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This paper considers self-normalized limits and moderate deviations of
nonparametric maximum likelihood estimators for monotone functions. We
obtain their self-normalized Cramér-type moderate deviations and limit dis-
tribution theorems for the nonparametric maximum likelihood estimator in
the current status model and the Grenander-type estimator. As applications of
the results, we present a new procedure to construct asymptotical confidence
intervals and asymptotical rejection regions of hypothesis testing for mono-
tone functions. The theoretical results can guarantee that the new test has
the probability of type II error tending to O exponentially. Simulation studies
also show that the new nonparametric test works well for the most commonly
used parametric survival functions such as exponential and Weibull survival
distributions.

1. Introduction. The maximum likelihood estimator (MLE) of a monotone
density function is the Grenander estimator [see Grenander (1956), Prakasa Rao
(1969), and Groeneboom (1985)]. The asymptotic distribution of the Grenander
estimator was obtained in Prakasa Rao (1969). Groeneboom and Wellner (1992)
derived the limit distribution of the nonparametric maximum likelihood estima-
tor (NPMLE) for current status data. Banerjee and Wellner (2001) proposed a
likelihood ratio (LR) test for monotone functions to construct pointwise confi-
dence intervals for the monotone functions and obtained its limit distribution.
The method was studied further in Banerjee and Wellner (2005a, 2005b) and
Banerjee (2007). Banerjee and Wellner (2001, 2005a, 2005b) investigated the
power behavior of the LR test, and demonstrated the superior performance of
the LR test over several existing methods in the current status model. Recently,
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Groeneboom, Jongbloed and Witte (2010) proposed two estimators: the maxi-
mum smoothed likelihood and the smoothed maximum likelihood estimators and
established their asymptotic normality, but the asymptotic variances depend on
the derivative of the density function. Moreover, Groeneboom (2014) studied
the maximum smoothed likelihood estimator for the interval censoring model,
Groeneboom and Jongbloed (2014) discussed these nonparametric estimators, and
Groeneboom and Jongbloed (2015) provided an alternative way to deduce the dis-
tribution of the likelihood ratio and extended it to the Grenander estimator.

Asymptotic behavior for Grenander’s estimator and its extensions have been
studied widely in the last 30 years. The asymptotic normality of the L-distance
between the decreasing density and its Grenander estimator was obtained by
Groeneboom, Hooghiemstra and Lopuhai (1999), and a similar result for mono-
tone regression can be found in Durot (2002). Huang and Wellner (1995) studied
the limit distribution of a Grenander-type estimator for a monotone hazard rate in
a right-censoring model. Durot (2007) gave the limit distribution for the L ,-error
of a Grenander-type estimator. Recently, the limiting distribution of the supremum
distance was studied by Durot, Kulikov and Lopuhaa (2012), and a law of the iter-
ated logarithm for the Grenander’s estimator was established by Diimbgen, Well-
ner and Wolff (2016).

Recently, self-normalized Cramér-type moderate deviations in statistics have
attracted wide attention; see, for example, Liu and Shao (2010, 2013), Chang,
Shao and Zhou (2016). In these papers, the statistics can be represented an-
alytically by samples. The NPMLE of current status data and Grenander-type
estimator are inverse statistical problems, and their weak limits are the maxi-
mum point of a Brownian motion minus a parabola. In this paper, we study
self-normalized limit distributions and Cramér-type moderate deviations of the
NPMLE for monotone functions. The self-normalized method is based on the
self-normalized Cramér-type moderate deviations, and the self-normalized limit
distributions for the NPMLE in the current status model and Grenander-type esti-
mator are obtained. As applications, we use these results to construct asymptotical
confidence intervals and asymptotical rejection regions of hypothesis testing for
monotone functions. The new procedure for statistical inference is different from
the LR method in Banerjee and Wellner (2001) and Groeneboom and Jongbloed
(2015) and the smoothed maximum likelihood method in Groeneboom, Jongbloed
and Witte (2010). Theoretically, the proposed test has the probability of type 1I
error tending to 0 with exponential decay by moderate deviations. Such theoretical
properties of the type 2 error are not generally well studied for other competing
methods.

The rest of the paper is organized as follows. Section 2 presents the main re-
sults including the self-normalized Cramér-type moderate deviations, and the self-
normalized limit distributions for the NPMLE in the current status model and
Grenander-type estimator. In Section 3, the main results in the current status model
are proved using a general Cramér-type moderate deviation theorem and a general
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limit distribution theorem. The proofs of these general results are postponed to
Sections 5. Our proofs are based on the strong approximation, Talagrand deviation
inequality and small ball estimates. In Section 4, we use the theoretical results to
construct statistical hypothesis tests and pointwise confidence intervals. In addi-
tion, we conduct simulation studies to evaluate the finite-sample performance of
the proposed method and compare it with the LR test in Section 4. The proofs of
some technical lemmas and the results for Grenander-type estimator are given in
Appendix A of the Supplementary Material [Gao, Xiong and Zhao (2017)], and
some useful known results are presented in Appendix B of the Supplementary Ma-
terial [Gao, Xiong and Zhao (2017)] for the convenience of the reader.

2. Main results. We consider two types of problems: the NPMLE in the cur-
rent status model and the Grenander-type estimator.

2.1. Current status data. Consider a study that concerns the time to occur-
rence of a certain event of interest such as failure or onset of a disease. In many
cases, the event time cannot be observed completely since it is often too expensive
or even impossible to observe the exact event occurrence time. However, the cur-
rent status of the subjects at a random examination time can be much more easily
observed. This means that for each subject, the event occurrence time is unknown,
but it is known whether the event has occurred before the examination time. Such
data are called current status data or case 1 interval censored data in survival anal-
ysis [Groeneboom and Wellner (1992), Huang and Wellner (1995), Groeneboom
(1996), Sun (2006), Groeneboom, Jongbloed and Witte (2010)].

Let Xy,..., X, and T1, ..., T, be independent i.i.d. samples from unknown
distribution functions Fy and G on the nonnegative half-line, respectively. Set §; =
Iix;<T;)- Here, X; is interpreted as the (unobserved) time of onset of a disease; T;
is a check-up time at which patient i is observed to be ill or not: §; = 1 or 0. The
observations cgnsist of the pairs (61, 71), ..., (6n, Ty) in the current status model.
The NPMLE F;, for Fy is defined to be the one that maximizes the log-likelihood
function

n
F> Y (8 log F(T) + (1 — &) log(1 — F(T))),
i=1
where F is a right-continuous distribution function. Since the likelihood function
depends on F only through the values F(7;), the NPMLE is not unique. To avoid
this ambiguity, F), is assumed to be a constant on each interval [7(;_1), T;)), where
T{;) is the ith order statistic of 71, ..., T,. A basic assumption is as follows.

ASSUMPTION (A1l). Let #p > 0 be a fixed point such that 0 < Fy(#),
G(ty) < 1. Let Fy and G be continuous on [0, oo) and differentiable on a closed
neighborhood [fy — €, fp + €o] of the point 7y, with strictly positive derivatives
fo(t) and g(1), t € [to — €0, to + €0], respectively, where 0 < € < 1g.
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Throughout the paper, the notation &, 4 & means that the random sequence
&, converges to a random variable & in distribution. The notation argmin,_;; f ()
[resp., argmax, . f(¢)] stands for the point t € U at which f(¢) is minimized
(resp., maximized), where the largest value is chosen when multiple minimizers
(resp., maximizers) exist.

Groeneboom and Wellner (1992) established the strong consistency of the
NPMLE, and derived the limit distribution of the NPMLE I:",, (to) for a fixed point
to as follows: under Assumption (A1) stated above,

n'B(Ey(t0) — Folto)) a
(0 2(to))1/3

where

4Fy(t9) (1 — Fy(x I
0(70)( 0(70)) fo( o)’ v = argmin{W () + 12,
g (1) teR
and {W(¢), t € R} is a two-sided Wiener process with W (0) = 0.

By Corollaries 3.3 and 3.4 in Groeneboom (1989), the density function f; of t
is symmetric and bounded continuous, and has the tail behavior

of (o) ==

2
QD fe)~ 41/3|x|exp{—§|x|3+21/3a1|x|}, x] = 00

Ai'(ar)
where a; ~ —2.3381 is the largest zero of the Airy function Ai and Ai'(a;) ~
0.7002. By Lemma 2.1 in Hooghiemstra and Lopuhad (1998), the distribution
function F; of T satisfies

22)  1—F(x)~ %41/31 exp{—zx3 + 21/3a1x}, X —> +00.
Ai'(ay) X 3

In order to use Groeneboom and Wellner’s (1992) result for statistical inference,
we need to construct a consistent estimator of fp or to obtain a self-normalized
limit distribution of the NPMLE. This is one of our motivations. Another motiva-
tion of the paper is to study the tail probabilities of Fy(to) — Fo(to) and to con-
struct confidence intervals and rejection regions for hypothesis testing for Fo(o).
We consider the following asymptotic behavior of F,(#9) — Fo(fp): Cramér-type
moderate deviation and moderate deviation principle (MDP).

The Cramér-type moderate deviation is to find b,, — oo such that

1 V3(E,(to) — Fo(t
sup P<n ( nZ(O) 0(0))ZX)—1‘—>0-
xe[0,b,11 1 — Fr(x) (0 (10)1/3

The moderate deviation principle (MDP) is to find two suitable sequences of
.. . 1/3
positive numbers b, — oo and 8, — oo with % — 00 such that

"

1 n\/3(E _
1 nlP(Fato) = Folto)) | x) ~ e [Bn
by (aF(to)'/3
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where I (x) is a suitable rate function and g, is called the speed. If one replaces
;/3 — oo by ;/ — ¢ > 0, this result is called the large deviation principle (LDP).
Generally, the rate function / of the MDP can be easily calculated, and provides
a useful method for statistical inference. Some notion and properties in large de-
viation are given in Appendix B of the Supplementary Material [Gao, Xiong and
Zhao (2017)].

Generally, the bigger b, is, the faster the convergence rate is. In the i.i.d. case,
b, = O(n'/%) is the best for the Cramér-type moderate deviation [see Petrov
(1975), de la Pena, Lai and Shao (2009)]. For the NPMLE, due to a technical

reason, we assume that b, satisfies, as n — 0o,
b!%logn
nl/3

That is, b, — oo and b, = o(n'/3°/(logn)!/19),
To study moderate deviations of the NPMLE, we need the following assump-
tion.

2.3) b, — oo and — 0.

ASSUMPTION (A2). The functions fy(#) and g(¢) are Lipschitz continuous
on [7) — €0, 7o + €0].

Let g, be a classical kernel density estimator of go defined by

R t—Tg
(2.4) fn)=- 2101]( )
hn k=1
where 4, — 0 and ”lfé" — oo. Then by the large deviation principle for the classi-

cal kernel density estimator [see the proof of Proposition 3.1 in Gao (2003)], for
any r > 0,

i 1 R
(2.5) Jim F log P(|8n(10) — go(t0)| > r) = —o0,

nhy _ 1
b n = Togn"
We can also replace logn by a sequence r,, with logn < r, =o(n'/3/b,) to obtain
a faster convergence speed.

