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Abstract: In semiparametric and nonparametric statistical inference, the asymp-
totic normality of estimators has been widely established when they are \/n-con-
sistent. In many applications, nonparametric estimators are not able to achieve this
rate. We have a result on the asymptotic normality of nonparametric M-estimators

—1/2

that can be used if the rate of convergence of an estimator is n or slower. We

apply this to study the asymptotic distribution of sieve estimators of functionals
of a mean function from a counting process, and develop nonparametric tests for
the problem of treatment comparison with panel count data. The test statistics are
constructed with spline likelihood estimators instead of nonparametric likelihood
estimators. The new tests have a more general and simpler structure and are easy
to implement. Simulation studies show that the proposed tests perform well even
for small sample sizes. We find that a new test is always powerful for all the sit-
uations considered and is thus robust. For illustration, a data analysis example is
provided.

Key words and phrases: Asymptotic normality, M-estimators, nonparametric max-
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1. Introduction

Weak convergence theory and empirical theory (van der Vaart and Wellner
(1996)) have been widely used to study the asymptotic properties of estimators
in semiparametric and nonparametric models. When the convergence rate of es-
timators is n~1/2, the asymptotic distribution of the estimators can be derived
by using the weak convergence theorem on Z-estimators (van der Vaart and
Wellner, 1996, p.310). For example, Zeng, Lin and Yin (2005) and Zeng and
Lin (2006, 2007) obtained the desired asymptotic normality of the estimators for
the proportional odds model and the semiparametric transformation models by
verifying the conditions of Theorem 3.3.1 of van der Vaart and Wellner (1996).
When the convergence rate is slower than n~1/2, for example, the convergence
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rates of nonparametric maximum likelihood estimators of cumulative distribution
functions based on interval-censored data are n~'/3 (Groeneboom and Wellner
(1992)), this theorem is no longer applicable. For such situations, it is diffi-
cult to derive the asymptotic distribution of nonparametric estimators. Zhang
(2006) and Balakrishnan and Zhao (2009) investigated the asymptotic normality
of functionals of the nonparametric maximum pseudo-likelihood and likelihood
estimators for panel count data. We have a general theorem dealing with the
asymptotic normality of nonparametric M-estimators and we apply this to panel
count models as illustrative examples.

For the nonparametric inference of panel count data, several estimation and
testing methods have been developed. Sun and Kalbfleisch (1995), Wellner and
Zhang (2000), Lu, Zhang and Huang (2007), and Hu, Lagakos and Lockhart
(2009a,b) studied the nonparametric estimation of the mean function of the un-
derlying counting process with panel count data by using isotonic regression tech-
niques, the likelihood approach, the spline likelihood approach, the estimating
equation approach, and the generalized least squares method, respectively; Thall
and Lachin (1988), Sun and Fang (2003), Zhang (2006), and Balakrishnan and
Zhao (2009) presented some nonparametric tests for nonparametric comparison
of mean function of counting process with panel count data. For a comprehensive
review about the analysis of panel count data, see Sun and Zhao (2013).

Lu, Zhang and Huang (2007, 2009) showed that the spline likelihood esti-

—-1/2 ~1/3 and

mators have a convergence rate slower than n but faster than n
are more efficient both statistically and computationally than the nonparametric
maximum likelihood estimators in simulations. In this paper, we explore asymp-
totic normality of functionals of spline likelihood estimators of mean functions,
and propose some new nonparametric tests based on them to compare with ex-
isting tests for the nonparametric comparison of counting processes with panel
count data.

The remainder of the article is organized as follows. In Section 2, we present
a general theorem regarding the asymptotic normality of nonparametric M-
estimators. In Section 3, we briefly review the nonparametric spline-based like-
lihood estimators for panel count data and establish the asymptotic normality
of their functionals. Section 4 presents two classes of nonparametric test statis-
tics for comparing two treatment groups with respect to their mean functions.
The asymptotic normality of the proposed test statistics are established. Section
5 reports some simulation results to assess the finite-sample properties of the

proposed test procedure and to compare them with the tests based on the non-
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parametric likelihood estimators. A data analysis example is provided in Section
6. Section 7 contains some concluding remarks. The proofs of theorems are given
in the Supplementary Materials available at the Statistica Sinica journal website.

2. Asymptotic Distributional Theory of Nonparametric M-Estimators

Suppose X = (Xq,...,X,,) is a random sample taken from the distribution
of X, and 1,(A; X) = >, m(A; X;) is an objective function based on X, where
A is an unknown function in the class F. Let F,, be the sieve parameter space
satisfying

Fn CFpy1 C---CF, forn>1.

Assume that A, is the estimator of Ay that maximizes I (A; X) with respect to
Fa.

Suppose A, is a parametric path in F through A, A, € F and A,|,—0 = A.
Let H=1{h: h= 8871:7"\,,7:0} and [*°(H) be the space of bounded functionals on
H under the supermum norm ||f||cc = suppey |f(R)|. For h € H, we define a
sequence of maps G, of a neighborhood of Ay, denoted by U, in the parameter
space for A into [°°(H) by

G 0)[H] = 121 (A X) o

on
_1meA ; Xi) |77 0
= PM/J(A; X)[hl,

and take G(A)[h] = Py(A; X)[h|, where P and P, denote the probability mea-
sure and empirical measure with Pf = [ fdP and P,,f = n™' > 1| f(X;), re-
spectively.

To establish the asymptotic normality, we need the following conditions.

AL n(Gr = G)(An)[h] = /n(Gr — G)(Ro)[h] = 0p(1).
A2. G(Ag)[h] = 0 and G, (A,,)[h] = o,(n~1/?).

A3. /n(Gy, —G)(Ao)[h] converges in distribution to a tight Gaussian process on
1°°(H,).

A4. G(A)[h] is Fréchet-differentiable at Ag with a continuous derivative Gy, [h].

A5. G(An)[h] — G(Ao)[h] — G, (A — Mo)[h] = 0p(n~1/2).
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Theorem 1. If A1-A5 hold, then for any h € H,
VG, (An = Ag)[h] = V(G — G)(Ag)[h] + 0p(1).

REMARK 1. The above theorem does not require the A, be v/n-consistent,
while the conditions stated in Theorem 3.3.1 of van der Vaart and Wellner (1996)

imply that the estimator has the usual convergence rate n~ /2.

