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The paper investigates elastic waves guided by thick-walled, hollow cylindrical structures.
Theoretical, numerical and experimental investigations are presented to facilitate under-
standing of various wave propagation phenomena in thick-walled cylinders for potential
damage detection applications. Semi-analytical analysis of dispersion characteristics is

modes. This behaviour is found to be analogue to terrace-like structures formed by
interlacing high-frequency symmetric and antisymmetric plate mode curves. A hyperbolic
behaviour of curves and modeshape transitions is observed due to mode coupling.
The work presented demonstrates analytically how solutions for a thick-walled hollow
cylinder correspond to the Lamb wave theory. The relevant pseudo-symmetry relations
for mode displacement patterns are obtained using asymptotic approximations of Bessel
functions. Theoretical solutions of dispersion characteristics are compared with numerical
simulations that are based on the local interaction simulation approach. The results are
validated experimentally using laser vibrometry.

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Damage detection methods based on guided ultrasonic waves have been extensively explored for a last few two decades
in the field of Non-Destructive Testing (NDT) and Structural Health Monitoring (SHM). This includes methods that utilise
Lamb waves propagating in thin plates and Rayleigh waves confined to surfaces of elastic solids [1–3]. Some of these
methods are considered for aerospace and civil engineering applications [4–6]. Therefore research effort related to the
understanding of guided wave propagation in complex engineering structures is important. In general, any type of geometry
in which waves are bounded by one or more surfaces can be regarded as a waveguide. Plates [7] and hollow cylinders [8,9]
are examples of waveguides that have attracted considerable attention.

An analytical solution to the problem of elastic waves in an infinitely long, hollow cylinder was firstly introduced in the
late 1950s [10]. That initial work included theoretical and numerical analyses of longitudinal, torsional and flexural modes
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propagating in the axial direction. Further research work in this area includes studies on ultrasonic waves in hollow
cylinders reported in [11,12]. However, research on cylindrical guided waves gained a new impetus when real applications
(e.g. related to long distance pipe inspection) were established [8,13,14]. Among various analytical methods developed,
the Normal Mode Expansion (NME) technique – introduced in [15] – has made a significant contribution to the analyses of
non-axisymmetric cylindrical waves. The NME approach yields the solution to wave propagation problem for a given surface
loading. This allows one to determine angular profiles of a pipe at any distance simply as a superposition of excited modes
with specific amplitudes [14,16]. From damage detection view point, the physical understanding of various wave modes in
monitored structures is of paramount importance as the first step in the development of a new damage detection
techniques. It appears that – in contrast to thin-walled hollow cylinders for which research studies have been vibrantly
evolving (e.g. research work on crack detection using torsional modes [17], nonlinear wave propagation features [18] or
Lamb wave tomography [19]) – very little research work has been conducted for thick-walled cylindrical structures (where
the wavelengths suitable for crack detection are much less than the wall thickness). To our knowledge, the work reported in
[20] is probably the only literature example, which discusses possible applications of ultrasonic guided waves for crack
detection in a thick-walled hollow cylindrical structure: a train axle. However, research developments presented in that
work neglect other than Rayleigh waves and thus restrict possible applications only to surface crack detection.

The work presented in the current paper attempts to give a broader theoretical understanding of guided wave
propagation phenomena in thick-walled cylindrical structures. Various wave propagation features specific to thick-walled
cylindrical structures – such as mode interlacing, pseudo-symmetry of modes and modeshape transitions – are explored
and investigated. These phenomena are discussed in relation to the well-established theories. The inner radius of the hollow
cylinder is considered as an important parameter that relates obtained solutions to these theories; where in the limits – i.e.
for nearly zero and infinite values of the inner radius – the wave propagation theory in plates and solid rods applies,
respectively. A paradigm relating wave propagation in hollow cylinders and plates is established analytically using an
asymptotic approximation of Bessel functions. Differences, similarities and possible discrepancies in dispersion character-
istics and particle displacement patterns are investigated via analytical and numerical studies. The influence of structural
geometrical variations on both, i.e. axisymmetric and non-axisymmetric, types of modes is also addressed. Semi-analytical
solutions are compared with numerical simulations. The latter is performed using the Local Iteration Simulation Approach
(LISA). The results are validated experimentally with the help of laser vibrometry.

The paper is organised as follows. Section 2 starts with the theoretical background, followed by semi-analytical analysis
of the paradigm that relates wave propagation in hollow cylinders to wave propagation in plates. Then various characteristic
features of axisymmetric and non-axisymmetric modes are discussed using dispersion characteristics. Section 3 presents the
results of dispersion characteristics evaluated from numerical simulations. The results are compared with experimental
measurements in Section 4. Finally, the work is concluded in Section 5.

2. Guided waves in hollow cylinders – theoretical analysis

Typically, the case of low thickness-to-radius ratio of hollow cylinders is considered in the literature as equivalent to the
case of thin-walled pipes. Therefore plate theory approximations are frequently employed when wave propagation is
investigated. A more general analysis – that also includes thick-walled structures – is presented in this section. The
correspondence between wave propagation in plate and hollow cylinders is demonstrated through semi-analytical analysis.
In addition, dispersion characteristics and particle displacements are investigated to reveal mode coupling phenomena.

2.1. Theoretical background

For the clarity of further discussions, a brief introduction to basic notations and expressions used for evaluation of
dispersion characteristics is given below. The theoretical derivation presented in this section mainly originates from [10].
For more detailed description readers are referred to [21,22].

