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Abstract The mean residual life (MRL) measures the remaining life expectancy
and is useful in actuarial studies, biological experiments and clinical trials. To assess
the covariate effect, an additive MRL regression model has been proposed in the liter-
ature. In this paper, we focus on the topic of model checking. Specifically, we develop
two goodness-of-fit tests to test the additive MRL model assumption. We explore the
large sample properties of the test statistics and show that both of them are based on
asymptotic Gaussian processes so that resampling approaches can be applied to find
the rejection regions. Simulation studies indicate that our methods work reasonably
well for sample sizes ranging from 50 to 200. Two empirical data sets are analyzed to
illustrate the approaches.
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386 Z. Zhang et al.

1 Introduction

The mean residual life function (MRLF), m(t), defined at time t for a nonnegative
survival time T with finite expectation, is

m(t) = E(T − t |T > t).

This function essentially measures the remaining life expectancy of a subject when
the subject has survived to time t . MRLF has a one-to-one correspondence with the

survival function and the hazard function of T . For example, m(t) =
∫ ∞

t S(u)du
S(t) where

S(t) is the survival function of T , i.e., S(t) = P(T > t). Therefore, MRLF character-
izes the stochastic behavior of a survival variable T theoretically and provides practical
usage in research fields such as clinical trials and reliability or actuarial studies, etc
(Cox 1961).

Many probabilistic properties of MRLF have been investigated. Cox (1961) gave
a general introduction of MRLF. For properties including characterization and repre-
sentation theorems, limiting behaviors and multivariate versions, see Swartz (1973),
Balkema and de Haan (1974), Hollander and Proschan (1975) and Kotz and Shanbhag
(1980). More recent works towards statistical applications can be found in Hall and
Wellner (1984), Arnold and Zahedi (1988) and Oakes and Dasu (1990).

The work of Oakes and Dasu (1990) also contained a proportional or multiplicative
MRL model, which was used by the authors to describe the effect of a dichotomous
covariate. Their model takes the form

m1(t) = ψm0(t), (1)

where mr (t) is the MRLF associated with group r, r = 0, 1. This model was later
generalized by Maguluri and Zhang (1994) to accommodate continuous covariates as
follows

m(t |Z) = m0(t) exp(β ′Z). (2)

In the above, m(t |Z) denotes the MRLF corresponding to the p × 1 vector covari-
ate Z ,m0(t) is some unknown baseline MRLF, and β is an unknown p × 1 vector
of regression parameters. Chen et al. (2005) extended the estimation procedure of
Maguluri and Zhang (1994) to accommodate right-censored survival data. Another
inference procedure for model (2) was also proposed by Chen and Cheng (2005).

Just as the additive hazards regression model is an attractive alternative to the mul-
tiplicative hazards regression model, the additive MRL model has also been proposed
as an alternative to (2). This model takes the form

m(t |Z) = m0(t)+ β ′Z , (3)

in which all components are defined similarly as in (2). Model (3) was first considered
in Chen and Cheng (2006). In that paper and a later paper by Chen (2007) the authors
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Goodness-of-fit tests for additive MRL model 387

proposed several estimation procedures. When right-censored data are present, either
a Buckley–James approach or a martingale-based estimating equation can be used for
estimating β0, the true value of β.

A more general class of regression models, termed as the transformed MRL models,
were studied by Sun and Zhang (2009). This general class of models contain (2) and
(3) as special cases. In that paper the authors applied the inverse probability censoring
weighting technique and proposed a class of generalized estimating equations for the
regression parameter and the baseline MRLF. Via numerical studies, they also showed
that their estimators are more efficient than those of Chen and Cheng (2005, 2006)
under independent censoring and other mild conditions.

Sometimes one is also interested in checking model adequacy. For regression mod-
els utilizing the hazard function, there exist many approaches in the literature. See
Fleming and Harrington (1991) and Kalbfleisch and Prentice (2002) for extensive dis-
cussion of this topic. For regression models utilizing the MRLF, the research seems
quite limited. Yuen et al. (2003) proposed a goodness-of-fit test for model (2) when
there is no censoring involved. In this paper, we propose two goodness-of-fit tests for
model (3) based on appropriately constructed stochastic processes which are asymp-
totically Gaussian when right censoring is present.

The rest of the paper is organized as follows. Section 2 discusses the construction of
these two goodness-of-fit tests. Section 3 reports some results from simulation studies
conducted for evaluating the proposed methods. Two real-life data sets are analyzed
using our methods in Section 4. Section 5 studies the local alternatives and power
of the tests. Section 6 contains some concluding remarks. All technical proofs are
summarized in the Appendix.

2 Construction of test statistics

Let T and Z be defined as before, and C be the censoring time. Suppose that
{Ti ,Ci , Zi ; i = 1, . . . , n} are independent replicates of {T,C, Z}. When right censor-
ing is present, we observe {Xi ,�i , Zi ; i = 1, . . . , n}, where Xi = min(Ti ,Ci ),�i =
I (Ti ≤ Ci ) and I (·) is the indicator function. In this section, we focus on good-
ness-of-fit tests for the additive MRL model (3) and make no attempt to develop new
estimators for β0. Methods for estimating β0 are available in Chen and Cheng (2006),
Chen (2007) and Sun and Zhang (2009).

We now establish some additional notation and assumptions. Let H1(t, z) =
P{Xi ≤ t, Zi ≤ z,�i = 1} and H(t, z) = P{Xi > t, Zi ≤ z}, where the notation
“Z ≤ z” means that each component of Z is less than or equal to the corresponding
component of z when both sides are vectors. Here Z is assumed to be bounded (see
C2 in the Appendix A.1) and thus we may take Z to be nonnegative with a finite upper
bound without loss of generality. Also define G(t) to be the survival function of the
censoring time C , i.e., G(t) = P(C > t). To avoid lengthy technical discussion of
the tail behavior of the limiting distributions, we assume that P{C > τ } > 0, where
0 < τ = inf{t : P(T ≥ t) = 0} < ∞. This assumption essentially says that the
support of the censoring time is greater than that of the survival time, a necessary
condition for MRLF to be identifiable (Sun and Zhang 2009). We further assume that
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the censoring time C is independent of T and Z . Remarks on this assumption will be
given in the discussion.

To construct the test statistics, we shall use the following equality

m0(t) = 1

H(t, z)

⎧
⎨

⎩

τ∫

t

(s − t)G(t)

G(s)
H1(ds, z)−

z∫

0

β ′
0wH(t, dw)

⎫
⎬

⎭
, (4)

provided that H(t, z) is not zero (note that because of the assumption P(C > τ) >

0,G(s) is always positive when s ≤ τ ). To see (4), we start with the right-hand-side

1

H(t, z)

⎧
⎨

⎩

τ∫

t

(s − t)G(t)

G(s)
H1(ds, z)−

z∫

0

β ′
0 w H(t, dw)

⎫
⎬

⎭

= 1

H(t, z)

⎧
⎨

⎩

τ∫

t

(s − t)G(t)

z∫

0

P(s < T ≤ s + ds, w < Z ≤ w + dw)

−
z∫

0

β ′
0 w H(t, dw)

⎫
⎬

⎭

= 1

H(t, z)

⎧
⎨

⎩
P(C > t)

z∫

0

m(t |Z = w) P(T > t |Z = w) P(w < Z ≤ w + dw)

−
z∫

0

β ′
0 w H(t, dw)

⎫
⎬

⎭

= 1

H(t, z)

⎧
⎨

⎩

z∫

0

m(t |Z = w) P(X > t, w < Z ≤ w + dw)−
z∫

0

β ′
0 w H(t, dw)

⎫
⎬

⎭

= 1

H(t, z)

⎧
⎨

⎩

z∫

0

m0(t) H(t, dw)

⎫
⎬

⎭
= m0(t).