REMARK 2. Assumptions A2-A4 are the analytical conditions given in
Theorem 3.3.1 of van der Vaart and Wellner (1996). Assumptions Al and A5
require the remainder in a Taylor expansion be negligible; they are weaker than
those required by van der Vaart and Wellner (1996).

The theorem can be widely used to establish the asymptotic normality of
nonparametric estimators no matter whether the rate of convergence is n=/2,
or is slower. We focus on counting process models with panel count data to

illustrate applications of the theorem.

3. Asymptotic Normality of Functionals of Nonparametric Spline-
based Likelihood Estimators for Panel Count Data

3.1. Nonparametric spline-based likelihood estimation

Consider a recurrent event study that consists of n independent subjects
and let N;(t) denote the number of occurrences of the recurrent event of interest
before or at time t for subject i. For subject i, suppose that N;(-) is observed only
at finite time points Tk, 1 < --- < Tk, k, < 7, where K; denotes the potential
number of observation times, ¢ = 1,...,n, and 7 is the length of the study.

In the following, we assume that (K;; Tk, 1,..., Tk, k,) are independent of
the counting processes N;’s. Let X = (K, T,N), where T = (Tx1,...,Tk k) and
N =(N(Tk1),....N(Tk x)). Then {X; = (K;,T;;N;), i =1,...,n} is a ran-
dom sample of size n from the distribution of X, where T; = (T, 1,..., Tk, K,)
and Nz == (Nz(TK,,l)a e ,Nz(TK“K7))

Suppose that for each subject, N;(t) is a non-homogeneous Poisson process
with the mean function A(¢). The log pseudo-likelihood and the log-likelihood
functions for A are

n K

2(A) =35 [Ni(Tk ) log {A(Tke. )} — A(Tic, )]

i=1 j=1
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n K;
=Y ) [ANi(Txk, ;) log {AA(Tk, j)} — AM(Tx, ;)] ,

i=1 j=1

after omitting the parts independent of A, where T, o = 0, AA(Tk, j) = ATk, j)—
A<TK,;,j—1); and ANz(TK“]) = NZ(TK“]) — Ni(TKi,j—l)-

For estimation of the smooth function Ay(t), we use B-spline function ap-
proximation (Lu, Zhang and Huang (2007)). Let 7 = {s;,s = 1,...,my + 21},
with

To =81 = =8 <8141 <" < Sm+l < Smp,+l+1 = " = Sm, 420 = T,

be a sequence of knots that partition [rp,7]| into m, + 1 subintervals I; =
[Si44s Siix1], for @ = 0,1,...,m,. Let ®, be the class of polynomial splines
of order [ > 1 with the knot sequence 7. Then ®,, can be linearly spanned by
the normalized B-spline basis functions {B;,i = 1,...,aq,} with ¢, = m, + 1
(Schumaker (1981)). Define a subclass of ®,,,

q’ll
\I/n:{ZaiBi:Ogalg---gaqn}.

=1

Following Lu, Zhang and Huang (2007), the estimators AP® and A,, are the values
that maximize I5°(A) and 1,,(A) with respect to A € ¥,,, respectively.

We denote the spline pseudo-likelihood and spline likelihood estimators of A
by Ab =S 42°B; and A, = 3.1, G&inBi.

2. Asymptotic normality

Let B denote the collection of Borel sets in R, and let Bjy ) = {B N[0, 7] :
B € B}. Following Wellner and Zhang (2000), define measures pq and po as
follows: for B, By, By € B[O,T]?

k
P(K =k))  P(Ty; € BIK = k)
1 j=1

M

p(B)

=~
Il

K
=E ZI Tk, €B)y,
7j=1

k
2(B1 x By) Z{P = k)Y P(Tpj-1 € B1,Th; € Bo| K = k)}
j=1
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K
ZI(TK,jfl S Bl,TK,j € Bg)
=1

Define the Lo-metrics d; and dy as

di(A1,A2) = {/|A1 2d/£1()}1/2’
i) ={ [ [1dita >>—<A2<u>—A2<v>>\2du2<u,v>}l/2.

To establish the asymptotic properties of the estimators, we need the follow-

ing regularity conditions.

C1.

C2.

C3.
C4.
C5.

C6.
Cr.

C8.

C9.

C10.

The maximum spacing of the knots, A = max;{i<i<m,+i+1 /5 — Si—1| =
O(n~") with m,, = O(n") for 0 < v < 0.5. There exists a constant M > 0
such that A/§ < M uniformly in n, where § = min;j<j<m, +i+1]5 — si—1]-

The true mean function Ay is a nondecreasing function over [0,7] with
A(0) = 0, with a bounded rth derivative in [0, 7] for » > 1, and A{(¢) > ag
for some ag € (0, 00).

There exists a positive integer K such that P(K < Ky)=
For some positive constant kg, E[exp{koN(7)}] < oc.

P(ﬂJK:l{TK,j € [10,7]}) = 1 with 79 > 0, Ag(70) > 0, and Ag(7) < My for
some constant My > 0.

w1(m0) > 0, and for all 79 < 71 < 72 <7, p1((71,72)) > 0.

There exists a positive constant sg such that P(mini<j<x{Tk ;j—Tk j—1} >
80) = 1.

11 is absolutely continuous with respect to Lebesgue measure, with deriva-
tive [:Ll.

1o is absolutely continuous with respect to Lebesgue measure, with deriva-
tive fio.

If with probability 1, h(Tk ;) = 0,5 =1,..., K for some h, then h = 0.

Conditions C1-C5 and C7 are required by Lu, Zhang and Huang (2007); con-
dition C6 is required by Balakrishnan and Zhao (2009). Conditions C8 and C9
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are similar to C11 in Wellner and Zhang (2007). Condition C10 is needed for
identifiability of the model.

Theorem 2. Suppose C1-C6 and C10 hold, and let

H, = {g() : \g(r_l)(s) — g(r_l)(t)\ < c¢pls —t| for all 1o < s,t < T} ,

where ¢~ is the (r — 1)th derivative function of g, and cq is a constant.