Let us introduce two estimators of fj as follows:

since lim,,— oo 2 oo. In order to obtain a faster speed, one can take &

2.6 3 Gy 13y _ f
(2.6) fn(t)=bn10gn(Fn(t+bnlogn/n ) — Fu(1))
and
- nl/3 A
2.7 Fu ) =——(Fy(t +logn/n'?) — E,(0)).
logn

For the estimators fn (t) and fn (1), we also have the following exponential con-
vergence.
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PROPOSITION 2.1. (i) Assume that Assumptions (Al) and (A2) hold. Then
foranyr >0,

1 N
(2.8) lim b log P(|Fu(t0) — Fo(to)| > r) = —00
and

1 A
(2.9) Jim - log P (| fat0) = fo(to)| > r) = —oc.

(i1) Assume that Assumption (A1) holds. Then for any r > 0,
(2.10) lim_P(|fu(t0) = folto)| > r) =0.

Now, we state the self-normalized Cramér-type moderate deviations and the
self-normalized limit distribution theorem for the NPMLE in the current status
model.

THEOREM 2.1. Assume that Assumptions (A1) and (A2) hold. Then for each
o > 0, uniformly for 0 < x < pb,,

1 '3 (F,(t9) — Fo(to))
10 - Fr(x) P(i G s x) -l
that is,
2.12) 1 P<n1/3(ﬁn(ro) — Fo(to)) _ x) 1
1 — Fr(x) G2(t))'/3
and
1 n'/3(F, (1) — Fo(t0))
219 1 — Fr(x) P( Gl A - _x) -

where 6.2 (t0) == 4F, (t0)(1 — Fy(10)) fu (10)/8n (t0).-

In particular, the sequence {% W, n > 1} satisfies the MDP in R with

speed bg and rate function I (x) = %|x|3, that is, for any open subset A of R,

n'/3 E, (t9) — Fo(to)
by (G (t0)'/3
and for any closed subset B of R,

(n‘/3 Fy(t0) — Fo(to)
by (62(10))1/3

N | .
l}lrgg(l)fglogP< € A) > —xlrelgl(x),

1
limsup b—310gP € B) <- inf3 I(x).
xXe

n—oo Dj
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THEOREM 2.2. Assume that Assumption (A1) holds. Then

n'3(F,(10) — Fo(to)) 4.
(52(10)) /3 :

where G2 (t9) 1= 4F, (t0) (1 — F (1)) fa (0)/ &n (t0).

(2.14)

2.2. Grenander-type estimator. Let )\ be a decreasing (or increasing) function
on [0, 1]and A(t) = fé A(u)du,t €10, 1]. Let A, (¢) be a cadlag (right continuous
with finite left-hand limits at every point) step process and let A, be the least
concave majorant (resp., greatest convex majorant) of A,. The Grenander-type
estimator ):n of A is defined as the left derivative of f\n. Then )A»,, is monotone,
left-continuous and piecewise constant.

We introduce the following assumptions.

(GA1) The function A is monotone and differentiable on [0, 1],

inf [A'(1)|>0 and sup |A ()] < oo.
1€[0.1] 1€[0,1]

(GA2) Let W be either a Brownian bridge or a Brownian motion. There exist
positive absolute constants C, K, «, L : [0, 1] — R and versions of A, and W
such that for all r € [0, n],

P( sup [n(An(u) — A)) —n'>W(L(u))| = Clogn + r)
(2.15) uel0.1]

< K exp{—«r}.

Moreover, L is increasing and twice differentiable in (0, 1), and L’(s) > 0 for any
s€(0,1).

We define an estimator of A" as follows:
1/3

—()A»n(t + b, 10gn/n1/3) — )A»n(t)).

2.16 AW (@) =
(2.16) n () by logn

The estimators )A\n (1) and ifll) () also have exponential convergence.

PROPOSITION 2.2. Assume that (GA1) and (GA2) hold.
(i) For any r > 0, we have

1 . A
(2.17) lim_ 5 logmax{P(|A,(t) — 1(1)| > r), P(AD (1) =2 (1)| > r)} = —o0.
(i) If liminf,_, o (kf;—np > 1, then

@18)  P(lim L) =20))=1 and P(lim iP@0)=2®)=1.
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The following result is the self-normalized Cramér-type moderate deviations for
the Grenander-type estimator.

THEOREM 2.3. Assume that (GA1) and (GA2) hold. Then fort € (0, 1) and
p > 0, uniformly for 0 < x < pb,,,

1 30 (1) — At
(2.19) P<:tn ( ”f()l) @) Zx) 1.
1= Fe(x) AL ()| ()3
~ n'A daO-r0) ~ ;
In particular, the sequence {%——"""rm=——— n > 1} satisfies the MDP in R

n@L ol N3’
with speed bg and rate function I (x) = %|x|3.

The next subsections give several corollaries of Theorem 2.3.

2.2.1. The monotone density function. Let Xy, ..., X, be independent random
variables taking values in [0, 1] with the common distribution function F and the
monotone density function f. Then the monotone estimator based on the empirical
distribution function of X1, ..., X,, is the Grenander estimator f,,

COROLLARY 2.1. Assume that (GA1) holds for f. Then for t € (0,1) and
p > 0, uniformly for 0 < x < pb,,
1 IBE@)— Ft
P(inA<hQL)f(» sa)
1= Fr(x) @G fu @] fa D3

2.2.2. Monotone hazard function with right-censored data. Let (X1, 81),...,
(Xn,8n) be a right-censored sample, where X; = min{7;, Y;}, 6; = Ii1.<v;), T
i =1,...,n are nonnegative i.i.d. failure times, and Y;,i =1, ..., n are i.i.d. cen-
soring times independent of 7;,i = 1, ..., n. Assume that the common distribu-
tion function F of 7;,i = 1,...,n is absolutely continuous with density func-
tion f. Assume that F' has a monotone hazard rate A = f/(1 — F). Let N, be the
Nelson—Aalen estimator, defined as follows: if #; < --- < f; are the distinct un-
censored times and 7n; is the number of X;’s that are greater than or equal to #;
(j=1,...,k), then

k—1

1 1

Na() =D D)) 2 — + T ) —
i=1

j=ii j=k i
Let A, be the restriction of N, to [0, 1] and let G be the common distribution
function of Y;,i =1, ..., n. Let A,, be the monotone estimator based on A, [see

Huang and Wellner (1995)]. Let F,, an G, be the Kaplan—Meier estimators of F
and G, respectively.
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COROLLARY 2.2. Suppose that (GA1) holds, F(1) < 1, lim;—1G () < 1,
and G has a bounded continuous first derivative on (0, 1). Then for t € (0, 1) and
o > 0, uniformly for 0 < x < pb,,

1 n'3 () — A(0))(1 — F, (t))(l—Gn(t))
Pl £ 0 — 1.
1= Fr(x) @ (DA D13

2.2.3. The monotone regression model. Consider the model
Yi,n:)\(i/n)—i—e,-,n, i=1,....n
where ¢; ,,i =1,...,n, are independent random variables with mean zero. Let

An(t) = Z Yin, tel0,1].

l<nt

Then the monotone estimator ):n based on A, is a slight modification of the Brunk
estimator.

COROLLARY 2.3. Suppose that (GA1) holds and there exists § > 0 such that
sup; ,, E(exp{dlei n|}) < 0o. Assume, moreover, that var (&; n) = az(i/n)for some
62:[0,1] — R;. If<72 has a bounded first derivative and satisfies inf; O’z(l) >0,
then for t € (0, 1) and p > 0, uniformly for 0 < x < pb,,,

1/3 .3 _
1 P@n(MQ m»zoﬁL
1= Fe(x) " 4o A0 (1)1/3

3. Proofs of the main results. In this section, we only prove Proposition 2.1,
and Theorems 2.1 and 2.2. The proofs of the results on the Grenander-type esti-
mator are similar and will be given in Appendix A of the Supplementary Material
[Gao, Xiong and Zhao (2017)]. The following two results, Theorems 3.1 and 3.2,
play an important role in our proofs. Their proofs will be given in Section 5.

THEOREM 3.1. Assume that Assumptions (Al) and (A2) hold. Let x, be a

sequence of nonnegative numbers such that bﬁj Xn — 0 as n — o0o.Then for each
p > 0, uniformly for 0 < x < pb,,

n'3(F, (to + xn) — Folto + xn)) _ )_) |

3.1
b TTERE® < (02(10)!/3

In particular, the sequence {” F"(IOJ(FC)T(”L( ;‘f%’ﬂ” n > 1} satisfies the MDP in R
)

with speed bg and rate funcnon I(x)= %|x 3.

The next result is an extension of Groeneboom and Wellner’s limit distribution
result.
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THEOREM 3.2. Assume that Assumption (A1) holds. Let x,, be a sequence of
nonnegative numbers such that x, — 0 as n — 0o.Then

n\B(Ey(to + xn) — Folto + xn)) d
— T
(03 (10))1/3

PROOF OF PROPOSITION 2.1. Equation (2.8) is obvious. When rn is large
enough,

/3
{| Fu(to + by logn/n'/3) — Fo(to 4 by logn/n'/3)|

A 1 n
|fn(t0) — fO(tO)| =< @ b,

+ | £ (t0) — Fo(to)|}

N ‘F(to + b, logn/n'/3) — F(1)
bylogn/nl/3

- fo(to)‘-

Since

‘ F (1o + balogn/n'") — F(1o)

by logn/nl/3 —fo(to)‘ — 0,

then by Theorems 3.1, (2.9) holds. The proof of (2.10) is similar to that of (2.9).
O

PROOF OF THEOREM 2.1. By Proposition 2.1(i) and the Delta method in large
deviations [Gao and Zhao (2011)], for any € > 0,

MVE

(@}t ’ )__
(62(10)1/3 A

1
3.2 lim — log P
3-2) 60 bfl % (bn logn

For each p > 0 and 0 < x < pb,, we have

13, F _
1 P(j:n (Fn(t0) — Fo(to)) x)

- F) @2aniA -

(o2 (to)'/3
G2 1‘ > 1)

'3 (Fy (19)— Fo (t9)) _ bulogn bl
P(:l: (O’I%(l‘()))l/:; Z X(l nl/3 )) P('L' Z X(l — %))

P(t > x(1 — 2logny) 1 —Fr(x)

173

1 n1/3
<
~ P(r>x) (bnlogn
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and

1 P(inm(ﬁf(to) — Fo(10)) > x)
1 — Fo(x) (62(10))'/3

(@F o))" 1‘ 1)
(62(t0)' /3

n!3(F, (19) = Fo(1g)) by logn .
PEI—CHENTA Y 2 (L4 ) p(r = x(1 + bulgm)

P(t > x(1 + 2nlogny) 1 — Fr(x)

w173

1 nl/3
>
- P(r=x) <bn logn

Note that by (2.2) and (3.2),

1 1/3 2 (4a))1/3
sup P( ! (TQ(O))13—1‘>1>—>0
xel0.pb,] P(T =x) " \bylogn|(62(to)!/
and
1 b, 1
sup —P(r 2x<1 + %)) - 1‘ — 0.
0<x<pb, I — Fr(x) nl/

Then (2.12) follows from (3.1) with x, =0. 0O

PROOF OF THEOREM 2.2. By Proposition 2.1(ii) and the continuous mapping
theorem [van der Vaart and Wellner (1996), page 20], for any € > 0,

. (0 (1o)'/? B

Again, the conclusion follows from Theorem 3.1 with y, =0. U

4. Applications. In this section, we focus on applications of the self-
normalized Cramef-type MDP to statistical inference for the current status model.
We also will present some simulation results to compare the finite-sample perfor-
mance of the new test constructed by using the self-normalized Cramef-type MDP
and the LR test [Banerjee and Wellner (2001, 2005a, 2005b), Groeneboom and
Jongbloed (2015)].