In the above, the second-to-last equality is due to the model assumption of (3) and
∫ z

0 stands for
∫ z(1)

0 . . .
∫ z(p)

0 where z( j), j = 1, . . . , p is the j th component of the
p × 1 vector z. Denoting the right-hand side of (4) by V (t, z), we shall test the null
hypothesis

H0 : m0(t) = V (t, z) (5)

for all z and all t . In other words, when model (3) is indeed correct, V (t, z) should be
independent of z for all t .
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Motivated by this fact, as a measure of fit for model (3), we first estimate V (t, z)
by

Vn(t, z) = 1

Hn(t, z)

{∫ τ

t

(s − t)Ĝ(t)

Ĝ(s)
H1n(ds, z)−

∫ z

0
β̂ ′wHn(t, dw)

}

, (6)

where Ĝ(t) is the Kaplan–Meier estimator of G(t) based on {Xi , 1 − �i ;
i = 1, . . . , n}, β̂ is a n1/2-consistent and regular estimator of β0 (some remarks
are given at the end of this section) and Hn and H1n are the empirical counterparts
of H and H1, respectively. That is, Hn(t, z) = n−1 ∑n

i=1 I (Xi > t, Zi ≤ z) and
H1n(t, z) = n−1 ∑n

i=1 I (Xi ≤ t, Zi ≤ z,�i = 1). To ensure that the denominator
Hn(t, z) is not zero, at least with a probability converging to 1 asymptotically, we will
confine t ∈ T where T is a compact subset of [0, τ ] and z ∈ Z where Z is a compact
subset of the range of Z such that H(t, z) is bounded away from 0 on T × Z .

Define the process

θn(t, z) = n1/2{Vn(t, z)− Vn(t, zu)}, (7)

where zu is a vector of upper bounds for Z . Here the role of the upper bound zu can
be roughly regarded as a “reference level”. Theoretically speaking, it can be replaced
by any other value that Z may take because under H0, V (t, z) does not depend on z.
The upper bound zu is used only for computational convenience and in reality, may
simply be chosen to be (z(1)u , . . . , z(p)

u )′ where z( j)
u is the largest observed j th entry of

Z in the sample.
Based on (7), two types of test statistics may be used to check the goodness-of-fit

of model (3): the Kolmogorov-Smirnov (KS) type

F (1)
n = sup

t∈T ;z∈Z
|θn(t, z)|,

and the Cramér–von Mises (CvM) type

F (2)
n =

∫

Z

∫

T

θn(t, z)2 H0
n (dt, dz),

where H0
n is the empirical distribution function of (Xi , Zi ). The null hypothesis will be

rejected for large values of F (1)
n or F (2)

n , which indicate serious discrepancy between
Vn(t, z) and Vn(t, zu) for some z at certain t . The rationale behind these two test
statistics is that, under H0, (7) can be rewritten as

θn(t, z) = n1/2{Vn(t, z)− V (t, z)} − n1/2{Vn(t, zu)− V (t, zu)}
= φn(t, z)− φn(t, zu) (8)

where φn(t, z) := n1/2{Vn(t, z)− V (t, z)} can be regarded as the standardized mean
residual life process. This standardization is important for studying the asymptotic
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properties of θn(t, z). As shown in the Appendix A.2, under model (3) (and hence H0
is true), θn(t, z) converges to a zero-mean Gaussian process W (t, z) whose covari-
ance function at (t, z) and (t∗, z∗) can be estimated consistently by σ̂ (t, z; t∗, z∗) =
n−1 ∑n

i=1 η̂i (t, z)η̂i (t∗, z∗), where η̂i (t, z) = ξ̂i (t, z)− ξ̂i (t, zu), and

ξ̂i (t, z) = �i (Xi − t)Ĝ(t)

Hn(t, z)Ĝ(Xi )
I (Xi > t, Zi ≤ z)

+ Ĝ(t)

Hn(t, z)

τ∫

t

τ∫

u

s − t

Ĝ(s)π̂(u)
H1n(ds, z)d M̂c

i (u)

− Vn(t, z)

Hn(t, z)
I (Xi > t, Zi ≤ z)− 1

Hn(t, z)

z∫

0

w′Hn(t, dw) Â−1ψ̂i

− β̂ ′Zi

Hn(t, z)
I (Xi > t, Zi ≤ z). (9)

The definition of M̂c
i (t), π̂(t), Â and ψ̂i can be found in the Appendix A.1. Conse-

quently, F (1)
n and F (2)

n converges in distribution to F (1) and F (2), respectively, where

F (1) = sup
t∈T ;z∈Z

|W (t, z)|,

F (2) =
∫

Z

∫

T

W (t, z)2 H0(dt, dz),

and H0 is the distribution function of (X, Z).
Obviously, the complicated structure of the expression (9) does not allow for an

analytic treatment of the involved distributions. We thus seek for a more computation-
ally feasible alternative that depends on resampling. According to the arguments of
Lin et al. (2000), the distribution of the process W (t, z) can be approximated by that
of the zero-mean Gaussian process W̃ (t, z), where

W̃ (t, z) = n−1/2
n∑

i=1

η̂i (t, z)�i ,

and (�1, . . . , �n) are independent standard normal variables which are independent
of the data {Xi ,�i , Zi ; i = 1, . . . , n}. Thus, the distributions of F (1) and F (2) can be
approximated by F̃ (1) and F̃ (2), respectively, where

F̃ (1) = sup
t∈T ;z∈Z

|W̃ (t, z)|,
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and

F̃ (2) =
∫

Z

∫

T

W̃ (t, z)2 H0
n (dt, dz).

To approximate the distributions of F (k)(k = 1, 2), we can obtain a large num-
ber of realizations from F̃ (k) by repeatedly generating the normal random sample
(�1, . . . , �n) while fixing the data {Xi ,�i , Zi ; i = 1, . . . , n} at their observed val-
ues, and determine approximate critical values of the two tests using the simulated
observations.

We now briefly discuss the estimator β̂. Theoretically, any n1/2-consistent, regular
estimator for β0 can be used. Obviously, however, it is beneficial to choose an effi-
cient one. So far in the literature three estimation approaches for the additive MRL
model have been proposed: Chen and Cheng (2006), Chen (2007) and Sun and Zhang
(2009). The method in Chen (2007) does not take into account right censoring and
thus cannot be used here. The method in Sun and Zhang (2009) is developed for a
general class of transformation models which include model (3) as a special case. In
particular, under model (3) their estimating equations simplify to a closed form and do
not require iteration or estimation of the baseline MRLF m0(t). Moreover, simulation
results suggest that their estimators are more efficient than that of Chen and Cheng
(2006) when the censoring time is independent of the survival time and the covariates
(which is assumed in this paper). Therefore, we choose to adopt the method in Sun
and Zhang (2009) for deriving β̂. The computational details are given in the Appendix
A.1.