(i) If C8 holds, then for h € H,,
v / (AP (8) — Ao(t)}dh(t) —+a N(0,02,), (3.1)

where o2, is given at (S2.4) of Supplementary Materials.
(ii) If C7 and C9 hold, then for h € H,,

Vit [{Rnlt) = Ao(®)}ah(t) >4 N(0,0%), (3.2)
where 2 is given at (S2.7) of Supplementary Materials.

Corollary 1. Suppose the conditions in Theorem 2 hold.

(i)
N
Vi [ 20 g ) 4 0.0, (33)
where h € H,, and
2
K
R I (3.4
j=1 ’
" {An(u) = An(v)} = {Ao(u) — Ag(v)}
A, (w) — A, (v)y — {Ag(uw) — Ag(v
via [ {h(w) - he)) e ey i v)
—q N(0,03), (3:5)
where h € H,, and
2
K
03=F ZAh(TK,j)AN (TZJI'X)JT?{?;’(TKJ) . (3.6)
j=1 ’
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REMARK 3. These results can be used to construct new tests for the prob-
lem of multi-sample nonparametric comparison of counting processes with panel
count data.

REMARK 4. We can show that under some regularity conditions, (3.1)-(3.6)
hold for the two nonparametric likelihood-based estimators proposed by Wellner
and Zhang (2000).

4. Nonparametric Two-sample Tests

Consider a longitudinal study with some recurrent event and n independent
subjects from two groups, n; in the lth group with n; +ny = n. Let N;(t) denote
the counting process arising from subject i and A;(t) denote the mean function
of the counting process corresponding to group [, I = 1,2. Here, the problem
of interest is to test the null hypothesis Hy : Ai(t) = Aa(t). Suppose subject i
is observed only at distinct time points 0 < Tk, 1 < --- < Tk, g, and that no
information is available about N;(¢) between them.

Let Af) ® and Al denote the spline pseudo-likelihood and spline likelihood
estimators of A; based on samples from all the subjects in the [th group. Let
Ag(t) denote the common mean function of the N;(t)’s under Hy, and let A}® and
Ay be the spline pseudo-likelihood and spline likelihood estimators of Ag based
on the pooled data. Clearly, p1(t) and pa(u,v) can be consistently estimated by

1 n K;
i (t) = ﬁZZI(TKhJ’ <t),

i=1 j=1

K;

1 n B
ﬂ _—*E EIT.', < Ty + <u
2(’LL,’U) ni < (K“] 1SV, 1K 7S ),

respectively.
To test the hypothesis Hy, Zhang (2006) and Balakrishnan and Zhao (2009)
proposed to use the two statistics

Uz = \/ﬁ/oT Wn(t){Al,mple(t) - A2,mple(t)}dﬂ1(t)v

n K;—1
1 l ;
Usz = ST WaTx, ) homie(Tx, ;)
[
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" { (AAl,mle(TK“j—l—l) B A[\l,mle(TKi,j))

Ao mie(Tr, j41)  ARomie(Tr, )
Ahs (T, j+1)  ARoie(Tk, ;)
- <AAO,mle(TKi,j+1) B AAO,mle(TKi,j)>}

AW (T, 1c,) Ao mie (T, 1, )

% 1— AAl,mle(TKmKi) 1= AAvalE(TK“Ki)
ANy mie(Tk, K,) ANy mie(Tk, K,) 7
where W,,(t) is a bounded weight process, Al,mple and /A\Lmle denote the maximum
pseudo-likelihood and maximum likelihood estimators of A; based on samples

from all the subjects in the /th group, and JA\07mle denotes the maximum likelihood
estimator of Ay based on the pooled data. We propose the two test statistics

A” (1) — AP ()

Urs = \f/hps 0 ) djiq (t)
s A (T, ) — AR (T, )
hp . ,
~Vn ; Jz‘: AP (Tx, ;)

U, = \/ﬁ/{hn(u) - hn(’l})}{Al(u) - Al(v)} - {AQ(U) - AQ(U)}dﬂQ(U,’U)

{Ao(u) — Ag(v)}

A[X Tre ) — ANo(Ty
ZZ{Ah (Tr.s) 1( KL,Z) 2(Tk, ;)
\Fl 191 AN (Tk, 5)

)

where A1’ (t) and hy,(t) are bounded weight processes. For the propose of compar-
ison, we consider three choices of the weight processes h},’(t) and hy,(t): kY’ (t) =
AW () and hy(t) = Ag()WP (t), where WD (1) = 1, WP (t) = S0, T
(t < Tk, k,), and W (t)=1- w2 (t) =>2" I (t > Tk, k,). Other choices
of weight processes can be made. For example, if we take hy(t) = {Ag(t)}?, the
structure of US® is similar to Uz, while the structure of U,, is much simpler than

that of ng.
Theorem 3. Suppose the conditions of Theorem 2 hold. Suppose that hy(t)’s

are bounded weight processes and that there exists a bounded function h(t) such
that h € H,, and

1/2
[/ {hn(t) = RO dm ()| = op(n~1/20H20),
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If ni/n — p as n — oo, where 0 < p < 1, then, under Hy : A; = Ay = Ay,

(i) UR® has an asymptotic normal distribution N(0,0%,), where

1 1
2 (1 2
Ops = <p+1—p>01
(ii) U, has an asymptotic normal distribution N(0,0?), where

1 1
02=<+>0§
p l—p

with o3 as given as (3.4);

with o3 as given as (3.6);
(iii) If

1<i<n

K;
max B | Y {hn(Tk, ;) — MTk, ;)| — 0,
j=1

then 02, 03 can be consistently estimated by

r 2
n K; N
L1 : Ni(Tx,.;) — AP*(T..)
2 AL i\ 0 irJ
01 = n E E hn(TKz‘,J) AgS(TK j) )
i=1 i,

r 2

n K 1
o 1 : ANi(Tk, ;) — Alo(Tk, ;) :
62 = - E E Ahn(Tk, ;) A/ZXO(TK ) J , respectively.
=1 i

REMARK 5. For the asymptotic normality of the proposed test statistics,
we do not need the condition that h o Ay 1is a bounded Lipschitz function as
required by Zhang (2006) and Balakrishnan and Zhao (2009).

REMARK 6. We can show that, under some regularity conditions, (i)-(iii)
hold if the spline pseudo-likelihood and spline likelihood estimators in the ex-
pression of U}® and U, are replaced with the nonparametric maximum pseudo-
likelihood and nonparametric maximum likelihood estimators proposed by Well-
ner and Zhang (2000), respectively.