For an isotropic hollow cylinder, the wave equation can be derived from the Navier equation given as

μ∇2uþ λþμ
� �

∇∇ � u¼ ρ
∂2u
∂t2

; (1)

where u is the displacement vector, λ;μ denote Lamé's constants, ρ is the density and ∇2 is the three-dimensional Laplace
operator. When the Helmholtz decomposition is applied, the displacement vector u can be decomposed into a ϕ-dilatational
scalar potential and a H-equivoluminal vector potential, leading to the wave equations

v2c∇
2ϕ¼ ∂2ϕ

∂t2
and v2s∇

2H¼ ∂2H
∂t2

; (2)

where vc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðλþ2μÞ=ρ

p
and vs ¼

ffiffiffiffiffiffiffiffiffi
μ=ρ

p
are the compressional and shear bulk wave velocities, respectively. Assuming waves

propagating in positive axial direction of the cylinder (Fig. 1) and denoting the propagation term by eiðξz�ωtÞ – where ξ and ω are
the wavenumber and angular frequency – solutions in the form of radius r and angle θ dependent functions are sought as

ϕ¼ f ðrÞ cos nθ eiðξz�ωtÞ



Fig. 1. Cylindrical coordinate system assigned to an infinite cylinder with the inner radius ri and outer radius ro.
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Hr ¼ hrðrÞ sin nθ eiðξz�ωtÞ

Hθ ¼ hθðrÞ cos nθ eiðξz�ωtÞ

Hz ¼ hzðrÞ sin nθ eiðξz�ωtÞ: (3)

Here, one should note that n refers to the circumferential mode order, which for axisymmetric modes is equal to zero and
for flexural modes takes integer values from 1 to infinity. In fact this range of possible n values implies that there are double
infinite number of modes that can exist in this structure. The general solution to Eq. (1) presented in the form of the radius-
dependent functions is recalled in Appendix A.

The traction free boundary conditions, i.e. the stress components σrr, σrθ and σrz at the outer ro and the inner ri surface of
the cylinder are equal to zero, lead to the characteristic equation of a hollow cylinder in a matrix form

∣cij∣¼ 0 for i; j¼ 1;2;…;6 (4)

where the elements of the first row, corresponding to the stress condition σrr ¼ 0 at r¼ ri, can be found in [10] and in
Appendix B.

One can shown that for the axisymmetric modes, i.e. n¼0, the characteristic equation decouples for the longitudinal
Lð0;mÞ and torsional modes Tð0;mÞ, where m¼ 1;2;… . The longitudinal modes involve radial ur, axial uz displacements,
whereas for the torsional modes particles exhibit only angular uθ translations. For the non-zero circumferential order, i.e.
n¼ 1;2;…, the group of flexural modes Fðn;mÞ is obtained.

The dispersion curves can be obtained by semi-analytical evaluation of Eq. (4), for a given inner radius ri, outer radius ro
and circumferential order n. It is a common practice to draw the dispersion characteristic for combined thickness-frequency
values. However, dispersion characteristics are presented in this paper for frequency values only to better illustrate the
relation between frequency and mode complexity.

2.2. Plate-to-hollow-cylinder relation

It is well known that the plate theory approximations of a hollow cylinder, which are often employed for thin wall pipes,
require the radius of the pipe being much larger than the thickness of the wall [14]. This simplification is however invalid for
relatively thick-walled tubes, which are investigated in this paper. Thus, in order to establish a connection between the plate
and cylindrical guided waves, physical phenomena observed in both types of waveguides are here discussed and compared.

To facilitate the analysis of displacement and stress components, an asymptotic approximation of Bessel functions [23] is
applied. Assuming only wave propagation of axisymmetric modes, the general solutions to dilatational f, and equivoluminal
hr potentials from Eq. (3) in the interval of vcξoω (for details see Appendices A and C) are reduced to the form given as

f ¼ AþBð Þ 1ffiffiffiffiffiffiffiffiffi
παr

p sin αrð Þþ A�Bð Þ 1ffiffiffiffiffiffiffiffiffi
παr

p cos αrð Þ

hr ¼ A1þB1ð Þ �1ffiffiffiffiffiffiffiffiffi
πβr

p cos βr
� �þ A1�B1ð Þ 1ffiffiffiffiffiffiffiffiffi

πβr
p sin βr

� �
: (5)

Here, α, β are defined as α2 ¼ω2=v2c �ξ2 and β2 ¼ω2=v2s �ξ2, for the compressional and shear bulk wave velocities denoted
respectively as vc and vs. By correspondence to the Lamb waves solution, the components with amplitudes ðA�BÞ and
ðA1�B1Þ can be considered as the pseudo-symmetric parts of the wave, while the ðAþBÞ and ðA1þB1Þ as pseudo-
antisymmetric parts of the wave. The prefix ‘pseudo’ refers here to decaying of displacements with the radius.
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Grouping all elements into pseudo-symmetrical and pseudo-antisymmetrical parts – the radial and axial displacements
take the form

ur ¼
αffiffiffiffiffiffiffiffiffi
παr

p cos αrð Þ AþBð Þ� ξffiffiffiffiffiffiffiffiffi
πβr

p cos βr
� �

A1þB1ð Þ
" #

þ �αffiffiffiffiffiffiffiffiffi
παr

p sin αrð Þ A�Bð Þþ ξffiffiffiffiffiffiffiffiffi
πβr

p sin βr
� �

A1�B1ð Þ
" #

(6)

uz ¼
βffiffiffiffiffiffiffiffiffi
πβr

p sin βr
� �

A1þB1ð Þþ ξffiffiffiffiffiffiffiffiffi
παr

p sin αrð Þ AþBð Þ
" #

þ i
�βffiffiffiffiffiffiffiffiffi
πβr

p cos βr
� �

A1�B1ð Þþ ξffiffiffiffiffiffiffiffiffi
παr

p cos αrð Þ A�Bð Þ
" #

: (7)

The propagation term eiðξz�ωtÞ was skipped here for brevity. (The general formulae for displacements and stresses are
given in Appendix D.)

In order to calculate the displacement vector at surfaces of the cylinder, the relation between the outer ro and the inner
radius ri in form ro ¼ riþ2d is applied, where d is the half-thickness. Finally, by the transverse resonance principle [21]
(partial waves must experience a phase shift of some integral multiple of 2π during the round trip from the outer surface
back to the same point) the relations for radial and axial displacements at the outer uðz; roÞ and inner uðz; riÞ surfaces of the
cylinder case can be expressed for the pseudo-antisymmetric case as

ur z; roð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ri
riþ2d

r
ur z; rið Þ

uz z; roð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ri
riþ2d

r
uz z; rið Þ (8)

and for the pseudo-symmetric case as

ur z; roð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ri
riþ2d

r
ur z; rið Þ

uz z; roð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ri
riþ2d

r
uz z; rið Þ: (9)

The results show that for the inner radius approaching infinity or the thickness being sufficiently small comparing to ri, the
Lamb wave mode symmetry and antisymmetry relations can be obtained. (Exemplary results illustrating displacements
patterns will be given in Section 2.4.)