3 Simulation studies

We conducted several simulation studies to assess the performance of the two good-
ness-of-fit tests discussed in Sect. 2. We first consider the scenario when a single
covariate is involved. To generate simulated data, we let Z ∼ Bernoulli{0, 1} with
probability 0.5 and C follow an exponential distribution with mean V , with V varying
to yield different censoring percentages. To evaluate the empirical size of our tests, we
generate T according to model (3), that is, the null hypothesis (5) is true. To evaluate
the empirical power of our tests, we generate T according to model (2), i.e., the propor-
tional MRL model. It can be easily shown that, under model (2), the null hypothesis (5)
is no longer true when β0 	= 0. Specifically, the trueβ0 is chosen to be 0.5 and the base-
line function m0(t) is taken from the Hall–Wellner family, i.e., m0(t) = (D1t + D2)

+,
where D1 > −1, D2 > 0 and Y + denotes Y I (Y ≥ 0) for any quantity Y . In our
simulation studies we consider two members from the Hall–Wellner family. One is
that D1 = −0.5 and D2 = 0.5, which results in a uniform distribution [0, 1] when
Z = 0. The other is that D1 = −1/3 and D2 = 1/3, which corresponds to the survival
function F(t) = (1 − t)2, 0 ≤ t ≤ 1 when Z = 0. This distribution is chosen for its

right skewness. When Z is nonzero, the formula F(t |Z) = m(0|Z)
m(t |Z) exp

{
− ∫ t

0
du

m(u|Z)
}

can be used to compute the conditional survival function of T , where m(t |Z) follows
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Table 1 Simulation results: empirical sizes

n C(%) KS test CvM test

α = 0.01 α = 0.05 α = 0.10 α = 0.01 α = 0.05 α = 0.10

Model (3) wi th m0(t) = (−t/2 + 1/2)+ and β0 = 0.5

50 5 0.014 0.056 0.104 0.009 0.041 0.073

15 0.012 0.063 0.127 0.004 0.041 0.089

30 0.014 0.078 0.137 0.006 0.044 0.087

100 5 0.006 0.052 0.102 0.009 0.048 0.099

15 0.015 0.059 0.116 0.010 0.042 0.095

30 0.019 0.066 0.135 0.011 0.040 0.086

200 5 0.009 0.046 0.097 0.009 0.053 0.094

15 0.009 0.053 0.117 0.012 0.059 0.098

30 0.013 0.049 0.108 0.010 0.039 0.087

Model (3) with m0(t) = (−t/3 + 1/3)+ and β0 = 0.5

50 5 0.016 0.074 0.144 0.011 0.055 0.114

15 0.009 0.085 0.154 0.005 0.034 0.085

30 0.014 0.081 0.161 0.007 0.041 0.080

100 5 0.020 0.079 0.139 0.015 0.053 0.102

15 0.009 0.072 0.135 0.006 0.042 0.087

30 0.019 0.085 0.153 0.006 0.046 0.093

200 5 0.014 0.060 0.124 0.010 0.048 0.098

15 0.011 0.067 0.128 0.010 0.051 0.106

30 0.016 0.079 0.136 0.008 0.045 0.092

model (2) or (3). Note that these distributions have bounded support (which is always
true when D1 < 0 in the Hall–Wellner family). For constructing the test statistics, we
take the upper bound zu = 1, τ to be the largest uncensored survival time and generate
3000 realizations from F̃ (k)(k = 1, 2) for finding the critical values. All simulation
results are based on 1000 replications.

Table 1 shows the results for evaluating the empirical sizes of the two tests when
the type I error rate α takes different values of 0.01, 0.05 and 0.10. Here the simulated
data were generated from model (3) with the two different baseline MRLFs m0(t)
mentioned above and β0 = 0.5. We also consider various censoring percentages: 5%,
15% and 30% (denoted by C% in the table). Sample sizes are taken to be 50, 100 or
200, which are usually regarded as small to moderate samples in clinical or medical
studies. In Table 1, each entry represents the proportion of cases when the null hypoth-
esis was falsely rejected. It can be seen that, when the baseline MRLF is uniform,
i.e., m0(t) = (−t/2 + 1/2)+, the empirical sizes are quite close to their nominal
levels for moderate sample sizes. Besides, the actual levels converge to the true nom-
inal levels when the sample sizes increase and are better when there are less cen-
sored observations, as we might expect. Similar patterns are observed when m0(t) =
(−t/3 + 1/3)+, that is, the baseline MRLF is right-skewed. However, we notice that
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Table 2 Simulation results: empirical powers

n C(%) KS test CvM test

α = 0.01 α = 0.05 α = 0.10 α = 0.01 α = 0.05 α = 0.10

Model (2) wi thm0(t) = (−t/2 + 1/2)+ and β0 = 0.5

50 5 0.531 0.833 0.923 0.460 0.805 0.905

15 0.360 0.685 0.819 0.273 0.588 0.749

30 0.186 0.449 0.604 0.064 0.276 0.435

100 5 0.992 0.999 0.999 0.961 0.995 0.999

15 0.956 0.995 0.998 0.836 0.975 0.991

30 0.709 0.883 0.940 0.324 0.674 0.824

200 5 1.000 1.000 1.000 1.000 1.000 1.000

15 1.000 1.000 1.000 1.000 1.000 1.000

30 0.993 0.999 1.000 0.859 0.978 0.997

Model (2) wi th m0(t) = (−t/3 + 1/3)+ and β0 = 0.5

50 5 0.049 0.229 0.362 0.051 0.198 0.338

15 0.042 0.170 0.299 0.032 0.157 0.270

30 0.015 0.109 0.218 0.006 0.064 0.155

100 5 0.295 0.593 0.732 0.269 0.554 0.707

15 0.189 0.474 0.602 0.131 0.387 0.564

30 0.091 0.318 0.453 0.030 0.169 0.299

200 5 0.774 0.923 0.963 0.724 0.909 0.956

15 0.646 0.875 0.937 0.527 0.786 0.875

30 0.347 0.673 0.784 0.153 0.400 0.597

bigger sample sizes are required for the empirical sizes to converge reasonably to their
nominal levels, especially for the KS-type test. As a matter of fact, our experience has
been that the more right-skewed the baseline MRLF is, the larger sample sizes one
needs to achieve reasonable empirical levels (simulation results not shown here). This
may be attributed to the tail instability of the estimators of H(t, z),G(t) and π(t)
(see (9)), as is commonly encountered in survival analysis. We also notice that the
CvM-type test appears to be more conservative than the KS-type test.

Table 2 reports the empirical powers for detecting non-additive MRL models, for
which we generated the data from model (2), the proportional MRL model with the
same choices of m0(t) and β0. Each entry in the table now represents the proportion of
cases when the null hypothesis is correctly rejected. As expected, the powers converge
to one when the sample sizes become larger. Again, right-skewed distributions require
larger sample sizes for convergence. As in Table 1, the CvM-type test appears to be
less powerful than the KS-type test, especially when the censoring percentage is high.
Some other set-ups (e.g., larger samples with higher censoring percentages) are also
considered but the results are not shown here. See Sect. 4.2 for a discussion.