5. Simulation Study

We conducted a simulation study to investigate the finite-sample properties
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of the proposed test statistics and to make comparisons with those of the tests
presented by Zhang (2006) and Balakrishnan and Zhao (2009). We let T7° =
U /6ps and T = U, /&, where

1/2

Gps =4 [+ 2 62

ps ny no 1 ’

G

o= — 4+ — ] 05 ,
ny N2

and U, U,, and 67 be as given in Section 4. By Theorem 3, the null hy-
pothesis can be tested by TP® and 7', which have asymptotic standard normal
distributions. For the generation of panel count data, denoted by {k;, t;;, ni;, j =
1,...,kiyi = 1,...,n}, we first generated the number of observation times k;
from the uniform distribution U{1,...,10}, and then, given k;, we took the
observation times ¢;;’s to be the order statistics of a random sample of size
k; drawn from U{l,...,12}. To generate the n;;’s, we assumed that, given a
nonnegative random variable 7;, N;(t) is a Poisson process with mean function
Ai(t|vi) = E(N;i(t)|vi). Let S; denote the set of indices for subjects in group I,
[ = 1,2. For comparison, we considered cases representing two patterns of the
mean functions:

CASE 1. A;(t]yi) = it for i € Sy, Ai(t) = yitexp(B) for i € So.
CASE 2. Ai(t|'yi) =t for ¢ € Sl, Az(t) = 'Yi\//@ for i € Ss.

As shown in Figures 1-2 of Balakrishnan and Zhao (2009), the two mean
functions do not overlap in Case 1 and they cross over in Case 2.

For each case, we took 7; = 1 and 7; ~ Gamma(2,1/2) corresponding to
Poisson and mixed Poisson processes, respectively. For each setting, we took
n1 = 30,n2 = 50 and n; = 50,19 = 70. We considered the weight processes

D (1) = Ao(t)WD (1), j =1,2,3, with
1 n
W) =1, W@ = - 2_1 I(t <tgr), and
1 n
B)y==>" I(t>t
Wy (t) - (t >t k),

i=1

and h,(fl)(t) — {Ao(t)}?, denoting the corresponding tests by T} with hY) (j =
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Table 1. Estimated size and power of the tests for Poisson processes.

B Ty 15 T3 T} Tpz1 Tz2 Tpzs
= 30,15 = 50

0.0 0.053 0.049 0.054 0.054 0.053 0.051 0.062

0.1 0.321 0.189 0.147 0.255 0.324 0.184 0.159

0.2 0.859 0.578 0.396 0.750 0.857 0.568 0.408

0.3 0.990 0.903 0.713 0.966 0.989 0.901 0.712
n = 50,ns = 70

0.0 0.055 0.0561 0.057 0.047 0.059 0.054 0.057

0.1 0.445 0.278 0.184 0.360 0.447 0.268 0.187

0.2 0.948 0.736 0.555 0.898 0.948 0.730 0.555

0.3 1.000 0.979 0.858 1.000 1.000 0.976 0.853
ny = 50,7’L2 = 100

0.0 0.041 0.044 0.053 0.043 0.043 0.045 0.055

0.1 0.448 0.277 0.164 0.351 0.443 0.279 0.174

0.2 0.961 0.776 0.579 0.923 0.961 0.771 0.583

0.3 1.000 0.991 0.926 1.000 1.000 0.990 0.926
= 30,15 = 50

3 1.000 0.580 1.000 1.000 1.000 0.593 1.000

0.997 0.081 1.000 1.000 0.997 0.082 1.000

8 0.483 0.543 0.995 0.998 0.483 0.544 0.991
n = 50,ns = 70

3 1.000 0.823 1.000 1.000 1.000 0.932 1.000

5 1.000 0.073 1.000 1.000 1.000 0.076 1.000

8 0.619 0.714 1.000 1.000 0.619 0.713 1.000
ny = 50,%2 = 100

3 1.000 0.760 1.000 1.000 1.000 0.761 1.000

1.000 0.083 1.000 1.000 1.000 0.085 1.000

8 0.699 0.822 1.000 1.000 0.701  0.820 1.000

ot

ot

1,2,3,4) and Trz; with W,gj) (j = 1,2,3). Here, the nonparametric maximum
likelihood estimators /A\Lmle, AO,mle were computed by using the modified iterative
convex minorant algorithm in Wellner and Zhang (2000); the spline likelihood
estimators A; and Ay were computed by using the algorithm in Lu, Zhang and
Huang (2007). The results reported here are based on 1,000 Monte Carlo repli-
cations using R software.

Tables 1 and 2 present the estimated sizes and powers of the proposed test
statistics T;’s and Tpz;’s (Balakrishnan and Zhao (2009)) at significance level
a = 0.05 for different values of # and the different weight processes based on
the simulated data for the two cases with v, = 1 and ; ~ Gamma(2,1/2),
respectively. The two parts of each table include the comparison of T; and Tpz;
with the sample sizes n1 = 30,19 = 50 and nqy = 50,n9 = 70 in Cases 1 and
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Table 2. Estimated size and power of the tests for mixed Poisson processes.