In contrast to the plate solution (i.e. Lamb waves), the stress components in a hollow cylinder do not follow the
symmetry or pseudo-symmetry. This can be also presented with the asymptotic approximation approach as it was done in
the case of the displacements. The approximated radial and axial stress components are given as

σrrp�sym rð Þ ¼ μffiffiffi
r

p 1ffiffiffiffiffiffiffi
πα

p � β2�ξ2
� �

cos αrþ2
r
α sin αr

� �
A�Bð Þ

	

þ 1ffiffiffiffiffiffiffi
πβ

p 2ξβ cos βr�2
r
ξ sin βr

� �
A1�B1ð Þ

)
(10)

σrzp�sym rð Þ ¼ i
μffiffiffi
r

p �2ξα
1ffiffiffiffiffiffiffi
πα

p sin αr
� �

A�Bð Þ
	

þ ξ2�β2
� � 1ffiffiffiffiffiffiffi

πβ
p sin βr

" #
A1�B1ð Þ

)
: (11)

(It is important to note that here, only the components of ðA�BÞ and ðA1�B1Þ terms, i.e. pseudo-symmetrical displacements,
are studied; the relevant stresses for pseudo-antisymmetrical components follow the same procedure.) Comparison of
stresses at the inner and outer surfaces of the cylinder shows the pseudo-symmetry for axial stresses, i.e.

σrzp�sym roð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ri
riþ2d

r
σrzp�sym rið Þ: (12)

However, one can notice that the corresponding relation is not valid for the radial component of stress, due to the
ð2=rÞα sin αr and ð2=rÞξ sin βr terms in Eq. (10). These coupling terms are inversely proportional to the cylinder radius.
At the limiting case of r-1, the problem converges to the well-known Rayleigh–Lamb relations.

It is important to note that although the accuracy of the evaluated displacement and stress formulae is increasing with
mode order, some limitations apply here. These limitations concern the Bessel function approximations, such as for the case
of the radius equal to zero (i.e. for a solid cylinder case). Also, since only the first and second kind Bessel functions were
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considered here, the discussion corresponds to phase velocities above the compressional bulk velocity. However, the
intention was to investigate the characteristic features of hollow cylinder modes in correspondence to the well-developed
Lambwaves theory, thus the approach that relates the Bessel functions of cylindrical structures with cosine/sine functions of
a plate was chosen.

2.3. Influence of geometrical parameters on dispersion characteristics

In the work on non-axisymmetric guided waves in large-diameter pipes, reported in [14], the argument is given that
waves in a hollow cylinder can be treated as Lamb waves propagating in an unwrapped plate, under the assumption that the
diameter of the cylinder is much greater than its thickness. The authors point out that the similarity between behaviour of
Lamb waves and cylindrical guided waves is also frequency dependent. Thus, the division of dispersion plots into the lower
frequency region (where the wall thickness is much lower than the wavelength) and the higher frequency region (where the
wavelength is comparable to or less than the wall thickness) was proposed. However, this frequency-related separation was
based only on visual comparison of phase velocity of corresponding plate and cylinder modes, and neither an explicit
condition nor an error estimate has been proposed.

In this section differences between the dispersion characteristics for a thin- and a thick-walled hollow cylinder are presented.
For the sake of clarity, firstly the relation between a thin-walled and a thick-walled structure needs to be established.

In common engineering practice (e.g. for pressurised cylinders), the thin wall assumption requires that the radial stress
component in the wall is negligibly small when compared with the tangential and axial components; this is typical for
structures of thickness not larger than 1/10 of the diameter [24]. In the ultrasonic wave propagation analysis the strict
division upon thin and thick wall structures has not been clearly stated in the literature; however, the influence of the Mean
Radius-to-Thickness (MRT) and the Thickness-to-Wavelength Ratio (TWR) on dispersion characteristics can be summarised
with the two following observations [25,26]: (i) the TWR is a determining factor for the nature of dispersion curves; (ii) as
the MRT ratio tends to infinity the solution uncouples for Rayleigh–Lamb and shear horizontal waves of infinite plate waves.
Fig. 2 illustrates the MRT variation on a longitudinal mode dispersion spectrum. In this example, the wall thickness of the
cylinder is kept constant (75 mm) and the MRT ratios of 0.6, 1, and 5 were selected for the analysis. In addition, the
dispersion curves for a plate of the same thickness and solid cylinder with radius 75 mm are presented in the same figure.
One should note that the Lamb waves solution can be considered as the limiting case for a hollow cylinder with the infinite
mean radius.

The results show that the higher-order curves of different MRT parameters (except the solid cylinder modes) become
indistinguishable and follow a similar pattern. On the other hand, the sensitivity of the curves to the MRT parameter is relatively
large in the low frequency range, where wavelengths are of the same order as the wall thickness of the cylinder. Since the
thickness was held constant throughout the entire analysis the key factor influencing the phase velocity is the curvature.

The analysis of the results in Fig. 2 also points out that the parameter determining the nature of dispersion characteristics
is the MRT-to-frequency ratio, which represents the relationship between the wall thickness, cylinder radius and excitation
frequency. This observation implies that when damage detection applications were considered in thick-walled cylindrical
structures (for which wavelengths suitable for crack detection are much less than the wall thickness) the curvature
influence on dispersion of axisymmetric modes would be relatively small. For such cases the classical plate theory seems to
provide a very useful approximation of dispersion characteristics. Despite only small differences in phase velocities between
a hollow cylinder and a plate, the relevant particle displacement distributions along the radial direction are significantly
different (to be illustrated in the following section). Therefore, the approximations suitable for the analysis of thin-walled
large diameter pipes cannot be simply used for high frequency waves in an arbitrary cylinder. This implication is important
when damage detection in such cylinders is considered.
Fig. 2. Mean Radius-to-Thickness (MRT) parameter influence on phase velocity dispersion curves for a steel hollow cylinder of wall thickness equal 75 mm
in: (a) broad spectrum range, (b) zoomed view displaying lower-order modes. Only the longitudinal modes are shown for the MRT equal to: 1 (solid line
—; these are the Lamb wave modes); 5 (○ symbols); 1 (△ symbols); 0.6 (þ symbols); 0.5 (dashed line � �; these are the solid cylinder wave modes).
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2.4. Modes interlacing phenomenon

The study related to the influence of the MRT parameter on phase velocity dispersion curves has revealed a regular
pattern in the behaviour of higher-order axisymmetric modes for a hollow cylinder. This section investigates the
characteristic features related to this behaviour. The discussion of dispersion plots follows the order from high to low
phase velocity values (i.e. the increasing wavenumber order).