We also considered situations where two covariates are present. As before
Z1 ∼ Bernoulli{0, 1} with probability 0.5. The second covariate, Z2, follows a normal
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Table 3 Simulation results: two covariates

n C(%) KS test CvM test

α = 0.01 α = 0.05 α = 0.10 α = 0.01 α = 0.05 α = 0.10

Empirical si zes : model (2) wi th m0(t) = (−t/2 + 1/2)+ and β10 = β20 = 0.5.
50 5 0.023 0.091 0.151 0.015 0.085 0.161

15 0.014 0.080 0.160 0.018 0.090 0.169

30 0.023 0.090 0.175 0.015 0.081 0.161

100 5 0.016 0.068 0.140 0.011 0.063 0.117

15 0.007 0.064 0.134 0.018 0.077 0.133

30 0.020 0.069 0.149 0.015 0.072 0.146

200 5 0.014 0.072 0.130 0.011 0.068 0.118

15 0.011 0.053 0.119 0.011 0.055 0.113

30 0.016 0.064 0.131 0.015 0.055 0.127

Empirical Power : model (3) wi th m0(t) = (−t/2 + 1/2)+ and β10 = β20 = 0.5.
50 5 0.221 0.499 0.649 0.157 0.491 0.686

15 0.117 0.314 0.482 0.072 0.284 0.464

30 0.054 0.186 0.332 0.037 0.141 0.241

100 5 0.764 0.933 0.974 0.782 0.957 0.982

15 0.532 0.791 0.890 0.380 0.759 0.886

30 0.218 0.459 0.645 0.062 0.262 0.469

200 5 0.996 1.000 1.000 1.000 1.000 1.000

15 0.971 0.998 1.000 0.943 0.997 1.000

30 0.725 0.936 0.979 0.327 0.740 0.898

distribution with mean 0 and standard deviation 0.1. To ensure Z2 is bounded, we trun-
cate Z2 between −0.2 and 0.2. Otherwise the set-up is similar to the single covariate
cases. Because the double numerical integration is quite time consuming, we consider
only the scenario m0(t) = (−t/2 +1/2)+ and re-sample 1000 times here. Results are
shown in Table 3. It can be seen that the empirical sizes are still reasonably close to
their nominal levels and the empirical powers are acceptable as well, though it seems
that larger sample sizes are needed for asymptotic approximation when compared to
the single covariate cases.

4 Applications

As an illustration, we perform our tests on the following two data sets obtained from
clinical trials. In order to visualize the additive assumption as made in (3), we focus on
binary covariates so that nonparametric estimates of the MRLF can be easily computed
and compared graphically. We will also check the independent censoring assumption
by using popular semiparametric regression survival models and log-rank tests.
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Fig. 1 Graphical model checking for the Veterans administration lung cancer data: Estimates of the two
MRLFs and their difference

4.1 Veterans administration lung cancer trial

Our first example is a classical data set that has been analyzed by several authors.
Totally 137 advanced lung cancer patients were collected in this trial and were ran-
domized according to one of the two chemotherapeutic agents (standard vs. test).
The survival endpoint of this trial is the patient’s survival time. Besides the treatment
modality, other covariates considered in this trial include the Karnofsky performance
score, disease duration, age of the patient, whether or not the patient had prior therapy
and tumor cell type. The censoring percentage is 6.6% for this data set. More detailed
information and data analysis results can be found in Prentice (1973) and Kalbfleisch
and Prentice (2002).

Our objective here is to test whether we can apply model (3) to model the rela-
tionship between the survival time (T ) and the treatment modality (Z ). We first apply
a Cox model to check if the censoring time depends on the treatment. This yields a
p-value of 0.98 of testing whether the regression coefficient is zero. The log-rank test
also gives a p-value of 0.99 for testing if the survival distributions of the censoring
time for the two treatment modalities are the same. That is, we do not see serious
violation of the independent censoring assumption and therefore, we may proceed
with the two tests. The KS-type test statistic F (1)

n is 71.78 and yields a p-value of
0.055. The CvM-type test statistic F (2)

n is 115.06 and yields a p-value of 0.067. Here
in order to derive the p-values, 50,000 re-samplings are used. Both tests suggest that
the additive model (3) does not fit the data well.

To further understand why the additive MRL model (3) is not a good choice, we
compute and plot the nonparametric estimate of the two MRLFs for the standard group
and the test group, respectively. The estimating equation A6 is used for computing
these two estimates. Figure 1 shows clearly that the effect of the chemotherapy under
test is not additive, for otherwise the difference between the MRLF estimates of the
test group and the standard group would be roughly constant.
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Interestingly, Fig. 1 implies that there is an upward trend of difference between the
test and the standard groups as time increases. Therefore, as suggested by an anony-
mous reviewer, an extended additive MRL model with time-varying covariate can be
applied:

m(t |Z) = m0(t)+ β ′Z + γ ′(Zt),

where γ is an unknown parameter to be estimated. Note that the incorporation of this
covariate-time interaction can also be used to detect the adequacy of model (3) via
the test H0 : γ0 = 0 vs H1 : γ0 > 0. where γ0 denotes the true value of γ . Using
a similar estimating approach as in the Appendix A.1, we obtained γ̂ = 0.740 with
an estimated standard deviation of 0.301. This yields a p-value of 0.007, suggesting a
lack of fit if we only consider a time-independent treatment effect and agreeing with
our KS- and CvM-type test results mentioned above.

4.2 Colorectal adenocarcinoma trial

Recently a clinical trial was conducted at the Memorial Sloan-Kettering Cancer Center
to evaluate outcomes of intraoperative high-dose radiotherapy in the management of
locally recurrent or primary unresectable colorectal adenocarcinoma (both are consid-
ered as clinically advanced disease stages) between November 1992 and December
2007. In this study, the patient’s survival time is of interest and is measured from the
date of surgery to the date of death or last follow-up. Totally 300 patients are legible
for analysis, where 88 are primary unresectable and 212 are locally recurrent patients.
The censoring percentage is 48%.