4.1. Hypothesis testing. In this subsection, we apply the results in Section 2
to hypothesis testing problems for unknown distribution function F in the current
status model. Let F and F; be two distributions on [0, c0) and let 5 € (0, 00).
Assume that Fy(fg) # F1(tp). Consider testing

Hy: F(ty) = Fo(tg) versus Hj: F(ty) = F1(ty).
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We can use Theorem 2.1 to construct a rejection region and to prove the probability
of type II error tending to O with exponential decay. Consider the test statistic
n'3 (B (10) — Folto))

n-— A ’
On

where &, = (62 (19)) /3.
Given 0 < @ < 1, by Theorem 2.1, under Hy,
P(|T,| =
lim  sup PlInl=x) 1|=0.
n=>00 v (0, pby ]l 2(1 — Fz(x))

Take the rejection region as {|7,,| > c(«)}, where c(«) is a positive constant such
that /2 =1 — F;(c(a)). Then the probability 8, of type II error is

Bn = P(ITul < c(@)| F1(10)).

Next, we establish the exponential convergence of §,,.

THEOREM 4.1. Suppose that Assumptions (Al) and (A2) hold for Fy and
F1. Then the probability of type Il error tends to O with exponential decay speed
exp{—rbi}for all r > 0, that is,

o1
nll)ngo E log B, = —oc.
PROOF. The probability 8, of type Il error is

B = P(ITy| < c(@)|Fi(to))
b ( n'3(Fy(to) — Fl(to))’ e )
- - b}’l }’l bl’l '

bu6y
By Proposition 2.1(i) and the Delta method in large deviations [Gao and Zhao
(2011)], for any € > 0,

|Fo(t0)

13| (oF, (to)'/?
lim logP( " il —1‘>6‘F1(Zo)>:—00.
n— 00 b3 bylogn 6n
Thus, by Theorem 2.1, we have lim,, oo b% log 8, = —oc0. U

4.2. Pointwise confidence interval. For given confidence level 1 — «, let 742
be a critical value such that P(t > 74/2) = /2.

A direct application of Theorem 2.1 yields an approximate (1 — «) confidence
interval for Fy(tg) as

. G - S
Fu(to) — mfa/Za Fu(to) + mfaﬂ .
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4.3. Simulation study. We conducted a simulation study to assess the finite-
sample performance of the proposed test by rejecting Hy : F (tp) = Fo(to) if

R 0,
| Fy(10) — Fo(to)| = rl]%fa/z,

where I:”n (t9) is the NPMLE of Fy(ty). For « = 0.05, one can find 79 025 = 0.9982
from Table 2 in Groeneboom and Wellner (2001) or Table I in Abrevaya and Huang
(2005).

For the testing problem, other available methods include the LR, MLE-based,
score and Wald test statistics [see Banerjee and Wellner (2001, 2005a, 2005b)].
Based on simulations, Banerjee and Wellner (2005a) concluded that the LR-based
method is better than the MLE-based methods for the situations considered, while
Banerjee and Wellner (2005b) showed that the LR and score statistics are com-
parable and are more powerful than the Wald statistic. Note that these so-called
score test statistics are based on the difference between the unrestricted and the
restricted MLEs, which can be considered as extensions of the LR test statistic.
Here, we focus on comparison of the new test and the LR test. To compute the LR
test statistic, we also need to find the unrestricted MLE. For this, we used the new
method presented in Section 2 of Groeneboom and Jongbloed (2015).

To generate current status data, suppose that failure time X follows an ex-
ponential distribution or a Weibull distribution, and examination time 7 fol-

lows a uniform distribution over i an interval [0, Ty]. Let {x;,i = 1,...,n} and
{t;,i =1,...,n} be independent samples from the distributions of X and T, re-
spectively. The generated current status data consist of {(#;, §;),i =1, ..., n} with
8i = o <ny)-

Consider two cases: (i) Fo(t) =1 — exp(—0.5¢) and F|(t) = 1 — exp(Art) with
A #0.5; and (i) Fo(r) = 1 —exp(—(0.51)%3) and F| (1) = 1 — exp(—(11)%) with
A #£0.5. We set Ty =2 under Hp and 3 or 5 under Hj.

To apply the proposed test, we need to choose b,,. Since b, is assumed to satisfy
the following condition:

b, - o0 and b, = 0(n1/30/(10gn)1/10),

we can simply take b, = n'/G%+8) with ¢ > 0. According to the general principle
“the bigger b, is, the faster the convergence rate is”, we only considered values
of b, close to n'/3% in our simulations. In addition, we need to choose 4, for
estimation of gg. As pointed out in Section 2.1, we prefer to take h, = 1/r, where
rp =nl/G+9) /b, with § > 0. Here, we took values of r, close to nl/3 /by, to obtain
a faster convergence speed. All the simulation results reported here are based on
1000 Monte Carlo replications using the R software, while the corresponding R
code is available via the website http://www.mypolyuweb.hk/~mazhao.

Tables 1 and 2 report the estimated sizes and powers of the proposed test with
b, =n1/3%1 and r, = n1/G-D /b, and LR test at nominal level 0.05 based on sim-
ulated current status data for two cases with different values of A. In each setting,
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TABLE 1
Estimated sizes and powers of the proposed and LR tests at nominal level 0.05 for the case of
exponential distribution

n =100 n =200 n =300

A To Proposed LR Proposed LR Proposed LR

0.5 2 0.058 0.049 0.058 0.063 0.048 0.055
0.7 3 0.261 0.157 0.309 0.227 0.408 0.324
0.9 0.513 0.427 0.681 0.645 0.737 0.732
0.3 0.517 0.386 0.641 0.558 0.727 0.682
0.1 1.000 1.000 1.000 1.000 1.000 1.000
0.7 5 0.262 0.124 0.278 0.190 0.320 0.232
0.9 0.446 0.339 0.520 0.446 0.636 0.592
0.3 0.543 0.331 0.568 0.434 0.637 0.542
0.1 1.000 0.997 1.000 1.000 1.000 1.000

we take 7o = 1 and considered three sample sizes n = 100, 200, 300. It can be seen
from the tables that the estimated sizes using both tests are close to nominal level
0.05, and the estimated powers of the proposed test are higher than those of the LR
test for the situations considered here. Very similar results were obtained for the
proposed test with other values of b, close to n'/3% and other values of r, close to
n'3 /b, as well.

In addition, we conducted simulations to compare the power behavior of the
proposed test and the LR test for the contiguous alternatives with the exponen-
tial and Weibull distributions, respectively. Let fy be the density function of Fjp.

TABLE 2
Estimated sizes and powers of the proposed and LR tests at nominal level 0.05 for the case of
Weibull distribution
n =100 n =200 n =300
A Ty Proposed LR Proposed LR Proposed LR
0.5 2 0.064 0.038 0.054 0.046 0.041 0.062
0.7 3 0.273 0.079 0.263 0.116 0.270 0.138
0.9 0.405 0.215 0.431 0.290 0.498 0.389
0.3 0.390 0.239 0.419 0.320 0.480 0.390
0.1 0.980 0.964 1.000 0.999 0.999 0.999
0.7 5 0.302 0.065 0.262 0.083 0.284 0.113
0.9 0.376 0.133 0.366 0.194 0.412 0.270
0.3 0.454 0.216 0.432 0.251 0.446 0.309

0.1 0.965 0.916 0.994 0.992 1.000 0.999
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Following Banerjee and Wellner (2005b), we define local alternatives { F},} as
Fu(t) = Fo(t) + n~ 3 B(n' (1 — 1)),

where B(t) = nfo(to)(c — [t])1[—¢,(t), and o, ¢, n are fixed positive numbers.
Take n = 0.9. The failure times can be generated by using the method given in
Banerjee and Wellner (2005b). Again suppose examination time 7 follows a uni-
form distribution over interval [0, 3]. The simulation results are shown in Tables 3
and 4. The tables include the estimated powers (the rejection percentages of the
null hypothesis over 1000 Monte Carlo replicates) of the proposed test and the
LR test for the contiguous alternatives Hj : F(fg) = F,(tg) with different values
of tp in two cases of Fp, respectively. The results indicate that the proposed test
outperforms the LR test for the contiguous alternatives considered here.

We also carried out a simulation study using the Simulation Setting 3 designed
by Banerjee and Wellner (2005a) with g as chosen there. The results of estimated
confidence intervals indicate that our method does not perform as well as the LR
method for this case where the function F{ behaves capriciously.