An example of numerically evaluated dispersion characteristics of axisymmetric modes is illustrated in Fig. 3.
The results show that except the first few wave propagation modes, pairs of longitudinal modes seem to interlace in the phase

velocity range above the compressional bulk wave velocity (vc¼5960m/s for steel) and separate below this phase velocity limit.
This behaviour is identical for all higher-order modes regardless the geometrical parameters of the cylinder, as discussed in the
previous section. The exemplary higher-order pseudo-symmetric and antisymmetric longitudinal mode shapes – evaluated from
the exact solution of the characteristic equation – are presented in Fig. 4. For the case investigated – i.e. for the inner radius equal to
25mm and the wall thickness equal to 75 mm – the amplitudes of radial and axial displacements at the inner surface of the
cylinder are about twice the value of the displacements at the outer surface, as expected from Eqs. (8)–(9).

When the relations for thick plates and thick wall cylinders – discussed in Sections 2.3 and 2.2 – are recalled, the
dispersion curve interlacing phenomenon can be examined here more closely, following the elaboration on higher-order
plate modes and the so-called terrace-like structures [27].

It is known that pairs of interlacing higher-order symmetric and antisymmetric Lamb modes, bounded by mixed-
boundary modes, form the terrace-like structures in dispersion characteristic. The Lamb modes intersection points satisfy
both traction-free and mixed-boundary condition [27]. Although the pseudo-symmetric and pseudo-asymmetric long-
itudinal modes of a hollow cylinder can be differentiated according to the displacement patterns, the pairs of modes are
coupled via radial stress components, as discussed in the previous section. This coupling manifests itself in the dispersion
characteristics by a hyperbolic (non-crossing) behaviour of the curves in the coupling region, as shown in Fig. 5(a).

These observations are consistent with the classical understanding of coupled system spectrum behaviour [28]. In the
coupling regions, the displacement patterns assigned to a single dispersion curve exhibit transitions between pseudo-
symmetric and pseudo-antisymmetric character as depicted in Fig. 6.

The interlacing of longitudinal modes can be also studied from the point of view of the group velocity. This velocity
corresponds to the rate of energy transfer in a structure. Fig. 5(b) illustrates the interchanging of group velocities for two
longitudinal modes in the analysed coupling region. It appears that for hollow cylinder longitudinal modes, there is no
energy transfer between the two coupled modes and the energy associated with each of the modes travels with the same
rate vg. (In contrast, for an uncoupled set of modes, e.g. Lamb waves, the crossings of dispersion curves in a phase velocity
spectrum correspond to the local minima and maxima of the modes group velocities, i.e. resonances and anti-resonances of
the modes, and imply back and forth energy transfer between modes [29].)

For frequencies below the modes interlacing region in the phase velocity dispersion curves, another interesting feature can be
observed. For higher-order pseudo-symmetric modes, the plateau regions around compressional wave velocity can be noticed
(Fig. 3). This local phase velocity flat character implies that the group velocity at this region is nearly constant, with an actual
value slightly below the compressional bulk wave velocity. Any excitation of modes at this narrow frequency range will result in
propagation of almost a non-dispersive wave with a dominant compressional wave component. The described behaviour can be
understood as equivalent to the plateau regions observed in the past for solid cylinders [30] and high-order Lamb modes [27,29].

When higher frequencies are analysed, all longitudinal modes – except the Lð0;1Þ and Lð0;2Þ modes – tend to the shear
bulk wave velocity, whereas the phase velocity of the two lowest longitudinal modes approaches the Rayleigh waves
velocity and form displacement behaviour comparable to surface waves, i.e. waves concentrated at the vicinity of the inner/
outer surfaces of the cylinder.
Fig. 3. Numerically evaluated dispersion characteristics for axisymmetric modes in a steel hollowed cylinder (inner radius – 25 mm; thickness – 75 mm):
(a) repetitive pattern of longitudinal Lð0;mÞ and torsional Tð0;mÞwave modes; (b) terrace-like structures of ‘interlacing’ Lð0;mÞmodes. The dashed-dot (��)
lines indicate the Rayleigh (vr), shear (vs) and compressional (vc) bulk wave velocity limits.



Fig. 5. (a) Hyperbolic behaviour of a pair of longitudinal modes in a mode coupling region (one should refer to Fig. 3 for the wider phase velocity
spectrum); (b) group velocity interchanging behaviour.

Fig. 4. Comparison of normalised displacement plots in the axial uz and radial uz direction for a steel hollow cylinder (inner radius equal to 25 mm;
thickness equal to 75 mm): (a) pseudo-antisymmetric Lð0;15Þ mode; (b) pseudo-symmetric Lð0;16Þ mode.
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2.5. Flexural modes

So far, only the axisymmetric modes, i.e. longitudinal Lð0;mÞ and torsional Tð0;mÞ, were considered. However, as shown
in [16], any partial loading results in the excitation of both, i.e. longitudinal and flexural, Fðn;mÞ modes. Thus, a brief study
on non-axisymmetric modes in thick wall cylinders is presented in this section. Fig. 7 illustrates a change in the nature of
the dispersion curves with an increase of the circumferential order. Due to the complexity of the results, the dispersion
curves presented were calculated numerically with the fine resolution of 0.1 rad/m in the wavenumber domain and the
frequency step of 500 Hz.