Among all clinical variables collected, the one of most interest to the physicians is
the presentation of the disease, i.e., whether the patient is locally recurrent or primary
unresectable. Though not conclusive, some clinical trials have shown that primary un-
resectable patients have better survival outcomes than locally recurrent ones. For our
cohort of 300 patients, a routine Cox regression analysis and a log-rank test both con-
firmed that, without adjusting for other clinical factors, primary unresectable patients
tend to have longer survival times than locally recurrent patients. In our analysis, we
wish to apply model (3) to draw conclusions on the difference of the MRLFs of the
two groups of patients. To see if it is reasonable to use the test statistics developed in
Sect. 2 for model checking, we first examine the independent censoring assumption.
Both the Cox regression model (p-value = 0.32) and the log-rank test (p-value = 0.31),
switching the role of the censoring and the survival time and using the presentation
of the disease as the covariate, suggest that such an assumption is acceptable. Thus
we proceed with the computation of the test statistics with the p-values evaluated
by resampling 50000 times as in Sect. 4.1. It turns out that the KS-type test statis-
tic F (1)

n is 169.52, which yields a p-value of 0.55, and the CvM-type test statistic
F (2)

n is 902.06 which yields a p-value of 0.72. Hence we conclude that the addi-
tive MRL model (3) can be reasonably fit to this data set by letting T be the sur-
vival time and Z be the dichotomous variable indicating whether or not the patient
is locally recurrent or primary resectable. Figure 2 depicts the two nonparametric
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Fig. 2 Graphical model checking for the colorectal adenocarcinoma trial: Estimates of the two MRLFs
and their difference

MRLF estimates. It can be seen that they are approximately parallel (or equivalently,
the difference is roughly constant), confirming the additive effect of Z postulated by
model (3). Finally, applying model (3) (let Z = 1 denote the locally recurrent group
and 0 otherwise) and using the estimating Eq. A3 in the Appendix A.1, we obtain
β̂ = −19.57 with a standard error as 15.04. This yields a p-value of 0.097 for test-
ing H0 : β0 = 0 versus the one-sided alternative H1 : β0 < 0 and suggests for a
marginally significant effect. The interpretation of the coefficient estimate β̂ is that
the MRLF of the locally recurrent patients is 19.57 months shorter than that of the
primary unresectable patients. Note that this number is quite close to the difference
graphically shown in Fig. 2, which further indicates the validity of the parameter
estimate.

Because of the high censoring percentage in this data set, one may wonder
whether our tests have enough power to reject the null hypothesis even if it
is not true. We therefore ran a simulation with sample size 300 and censoring
percentage 50% while data are generated from (2), a situation similar to those
described in Sect. 3. To mimic the colorectal adenocarcinoma trial, we let the
single covariate Z ∼ Bernoulli{0, 1} with probability 0.3. We considered var-
ious situations by setting the type I error rate as 0.05. For instance, we ob-
tained the power as 0.767 for the KS-type test and 0.366 for the CvM-type test
when β = 0.4 (which corresponds to a ratio of e0.4 
 1.5 for the MRLF
of the two arms) and m0(t) = (−t/2 + 1/2)+. When β = 0.7 (correspond-
ing to a ratio of e0.7 
 2)and m0(t) = (−t/3 + 1/3)+, the power is 0.959
for the KS-type test and 0.565 for the CvM-type test. This suggests that the
KS-type test has reasonable powers for rejecting the null at least for propor-
tional MRL alternatives, while the CvM-type test may not be sensitive to such
alternatives.
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5 Power study for local alternatives

We now study the power of our tests for local alternatives converging to the null.
Because both the KS-type and the CvM-type test statistics are based on the process
θn(t, z), it suffices to derive the asymptotic distribution of θn(t, z) under local alter-
natives.

Consider a sequence (indexed by n) of local alternatives defined as

mn(t |Z) = m0(t)+ β ′Z + n−1/2 R(Z), (10)

where R(Z) is an unknown function and does not depend on β. Under the alternative
models (10), (4) becomes

m0(t) = 1

H(t, z)

⎧
⎨

⎩

τ∫

t

(s − t)G(t)

G(s)
H1(ds, z)−

z∫

0

β ′
0wH(t, dw)

− n−1/2

z∫

0

R(w)H(t, dw)

⎫
⎬

⎭
. (11)

This implies that the empirical process Vn(t, z) defined in (6) may have a similar shift
under the local alternatives. To rigorously justify this we will need to investigate the
estimator β̂ under the alternative hypothesis.

Under mild regularity conditions (see Banerjee 2005, Theorem 2.2), it can be easily
shown that the sequence of probability measures according to mn(t |Z) in model (10)
is contiguous to the probability measure according to the m(t |Z) in model (3). This
means that β̂(n), the estimator of β0 (see the Appendix A.1 for details) obtained under
the alternative hypothesis, is still a consistent estimator for β0. However, below we
will show that, the asymptotic distribution of n1/2(β̂(n) − β0) is no longer centered at
zero. Instead, it has a non-random shift.

We first examine n−1/2U (n)(β0) defined in (A2) with the superscript stressing that
it is now evaluated under the alternative hypothesis. By the same arguments as those
in the appendix and technical report of Sun and Zhang (2009), It can be easily shown
that

n−1/2U (n)(β0) = n−1/2
n∑

i=1

ψ
(n)
i + R̃ + op(1),

where R̃ = ∫ τ
0 E [I (T > t)R(Z)(Z − z̄(t))] d Q̃(t), Q̃(t) is the limit of Q(t) and

ψ
(n)
i is defined similarly as ψi in the Appendix A.1. but with

M (n)
i (t) = �i I (Xi > t)

G(Xi )

[
(Xi − t)− {m0(t)+ β ′

0 Zi + n−1/2 R(Zi )}
]

under the local alternatives. Thus
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n1/2(β̂(n) − β0) = A−1n−1/2
n∑

i=1

ψ
(n)
i + A−1 R̃ + op(1).

Because the difference between ψ(n)i and ψi is at the order of n−1/2 and both ψ(n)i
and ψi have mean zero under the alternative and the null, respectively, the former has
the same limiting distribution as the latter by contiguity of the local alternatives. That
is, n1/2(β̂(n)−β0) asymptotically follows a normal distribution with mean A−1 R̃ and
the null variance.

Therefore, the empirical estimator (6), now denoted by V (n)
n (t, z), is actually

V (n)
n (t, z) = Vn(t, z)+ n−1/2

∫ z
0 R̃′ A−1wHn(t, dw)

Hn(t, z)
+ op(n

−1/2)

= Vn(t, z)+ n−1/2

∫ z
0 R̃′ A−1wH(t, dw)

H(t, z)
+ op(n

−1/2).

Denote
∫ z

0 R̃′ A−1wH(t,dw)
H(t,z) by �(t, z), we have

θ(n)n (t, z) = θn(t, z)+ [�(t, z)− �(t, zu)] + op(1).

In other words, θ(n)n (t, z) has a non-random shift of [�(t, z)− �(t, zu)] from the null
hypothesis under (10). Thus the proposed KS- and CvM-type test statistics can detect
the alternatives converging to the null at the rate of n−1/2.

Finally we revisit the re-sampling approach used in Sect. 2 under the local alterna-
tives. It is obvious that

η̂
(n)
i (t, z) = η̂i (t, z)+ Op(n

−1/2).

Observe that E(�i ) = 0 and the difference between η̂(n)i (t, z) and η̂i (t, z) is at the
order of n−1/2. Therefore, the re-sampled process W̃ (n)(t, z) has the same limiting
distribution as W̃ (t, z) under the null hypothesis, meaning that the critical values of
the tests remain the same asymptotically.

Note that the above results are essentially the conclusions of Le Cam’s third lemma
(Bickel et al. 1993, p. 500). However it is quite tedious to verify the condition of joint
normality as it would involve the evaluation of the log-likelihood ratio. We thus chose
the above ad-hoc approach due to its simplicity and transparency.