TABLE 3
Estimated powers of the proposed and LR tests at nominal level 0.05 for the contiguous alternatives
with the exponential distribution

n =100 n =200 n =300
t c Proposed LR Proposed LR Proposed LR
0.5 1 0.225 0.060 0.167 0.071 0.157 0.059
2 0.284 0.110 0.230 0.125 0.232 0.137
3 0.506 0.361 0.427 0.325 0.438 0.342
4 0.734 0.633 0.705 0.635 0.689 0.618
5 0.888 0.837 0.884 0.870 0.893 0.870
1.0 1 0.152 0.052 0.156 0.053 0.141 0.075
2 0.225 0.073 0.191 0.090 0.177 0.091
3 0.356 0.192 0.354 0.189 0.350 0.188
4 0.559 0.372 0.532 0.351 0.546 0.377
5 0.762 0.606 0.754 0.580 0.747 0.600
1.5 1 0.148 0.048 0.139 0.054 0.133 0.055
2 0.225 0.093 0.195 0.067 0.173 0.074
3 0.323 0.121 0.299 0.132 0.267 0.124
4 0.491 0.253 0.486 0.253 0.463 0.273
5 0.660 0.432 0.662 0.466 0.637 0.435
2.5 1 0.218 0.062 0.139 0.059 0.102 0.056
2 0.288 0.085 0.197 0.083 0.158 0.074
3 0.351 0.142 0.274 0.141 0.254 0.128
4 0.441 0.215 0.337 0.208 0.299 0.178
5 0.537 0.353 0.472 0.327 0417 0.328
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TABLE 4
Estimated powers of the proposed and LR tests at nominal level 0.05 for the contiguous alternatives
with Weibull distribution

n=100 n =200 n =300
t c Proposed LR Proposed LR Proposed LR
0.5 1 0.208 0.048 0.182 0.049 0.171 0.042
2 0.286 0.068 0.258 0.075 0.246 0.075
3 0.448 0.136 0.382 0.105 0.369 0.142
4 0.624 0.324 0.581 0.275 0.552 0.245
5 0.752 0.535 0.759 0.546 0.756 0.521
1.0 1 0.212 0.060 0.212 0.055 0.184 0.059
2 0.262 0.058 0.231 0.057 0.188 0.054
3 0.343 0.085 0.291 0.076 0.283 0.074
4 0.432 0.112 0.392 0.125 0.387 0.138
5 0.536 0.180 0.541 0.215 0.523 0.227
1.5 1 0.198 0.054 0.192 0.046 0.187 0.059
2 0.256 0.061 0.233 0.040 0.218 0.050
3 0.294 0.058 0.258 0.062 0.247 0.064
4 0.351 0.091 0.348 0.094 0.331 0.113
5 0.445 0.155 0.440 0.150 0.422 0.153
2.5 1 0.223 0.070 0.142 0.066 0.100 0.060
2 0.269 0.082 0.168 0.079 0.127 0.063
3 0.272 0.109 0.210 0.097 0.183 0.101
4 0.301 0.124 0.214 0.122 0.187 0.109
5 0.310 0.157 0.245 0.169 0.208 0.160

4.4. Conclusions. We have proposed a new test for current status data using
the self-normalized Cramér-type MDP. When the size is fixed, the new test has the
probability of a type II error tending to O with exponential decay, and thus it has
good power. Our simulation study has demonstrated that the null distribution of
the proposed test statistic has a reasonable approximation and that the new test is
more powerful than the LR test for most of the settings considered here. However,
when the true distribution function behaves capriciously, the proposed approach
does not work as well as the LR method. Compared with the LR test, the new test
enjoys the following advantages:

(i) The probability of type II error tends to 0 with exponential decay, which
implies that the power behavior of the new test is very good.

(ii) The rejection region of the proposed test has a simple analytical expres-
sion, and thus is easy to implement. In contrast, the rejection region of the LR test
must be obtained numerically.

(iii) Computationally, conducting the proposed test procedure is quite simple,
but performing the LR test procedure is time-consuming.
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5. Proofs of Theorems 3.1 and 3.2. In this section, we propose a new ap-
proach to study the moderate deviation problem. Let us first give an outline of the
proof. In Section 5.1, we convert the moderate deviation estimates of ﬁn (to + xn)
to those for the locations 7, of minimums of a sequence of processes Z,(¢),n > 1.
Then, in Section 5.2, we show that the processes {Z,(7),n > 1} can be strongly
approximated by the processes {Zn(1),n > 1}, where Z,(t) can be represented by
a two-sided Wiener process plus a parabolic drift. After that, in Section 5.3, we
show that 7, is exponentially equivalent to the locations %, of minimums of the
processes Zn (1) by the Talagrand deviation inequality and small ball estimates.
The proofs of Theorems 3.1 and 3.2 are given respectively in Sections 5.4 and 5.5
using the asymptotic properties of 7,.

5.1. An equivalent representation of the moderate deviations. In this subsec-
tion, we convert the moderate deviation estimates of I:"n (t9) to those of the minima
of a sequence of stochastic processes.

Let P, be the empirical measure of (Xy, T1), ..., (X, T,), that is,

Py(A) =P, ls = — ZIA(XZ,T) A e B(RY).
i=1
Set A ={(x,t):x <t} and define

n

1
V(1) = - Z(Si Io,0(T;) = Pulan®x[0,1])
i—1

Gn(1)=— ZI[Oz](T)—]P’ IRx[0,1]-
i=1

The function s = V,, 0 G,/ L(s) equals the cumulative sum diagram [van der
Vaart and Wellner (1996)], and hence, for every observation point ¢;,

F,(t;) <x if and only if argmin{V,(s) — xG,(s)} > 1;.
)

Thus, the limit distribution of F},(r) can be derived by studying the locations of
minima of the sequence of processes s — V,(s) — xG,(s). For each z, the value
ﬁ,, (t) equals Fn(Y}) for some i, and hence, ﬁn (t) < x if and only if the argmin
appearing in the display is larger than the observation time 7; that is just left of 7.
Define «,(t) :=sup{l <k <n, Ty <t}.Then

Fo(r)<x ifandonlyif argmin{V,(s) — xG,(s)} = Tie,(1))-
N
Let {¢,,, n > 1} be a sequence of positive numbers satisfying that

Elologn
1<¢, and Ilim ————

=0.
n—oo pl/3



1242 F. GAO, J. XIONG AND X. ZHAO

Let yx, be nonnegative such that 63'5 xn — 0. Note that £,, will be taken as b,, and
1 in the proofs of Theorems 3.1 and 3.2, respectively.
Then, for any x € R,

A

1/3
P( (Bt + xa) — Folto + xn>)>x)

n

= P( argmin Yy (to+ xn + n_1/3t) < n1/3(T(;2,,) — (to + Xn))>,
tel(to+xa)n!/3,00)

where &, = 0, (fo + xn) and Y (s) = V,i(s) — (Fo(to + xn) + 1~ 20,x)G . (s5).

Note that the decomposition of Y, (fo + x, + n~13¢) on page 299 of van der
Vaart and Wellner (1996) is not suitable for the application of strong approxima-
tion. In order to apply the strong approximation, we write Y, (fo + x, + n~13¢)
as

Zy (@) =Up(t) +rn(t) + xLnyyn(t) + Ry(t) +x£, T (1)
with
n
1
Un(t):= 173 > ixiztonay = Folto + X)) Ui, iy 4150 = itoenn)
i=1
rn(t) =" E((px, <1y — Iixy <o) A4y <tg g tn—130) — Iy <to )

yu(0) =" (G(to + xu + 17 31) — Gt + xn)),

1 n
Ra(t) =773 D ixo=1) = 1 =0 D7 <14 s n =130y = 1T <t0400) = T (0),
i=1

n

Ly(t) = m Z(I{T,«gto+xn+n—1/3t} - I{Ti510+xp1}) — ¥a(0).
i=1

This decomposition plays a major role in the proof of our main result. Therefore,

I
P(T(Fn(to + xn) — Folto + Xn)) > x)

n

=P argmin Z, (1) < n1/3(T(,z,,) — (1o + Xn)))-
te[_(t0+Xil)nl/3soo)

Similarly, for any x € R,

RV
P( - (Fato+ xa) — Folto + xn)) = —x)
n
= P( argmin Zx(1) > n1/3(T(,;n) — (o + Xn)))-
t€[—(l‘0+)(,1)n1/3,00)
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LEMMA 5.1. Forany § > 0,

: 1 1/3 -2
(5.1) limsup —=log P(n"/"(to + xn — Tz,)) = £, ~8) = —o0.
n— o0 En

PROOF. For any § > 0,
P(n'P(to + xn — Tz,)) = €,725)
=P(T; ¢ (to+ xn —n 20,28, 10+ xn) foralli =1,...,n)

( fo+Xn d n
= 1—/ (1) t) .
to+xn—n—1/32;28 §

Thus,

. 1 _
lim sup 7 log P(n1/3(to +xn—Twy) =4, 28) = —00.

n—oo 4&;

PROPOSITION 5.1.  For each p > 0, we have

i P(n'B(Ey(t0 + xn) — Folto + xn)) > x£n)
imsup sup 3 173
n—>00 xel0,p] 1 — Fr(x(op(t0) /7 4y)

limsup sup - CEMI g n' 00 Z (D) = 0)
T =00 xef0,p] 1 — Fr(x(a}(10))"1/3¢,)

. P@'PEu(to + xn) — Folto + xn)) > x€n)
liminf inf 3
n—00 xel0,p] 1 — Fr(x(a2(t0))~1/3¢,)

(5.2)

’

(5.3)
P (argmin, .;_ 3 27N () < —0728
> limliminf inf (argminye o+ X")”lé o0 Zn (1) w0
840 n—>00 xel0,p] 1 — Fr(x(oz(10)~1/3¢,)

’

o PMVB(E(to+ xa) — Folto + Xxn)) < —xLy)
liminf inf 3
n—>00 xel0,p] 1-— Fr(x(aF(to))—l/%n)

5.4

P(argmin, _;_ 13 ZX(t) > 0)
> liminf inf Sl Uotxn 72.00) =
n—00 xel0,p] 1-—F; (x(GF(IO))_1/3En)

and

i P(n' 3 (Fy(to + xn) — Foto + xn)) < —x£y)
imsup sup 3 Y
n—>0o0 xel0,p] I- F,(x(o*F(to)) £y)

P (argming [ _ 44 n1/3.00) Zas (1) = —£,728)
<limlimsup sup 07 Xn P
810 n—>00 xe[0,p] 1 — Fr(x(o(10))71/3¢,)

(5.5)
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PROOF. Foreach p >0and 0 <x < p, we have
P@rgmin, ¢+ /3,00y Zn* (8) < —£,728) — P(n' (o + xn — T(z,) = £,%5)
1 — Fo(x(a}(t0)~1/3¢,)

_ PP (Fato + x) = Folto + xn)) > )
- 1 — Fr(x(03 (1)~ 1/3¢,)

- P (argmin, ¢ _ 4y n'/3.00) Zn " () < 0)
1 — Fr (x(0} (o)~ 1/3¢,)

and
P (argmin; e[+ x,)n1/3,00) Zn (1) = 0)
1 — Fr(x(of(t0))~138y)

_ P@'P(Euto+ xn) = Folto + xn)) < —xt)
B L= Fe(x(of(10)) 7 34n)

- P (argmin, | _ 4 yn!/3.00) Zn (1) = —£,28) + P(n'3(t0 + xn — Tiry) = £,20)
- 1 — Fr(x(of(10))~"/3€,) '

Therefore, by Lemma 5.1, we obtain the conclusions of the proposition. [

5.2. A strong approximation theorem associated with the NPMLE. In this sub-
section, we present an exponential approximation for a version of U,(t) by a
two-sided Wiener process. A similar approximation is also derived for the process
Z; (t). This estimate will play a pivotal role in our proof of the moderate deviation
result.