The flexural modes dispersion characteristics for thick-walled cylinders are significantly different from thin-walled cylinders
(compare Fig. 7 with Fig. 8). The phase velocity–frequency curves for thin-walled cylinders seem to follow the pattern of the
axisymmetric modes, deflecting to higher phase velocity values with the increase of the circumferential order in the lower
frequency range and converging to a single pattern for higher frequencies. On the other hand, for a thick-walled cylinder, the higher
circumferential order results in unravelling of the lower flexural modes as marked by a dashed circle in Fig. 7.



Fig. 7. Comparison of dispersion curves for axisymmetric n¼0 and non-axisymmetric n¼ 1;3;5 modes for a steel hollow thick-walled cylinder
(inner radius equal to 25 mm; thickness equal to 75): (a) longitudinal and torsional modes; (b) Fð1;mÞ mode; (c) Fð3;mÞ mode; (d) Fð5;mÞ mode.
(a) circumferential order ¼ 0, (b) circumferential order ¼ 1, (c) circumferential order ¼ 3 and (d) circumferential order ¼ 5.

Fig. 6. Change of the mode character alongside the Lð0;16Þ dispersion curve. Displacement patterns for the frequency: (a) 290 kHz, (b) 320 kHz. The results
were calculated using the DISPERSEs software.
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It is also important to note that in contrast to torsional and longitudinal modes, the flexural modes do not intersect with
each other but instead follow a hyperbolic behaviour as illustrated in Figs. 8 and 9. The results also indicate the coupling
between the three consecutive flexural modes analysed. The coupling depends on the geometrical parameters and
decreases with an increase of the MRT parameter. In addition, a transition of the dominant mode character along the curve –

analogues to the one discussed previously for the coupled longitudinal modes – can be observed.

2.6. Summary

The elastic wave propagation behaviour in a hollow cylinder has been investigated theoretically using the analysis of
dispersion characteristics and particle displacement patterns. The most important observations and their implications for
damage detection applications can be summarised as follows.



Fig. 8. Comparison of higher circumferential order Fð1;mÞ, Fð3;mÞ and Fð5;mÞ modes in a steel hollow thin-walled cylinder (inner radius equal to 8.2 mm,
thickness equal to 1.22 mm).

Fig. 9. Hyperbolic behaviour of flexural modes n¼1 in a mode coupling region (cylinder wall thickness equal to 75 mm): (a) MRT¼0.6, (b) MRT¼0.8,
(c) MRT¼1, (d) MRT¼5.
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In theory, a double infinite number of dispersive modes can propagate in an axial direction of any hollow cylinder
structure. The analysis shows that the complexity of wave modes increases significantly for thick-walled cylinders. This
complexity becomes a real challenge when damage detection methods – based on elastic wave propagation – need to be
developed and implemented in such structures. Although numerous multiple wave modes can propagate in thick-walled
cylinders, a common pattern – analogues to the terrace-like structures in plates – has been observed in the dispersion
characteristics for higher-order axisymmetric modes above the frequency range corresponding to the compressional bulk
velocity limit. For this high frequency region, relevant wavelengths are significantly smaller than the cylinder wall thickness.
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Therefore the cylinder's curvature will manifest its effects only by the coupling between the modes. In the low frequency
region, the mean radius-to-thickness ratio has been identified as an important geometrical parameter, which influences the
shape of the dispersion curves.

The analysis of displacement patterns points out the pseudo-symmetry of the longitudinal modes across the wall
thickness. It is important to note that although the findings of the research presented in this section are similar to the
conclusions reached in [18] for thin-walled pipes with a high radius approximation, a more general case of hollow cylinder –
with an arbitrary radius and wall thickness –was considered here. In practice, the pseudo-symmetry implies that in general,
larger displacements for a given mode are expected at the inner rather than the outer surface of the cylinder.

3. Numerical simulations

Following the theoretical analysis and discussion on dispersion characteristics of hollow cylindrical guided waves,
numerical simulations were performed to evaluate wave propagation responses to broadband excitation. To obtain
dispersion characteristics – broadband excitation scenario – various numerical approaches can be used (e.g. finite element
method [31] or semi-analytical finite element (SAFE) method [32]). In this work, numerical simulations were carried out
using the Local Interaction Simulation Approach (LISA) [33–36]. The use of a model-based LISA allowed to simulate the
excitation-sensing procedures as expected in the experimental investigations. Parallel processing architecture of the LISA
algorithm was used and graphical card technology (CUDA) employed to reduce the computational effort [37]. The geometry
in numerical simulations corresponded to the setup used in the analytical model. The cylinder was 250 mm long, with an
inner radius of 25 mm and a wall thickness of 75 mm. The cylinder was meshed using 0.5 mm cubic elements. This resulted
in the total number of 65M elements and 195M degrees of freedom. Material properties equivalent to aluminium were
assumed, i.e. Young's modulus E¼70 GPa, Poisson ratio ν¼0.3 and density ρ¼ 2700 kg=m3. Time step was equal to 0:05 μs
to ensure the stability of the explicit time integration algorithm.

The excitation was introduced as out-of-plane displacement for a single node. Displacement responses were acquired at
selected nodal points during the simulation. Several calculations were performed in order to determine the most convenient
measurement conditions, and to investigate various guided waves propagation properties.

3.1. Results for broad-band excitation – dispersion characteristics

Firstly, wideband excitation was used to estimate dispersion characteristics. A chirp signal covering the frequency range
from 50 to 150 kHz was used in order to maximise the energy of the input signal. Two excitation points – located close to the
inner and outer edges of the cylinder –were selected. In both cases, the responses were acquired at the outer surface along a
line parallel to the cylinder's axis. Altogether 471 responses were gathered in the simulations. The response time was set to
0.5 ms, allowing for double wave reflections from the flat end surfaces. Simulated signals were processed using a two-
dimensional Fourier transform resulting in the wavenumber–frequency representation, i.e. the dispersion characteristics.
The results for the two considered excitation scenarios are presented in Fig. 10(a) and (b). The brighter colours indicates the
higher amplitudes.