6 Concluding remarks

In this paper we discuss model checking tools for the additive MRL model, a topic
that seems not to have been explored in the literature. Two goodness-of-fit tests are
proposed based on an appropriately constructed stochastic process. We establish rel-
evant asymptotic properties and conduct numerical studies. Both simulation and real
data analysis show that the proposed tests work reasonably well.
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We briefly discuss some differences between the tests proposed here and existing
procedures for survival models in the literature. Some goodness-of-fit tests, e.g., the
ones developed by Schoenfeld (1980), Andersen (1982), McKeague and Utikal (1991),
may require arbitrary discretization of the time axis and covariates. The involved lim-
iting distributions are usually chi-square. Several test statistics based on martingale
or score residuals have also been proposed. See Fleming and Harrington (1991, Sect.
4.5) for an excellent summary and illustration. In addition, there exist many graphical
model checking tools such as the Cox-Snell residual plot (see, for example, Kalbfleisch
and Prentice 2002, Sect. 4.5). Our tests are similar to the ones proposed by Yuen and
Burke (1997) and Yuen et al. (2003). The former was for Aalen’s additive hazards
model and the latter was developed for the proportional MRL model when no cen-
soring is present. However, our tests for the additive MRL model take into account
censoring and do not require arbitrary partitioning of the time axis or covariate space.
Of course, one limitation of our approach is that it requires the independent censor-
ing assumption. Although it is often true in randomized trials or well-administered
studies such as the two examples we see in Sect. 4, it would be attractive to relax this
assumption to accommodate more complicated censoring mechanisms.

Here we briefly discuss one possible such extension. Instead of assuming that the
censoring time C is independent of Z , we shall only assume that T and C are con-
ditionally independent given Z . As a matter of fact, this situation is equivalent to the
missing at random scenario in the literature of missing data, while the independent
censoring assumption used before is equivalent to missing completely at random.
Define G(t |z) = P(C > t |Z = z), that is, the survival function of C given Z = z.
Then, under the additive MRL model, similar to (4), we have

m0(t) = 1

H(t, z)

⎧
⎨

⎩

z∫

0

τ∫

t

(s − t)G(t |w)
G(s|w) H1(ds, dw)−

z∫

0

β ′
0wH(t, dw)

⎫
⎬

⎭
. (12)

The derivation of (12) is similar to that of (4) and is thus omitted. Therefore, similar
test statistics can be constructed if we are willing to assume a model for estimating
G(t |z) when Z is continuous (as suggested by Robins and Ritov (1997), it is wise to
postulate such a model due to the so-called “curse of dimensionality”). For instance,
we can specify a Cox model to detail the dependence structure between C and Z and
replace the homogeneous survival estimator Ĝ by the one resulting from the Breslow
estimator. Due to the martingale structure of the Breslow estimator, similar arguments
can be applied to show the limiting Gaussian process. On the other hand, if the covar-
iate Z is categorical, one might just estimate G(t |z) by the Kaplan–Meier method for
each value of z, and apply our tests with some computational modifications.

Another possible extension is to use different weight functions for the proposed test
statistics. For instance, when computing the KS- and CvM-type statistics, instead of
adopting equal weights for all t, z or all observed sample points, we may assign more
weights to early events or the values of covariates that appear to have high density.
Such techniques are commonly used in nonparametric tests and are useful in improv-
ing powers or detecting different types of alternatives. See, for example, Fleming and
Harrington (1991, Chapter 7) and Gill and Schumacher (1987).
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It is often desirable to identify the departure from the model assumption when
lack-of-fit is detected. For the two tests proposed here, this task seems challenging
analytically. The foundation of the two test statistics, the stochastic process θn(t, z),
essentially represents the discrepancy of estimates of m0(t) for different values of
the covariate Z . However, after taking the supremum (KS-type test) or the integral
(CvM-type test), it is no longer possible to tell exactly where the discrepancies are.
Therefore, one way to detect such departure when the null hypothesis is rejected is
to examine the value of θ̂n(t, z) for all t and z in the hope of identifying the source
that results in large values of the two test statistics. Another way is to plot the non-
parametric estimates of the MRLF for various values of the covariate (for continuous
covariates one may need to partition the space of Z ). As we see in the example, this
graphical tool can successfully reveal the departure of model assumption and may
even suggest a remedy.

One should be careful about the difference between the MRL models and the haz-
ard models. Models utilizing hazard functions focus on the instantaneous (conditional)
probability that a subject will “fail” in the next moment, given that the subject has
“survived” up until now, while the MRL models concentrate on the average remaining
survival time. Therefore, MRL models are not rank invariant. In other words, the mag-
nitude of the survival observation is important. Consequently, analysis results from
these two types of models may not always be the same if influential outliers exist.
Moreover, it has been shown by Shaked and Shantikhumar (1993) that the ordering of
the MRLF is weaker than the ordering of the hazard function. Therefore, modelling
the MRLF can be an attractive alternative when the ordering assumption (e.g., the
proportional hazards assumption) on the hazard function is violated.
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Appendix

A.1 Derivation of β̂

Since the additive MRL model is a special case of the class of transformed MRL
models, the inverse probability censoring weighting (IPCW) estimation procedure
proposed in Sun and Zhang (2009) can be applied. Here we present details for calcu-
lating β̂ and provide some remarks for this special case.

Define

Mi (t) = �i I (Xi > t)

G(Xi )

[
(Xi − t)− {m0(t)+ β ′

0 Zi }
]
, i = 1, . . . , n.
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Note that under model (3), Mi (t) are zero-mean stochastic processes. Thus, for a
given β, we can estimate m0(t) by solving the IPCW (Robins and Rotnitzky 1992)
estimating equation

n∑

i=1

�i I (Xi > t)

Ĝ(Xi )

[
(Xi − t)− {m0(t)+ β ′Zi }

] = 0, 0 ≤ t ≤ τ.

Denote this estimator by m̂0(t;β), and note that we can explicitly express it by

m̂0(t;β) =
∑n

i=1�i Ĝ(Xi )
−1 I (Xi > t){Xi − t − β ′Zi }

∑n
i=1�i Ĝ(Xi )−1 I (Xi > t)

. (A1)

To estimate the regression parameter β0, the following IPCW generalized estimating
equation (Liang and Zeger 1986) can be used

U (β) =
n∑

i=1

τ∫

0

�i I (Xi > t)Zi

Ĝ(Xi )

[
(Xi − t)− {m̂0(t;β)+ β ′Zi }

]
d Q(t) = 0, (A2)

where Q(t) is an increasing weight function on [0, τ ]. Note that the role of the inte-
grator Q(t) here is to take into account contributions of the observations at different
time points. In this study we take Q(t) = n−1 ∑n

i=1�i I (Xi ≤ t), that is, Q(t) jumps
at every uncensored observations. In view of (A1), the above estimating equation is
equivalent to

U (β) =
n∑

i=1

τ∫

0

�i I (Xi > t)

Ĝ(Xi )
{Zi − Z̄(t; Ĝ)}{Xi − t − β ′Zi }d Q(t) = 0, (A3)

where S(0)(t; G) = n−1 ∑n
i=1�i G(Xi )

−1 I (Xi > t), S(1)(t; G) = n−1 ∑n
i=1�i

G(Xi )
−1 I (Xi > t)Zi , and Z̄(t; G) = S(1)(t; G)/S(0)(t; G).