B Ty 15 T3 T Tpz1 Tpz2 Tpzs
= 30,15 = 50

0.0 0.059 0.051 0.061 0.058 0.061 0.048 0.062

0.1 0.187 0.126 0.091 0.157 0.187 0.123 0.098

0.2 0.568 0.378 0.286 0.492 0.564 0.381 0.286

0.3 0.869 0.637 0.560 0.785 0.871 0.638 0.549
n = 50,ns = 70

0.0 0.050 0.049 0.054 0.061 0.049 0.053 0.054

0.1 0.267 0.185 0.134 0.218 0.270 0.189 0.133

0.2 0.751 0.498 0.387 0.659 0.750 0.500 0.391

0.3 0.968 0.827 0.737 0.942 0.968 0.828 0.738
ny = 50,7’L2 = 100

0.0 0.043 0.041 0.053 0.055 0.043 0.041 0.059

0.1 0.264 0.158 0.150 0.226 0.263 0.157 0.152

0.2 0.747 0.501 0.425 0.675 0.746 0.508 0.433

0.3 0.989 0.868 0.756 0.963 0.989 0.865 0.762
= 30,15 = 50

3 1.000 0.509 1.000 1.000 1.000 0.527 1.000

0.951 0.076 1.000 1.000 0.951 0.077 1.000

8 0.317 0.384 0.998 0.973 0.315 0.375 0.997
n = 50,ns = 70

3 1.000 0.747 1.000 1.000 1.000 0.750 1.000

5 0.994 0.065 1.000 1.000 0.995 0.065 1.000

8 0.429 0.485 1.000 0.996 0.428 0.479 1.000
ny = 50,%2 = 100

3 1.000 0.677 1.000 1.000 1.000 0.681 1.000

0.996 0.078 1.000 1.000 0.996 0.078 1.000

8 0.456 0.631 1.000 1.000 0.455 0.624 1.000

ot

t

2, respectively. To see what happens when the difference between n; and no
becomes large, we also considered the sample sizes n; = 50,ny = 100. The
simulation results shown in the tables suggest that the tests based on the spline
likelihood estimators have similar sizes and powers to those of the tests based on
the nonparametric maximum likelihood estimators.

The new test procedure is easy to implement and performs well for all the
situations considered. However, for Case 2 with n; = 30 and ny = 50, we note
that the estimated powers of test Trz;’s display “NA” often when running the
simulation program. In this case, we chose to report the simulation results when
the estimated powers of test Tpz;’s were available. It is surprising that the
proposed test 77 with the simplest structure has similar size and power to Trz1
with a complicated structure when the simulated values of Tgz1 are available.




944 XINGQIU ZHAO AND YING ZHANG

Normal Q—-Q Plot

Sample Quantiles
(=)
|

Theoretical Quantiles

Figure 1. Simulation study. Normal quantile plot for 7y (n = 30 and ns = 50).

Normal Q—-Q Plot

Sample Quantiles
(e}
|

Theoretical Quantiles

Figure 2. Simulation study. Normal quantile plot for Ty (n; = 50 and ny = 70).

The new test T4 has similar power to T} and Tz in Case 1 and to T35 and Tgz3
in Case 2. We conclude that Ty, with a simple structure, is always powerful for
the two cases considered, and thus robust.

To evaluate the asymptotic normality of Theorem 3, we constructed the
quantile plots of the test statistics against the standard normal. Figures 1 and
2 present such plots for Ty and they reveal that the asymptotic normality is
justified for the given finite sample sizes. Similar plots were obtained for test
statistics T, T5 and T3 and other situations as well.
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6. An Application

We applied the proposed tests to a set of panel count data arising from
a skin cancer chemoprevention trial conducted by the University of Wisconsin
Comprehensive Cancer Center in Madison, Wisconsin. It was a double-blinded
and placebo-controlled randomized phase III clinical trial. The primary objective
of this trial was to evaluate the effectiveness of 0.5g/m2/day PO difluoromethy-
lornithine (DFMO) in reducing new skin cancers in a population of the patients
with a history of non-melanoma skin cancers: basal cell carcinoma and squamous
cell carcinoma. The study consisted of 290 patients who were randomized to two
groups: DFMO group (143) or the placebo group (147). The observed data in-
cluded a sequence of observation times in days and the numbers of occurrences of
both basal cell carcinoma and squamous cell carcinoma between the observation
times for patients in different treatment groups (see Table 9.3 of Sun and Zhao
(2013)). Sun and Zhao (2013) analyzed these data and found that the overall
DFMO treatment seemed to have some mild effects in reducing the recurrence
rates of basal cell carcinoma and quamous cell carcinoma. In addition, they pre-
sented a graphical comparison of the two groups and concluded that the DFMO
treatment seemed to have some effects in reducing the recurrence rate of basal
cell carcinoma but not to have any effect on the recurrence rate of squamous cell
carcinoma. For this reason, we focused on comparing two treatment groups in
terms of the recurrence rates of basal cell carcinoma.

To test the difference between the two groups, we treated the DFMO group
as group 1 and the placebo group as group 2. Let N;(t) represent the number of
the occurrences of basal cell carcinoma up to time ¢ for patient i, ¢ = 1,...,290.
Let A;(t) denote the expected occurrences of basel cell carcinoma up to time ¢
for group I. The goal is to test Hy : A1(t) = A2(t) = Ag(t). The spline likelihood
estimates Al and AO of A; and Ag based on samples from all the patients in
the [-th group and the pooled data are shown in Figure 3. We applied the test
procedure of Section 4 to this problem and obtained T7 = —2.2285, T, = —0.9245,
T3 = —2.0245 and Ty = —2.1940 where T}’s are as defined in Section 5, giving
p-values of 0.0258, 0.3552, 0.0429, and 0.0282 based on the standard normal.
The test results from Ty, T3 and T, suggest that the incidence rates of basal
cell carcinoma were significantly reduced by the DEFMO treatment, while test 75
fails to reject Hg. This can be easily understood by looking at the behavior of
the estimates. From Figure 3, the difference of mean functions at later times

dominate the difference at earlier times so that the test with Wéz) could not
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1.5