The results show that for the two excitation scenarios used (i.e. inside and outside wave excitation) a complex pattern of
multi-modal wave propagation can be observed. Both analyses display the strong Rayleigh wave at the outer surface,
as indicated by a straight diagonal line. These results can be compared with the analytical solution given in Fig. 10(c).
A significant difference in the distribution of wave amplitudes can be also observed when the results for the two simulated
excitation scenarios are compared. Once a large portion of the energy – introduced by the transmitter at the outer surface –

is carried by the Rayleigh wave mode, its amplitude dominates the wavefield. Fig. 10(b) for the outside excitation
demonstrates that, except for the Rayleigh mode and higher amplitudes in the low frequency range, no clear mode can be
distinguished. On the other hand, when the inside excitation is used, the wavefield recorded at the outer cylinder surface
shows a number of higher-order modes of similar amplitudes to the amplitude of the Rayleigh wave. This behaviour is
manifested in Fig. 10(a) as a pattern of parallel curves above the compressional velocity line.

3.2. Summary

Numerical simulations reveal a number of wave propagation modes in the dispersion characteristics of the thick-walled
hollow cylinder. However, these characteristics are dominated by the Rayleigh mode. The results show that the excitation
inside the cylinder produces better results than the excitation outside the cylinder as it facilitates propagation of the higher-
order modes, allowing for inspection of the cylinder's wall throughout its thickness.

Since both antisymmetric and flexural type of modes are present in the dispersion characteristics, a very fine resolution
in the wavenumber domain would be required in practical applications to differentiate between various wave propagation
modes. However, in practice this fine resolution is limited by the length of the array of transducers placed at the outer
surface and in consequence by the total length of the cylinder. Therefore, in order to obtain more accurate dispersion curves
the analysis of longer cylinders will be required in practice. The number of the propagating modes can be also restricted (e.g.
to longitudinal modes only) by excitation with an array of transducers.



Fig. 10. Dispersion characteristics of a steel hollowed cylinder (inner radius – 25 mm; thickness – 75 mm): (a) simulation-based with inner surface
excitation; (b) simulation-based with outer surface excitation; (c) theoretical axisymmetric modes (Eq. (4)). The dot-dashed (��) lines indicate the Rayleigh
(vr), shear (vs) and compressional (vc) bulk wave velocity limits.
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4. Experimental validation

This section presents results from a series of experiments conducted to validate numerical simulation results.
Experimental arrangements used are described firstly. Then experimental results are presented to reveal opportunities
and limitations related to wave propagation scenarios that could be used for structural damage detection.
4.1. Experimental arrangements

A hollowed aluminium cylinder of total length of 500 mm, inner radius of 25 mm and wall thickness of 75 mmwas used
in the experiments (Fig. 11). The inner radius and wall thickness were the same as in numerical simulations. Two piezo-stack
NOLIAC transducers of 2�2�2 mm were used for wave excitation. The transducers were bonded to the inner and outer
surfaces of the cylinder using a two-component adhesive glue. The location of the transducers is shown in Fig. 11(b).

Wave propagation responses were captured using two non-contact measuring systems, i.e. one-dimensional (1-D)
Polytec PSV-400 and three-dimensional (3-D) Polytec PSV-400-3D scanning laser vibrometers. Both laser vibrometers were
controlled using a PC. The RoboVib Structural Test Station – that uses an industrial KUKA robot – was employed to automate
positioning of the heads of the 3-D scanning laser vibrometer. Fig. 12 shows the experimental set-ups used for the
dispersion characteristic estimates and wave propagation analysis. The experimental work involved the same wave
propagation scenarios, parameters and data processing as used in numerical simulations.

The first experiment involved two excitation scenarios, i.e. the excitations with the transducer located on the outer and
inner surfaces of the cylinder. A chirp signal was used for excitation. The sweeping frequency of the chirp runs from 50 to
800 kHz. The total duration of the chirp excitation signal was 250 μs. The out-of-plane wave propagation response signals
were measured using the 1-D scanning laser vibrometer. The response measurements were taken at 400 points located on
the outer-surface of the cylinder, alongside the line parallel to its axis of symmetry. These velocity measurements were
taken with the spatial resolution of 1 mm and acquired using the sampling frequency of 5.12 MHz. All signal responses were
averaged using 100 data records in order to improve the signal-to-noise ratio.



Fig. 12. Experimental set-ups used for (a) dispersion characteristic estimates; (b) wave propagation analysis.

Fig. 11. Thick hollowed aluminium cylinder used in experimental investigations: (a) general view with a 3-D coordinate system used in measurements;
(b) locations of transducers used for wave excitation.
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4.2. Experimental results

4.2.1. One-dimensional measurements
The dispersion characteristics were obtained by applying the two-dimensional Fourier Transform to the response data.

The Hanning window was used to reduce the leakage effect in the involved Fourier spectra. Fig. 13(a) presents the results for
the outer surface excitation scenario. The black dashed lines in this figure correspond to the theoretical velocity limits for
guided (Rayleigh) and bulk (shear and compressional) wave propagation in aluminium. The experimental dispersion
characteristics shown in Fig. 13 can be compared with the relevant analytical characteristics given figure in Fig. 10(c).



Fig. 13. Experimental wavenumber–frequency dispersion characteristics evaluated from the 1-D response data resulting from: (a) the outer surface
excitation; (b) the inner surface excitation. The dashed (� �) lines indicate the velocity limits for the guided Rayleigh wave (vr), shear bulk wave (vs) and
compressional bulk wave (vc).
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In order to minimise the influence of circumferential surface waves on other wave modes, the windowed time signals of
0.3 ms were also used to evaluate the dispersion characteristics. The results for the outer surface excitation exhibit strong
(high amplitude) Rayleigh wave modes. The displacements of these modes are confined to the cylinder surfaces. Additional
modes with higher amplitudes can be observed in the region between the shear wave and the compressional wave limits.
However, it is very difficult to distinguish (or separate) between these consecutive modes. Interestingly, when the inner
surface excitation was used the dispersion characteristics are significantly different, as demonstrated in Fig. 13(b). On top of
the strong surface wave modes, a number of higher-order modes – closely spaced in the wavenumber domain – can be
observed in the 200–700 kHz frequency range. There are two explanations behind the differences in the dispersion
characteristics obtained using the outer and inner excitations. The experimental tests have demonstrated that for the outer
excitation the strong outer-surface waves mask the higher-order cylinder modes, and the inner excitation better excites the
flexural modes. It is also important to note that due to relatively weak piezo-based excitation – that was used intentionally –

the results above 500 kHz are noisy and the mode behaviour is blurred.