LEMMA 5.2. Let Y; = I{x;,<ty+x,} — Fo(to + xn). There exist a version
(Y i =1, {T*, i = 1}) of ({Yi,i = 1}, {T;,i = 1}), a two-sided Wiener process
W, (t) with W,,(0) =0, n > 1 and two positive absolute constants C, K such that
forany § > 0,

P( sup \U*(t) — n' ooy W, (G (1))| > 5)
te[—(to+xn)n'/3,00)
(5.6) cc
< n—exp{—K8n1/3}
— K 9
where
n
Uy (1) = nl/3 Z Yi*l{to+xn<T,-*§to+xn+n*'/3t}’
i=1
GE(t)=G(to+ xn +n"31) = Gto + xn)
and

o2 = E((Iix. <t 5} — Folto + xn))*) = Folto + xa) (1 = Fo(to + xn))-
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PROOF. Since for any two-sided Wiener process W, with W,,(0) =0,

[Wa(G(to+ xu +1n731)) = Wa(G(t0 + xn), t € R} 4 [Wa(GE()), t €R)},

applying Theorem 5 in Maumy (2004) or Theorem B.3 in Appendix B of the Sup-
plementary Material [Gao, Xiong and Zhao (2017)] to ¥; and Z; = G(T;), there
exist a version ({Y*,i > 1}, {T*,i > 1}) of ({Y;,i > 1}, {T;, i > 1}), a Wiener pro-
cess W, (1), n > 1 and two positive absolute constants C, K such that for all § > 0,
(5.6) holds. [

We can write
n

1 n
Ru() =3 —(&n(Xi, To 1) = ra(0) =: 3 Zui (1),
i=1 i=1

1 n
IMOESY —(ha(Ti, 1) = ya (D) =: > &),
i=1

i=1
where
gn(y,u, 1) = ”2/3(1{y§u} - I{yfto+xn})(I{u5t0+Xn+n—1/3z} — Tu<tgtxa})-
hu(u,t) = n1/3(1{u5t0+Xn+n—1/3z} = Hu<to+xn))-

When 1 € [—eqn'/3/2, egn'/3 /21,

t u
ra(t) = /0 /0 Jolto+ xn +n_1/3s) dsg(to + xn +n_1/3u) du,

t
yn(t)=/0g(to+xn+n*1/3u)du.

The following lemma is straightforward.

LEMMA 5.3. (i) If€, =1 for all n > 1, then, under Assumption (Al),

2
lim sup | (1) — fo(o)g(t0)t”| _

n—>oo|t|§N 2

01

(5.7)
Jim_sup [y, (1) — g(10)1| =0.
It|<N

(ii) If Assumptions (A1) and (A2) hold, then there exists a positive constant L
such that, forany N > 1,

2
i1 fo)t
sup rn(t) _ M' < L(n_1/3N3£2 +n_2/3N4£i + NZE,%XH),
lt|<N¢, 2
sup |y (t) — g(to)t| < L(N*2n™'3 + Ny ).
t|<N €,

In particular, (5.7) holds.
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Set

n
2
TR =E< sup Y | Zni (A1) ) KR = E( sup
te[—-1,11;1 te[—1,1]

GFZ,n,A =E< sup Z|S,,,(M)|) ,ur,nvsz( sup |Fn(kt)|).

te[—-1,11;,1 te[—1,1]

Then by Proposition 2.1 in Giné and Guillou (2001) or Lemma B.1 in Appendix B
of the Supplementary Material [Gao, Xiong and Zhao (2017)], there exists a posi-
tive constant L such that

58 {o,%,n,wn <LN*Gn™ ' pgane, < LNEn~Cogn)'/?,

ofpne, < LENn™?3, urane, < LNY2e20=13 (logn) /2,
Now, define
~ fo(to)g(to)t?
Z,(t)=U,(t) + — +x£,8(10)t,
2
- 11 fo)t
Zy*)=U; () + M + xl,g(10)t
and
folto)g(to)t?

ZX (1) =nSoyu W, (G (1)) + + x€ng(fo)t.

2

Then the processes Z,’l‘ and Zﬁ* have the same distribution.

PROPOSITION 5.2. Suppose Assumption (Al) holds. If £, =1 for alln > 1,
or Assumption (A2) holds, then for any § > 0 and p > 0,

1
(5.9) hmsup—310g sup P(E 2 sup |ZE(t) — ZE(n)| = 5) —00
G 7 lxlel0,pl 1IN,

and

1
(5.10)  limsup —=log sup P(ES/2 sup |ZX*(t) — ZX(1)| = 8) = —00.
n—oo Ly Ixlel0,p] ItI=NE,

PROOF. First, by (5.6),
lim sup — log P(ZS/2 sup |Ux(t) — nSoyw, (Gr(0)| > 8) = —00.
n—oo £ tel—(to+xa)n'/3,00)

Thus, (5.10) is valid.
Applying Talagrand’s inequality (see Theorem 1.4 in Talagrand (1996), or The-
orem B.1 in Appendix B of the Supplementary Material [Gao, Xiong and Zhao
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(2017)]) to {n'BR,(NE,t);t € [—1, 11} and {n'/3¢,T,(N€,1); t € [—1, 1]}, there
exists a constant L € (0, oo) such that for all » > 1 and any é > 0,

(6] sup [Ru()| - E(tsiu]&n [Ru@)])| = 6)

[t|<NEy

5/2

5n1/3/€ 5/2

Lé/¢C
log<1 + —/ >}
1/30R,n,N£,,
and

P(Ez/z‘ sup \Fn(t)]—E( sup |Fn(t)|)‘28)

=Ny H=Ne
=P(ta| sup [n'PTu(NEn)| = E( sup [n'Pru(Nen|)| = o0 r6))
te[—1,1] te[—1,1]

-1 [ 1/’3/ 5/21 <1+ L(S/ZS/Z )}
= exXp —— 10g — .
L 1BEZ"M Ne,

Therefore, by (5.8), if £, =1 for all n > 1, or Assumption (A2) holds, then

< Lexp{

1
lim sup — @ log P(ES/2 sup |R,(1)| > 8) —00

n— 00 l1|<NE,
and
lim su ! 1 ( 7/2
p—5log P(¢,/" sup |[n(1)]>8)=—oo0.
n—oo £ l|<N,

These yield (5.9). O

5.3. Exponential equivalence. For each x € R, let

¥ = argmin Z; (1),
t€[—(to+xn)n'/3,00)

¥ = argmin Z,f ®),
t€l—(to+xn)n'/3,00)

¥ = argmin Z,’; ®,

t€[—(to+xn)n'/3,00)

T = argmin ZX*(1).
t€[—(l’0+)(n)nl/3,00)

Then the processes 7, and 7,°* have the same distribution.
The main result in this subsection is the following exponential equivalence the-
orem.
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PROPOSITION 5.3.  Suppose Assumption (A1) holds. If £, =1 for all n > 1,
or Assumption (A2) holds with £,, — o0, then for any § > 0 and p > 0,

1
(5.11) limsup —log sup P(|5)* — 27| > £,28) = —o0
n—oo £y ix|el0.p]
and
1
(5.12) limsup—1log sup P(|z; — 1| >¢,28) = —oc.
n—>o00 £y " xlel0,p]

Proposition 5.3 will be proved through the following two lemmas. Their proofs
are based on the Talagrand deviation inequality and small ball estimates, and will
be given in Appendix A of the Supplementary Material [Gao, Xiong and Zhao
(2017)].

LEMMA 5.4. Foreach p > 0,

’

: : 1 .
(5.13) limsuplimsup —=log sup P(max{|%;], |7, |} = €, N) = —o0

N—oo n—>00 ty lx|€[0,p]
and
1
(5.14)  limsuplimsup —=log sup P(max{|Z;|,|%,[} = €,N) = —oc.
N—oo n—>0o0 Lty |x|€[0,p]
LEMMA 5.5. Foreach p>0,6 >0and N > 1,
1 A N —€
lim i —1 Pl |zF| < N¢,, Z5(zF) — inf Z5(s) > —
s oz swp P11 <00 Zi6) -t 2wz o)
|s—%¥1=66,
(5.15)
=—00
and
I ; I
lim limsup — log sup P\ |Tf| < N¢,, Z5(zF) — inf ZF >—>
>0 n—>oop ’3; glx\e[(g),p] (| n|— n n( n) Is|<N€y, n(s)— Z’51/2
|s—5 =66,
(5.16)
= —00.

Finally, we complete the proof of Proposition 5.3.

PROOF OF PROPOSITION 5.3. We only show (5.11). For any 6 > 0, N > 1,
and € € (0, 1/2), set

Ap=Z5(E) - inf ZX(s).

n N -2
|S|SNva|s_tr)f ‘ngn
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Note that on {|7;"*| < ¢, N}, for any |s| < ¢, N,
2300 = Z3E) = 2500 — Bt + 2 ) - 23
> 23) = () + 2y (E07) = 2y ()
> —2 sup |Z¥(s) — ZF¥(s)|.
[s|<€y N
P52 = €,%9)

< P(max{|z,"*

T} = Nu) + P57 < Nbw, A = —€/6)?)

+ P(max{|T, "], ||} < NE,,,EZ/ZA,, < —e€,

AT

< P(max{|Z5*], |£X|} = N€,) + P(12a] < Ny, Ay > —€/03/?)

+ P(max{ |57, £} < New, 62(Z3(57) = Z3(577)) < —e)

< P(max{|z,"*

‘L’n } = Nzn) + P(lfn| = an, An = _6/62/2)
P s 70 730 ze).
Is|<€,N

Thus, by Lemmas 5.4 and 5.5 and Proposition 5.2, (5.11) holds. [

5.4. Proof of Theorem 3.1. In this subsection we present the proof of The-
orem 3.1. For ¢ > 0, define 7(c) = argming {W(s) + cs?} and T := t(1). Noting
that c!/3(W (s) 4 ¢s2) and W (c*3s) + (¢?/35)? have identical distributions, it then

follows from 7(c) = argmins{cl/3(W(s) + ¢s?)} that 7(¢) 2 =237, Define

I?,f(s)=Wn(s)+ fo(tzo)g(fo)p’%(n_m ) (O)XE nPn ( _1/3s),
ou oy
(5.17) n s e (=Gt + xn), 1 — G(to + xn)),
Xroy _ fowo) , 1
Y, (s)_Wn(s)+420 2o )s —f—GUxEns, s eR,

where pn(s)isthei inverse function of g, (1) := G(to+ xn +n_1/3u) G(to+ xn).
Set Tx = argmin, ¥ (s) and 7, = argmin, Y;’ (s). Then Tx = n1/3q (7)), and

5.18 lim € sup |n'3g,(s) — g(to)s| =
(5.18) Jim 6y sup [n'/g,(s) — g()s
When s € [—60n1/3, eon1/3], we can write

2/3

- n—1/3g a3 du n=2/3g n2/3 dv
pa(n's) :/ I :_/ :
0 gty + xn +n"13u)  Jo g(to + xn +v)
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Thus,
—1/3 §
sup |\ppln 77S) — ——————
s P L ey
3 /_n_2/3wn n?3g(to + xn +v) — g(to + xn)|dv
= g(to + xn +v)g(to + Xn)

which implies that when £, = 1, lim,_, o0 SUp|s < ¢, |Pn(n~/3s) — 25| =0, and

that when Assumptions (A1) and (A2) hold,

S
g(to)

(5.19) lim ¢3° sup

OO Is|<NE,

D (n_1/3s) —

g(to) -

Therefore, if Assumption (A1) holds and £,, =1 for all n > 1, or Assumption (A2)
also holds, then for each p > 0 and any é > 0,

1
(5.20) hmsuphmsup—310g sup P(ZS/2 sup |Yx(s) Yx(s)|28):—oo.