—— DFMO
----- Placebo
~~~~~~~ Pooled

Mean Function

T T T T
0 500 1,000 1,500

Time (Days)

Figure 3. The estimated mean functions for the skin cancer study.

detect the difference between two groups.

7. Concluding Remarks

For semiparametric models, Wellner and Zhang (2007) developed a general
theorem for deriving the asymptotic normality of semiparametric M-estimators
of regression parameters. We can establish similar theory. For example, we
have the following results about the asymptotic normality of estimators in the
semiparametric model considered by Wellner and Zhang (2007) and Lu, Zhang
and Huang (2009). Suppose that for each subject, given a d-dimensional vector of
covariates Z;, N;(t) is a non-homogeneous Poisson process with the mean function
Ai(t)Z;) = Ao(t) exp{Z[B}, where Ay is an unknown baseline mean function and
[ is a d-dimensional vector of unknown regression parameters.

Let 67° = (B5°,AP®) and 6, = (B,,An) be the semiparametric pseudo-
likelihood and likelihood estimators of Lu, Zhang and Huang (2009). Let By
denote the collection of Borel sets in R?, and B and Bjg,7) as defined in Section
3. Let F' be the cumulative distribution function of Z. We considered measures
vy and vy as follows: for B, By, By € By ;1 and Bj € By,

V(B x B3) = / > P(K=kZ=2)Y P(Tp;€BIK =k Z=zdF(2),
Bs p=1 j=1

vy(B1 x By X B3) = / > {P(K =k|Z = =)

Bs 1
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k
XY P(Tpj1 € B1,Th; € Bo|K =k, Z = z) 3 dF (2).
j=1

Take H, = {(h1,h2) : hy € R%,||[hy|| < 1, hy € H,, ho(0) = 0} . Under some reg-

ularity conditions,

(i) For (hy, hg) € Hy, hiv/n(Bh° = Bo) + v/n [{AR(t) — Ao(t)}dhal(t) is asymp-
totically normal.

(ii) For (hy,hg) € Hy, Wi/n(Bn — Bo) + /1 [{An(t) — Ao(t)}dha(t) is asymp-

totically normal.

(iii) (Asymptotic Normality of B5°) /n(B5 — Bo) —a N(0,%,,), where ¥, =
(AP)=LBPs((AP$)~1)) with

K / ®2
; E (ZeP?|K, Tk ;)
AP =B |y No(Txj)e™? { Z - B

2 ol { E(P7K Ticy) | |

[k K
B®=E|Y {N(TKJ) - Ao(TK,j)eﬁéz}

_j:l 7'=1
% {N(TKJ’) - AO(TK,j')€B6Z}
E (ZePZ |\ K, Ty

E (e%7|K, Tk ;)

, ’
x {z_ E (Zeﬁf)le,TK,j')}

E (%7 |K, Tk )

)

and (Asymptotic Normality of Functional of AL®) for h € H,.,

Vi [{RR® - Ao(e)) e

h(t) S
—Z (@) E | 27 T h(Tky) | pdn(t,2)
Ao(t) =
—d N(O,&%),

where
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i K
I = E 22"y Ao(Ti,j)e™? | |
L ‘7:1
[ K
GI=E ()] {N(TKJ) - Ao(TK,j)eﬂ"Z}
_]:1
h(Ticy) - 2
BI 7 ()T B | 2R3 h(Tk )

Ao(Tk 5) ot

(iv) (Asymptotic Normality oan) \/H(anﬁg) —q N(0,%), where ¥ = (4)~'B((A)~1))

with
[ K , ®2
/ E (ZeBOZ‘K TK i—1 TK )
A=F ANy(Tk ;)e%? 7 — : T Rgmb 2Ry ,
jz:; o(fica) { E (eM?|K, Tk j-1, Tk 5)
[k K
B=E|> >, {AN(TKJ‘) - AAO(TK,J‘)BBOZ}
j=1j=1

;B2 K T o1 T )
X - 7
E(eP7|K, Tk j-1, Tk 5)

s F (2e%7|K, Tie -1, Tiey) |
X - 7
FE (6BOZ’K, TK,j’—ly TKJ‘/)

and (Asymptotic Normality of Functional of An) for h € H,,
Vit [ {(Aa® = () = (30(t) = Ao(s)) } %
h(t) —

K
— T E | zeP? Z Ah(Tk ;) dva(s,t, z)
7j=1

I'=F
j=1

K
ZZ/ Z AAO(TK,])eﬁézl y
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K
53 =B | > {AN(Tics) - Ao(Tie ) |
j=1

2
Ah(Tk ;)

K
— NI 2 e | 2PN T ARWTy
AN (Tk ) > Ah(Ticy)

=

Here, the obtained asymptotic distributions for A2° and 3, are the same as
those in Theorem 3.3 of Wellner and Zhang (2007) and Theorem 3 of Lu, Zhang
and Huang (2009). The new results about the baseline mean function can be
used to conduct statistical hypothesis tests. The proofs of the above conclusions

are available from the authors.

Supplementary Materials

The supplementary materials include proofs of theorems.
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PROOFS OF THEOREMS

S1 Proof of Theorem 2.1

By assumptions A4 and A5 with A2, we have
Gy (R — M) ] = —VAGAH] +0p(1).  (SL1)
By assumptions Al and A2, we have
—VnG(A,)[h] = Va(G, — G)(Mo)[A] + 0(1). (S1.2)
Thus, it follows from (S1.1) and (S1.2) that
VG, (A = Ro)[B] = V(G — G) (o) [h] + 0,(1),

which completes the proof of the theorem.
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S2 Proof of Theorem 3.1

To prove Theorem 3.1, we need to show the following lemma first.

Lemma 1. Define 1,s(A; X)[h] = K {N(TK’j) - 1} h(Tk,;) and

J=1 | A(Tk,5)

Gn(9)[A]
dl(A, AQ) < 5,

— {qpps(A;X)[h] — Yps(Ao; X)[h] : SUP, <per |A(1) — Ao(t)] < 8o

Aeklfn}.

Let || - ||pp be the “Bernstein norm” defined as || f|pp = {2P(elfl — 1 —
|fD}Y? by van der Vaart and Wellner (1996). Then the e-bracketing num-
ber associated with || - || pp for G,(6)[h], denoted by Npj(e,Gn(0)[R], || |lp,B),

is bounded by (§/£)°, that is,
Nyy(e, Gu(O)[R], || - lpB) S (6/)"

for a constant ¢ independent of h, where the symbol < denotes that the

left-hand side is bounded above by a constant times the right-hand side.

Proof. For A with sup, ., |A(t) — Ao(t)| < &, we obtain that M; <