Let β̂ denote the solution to U (β) = 0, we see that it has a closed form

β̂ =
∑n

i=1

∫ τ
0 �i I (Xi > t)Ĝ−1(Xi ){Zi − Z̄(t; Ĝ)}{Xi − t}d Q(t)

∑n
i=1

∫ τ
0 �i I (Xi > t)Ĝ−1(Xi ){Zi − Z̄(t; Ĝ)}⊗2d Q(t)

,

where v⊗2 = vv′ for a vector v. Also define m̂0(t) := m̂0(t; β̂), that is, replace β by
β̂ in (A1), the corresponding estimator of the unknown baseline MRLF m0(t). It is
easy to see that this estimator has a least square type of interpretation. In particular,
β̂ mimics the slope estimator and m̂0(t) (which is not of our primary interest) the
intercept estimator in normal equations.
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Define �̂ = n−1 ∑n
i=1 ψ̂

⊗2
i ,

ψ̂i =
τ∫

0

M̂i (t)
{

Zi − Z̄(t; Ĝ)
}

d Q(t)+
τ∫

0

q̂(t)

π̂(t)
d M̂c

i (t),

q̂(t) = n−1
n∑

i=1

I (Xi ≥ t)

τ∫

0

M̂i (u)
{

Zi − Z̄(u; Ĝ)
}

d Q(u),

M̂i (t) = �i I (Xi > t)

Ĝ(Xi )

[
(Xi − t)− {m̂0(t)+ β̂ ′Zi }

]
,

M̂c
i (t) = N c

i (t)−
t∫

0

I (Xi ≥ u)d�̂c(u),

�̂c(t) =
t∫

0

∑n
i=1 d N c

i (u)

nπ̂(u)
, π̂(t) = n−1

n∑

i=1

I (Xi ≥ t),

N c
i (t) = I (Xi ≤ t,�i = 0)

and Â = n−1 ∑n
i=1

∫ τ
0
�i I (Xi>t)

Ĝ(Xi )
{Zi − Z̄(t; Ĝ)}⊗2d Q(t). It has been shown in Sun

and Zhang (2009) that

n1/2(β̂ − β0) = A−1n−1/2
n∑

i=1

ψi + op(1) (A4)

(A is defined in (C4) below andψi is similarly defined as ψ̂i with the sample estimates
being replaced by their expectations or limits. See Sun and Zhang (2009) for details.)
and thus has an asymptotically normal distribution with mean zero and variance that
can be consistently estimated by the sandwich estimator Â−1�̂ Â−1.

In order to derive (A4), Sun and Zhang (2009) assumed certain regularity condi-
tions, which are also adopted here.

(C1) Q(t) converges almost surely to a nonrandom and bounded function Q̃(t) uni-
formly in t ∈ [0, τ ].

(C2) Z is bounded and G is continuous.
(C3) m0(t) is continuously differentiable on [0, τ ].
(C4) A := E

[∫ τ
0 I (Ti > t){Zi − z̄(t)}⊗2d Q̃(t)

]
is nonsingular where z̄(t) is the

limit of Z̄(t; G).

Interestingly, the estimators derived above can be regarded as an extension of the
efficient estimator for one-sample cases without censoring. To see this, suppose we
observe an i.i.d. sample {Ti ; i = 1, . . . , n}. Note that now there is no covariate or
censoring involved. In this simple case, Yang (1978) and Bicket et al. (1993, p. 197)
have shown that the empirical MRLF estimator based on the relationship between the
survival function and the MRLF explored in Sect. 1,
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m̃(t) :=
∫ ∞

t S̃(u)du

S̃(t)
, t < max{T1, . . . , Tn}

S̃(t) being the empirical survival function based on the i.i.d. sample {Ti }n
i=1, is asymp-

totically unbiased and Gaussian, uniformly strong consistent and efficient. Note that
m̃(t) can be rewritten as

m̃(t) =
∑n

i=1 I (Ti > t)(Ti − t)
∑n

i=1 I (Ti > t)
(A5)

and is thus essentially the solution of the following estimating equation

n∑

i=1

I (Ti > t)(Ti − t − m(t)) = 0.

Apparently, the estimator derived in (A1) is an extension of (A5) here.
If right censoring is present in this homogeneous sample, that is, we observe an

i.i.d. sample {Xi ,�i ; i = 1, . . . , n}, then it is not difficult to show that we can use the
IPCW estimating equation

n∑

i=1

�i I (Xi > t)

Ĝ(Xi )
(Xi − t − m(t)) = 0 (A6)

to derive an asymptotically unbiased estimate for m(t). Compared with (A1), we see
that (A6) may also be regarded as a special version of (A1) when β is known or set
to be zero (because the sample is homogeneous). Such an estimator is used in Sect. 4
for graphical checking of the model’s goodness-of-fit.

A.2 Proof of weak convergence of θn(t, z)

We first show that

φn(t, z) = n1/2{Bn(t, z)− B(t, z)}
H(t, z)

− 1

H(t, z)

z∫

0

w′ H(t, dw)n1/2{β̂ − β0}

− n1/2{Hn(t, z)− H(t, z)}
H(t, z)2

⎡

⎣B(t, z)−
z∫

0

β ′
0wH(t, dw)

⎤

⎦

− n1/2

H(t, z)

z∫

0

β ′
0w [Hn(t, dw)− H(t, dw)] + op(1), (A7)
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where

Bn(t, z) =
τ∫

t

(s − t)Ĝ(t)

Ĝ(s)
H1n(ds, z) and B(t, z) =

τ∫

t

(s − t)G(t)

G(s)
H1(ds, z).

To see (A7), we start from the left-hand-side

φn(t, z) = n1/2 {Vn(t, z)− V (t, z)}

= n1/2

[
Bn(t, z)

Hn(t, z)
−

∫ z
0 β̂

′wHn(t, dw)

Hn(t, z)

]

− n1/2

[
B(t, z)

H(t, z)
−

∫ z
0 β

′
0wH(t, dw)

H(t, z)

]

= n1/2 Bn(t, z)− B(t, z)

H(t, z)
− n1/2 Bn(t, z)

[
1

H(t, z)
− 1

Hn(t, z)

]

− n1/2

[∫ z
0 β̂

′wHn(t, dw)

Hn(t, z)
−

∫ z
0 β

′
0wHn(t, dw)

Hn(t, z)

]

− n1/2

[∫ z
0 β

′
0wHn(t, dw)

Hn(t, z)
−

∫ z
0 β

′
0wHn(t, dw)

H(t, z)

]

− n1/2

[∫ z
0 β

′
0wHn(t, dw)

H(t, z)
−

∫ z
0 β

′
0wH(t, dw)

H(t, z)

]

.