N—oo Nn—>00 Ly |x[€[0,p] Is]<£n

By the same arguments as used in the proofs of Lemma 5.4 and Proposition 5.3,
the following result holds.

LEMMA 5.6. (i) For each p > 0,

. . 1 ~X X
(5.21) hmsuphmsupg—310g sup P(max{|T;|,|T}|} > €, N) = —

N—oo n—>oo 4y |x|€[0, p]

(ii) If Assumption (A1) holds and £,, = 1 for all n > 1, or Assumption (A2) also
holds, then for each p > 0 and any § > 0,

i ! X X -2
(5.22) limsup —log sup P(|T; —T;|>8¢,7)=—o0.
n—o00o gn [x]€[0, p]
Write
10)¢y 10)¢ !
T = argmin{Wn <S xg(to) ) W, (_xg( 0) n> . fo(to) Sz}
Jo(10) Jo(t) 20u¢(10)
_ xg(to)tn
folto)
_xg(t0)ln f o) -1/3 . e e
Thus, 7, and o T (3 o) (1_0 Fo o) E2 ([O)) T are identical in distribution.
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Now we are ready to complete the proof of the theorem.

PROOF OF THEOREM 3.1. We only show (3.1). Take ¢,, = b,,. Then for each
o >0, by (5.18), Lemma 5.6 and (2.1), we have
1

limliminf inf P(t7° < —b25
810 1= xel0,p] 1 — Fy(by (0 2(t0))~/3x) (@ v d)

1
=limliminf inf 3
810 n—>00 xel0,0] 1 — F,(bn(aF(to))_‘/i“x)

X P(YA"n_’C <n'q, (—bn_28))

1
— limliminf inf P(T7* < —b25
810 n=>00 xel0,p] 1 — Fy (b, (02 (t0))~/3x) (7, w9

1

=limliminf inf 5
310 =09 xel0.01 1 — Fr (by (0 2(19))~"/3x)

x P(t < —b; 28 — by(c2(19)) " x)
=1

and

1
limsup sup P(7
n—00 xel0.p] 1 = Fr(bu(0(10)71/3x)

Thus, by Propositions 5.3 and 5.1, this yields

lim  sup
700 x €[0, pby]

1 P(n1/3(ﬁn(to + xn) = Follo + X)) x) - 1’ =0.
1 — Fr(x) (0f (t)'/3

In particular, we obtain that for any x > 0,

1 1 n'B3(F (1 — Fylt 2
n=eo bn by (O'F(IO)) /

Equation (5.23) is equivalent to the statement that the sequence {% (I:"n (to+ xn) —

Fo(to + xn)), n > 1} satisfies the MDP in R with speed bz and rate function 7 (x)
[cf. Dembo and Zeitouni (1998), page 7]. U

5.5. Proof of Theorem 3.2. The proof of Theorem 3.2 is similar to that of
Theorem 3.1. Take ¢,, = 1. Then for x € R, by Propositions 5.1 and 5.3, Lemma 5.6
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and (5.18), we have

limsup P (n'/?(E, (to + xn) — Folto + xn)) < x)

n—oo

< %imlim sup P(7, " > —§)

2 ~13
_ limP(xg(tO) n ( Jo (o) ) s —6)
810\ fo(to) 4Fy(to) (1 — Fo(to))g>(10)

— p( (o Fo(to)))1/3f <)

and
liminf P (n'/3 (£, (to + xn) = Folto + xn)) < x)

> liminf P(z, ™ > 0)

_ P<(4f0(t0)FoZ()()t§)1 - Fo(to))>1/3T - x).
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SUPPLEMENTARY MATERIAL

Supplement to ‘“Moderate deviations and nonparametric inference for
monotone functions” (DOI: 10.1214/17-AOS1583SUPP; .pdf). The supplement
[Gao, Xiong and Zhao (2017)] contains all remaining technical proofs omit-
ted from the main text due to space constraints, in which we prove Lemmas
5.4 and 5.5, Proposition 2.2, Theorem 2.3 and its Corollaries 2.1-2.3.
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APPENDIX A

In this Appendix, we prove Lemmas 5.4 and 5.5, and the results for
Grenander-type estimator, including Proposition 2.2, Theorem 2.3 and Corol-
laries 2.1-2.3.

A.1. The proofs of Lemmas 5.4 and 5.5. First, let us give several
elementary lemmas.

LeEMMA A1, Let {W(t),t € R} be a two-side Wiener process with W (0) =
0. Then for any 6 > 0,

1 W
(A.1) lim sup limsup = log P | sup [W(s) > = —oc0.
N—oco n—oo tp |s|>6n N lns|
In particular,
1 w
(A.2) limsup lim sup —=log P | sup | (28)| >0 = —cc.
N—voo n—oo Ly |s|>é. N S

PRrROOF. Note that the case of £, = 1 is easy. So we consider the case of
£, — oo only. For any N > 2, we have

P sup W(s)] >0 | <P| sup sup W)l > 0,6
s1>6aN Lnl$] k>0nN |s|e[bk+1] K

<4y P(|W(1)| zkl/%a/z)
k>0, N

2 52
<t 3 oo {-MuE LB oiwR/6)

4F (exp{\W(l)‘Q/lﬁ}) eXp {_22%62 }

<
— £262 )
1—exp{— T3 }
1
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which implies that

1 52N
limsup —=log P | sup [W(s)] >0 < ——.
n—oo &, s|>enN Lnl$] 16

Therefore, (A.1) holds.
Ul

LEMMA A.2.  For each p > 0, when n and N are large enough, we have

L t
(A.3) sup sup [2lnlya(®)] <4§/4.
2N, lzle0p]  Tn(t)
t>—(tg+xn)nt
PROOF. Set
mys = inf 0(s), mg = inf s), M, = sup s).
! Se[to—fo’tﬁﬁo]f( ) Mo sG[to—EO:foJrﬁo}g( ) se[to—eo,toJreo]g( )

Then, for all t € [—egn'/3, egn'/?],
t0+Xn+n_1/3t

1
rn(t) > mfmgn2/3 t (u— (to + xn))du > imfmth,
0+Xn

and |y, (t)| < My|t|. Thus, for all t € [—egn'/?3, egn'/3],
1 — *
a(t) 2 S My (G (6) 0,

and for all |t| > eyn'/3

1 1
ra(t) = gmymgegn®® > Smpmgein' P ()], (0] < ',
Thus, (A.3) holds when n and N are large enough. O
LEMMA A.3.
(A.4)
1 Yoy | W (G (¢ 5
lim sup lim sup — log P sup nCou|Wa(GL (1) > — | = —o0,
Nooo n—oo Ly It12£n N, () 4
t>—(tg+xn)nt/3
and
: : 1 [Un(®)] _ 0
A5 lim sup lim sup — log P su > — | = —o0.
(4.5) Noso mroo & & \zlz&?zv, ra(t) — 4

t>—(to+xn)nt/3
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Proor. We write

P L A
l¢1>n N, Tn(t) B
t>—(tg+xn)nl/3
1/6 *
<P sup ; n UU‘_I/Zn(G"( )2)’2 32 >0/4
0 N<|t|<eonl/3 3MfMgMyg (Gy(t)*n /
(A.6) Yooy | Wi (G (1))l
+P sup T 5 5/3 >0/4
el eqnl/3, 5T FMgEGN
t>—(to+xn)nt/3
oy OIS
>myNe, 1 8 I
> g —1.2 1/2
+ P |§|U<PI|W n(t)] g Mgy €on
By Lemma A.1,

@ |

Wi (t 0
11msuphmsup£ logP< sup |:2()| > mfmgMg oy > — —00.
N—oo n—oo tn [t|>mgNLy,

By

4] o
P <|SUP (W (t)] = 8mfm9500U1 1/2> <2P <|W (L] = 8mfm96%UU1 1/2> )
t[<1

we have

)
limsup —+ log P | sup |W, > —mpmgecornt/? | = —occ.
1/3 ] fMg€o%y

n—oo N |t|<1
Therefore, (A.4) follows. O
LEMMA A.4. For each p > 0,
(A.7)
Ry(t LoDyt 30
lim sup — log sup P sup | Fon ()] + |2l T (2)] >1—— | = —o0.
noo Ly [z]€[0,0] t12en N, Tn(t) 4

t>—(tg+xn)nl/3
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PROOF. Since there exists a positive constant L such that
E(|Zm (1))?) < Ln~ 23 min{t?n=2/3, 2}

and
E(’fnl(t)|2) < Ln43 min{‘t‘nfl/k%’ el

then, by Lemma B.1, there exists a positive constant M such that

. Ra(t)
lt1>en N, rn(t)
> —(tg+xn)nl/3
R, (t R, (t
<K sup 71| n( )’22 + F sup T 5 57 | "(3|2/3
taN<[t|<eqnl/3, 3TFMgERE lt]>eqnl/3, T fMGEGN
t>—(tg+xn)nt/3 t>—(tg+xn)nt/3
<Mn~Y5(logn)'/?,
ol o ZEZeOP)
|t1>£n N, (rn(1))? N 7
t>—(tg+xn)nt/3
0,|T, (¢
E sup 7"| n(t)] §Mn_1/3(logn)1/2,
1> En N, 7n(t)

tZ—(t0+Xn)"l/3

and

2 (A2
B sup En Zi:l ’éhm(t)‘ < Mn—2/3'
t]>En N, (rn(t))?

752*(t()+><n)”11/3

Therefore, for any r > 0, when n is large enough,

S R ORI OIS

[t|>€n N, Tn(t) N
tZ*(t()ﬁLX'rﬂ'ﬂl/3

R, (t R,(t
|t|>en N, T (t) |t]>n N, T (t) 4
t>—(tg+xn)nt/3 t>—(tg+xn)nt/3
T (t)] T ()] r
+ P |z su —F su > —
| | \t|ze£)1v, Tn(t) \tlszN, Tn(t) 4

t>—(tg+xn)nl/3 t>—(tg+xn)nl/3
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Then, applying Talagrand’s inequality (see Theorem B.1) to

n'/3| Ry (t)]
— ] > 6Nt > —(to 4 xn)n'/?
{ Tn(t) 7’t|— s U (0+X )n
and
1/3
{”‘ft)(t)' > LaN,t > —(ty + xn>n1/3} ,
n

there exists a constant L € (0, 00) such that for all n > 1,

R, (t R, (t
e N G0 |
[t]>en N, rn(t) [t]>en N, 7n(t) 4
t>—(tg+xn)nt/3 t>—(tg+xn)nt/3
n1/37“/4 Lr/4
<L — 1 1
cro {20y (1 2]
and
T (2)] T (?)] r
Pz su —F su > -
= |t\24§N, n(t) |t|2£71?N, rn(t) — 4
t>—(tg+xn)nt/3 > (tg+xn)nl/3
n'/3r/(4]x]) Ln'3r/(4]z|)
<L -1 1+ — .
< exp{ I og -+ i
Therefore,
1 R, (1t Ln| T (t
limsup —= log sup P sup | Fon ()] + [21n| T (1)) >r | = —o0.
n—oo 0 z€[0,p] 1 >eqnl/3, rn(t)
t>—(tg+xn)nt/3
Thus, (A.7) is proved. O
LeEMMA A5, For each p >0, and 6 € (0,1/2),
1 ZE(t)
A.8) limsuplimsup — log sup P inf o<y = —o0,
(A-8) Nooo n—oo Up |z|€[0,p] [¢1>£n N, (1)

t>—(tg+xn)nl/3
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and

Zy (1)

n

1
(A.9) limsuplimsup —log sup P inf <6 | =—o0.