A(t) < My over t € |1y, 7] where M; and M, are positive constants. Denote
the ceiling of x by [x]. By the calculation in Shen and Wong (1994, page
597), for any & < 4, there exists a set of brackets {[AF, AV]: i =1,...,(5/e)"" }

such that for any A € W,,, AX(t) < A(t) < AV(t) over t € [rg, 7] for some
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1 <i < (§/e)29, where ||AY — AF|| < e, and c is a constant. Define

mEX) = 3 N(Tk) H I(h(Tx) >

0) n I(h(Tk ;) <0) }
= max (AY (Tk ), M) max (AF(Tx ), My)
1
_A0<TKJ>:| MTks)

and

v RS I(W(Txy) = 0) I(h(Tiz) < 0)
= 2 N ) o T35 * e (AT 5
1
_—AO(TKJ)] h(TK,j).

After some calculations, we have ||m{ (X)[h] — m[(X)[R]||} 5 < €* and
for any m(A; X)[h] € G,(0)[h], there exist some i such that m(A, X)[h] €

[mE(X)[h], mY (X)[R]]. Therefore, we have

Nyy(e,Gu(O) A || - lps) S (/)"

for a universal constant ¢, which completes the proof of the lemma.

Proof of Theorem 3.1. To derive the asymptotic normality of the estimators,
we need to verify conditions A1-Ab stated in Theorem 2.1.
To prove part (i), we define a sequence of maps SP* mapping a neigh-

borhood of Ay, denoted by U, in the parameter space for A into [*°(H,)
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as

S =

(A +e )8 ;
= nwps( [

Correspondingly, we define the limit map S?* : U — [*°(H,,) as
K
N(Tk,)
== — 19 h(Tk
2 { ATk ;) (Txes)

=1

SPS(A)[h] = P

We will show (A1) by applying Lemma 1. For h € H,, let the class

G.(9)[h] be as defined in Lemma 1 for some 6 > 0. Then by Lemma 1, we

have
Niy(e,Gu(0) ][ - lpB) < (8/€)"
uniformly in A, and
TGl - 1) = / 1+ 109Ny (. GuO)IL | - 1r.m) d= < a2,

Lu, Zhang and Huang (2007) showed that dy (A?*, Ag) — 0 almost surely and
hence that the uniform consistency of AP® can be shown by using arguments
similar to Proposition 5 of Schick and Yu (2000) under conditions C2-C6;
that is,

sup |[AP*(t) — Ag(t)] = 0 almost surely.
To<t<T
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By Theorem 2 of Lu, Zhang and Huang (2007), n"/(+20)d, (APs| Ag) = 0,(1)
with 7 > 1. Thus we have 1,s(A?%; X)[h] — ¥,s(Ao; X)[h] € Gn(0)[h] with
§ = 0, = O(n~"/0+27) Furthermore, for any v, (A; X)[h] —1ps(Ao; X)[h] €

Gn(0,,)[h], we have
sup [[10ps (A5 X)[B] = s (Ao; X)[M][12 5 S di (A, Ao).

Hence, using the maximal inequality in Lemma 3.4.3 of van der Vaart and

Wellner (1996), we obtain that

Ep|[n'?(Py = Plguym S J1)(60: Gu(0) [ || - lp5)

e LS AHRED)

2

AN

qY/6, + qun™V

_ O(nl/(2(1+27"))—7‘/(1+27‘)) + O(nl/(1+27")—1/2)

_ O(n(l—Qr)/(Q(H—Qr))_|_O(n(1—2r)/(2(1+2r))
= o(1),

where c is a positive constant. Therefore, employing the Markov inequality,

we have
Vi(Py = P)(tps (A5 X) [h] = 4 (Ao; X)[R]) = 0,(1)
uniformly in A. Thus, (A1) holds.

For (A2), clearly SP*(Ag)[h] = 0 for h € H,, and we need to show that
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SPs(AP)[h] = o(n=Y/?) for h € H,. Note that A»* = 39" 4° B, satisfies

the following score equation

) Ny(Tx.;)
122 ps v oY -1 BK(TKM'):O’ C=1,... qn
A TK@])

=1 j=1

Thus, for any h =Y " ayBy € ®,,, we have

1 "L N(TK1J> _ ) —
n ZZ{APS 1}h(TKM)—O,

that is, S?*(AP%)[h] = 0 for any h € ®,.
For any h € H,, there exists h,, € ®, such that ||h, — h||c = O(n™").

Next we need to show that
SE (AR — o] = o(n™'/?).
For this, we write
SN = ha] = SN [A = ha] = S8 (Ao)[h — Rl } + S5° (M) [ —
= L+ Loy

Since

n K;

>N

1

P’[1n| == -1

i=1

j:
] 1 L ) — (T
N (Trog) Do(Tieg) f 55077 T
< dy (A Ag)|[ — Bl
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and
2
PIZ = n'P

; {% - 1} {M(Tx;) — hn(Tr )}

S nHlh = hallX,

then it follows that I, = o0,(n"'/?) and I, = o0,(n~'/?), which implies
(A2).

Condition (A3) holds because H, is a Donsker class and the functional
SP is a bounded Lipschitz function with respect to H,.

For (A4), by the smoothness of SP*(A), the Fréchet differentiability
holds and the derivative of SP*(A) at Ag, denoted by Sﬁf}, is a map from the

space {(A —Ag) : A e U} to [*(H,) and

Sy (A = Ao)[A]

= L (o +e(A— A | (52.1)
_ = S MTry) — Mo(Tky)
- ; (i) { Ao(Tk ) }
Thus, by condition C8, we have
~SR (A= o)l = [ (Ale) = Ao(t)d@” () (52.2)

where
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Next we show that (A5) holds. Note that

s (A)

[ N(Twy) ,
2 AP (T ;) 1}h(TK’])

K AR (Ticg) — Bo(T )
S W(Ti) { Ao(Try) }

[h

—

— Sholh] = S5 (Ah* — Ao) (1]

S ) {AzS<TK,j>—A0<TK’j)}2]

By Theorem 2 of Lu, Zhang and Huang (2007),
di(A?, Ng) = Op(n2/ 1420y = 0, (n™1/2),

and thus (A5) holds.

It follows from Theorem 2.1 that

/i / (AP () — Aolt)}AQP (h) () = V/a(SP* — 57)(Ao) H] + 0p(1). (52.3)

Next, we show that QP* is one-to-one, that is, for h € H,., if QP*(h) = 0,
then h = 0.
Suppose that Q*(h) = 0. Then Sﬁz (A — Ag)[h] = 0 for any A in the

neighborhood Y. In particular, we take A = Ay + eh for a small constant e.