4.2.2. Three-dimensional measurements
Additional experimental tests were performed to verify dispersion characteristics and to identify the dominant wave

components. The 3-D scanning laser vibrometer was used in these tests in order to obtain the velocity responses in the
X (normal), Z (axial) and Y (tangential) directions. The results are presented in Appendix E.

The results are in good agreement with the 1-D measurements discussed in the previous section. The out-of-plane
measurements exhibit the strongest amplitudes in the dispersion characteristics for both outer and inner surface
excitations. Again, the surface wave components are dominant in these out-of-plane characteristics. In addition, weak
amplitudes of the axial and tangential wave components can be also observed in the dispersion characteristics, particularly
for the inner surface excitation. This confirms the previous finding that the inner surface excitation leads to stronger flexural
modes. It is important to note that the torsional modes were not excited by the piezo-transducers used in the
experimental tests.

The existence of waves propagating in the circumferential direction (with high amplitudes confined to the outer surface
of the cylinder) was confirmed by the experimental tests, as illustrated in Fig. 14(b). The outer surface excitation – involving
the 200 kHz ten-cycle sine wave enveloped by the Hanning window – was used in these tests. The secondary wave
packets – induced by the circumferential waves and propagating in the axial direction – were also observed as shown in
Fig. 15. When the inner-surface excitation was used, the strong (i.e. high-amplitude) wavefront – travelling across the
wall of the cylinder – can be observed in Fig. 14(a).

4.3. Summary

The experimental results presented in this section confirm the numerical simulation results. It is clear again that the
Rayleigh wave modes – with high amplitudes confined to the surfaces – are the dominant wave propagation modes in the
thick hollow cylinder. Also, there are significant differences in the evaluated dispersion characteristics when the two
excitation scenarios (i.e. outer-surface and inner-surface excitations) are used. The experimental results reveal a complex
pattern of high-order modes for the single-point, inner-surface excitation. Although, these multiple and interlacing modes
are difficult to separate, some information can be obtained with respect to the range of velocities involved in the
propagation of these modes.

Interestingly, a strong pattern of interlacing modes in the high-resolution dispersion characteristics – obtained for a thin
plate – was observed previously in [38].



Fig. 15. Experimental out-of-plane response velocity signal displaying the secondary wave packets induced by the circumferential waves. The outer-surface
signal was acquired 1 mm below the outer-surface excitation point.

Fig. 14. Experimental wave propagation out-of-plane velocity patterns acquired after 0.1 ms for: (a) outer-surface excitation; (b) inner-surface excitation.
The excitation points are marked with the arrows.
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5. Conclusions

Elastic waves guided by thick-walled, hollow cylindrical structures have been investigated. Theoretical, numerical and
experimental investigations have been undertaken to facilitate understanding of various wave propagation phenomena in
thick-walled cylinders. Firstly, the semi-analytical analysis was performed to investigate the characteristic features of guided
modes and to establish the correlation between thick plate and cylinder waveguides. Then numerical simulations and
experimental tests were used to investigate outer- and inner-surface excitation scenarios for potential damage detection
applications. The major conclusions from all these investigations can be summarised as follows.

Theoretical investigations reveal a complex pattern of wave modes in thick-walled cylinders. Despite this complexity of
modes, a common pattern of higher-order axisymmetric modes – analogous to terrace-like structures in plates – has been
observed in the dispersion characteristics, above the compressional wave velocity limit. Since the relevant wavelengths are
significantly smaller in this high-frequency region, the cylinder's curvature will manifests its effects only through the
coupling between the modes. The theoretical analysis of displacement patterns demonstrates the pseudo-symmetry of the
axisymmetric longitudinal modes across the wall thickness. The theoretical study also reveals that the weak coupling
between pairs of consecutive longitudinal modes – caused by the radial stress component – results in a hyperbolic
behaviour of the dispersion curves in the mode interlacing region, i.e. above the compressional wave velocity limit.

Numerical simulations and experimental tests also reveal a complex pattern of seemingly interlacing wave propagation
modes in the dispersion characteristics of the thick-walled hollow cylinder. There are significant differences in the evaluated
dispersion characteristics when the two investigated excitation scenarios – i.e. the outer-surface and inner-surface
excitations – are used. The analyses also show that the Rayleigh wave modes – with high amplitudes confined to the
surfaces – are the dominant wave modes in the thick hollow cylinder. However, the amplitude of the surface Rayleigh wave
is weaker when the inner-surface excitation is used.

The results of the investigations demonstrate that damage detection based on ultrasonic wave propagation is possible in
thick-walled hollow cylinders. However, any practical application will require thorough understanding of complex wave
propagation phenomena involved and appropriate monitoring strategies (i.e. excitation sources, positions and frequencies).
It is well known that good damage detection sensitivity will require high-frequency excitation to obtain wave propagation
modes with shorter wavelengths. The study reveals that the Rayleigh waves are dominant in the high-frequency region,
restricting possible inspections to surface and sub-surface damages. However, for inner surface excitations, amplitudes of
the Rayleigh waves are much weaker on the outer surface of the cylinder than for the outer-surface wave excitation. Since
additionally the excitation inside the cylinder produced better results in terms of excitation of the higher-order modes than
the excitation outside the cylinder, the inner-surface excitation appears to be superior for damage detection applications.
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Finally, it is clear that further – particularly experimental – studies are required by involving different types of
transducers, excitation positions and frequency ranges. The preliminary findings of this paper are expected to facilitate
future investigations towards the establishment of the effective damage detection method for thick-walled hollow cylinders.
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Appendix A. General solution to wave equation for a hollow cylinder

The general solution to wave equation for hollow cylinder (Eq. (1)) presented in the form of the radius-dependent f, hr,
hθ , hz functions involves the Bessel functions of the first J and second Y kind and is defined as

f ðrÞ ¼ AZnðαrÞþBWnðα1rÞ
hzðrÞ ¼ CZnðβ1rÞþDWnðβ1rÞ

hrðrÞ ¼ A1Znþ1ðβ1rÞþB1Wnþ1ðβ1rÞ
hθðrÞ ¼ �A1Znþ1ðβ1rÞ�B1Wnþ1ðβ1rÞ; (A.1)

where the constants A, B, C, D, A1, B1 are determined from relevant boundary conditions and the terms Zn and Wn represent
the Bessel functions J and Y or modified Bessel functions I and K of order n, and the arguments are given as α1r¼ jαrj and
β1r¼ jβrj. Here α, β are defined as α2 ¼ω2=v2c �ξ2 and β2 ¼ω2=v2s �ξ2, for the compressional and shear bulk wave velocities
denoted respectively as vc and vs.