Nooo n—00 K?ﬁ |z|€[0,0] [t|>tn N, 2
t>—(tg+xn)nl/3

ProOF. We only show (A.8). The proof of (A.9) is the same. It is obvious
that

Zy(t) Zrn(t) = |zlln|m ()] — [Rn(t)] = [2[ln|Cr(t)] — [Un(t)]-

By Lemma A.2, we then have

ZE(t

P inf n(t)
=N, 1y ()

tZ*(toJan)nl/?’

<9

|Un(t))
<P su
(A.10) - Hibee T (t)
t>—(tg+xn)nt/3

> 6/2

[Bn (D] + [2]n|Tn(2)]

+ P su >1-76/4
2enn, rn(t) /
t>—(tg+xn)nl/3
The conclusion then follows from (A.10), Lemmas A.3 and A.4. O

PROOF OF LEMMA 5.4. We only show (5.13). By ZZ(0) = 0 and ZZ(0) =
0, we have

Pl|r%| > 6, N, inf  Z't)>0| =0,

[t|>€n N,
tZ_(tO‘i’Xn)"l/S

and

PFIZ 6N, inf  Zit)>0] =0
tZ*(towLXn)"l/?’
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Therefore,

P (max{|7;],|7;[} = £nN)

Z(t ZE(t
<P inf n(t) <S6|+P\|ry| > 4nN, inf n(t) >4
[t]>£n N, rn(t) [¢]>£n N, rn(t)
t>—(tg+xn)nl/3 t>—(tg+xn)nl/3
ZE(¢ ZE(¢
+ P inf HY) <o | +PI|TE] >N, inf w(t) >4
t=eaN, (1) =N, 1y ()
t>—(tg+xn)nt/3 t>—(to+xn)nt/3
ZE (¢ Z5(¢
=P inf "()gé +P in "()35 ,
lt=enN, () =N, rp(t)
t>—(tg+xn)nl/3 t>—(tg+xn)nt/3
O

and so, Lemma A.5 yields (5.13).

PROOF OF LEMMA 5.5. We first show (5.15). Let ug be some real number
and set IO = [ug,ug + £,,25] N [~ N¥,, N{,]. Since the increments of ZZ are

independent, we have

inf Z%(s) — inf  Z%(s)| < e/05/?
Jnf, (s) e a(s)| < e/t

inf 2% (s) — 2% (uo) — < inf  Z%(s) — Zﬁf(Uo))’ < 6/52/2)

sell [s| <Ny ,s<ug
<sup P ( inf Z%(s) — Z%(ug) — ¢/02/?| < e/eg/2> :
ceR s€If)
We can write
P ( inf Zy(s) — Zi(ug) — ¢/6/?| < e/zgﬂ)
sely
1 -1 -1
) oy Dn(ug + hy(lyu)) (c—¢€)o (c+e€)o
=P | inf [W(u) —-Y 172 €1z g/Q’ 1/2 g/2 ’
uel0,1] nl/6l,; I /60 1) “nt/6e,
where

I, = (G (to + xn + 13 (ug + 6525)) e (tg + Xn + n*1/3u0)) ,
hyn(u) is the inverse function of the function

un(s) = (G <to + Xn + nil/g(uo + 3)) -G <to + Xn + nil/guo)) ,
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and

D) = PO (2 o) 4 atg(to) (o - o),

By Girsanov’s theorem (see Revuz and Yor (1998)) and Holder’s inequality,
Pl omt (ws - 04" Di(uo + hn(lns)) c (c—e)ay! 7 (c+e)ay!
s€[0,1] nl/61/2 12017605127 11/21/6 512
=FE | M,(D)I; ,_,.—1 o=l < inf W(s)>
( L,ﬂ;in)/ﬁlz{Z” ' L}L;; 1)/6U5/2} selo]
+Qorl 1/2
9 c—eog'  (c+e)og
< (E (Mn(1))%) P (sé%f”W s [ U21/65/27 |1/2 1/665/2]>>
—epd L / ' )|
=exp i 5 ;

1/2
. (c=qoy'  (c+eoy'
P f
X ( (SGH[[IM] W(s) € [l;/in/ﬁgi/z’ 15217645/ ’

where

totdp, B (L t
M) = exp{ [ R0 D gy
0 nl/61y/ 0

o 4 Dy (uo + hn(Ins
nl/ﬁll/Q

U&lﬁDn(UQ + hp(lns)) ?
nl/ﬁl}l/2

ds

is a martingale.
It is obvious that for any ug € [-N¥,, N4,], and |z| € [0, p],

2
4D, (up + hn(lns))
n1/6l71~/2
_ (Jo(to)g(to) (uo + hu(lns)) + xlg(to))*n' /31y,
(9o(to + Xn + 1713 (ug + 1,5)))?
<LOn'Bl, < L

where L = L(N, p) > 0 is a constant which only depends on p and N.
By the small ball estimates of Brownian motion and a property of Gaus-
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sian measures [Li and Shao (2001)],

p ( inf W (s) € [l(c — 6)0'[_]1 (c+ 6)0(}1 ])

s€[0,1] i/in/GgZ/Z’ l711/2n1/6€2/2

<P W) < -0
< sup < —
s€[0,1] l,l/in/GE,i/Q

K
< €Xp 4§ — 620_2 )
U

where K > 0 is a constant. Thus

1
lim lim sup 7 log sup P< inf <W(5)

e—~0 pooco £ ceR s€[0,1]

a[= dog' (et oy ])--

12017605127 112 01764572

0y Da(ug + ha(lns))
nl/ﬁl}/2

and so

inf Z%(s)—  inf  Z%(s)

1
lim lim sup —= log  sup P(
sell |s|<N Ly ,s<uo

=0 nooo by jzlefo,]

< 6/62/2> = —00.

Similarly, we have

1
limlimsup — log sup P (

3
=0 nooo Ly jzlef0,g)

inf Z%(s) — inf 7% (s
selIf n() |s|<Nlp,s>u0+8 n()

< e/ﬁfﬂ) = —o0.

For each integer k such that —N/3§~1 —1 <k < N335~ + 1, set
1% = [k6, (k +1)8] N [=Ntp, Nty).

Then

P (\ﬁﬂ < Nty ZE(7%) — inf Z%(s) > —e/e;j/?>

n N —2
|s|<NEy,|s—7| >0, 26

< > P<

—NEB§—1-1<k<NE3§—1+1

inf Z%(s) — inf 27
inf Z7(s) ‘smlgmsg[s (8)

< e/f?ﬂ) ,

and so, (5.15) holds.
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Finally, since

(

p < - (W(u) oy Dalug —i—hn(lnu))) . [(c— 207, (c+2e)051]>

ue0,1] n1/61L/? 1 2n1/605/2 112 n1/605)

inf Z*(s) — Z%*(ug) — c/ﬁn‘ < 6/62/2>

seld

+P (E;E’/z sup

self

25 (s) = Z5(s)| = ) 7

then by Proposition 5.2 ,

1
lim sup lim sup 7 log sup P (E?L/ 2 sup

N—oo n—oo &y |z|€[0,p] s€If

784 (s) — Z;g(s)‘ > e) — 0.

Thus, (5.15) implies

1 > . —€
lim limsup — log sup P | |7%%| < N&,, Z5*(75*) —  inf Z5"(8) > —= | = —0c0.
AP o8 b P IS Mo ) s, =
This yields (5.16). O

A.2. The proofs of the results for Grenander-type estimator.
Similar to the proof of Theorem 2.1, we first show a general result.

THEOREM A.l. Suppose (GA1) and (GA2) hold. Let x, be a sequence
of non-negative numbers such that

bixn = 0.
Then for each t € (0,1) and p > 0, uniformly for 0 < x < pby,

i n2 (Ja(t +x0) = Mt +x0))
1— Fr(x) |4)\/(t)L’(t)|1/3

(A.11) >z | — 1.

n1/3 113 (An (txn) = A(t+xn))
bn EYOHIOIRE
with speed b3 and rate function

In particular,

,n > 1} satisfies the MDP in R

(A.12) J(z) = §|x]3.
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PROOF OF THEOREM A.1. We assume here that A is decreasing. Since
the proof is similar to that of Theorem 3.1, we omit some details. Let {£,,,n >
1} be a sequence of positive numbers satisfying that

) ¢10
(A.13) 1</, and nh_}nolo PV

=0.

Let x,, be nonnegative such that £y, — 0. Let A} denote the upper version
of A, defined by

A (0) = A, (0) and A (t) = max{A,(t), 111%1 Ap(u)}.

Define a stochastic process {Uy(s), s € R} by

(A.14) U, (s) := argmax {A}(v) = sv}.
vel0,1]

Then the function Un(s) = sup{u € [0,1]; A\u(u) > s},s € R, is the inverse
of the function A,, in the sense that

An(u) < s if and only if U, (s) < u for every s and w.

Define

(A.15) Z%(s) = n**M, (n_1/38> +n?m,, <n_1/35) + xsly,

and

(A.16) TS = argmax {Z%(s)}
SE[=(t4xn)n' /3,013 (1= (t+xn))]

where

(A17) My(u) = (A (E+xn+u) = A5 (E+xn) — (At +xn+u) —At+x0))),
and
(A'IS) mn(u) = (A(t + Xn + u) - A(t + Xn) - )‘(t + Xn)u))

Then, we can write that for any z > 0,

P (nl/g (Xn(t + xn) — At + xn)> < —l’)

(A.19) b

=P (O (Mt +x0) = tan™%2) < t 430 ) = P (7 <0).
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Similarly, we can show that

1/3

(A20) P ( ;

(f\n(t +xn) — AL+ xn)> > x) =P (r; 20).

n

Without lost of generality, we assume that B(s) = W(s)—sW(1),s € [0,1]
is a Brownian bridge in (GA2). Then for any ¢ > 0,

(A.21)
1 .
lim sup B log P (z?ﬁ sup n?3M,, (n_1/3s) — nl/GBn(s)’ > 5>
nmoo T SE[=(t+xn)nt/3 /3 (1~ (t+xn))]
= —OO’
where

Wia(s) = (W (L (t +xn + n*l/%)) CW(L(t+ xn))) s R,
Bu(s) =Wi(s) (L (t +xn + n—1/3s) — L{t+xa) ) W(1),5 € R.
For each x € R, define

. N 1
Z¥(s) :nl/6Wn(s) + 5)\’(75 + Xn)32 + xsly,

(A.22) ) A
Z%(s) =n'/5B,, (s) + n*>m,, (n’l/?’s) + wsly,
and set
= argmax {Zﬁ(s)} ,
(A.23) SE[=(t4xn)nt/3,n /3 (1=(t4xn))]

Sy

= argmax {Zg(s)} .
SE[=(t+xn)n' /3,013 (1= (t+xn))]

Then, the following lammas are analogous to Proposition 5.2, Lemma 5.4

and Proposition 5.3.