S2. PROOF OF THEOREM 3.19

Thus we have

0 = SXZ(A_AO)[}L]

_ P iAO(TK,j){%}QI’

which yields
hTk;)=0,j=1,...,K, as.
and so h = 0 by condition C10.

For each h € H,, since QP° is invertible, there exists h?® € H, such that

QP (h?*) = h. Therefore, we have
Vit [ R22(0) = lO)}dh(t) = VA(SL? = S)(Aa) 7] + 0,(1) —va N(0, )

where

0ps = E{tp(Aos X)[A7°]}. (52.4)

To prove part (ii), we define a sequence of maps S,, mapping a neigh-

borhood of Ay, U, in the parameter space for A into [*°(H,) as:

Su(A)[h] = n_ld%ln(/\ +eh)|

Write AN;(Tk, ;) = Ni(Tk, ;) —Ni(Tk, j-1), ANTk, ;) = MTk, ;) —MTk, j-1),
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and Ah(Tk, ;) = h(Tk, ;) — h(Tk, j—1). Then, we have

Su(A)[A]

i=1 j=1

Y(A; X)[R].
Correspondingly, we define the limit map S : U — I*°(H,) as

" (AN(Tg;
=Py {—AAETK;; — 1} Ah(Tx ;)

Furthermore, the derivative of S(A) at Ay, denoted by Sa,, is a map

from the space {(A — Ag) : A € U} to I*°(H,) and

Sao(A = Ag)[h]

where

Ah(Tk,;)

QU(E) = P | 3_{1(They < 1) = 1(Tigyr < )} Jp-om 25

Similarly, we can show that v/n(S, — S)(An)[h] — /R (S, — S)(Ag)[h] =

0,(1), S(Ag)[h] = 0, Sp(An)[h] = 0,(n~1/?), and

S(A)[R] = S(Ag)[h] — Sae(Ay — Ao)[h] = Op(d3(An, Ao)).
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By Theorem 2 of Lu, Zhang and Huang (2007), we have dy(An,Ag) =

Op(nfr/(lJrQr))’ and so
S(An)[h] = S(Ao)[h] = Sug (A — Ao)[h] = 0,(n""/2).
Thus it follows from Theorem 2.1 that

\/ﬁ/{f\n(t) — Mo () }Q(R)(t) = v/n(S, — S)(Mo)[1] + 0p(1).  (S2.6)

Next, we show that @) is one-to-one, that is, for h € H,, if Q(h) = 0,
then h =0

Suppose that Q(h) = 0. Then Sx, (A — Ag)[h] = 0 for any A in the
neighborhood Y. In particular, we take A = Ay + eh for a small constant e.

Thus we have

0 = Sx(A—Ao)A]

iAAo(TKJ) {%}1 |

Jj=1

= —€P

which yields

Thus,

h(Tk;)=0,j5=1,....K, as.

and so h = 0 by condition C10.
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For each h € H,, since @ is invertible, there exists unique h* € H, such

that Q(h*) = h. Thus, we have

\/ﬁ/{f\n(t) — No(t)}dh(t) = V/n(Sp — S)(Ao)[R*] + 0,(1) =4 N(0,07),
where

o? = B (A X)[H']}. (52.7)

Proof of Corollary 3.1. (i) Note that

_ /h(t) Ags(t) - AO(t) d}u(t).

Ao(Txk ) Ao(2)

EK: h(Tk ;) {/A\ff(TK,j) — Ao(Tk ) }

j=1

Thus it follows from (S2.1)-(S2.3) that

vin [ ey 0) = V(s - )80k + o),

which completes the proof of (i).

Similarly, the result in part (ii) follows from (S2.5) and (S2.6).
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S3 Proof of Theorem 4.1

(i) Note that

K ~
Aps T, AP (T 5
Uéps) = /nP, Zhn(TK,j) ( K]) 5 ( K,J)}

AR (Tx5)

- \/E]P)n { Z hn (TKJ ) Aps (Ti]is)(TKAO)(TKJ> } )

and

AP (Tre ) — No(Tie )
{Zh ey AP (T ) }

_ ps PS ps ps
- Uln UZn U3n U4n

where

0 \tKj

AP (Tx ;) — Mo(Tk )
AT (Tk ;)

Us, = VnP

)

Z{%(TKJ) ~ h(Tic,)}

U3, = V/nP

K . 1 1
> (T )AL (Tiey) = Ao(Tie )} {AgS(TK,j> ~ No(Tiy) H |

J=1

U, = vnP

i h(Tx .)AIfS(TKJ) — No(Tk )
j=1 ! AO (TKJ)

By the arguments similar to those used in the proof of Theorem 3.1 of
Balakrishnan and Zhao (2009), we can show that U}, = 0,(1), U =

0p(1), and UL, = 0,(1).
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(i)

From (S2.1)-(52.3), we have
Uly = VP, — P)ps(Ao; X)[R] + 0,(1),

where P,, is the empirical measure based on group 1. Similarly, we

have

K

VB, {Z hl(Tic) Ags(TlA(is) (;KA.(;(TKJ) }

= \/ﬁ@)nz - P)qu)ps(AO; X) [h] + OP(1>’

i=1

where IP,,, is the empirical measure based on group 2. Hence, we have

U,I;S \/>\/_ ny 7vZJ;Ds(AOa )[h]
\f 2By — P)e(Mos X)[H] + 0(1).

Here P,,, and IP,,, are independent. Thus it follows that U?® converges

in distribution to N(0,c2,).

) Y ps

Using the arguments similar to the proof of (i), we can obtain

Un \/_( ni — P)(Ao; X)[R]

n

— /= /12(Ba, — P)tb(Ag; X)[h] + 0,(1),

ng

which yields the asymptotic normal distribution N (0, 0?).

The proof of this part is omitted since it is similar to those used in the

proof of Theorem 3.1 (iii) of Balakrishnan and Zhao (2009).



S3. PROOF OF THEOREM 4.115

References

Balakrishnan, N. and Zhao, X. (2009). New multi-sample nonparametric

tests for panel count data. Ann. Statist. 37, 1112-1149.

Lu, M., Zhang, Y. and Huang, J. (2007). Estimation of the mean function
with panel count data using monotone polynomial splines. Biometrika

94, 705-718.

Schick, A. and Yu, Q. (2000). Consistency of the GMLE with mixed case

interval-censored data. Scand. J. Statist. 27, 45-55.

Shen, X. and Wong, W. H. (1994). Convergence rate of sieve estimates.

Ann. Statist. 18, 580-615.

van der Vaart, A. W. and Wellner, J. A. (1996). Weak Convergence and

Empirical Processes. New York: Springer-Verlag.



	SS-2014-0021_Supp.pdf
	Proof of Theorem 2.1
	Proof of Theorem 3.1
	Proof of Theorem 4.1