Using the strong law of large numbers (Pollard 1990, p. 39), it can be shown that

Bn(t, z)

[
Hn(t, z)− H(t, z)

H(t, z)Hn(t, z)

]

= B(t, z)

[
Hn(t, z)− H(t, z)

H(t, z)2

]

+ op(n
−1/2), (A8)

∫ z
0 wHn(t, dw)

Hn(t, z)
=

∫ z
0 wH(t, dw)

H(t, z)
+ op(1) (A9)

and

z∫

0

wHn(t, dw)

[
1

Hn(t, z)
− 1

H(t, z)

]

=
z∫

0

wH(t, dw)

[
H(t, z)− Hn(t, z)

H(t, z)2

]

+ op(n
−1/2). (A10)

Therefore (A7) holds.
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Secondly, using the well known martingale expression of the Kaplan–Meier esti-
mator (Fleming and Harrington 1991, p. 97)

Ĝ(t)− G(t)

G(t)
= −

t∫

0

Ĝ(u−)
G(u)

∑n
i=1 d Mc

i (u)

nπ̂ (u)
(A11)

where Mc
i (t) = N c

i (t) − ∫ t
0 I (Xi ≥ u)d�c(u) and �c(t) is the cumulative hazard

function of C , we have

Ĝ(t)

Ĝ(s)
− G(t)

G(s)
=

G(t)
{

1 − ∫ t
0

Ĝ(u−)
G(u)

∑n
i=1 d Mc

i (u)
nπ̂(u)

}

G(s)
{

1 − ∫ s
0

Ĝ(u−)
G(u)

∑n
i=1 d Mc

i (u)
nπ̂(u)

} − G(t)

G(s)

= G(t)

G(s)

⎧
⎨

⎩

∫ s
t

Ĝ(u−)
G(u)

∑n
i=1 d Mc

i (u)
nπ̂(u)

1 − ∫ s
0

Ĝ(u−)
G(u)

∑n
i=1 d Mc

i (u)
nπ̂(u)

⎫
⎬

⎭

= G(t)

G(s)

s∫

t

Ĝ(u−)
G(u)

∑n
i=1 d Mc

i (u)

nπ̂(u)
+ op(n

−1/2)

= G(t)

G(s)

s∫

t

∑n
i=1 d Mc

i (u)

nπ̂ (u)
+ op(n

−1/2) .

Therefore,

Bn(t, z)− B(t, z) =
τ∫

t

(s − t)Ĝ(t)

Ĝ(s)
H1n(ds, z)−

τ∫

t

(s − t)G(t)

G(s)
H1(ds, z)

=
τ∫

t

(s − t)Ĝ(t)

Ĝ(s)
H1n(ds, z)−

τ∫

t

(s − t)G(t)

G(s)
H1n(ds, z)

+
τ∫

t

(s − t)G(t)

G(s)
H1n(ds, z)−

τ∫

t

(s − t)G(t)

G(s)
H1(ds, z)

=
τ∫

t

(s − t)G(t)

G(s)
{H1n(ds, z)− H1(ds, z)}

+
τ∫

t

(s − t)G(t)

G(s)

s∫

t

∑n
i=1 d Mc

i (u)

nπ̂(u)
H1n(ds, z)+ op(n

−1/2)

=
τ∫

t

(s − t)G(t)

G(s)
{H1n(ds, z)− H1(ds, z)}
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+ n−1
n∑

i=1

τ∫

t

τ∫

u

(s − t)G(t)

G(s)
H1(ds, z)

d Mc
i (u)

π(u)
+ op(n

−1/2).

(A12)

Thus, combining (A4), (A7) and (A12) and after some algebraic manipulation, we
have

θn(t, z) = φn(t, z)− φn(t, zu) = n−1/2
n∑

i=1

ηi (t, z)+ op(1),

where ηi (t, z) = ξi (t, z)− ξi (t, zu), and

ξi (t, z) = �i (Xi − t)G(t)

H(t, z)G(Xi )
I (Xi > t, Zi ≤ z)

+ G(t)

H(t, z)

τ∫

t

τ∫

u

s − t

G(s)π(u)
H1(ds, z)d Mc

i (u)

− V (t, z)

H(t, z)
I (Xi > t, Zi ≤ z)− 1

H(t, z)

z∫

0

w′H(t, dw)A−1ψi

− β ′
0 Zi

H(t, z)
I (Xi > t, Zi ≤ z).

Therefore, by the same arguments as those of Appendix A.5 in Lin et al. (2000),
θn(t, z) converges weakly to a zero-mean Gaussian process with covariance function
σ(t, z; t∗, z∗) = E{ηi (t, z)ηi (t∗, z∗)} at (t, z) and (t∗, z∗), which can be consistently
estimated by σ̂ (t, z; t∗, z∗) given in Sect. 2.
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(eds) In: Proceedings of the international symposium on statistics and related topics. North Holland,
Amsterdam, pp 169–184

Hollander M, Proschan F (1975) Tests for the mean residual life. Biometrika 62:585–593
Kalbfleisch JD, Prentice RL (2002) The statistical analysis of failure time data. 2. Wiley, New York
Kotz S, Shanbhag DN (1980) Some new approaches to probability distribution. Adv Appl Probab

12:903–921
Liang KY, Zeger SL (1986) Longitudinal data analysis using generalized linear models. Biometrika 73:

13–22
Lin DY, Wei LJ, Yang I, Ying Z (2000) Semiparametric regression for the mean and rate functions of

recurrent events. J R Stat Soc Ser B 62:711–730
Maguluri G, Zhang C-H (1994) Estimation in the mean residual life regression model. J R Stat Soc Ser B

56:477–489
McKeague IW, Utikal KJ (1991) Goodness-of-fit tests for additive hazards and proportional hazards mod-

els. Scand J Stat 18:177–195
Oakes D, Dasu T (1990) A note on residual life. Biometrika 77:409–410
Pollard D (1990) Empirical processes: theory and applications. Institute of Mathematical Statistics,

Hayward, CA
Prentice RL (1973) Exponential survivals with censoring and explanatory variables. Biometrika 60:

279–288
Robins JM, Ritov Y (1997) Towards a curse of dimensionality appropriate (CODA) asymptotic theory for

semiparametric models. Stat Med 16:285–319
Robins JM, Rotnitzky A (1992) Recovery of information and adjustment for dependent censoring using

surrogate markers. In: Jewell N, Dietz K, Farewell V (eds) AIDS epidemiology: methodologic issues.
Birkhauser, Boston pp 297–331

Schoenfeld D (1980) Chi-squared goodness-of-fit tests for the proportional hazards regression model.
Biometrika 67:145–153

Shaked M, Shantikhumar J (1993) Stochastic orders and their applications. Academic Press, Boston
Sun L, Zhang Z (2009) A class of transformed mean residual life models with censored survival data.

J Am Stat Assoc 104:803–815
Swartz GB (1973) The mean residual life function. IEEE Trans Reliab R-22:108–109
Yang GL (1978) Estimation of a biometric function. Ann Stat 6:112–116
Yuen KC, Burke MD (1997) A test of fit for a semiparametric additive risk model. Biometrika 84:631–639
Yuen KC, Zhu LX, Tang NY (2003) On the mean residual life regression model. J Stat Plan Infer 113:

685–698

123


	Goodness-of-fit tests for additive mean residual life model under right censoring
	Abstract
	1 Introduction
	2 Construction of test statistics
	3 Simulation studies
	4 Applications
	4.1 Veterans administration lung cancer trial
	4.2 Colorectal adenocarcinoma trial

	5 Power study for local alternatives
	6 Concluding remarks
	Acknowledgements
	Appendix
	A.1 Derivation of βcap
	A.2 Proof of weak convergence of θn(t, z)

	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


