bending moment is more sensitive

than that of strain mode shape, and can give strong

indication on damage locations. In using this index,

more than one mode should be used for identification,

and care should be taken to avoid the problem of neglect

alarm, which may happen, for example, when damage

occurs at the center of the structure.

For the residual strain mode shape index, due to the

use of mode subtraction technique, the effects of peaks

and nodal lines caused by modes can be eliminated.

Damage sites in the structure can therefore be identified

accurately no matter where damage will occur. It is an

effective way to locate damage sites by measuring the

strain information of the intact and damaged structures

using the strain gauges attached at the critical areas of

Fig. 9. The bending moment index �bbr;x and the residual strain mode shape index D�eer;x.
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the structure. However, the use of this index requires the

information of strains of the intact structure. Numerical

simulation and experimental analysis show that both

proposed indices can provide fairly good indication re-

sults of structural damage locations identification.
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