The proper selection of Bessel functions in Eq. (A.1) should be made – following Table A1.
Table A1
Bessel functions of Eq. (A.1).

Interval Functions

α2 ; β240 JnðαrÞ and YnðαrÞ, JnðβrÞ and YnðβrÞ
α2o0; β240 Inðα1rÞ and Knðα1rÞ, JnðβrÞ and YnðβrÞ
α2 ; β2o0 InðαrÞ and YnðαrÞ, Inðβ1rÞ and Knðβ1rÞ
Appendix B. Dispersion equation matrix cij

c11 ¼ ½2nðn�1Þ�ðβ2�ξ2Þr2i �Znðα1riÞþ2λ1α1riZnþ1ðα1riÞ;
c12 ¼ 2ξβ1r

2
i Znðβ1riÞ�2ξriðnþ1ÞZnþ1ðβ1riÞ

c13 ¼ �2nðn�1ÞZnðβ1riÞþ2λ2nβ1riZnþ1ðβ1riÞ
c14 ¼ ½2nðn�1Þ�ðβ2�ξ2Þr2i �Wnðα1riÞþ2α1aWnþ1ðα1riÞ

c15 ¼ 2λ2ξβ1r
2
i Wnðβ1riÞ�2ðnþ1ÞξriWnþ1ðβ1riÞ

c16 ¼ �2nðn�1ÞWnðβ1riÞþ2nβ1riWnþ1ðβ1riÞ
c21 ¼ 2nðn�1ÞZnðα1riÞ�2λ1nα1riZnþ1ðα1riÞ
c22 ¼ �ξβ1r

2
i Znðβ1riÞþ2ξriðnþ1ÞZnþ1ðβ1riÞ

c23 ¼ �½2nðn�1Þ�β2r2i �Znðβ1riÞ�2λ2β1riZnþ1ðβriÞ
c24 ¼ 2nðn�1ÞWnðα1riÞ�2nα1riWnþ1ðα1riÞ

c25 ¼ �λ2ξβ1r
2
i Wnðβ1riÞþ2ξriðnþ1ÞWnþ1ðβ1riÞ

c26 ¼ �½2nðn�1Þ�β2r2i �Wnðβ1riÞ�2λ2β1riWnþ1ðβriÞ
c31 ¼ 2nξriZnðα1riÞ�2λ1ξα1r2i Znþ1ðα1riÞ
c32 ¼ nβ1riZnðβ1riÞ�ðβ2�ξ2Þr2i Znþ1ðβ1riÞ

c33 ¼ �nξriZnðβ1riÞ
c34 ¼ 2nξriWnðα1riÞ�2ξα1r2i Wnþ1ðα1riÞ

c35 ¼ λ2nβ1riWnðβ1riÞ�ðβ2�ξ2Þr2i Wnþ1ðβ1riÞ
c36 ¼ �nξriWnðβ1riÞ:
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The parameters λ1 and λ2 are equal to þ1 when the Bessel functions J and Y are used and equal to �1 in the case of the modified
Bessel functions I and K. Substitution of ri by ro in the first three rows of cij leads to the formulas for three remaining rows.

Appendix C. Asymptotic approximation of Bessel functions

Asymptotic approximation of the Bessel functions of first J and second Y kind and order n

Jn xð Þ ¼
ffiffiffiffiffiffi
2
πx

r
cos x�nπ

2
�π
4

� �
(C.1)

Yn xð Þ ¼
ffiffiffiffiffiffi
2
πx

r
sin x�nπ

2
�π
4

� �
(C.2)

Appendix D. Displacements and stresses of longitudinal modes

The radial and axial displacements of axisymmetric longitudinal modes can be calculated accordingly from

ur ¼ ½f 0 þξhr�eiðξz�ωtÞ

uz ¼ i½ξf þhr
0 þhr=r�eiðξz�ωtÞ; (D.1)

and normal and tangential stresses from

σrz ¼ iμð2ξf 0 þðξ2�β2ÞhrÞeiðξz�ωtÞ

σrr ¼ μð�λ=μðα2þξ2Þf þ2f ″þ2ξh0rÞeiðξz�ωtÞ: (D.2)

Appendix E. Experimental results of three-dimensional dispersion characteristics of a thick-walled hollow cylinder

The 3-D scanning laser vibrometer was used in these tests in order to obtain the velocity responses in the X (normal), Z
(axial) and Y (tangential) directions. The velocity responses were acquired with the 2.56 MHz sampling frequency. (Hollow
steel cylinder with inner radius – 25 mm; thickness – 75 mm) (Figs. E1 and E2).
Fig. E1. Experimental wavenumber–frequency dispersion characteristics evaluated from the 3-D response data resulting from the outer surface excitation:
(a) X – normal direction; (b) Z – axial direction; (c) Y – tangential direction. The dashed (� �) lines indicate the velocity limits for the guided Rayleigh
wave (vr), shear bulk wave (vs) and compressional bulk wave (vc).



Fig. E2. Experimental wavenumber–frequency dispersion characteristics evaluated from the 3-D response data resulting from the inner surface excitation:
(a) X – normal direction; (b) Z – axial direction; (c) Y – tangential direction. The dashed (� �) lines indicate the velocity limits for the guided Rayleigh
wave (vr), shear bulk wave (vs) and compressional bulk wave (vc).
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