LEMMA A.6. Assume that (GA1) and (GA2) hold. Then for each p > 0
and 6 > 0,

(A.24)
1 .
limsup = log sup P(ﬁfbp sup ‘Zﬁ(s) — Zﬁ(s)‘ > 6> = —00,
oo L jalefo, |s|<N L
and
(A.25)

1 ~ N
limsup > log sup P(E;Z/? sup ‘Zﬁ(s) - Zﬁ(s)‘ > 6) = —oo.
n—00 en |z|€[0,p] [s|<N#&y
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LEMMA A.7.  Assume that (GA1) and (GA2) hold. Then for each p > 0,

(A.26)

1
limsuplimsup —=log sup P (max{|7;],|7], |7 |} = €nN) = —cc.
Nooo nooo fn jalelo)

LEMMA A.8. Assume that (GA1) and (GA2) hold. Then for each p > 0
and 6 > 0,

1

(A.27) limsup —z log sup P (17 — 77 > £726) = o0
n—oo tn lz|€[0,p]

and

(A.28) hmsup log sup p(‘T >0 25) .
noo Gn o Jalelo gl

Define
(A.29)

; 1
Yo (s) =nl/SW (L (t + xn + n*l/i’*s) ~L(t+ xn)) + N [+ x0)s + s,

=V L'(t+ xn)W (s) + /\’t—i—xn)s + x8ly,

and
T° = argmax {Yf(s)} ,

(A.30) sE[—tn?/%;n1/3 (1= (t4xn))]
1w = argmax {Y5(s)}.

s€[—tn1/3n1/3(1=(t+xn))]
Then
(A.31) lim sup E— log sup P (|Tr Tr| > 6525) = —00.
n—+00 |z[€[0,p]

Then, T and

s, Nt +xa)?)
N(t + xn) * < AL (t + xn) > ’

are identical in distribution.
Thus, one can complete the proof of Theorem A.1 in a similar way to the

proof of Theorem 3.1.
O
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PROOF OF PROPOSITION 2.2. By Theorem A.1, (i) is similar to Propo-

sition 2.1 . (ii) is a consequence of (i) and Borel-Cantelli lemma.
O

PROOF OF THEOREM 2.3. By Proposition 2.2 (i) and the Delta method
in large deviations [Gao and Zhao (2011)], for any € > 0,

ORI O) N N
wohPo)” )

. 1
(A.32) W5, 33 lo8 P(‘ (

Theorem 2.3 follows from Theorem A.1 with y,, = 0.
O

PROOF OF COROLLARY 2.1. By the strong approximation theorem [Komlés,
Major and Tusnady (1975), Theorem 3|, under (GA1l), (GA2) holds with
L = F and a Brownian bridge W. Thus, the result follows from Theorem
2.3 and Proposition 2.2.
O

PROOF OF COROLLARY 2.2. Assume that (GA1) holds, F/(1) < 1, lim;—,; G(¢) <
1, and G has a bounded continuous first derivative on (0,1). Then by (36)
in Durot (2007), (GA2) holds with

o Aw)
0= [ F(u))(1— G(w)

Note that in the case of nonrandom censoring times with Y; = 1, one has
G(u) =0 for all u < 1. In this case, L = (1 — F)~! — 1.

By the exponential inequality of the Kaplan-Meier estimator [Bitouze,
Laurent, and Massart (1999)], for any r > 0,

du,t € [0,1].

1
lim b—310gP ( sup |Gn(s) — G(s)| > r> = —00,

n—o0 Oy s€[0,1]

and

1
lim — log P ( sup |Fn(s) — F(s)| > 7“) = —00.

3
n—oo by s€[0,1]

Thus, by Theorem 2.3 and Proposition 2.2, we obtain the conclusion.
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PROOF OF COROLLARY 2.3. From the result in Sakhanenko (1985), there
exist positive constants C' and K, versions of {¢; ,} and the standard Brow-
nian motion B,, such that

1
12 = 2(; < 2(;
E | expq C sup E €in—n'"By - E o“(i/n) 1+K§ o(i/n).

t€[0,1] i<nt i<nt i<n

Thus, by Chebyshev’s inequality, (GA2) holds with

L(t) = /0 " o2 (u)du.

In particular, if €;,,,i = 1, ,n,n > 1 are i.i.d. with variance o2 € (0, c0),
then L reduces to L(t) = to?. O

APPENDIX B: LARGE DEVIATIONS, TALAGRAND INEQUALITY
AND KMT APPROXIMATION

B.1. Large deviations. First, let us introduce some notion in large
deviations [see Dembo and Zeitouni (1998)]. For a metric space X, B(X) is
the Borel g-algebra of X. Let (£2,,, F,, Pn), n > 1 be a sequence of probability
spaces and let {X,,,n > 1} be a sequence of measurable maps from 2, to X.
Let {\(n),n > 1} be a sequence of positive numbers tending to +oc and let
I: X — [0,+00] be inf-compact; that is, [I < L] is compact for any L € R.
Then {X,,,n > 1} is said to satisfy the lower bound of large deviation (LLD)
with speed \(n) and rate function I, if for any open measurable subset G of
X,

(B.1) I(G) := linn_ligf ) log P, (X, € G) > —éggf(x)
{X,,n > 1} is said to satisfy the upper bound of large deviation (ULD)

with speed A(n) and rate function I, if for any closed measurable subset F’
of X,

(B.2) UF) = liﬁsolip ) log P, (X,, € F) < _;}rellfrl(x)

We say that {X,,,n > 1} satisfies the large deviation principle (LDP) with
speed A\(n) and rate function I, if both LLD and ULD hold.



16 F. GAO, J. XIONG AND X. ZHAO

B.2. Talagrand inequality. For each T' € (0, 00), let I ([0,7T]) be the
Banach space of all bounded real functions x on [0, 7], equipped with the
sup-norm ||z|| = sup;c(o 7] [2(¢)]. The following lemma is a consequence of
Talagrand inequality [see Theorem 1.4 in Talagrand (1996)].

THEOREM B.1. Let {Zi(t),t € [0,T]}, --- , {Zn(t),t € [0, T]} be inde-
pendent right continuous stochastic processes. Suppose that E(Z;) = 0 for
1 < i < n and there exists constant C' € (0,00) such that maxi<i<p || Zi| <
C'. Then, there exists a universal constant K such that for any r > 0,

- r Cr
Al — > < . il
P( ;Zz E( 2 ) _r)_Kexp{ CKlOg<1+a%>}’

n
2%
=1
where 02 = F (|| Yo Z3||)

Let F be a uniformly bounded collection of measurable functions on R<.
The class F is called to be a bounded measurable VC' (Vapnik-Cervonenkis)
class of functions if there exist positive numbers A and v such that, for every
probability measure p on R¢ and every 0 < 7 < 1,

A v

NG a1 Pl < (2)

where F' = sup{|g|;g € F} and N(F,|| - [1,(u),T) denotes the 7-covering

number of the metric space (F, || - ||1,(4)), that is, the smallest number of

balls of radius not larger than 7 and centers in F needed to cover F. The

pair (A,v) is called the characteristic of the class F. For any map ® from F
to R, denote by ||®[lr = sup{|®(f)]; f € F}.

It is known that F; = {I(a,b},a < b} is a VC class on R and Fy =
{Ioco<i<p,a < b} is a VC class on R? (see Van der Vaart and Wellner
(1996)).

The following lemma is taken from Giné and Guillou(2001).

LEMMA B.1.  LetF be a measurable uniformly bounded VC' class of func-
tions, and let {X,,n > 1} be a sequence of i.i.d. random wvariables taking
their values in RY on probability space (0, F, P). Let 0® and U be any num-
bers such that o* > sup pcp E((f(X1)—E(f(X1)))?), U > sup sep sup,cpa | f(2)]
and 0 < o < U/2. Then, there exists constant L depending only on the char-
acteristic (A,v) of the class F, such that

- AU AU
E (S}lgg Z(f(Xi) - Ef(Xi))D <L (Ulog —+ vnay[log 0) ,

=1
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2
E(sup >§L<\/7w+leogAU> .
feF g

B.3. KMT approximation theorem.

and

n

> (f(X0) = B(f(X0)))?

=1

THEOREM B.2 (Strong approximation theorem). [Komlds, Major and
Tusn’ady (1975), Theorem 3]. For each n > 1, let {Z;,i > 1} be a sequence
of i.i.d. random variables with uniform distribution on [0,1]. Then there are
a version {Z},i > 1} of {Z;,i > 1} and Brownian bridges By(t), n > 1 such
that for all x > 0,

(B.3)

P | sup )n(F;f(t) —t) —n'?B,(t)| > Clogn + :c) < Kexp{—Az},
te(0,1]

where F}(t) be the empirical distribution function based on the sample Z7,
-, Zyrand C, K, X are positive absolute constants.

THEOREM B.3.  [Theorem 1 in Diebolt (1995), and Theorem 5 in Maumy
(2004)]. Let {Y;,i > 1} and {Z;,i > 1} be two independent sequences of i.i.d.
random variables and let Z1 obey uniform distribution on [0, 1]. Assume that
E(Y1) =0, 0? = BE(Y?) < 00 and

E (exp{k|Y1|}) < oo for some k > 0.
Set

1 n
Hy(t) = ~ > Yiliz<y, tel01].
=1

Then there are a version ({Y;*,1 > 1},{Zf,i > 1}) of {Y;,i > 1}, {Z;,1 >
1}) and Wiener processes Wy (t), n > 1 such that for all x > 0,

(B.4) P < sup ‘nH;(t) - nl/QaWn(t)} > Clogn + 3:> < Kexp{—Az},
te(0,1]

where

* 1 - *
Hy(t) = 523/1' Iizicty, t€[0,1],
i=1

and C', K, X are positive absolute constants.
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#Table 1: R-code

# return tt and delta
curstatgen=function (n,lam, tau,tt,delta)

{

x=rexp (n+l, lam)

tt[2: (n+l)] <= runif(n,0,tau)
delta[2: (n+l)] <- rep(0,n)
delta[x<=tt[l:(n+1)]] <- 1
delta[l] <= O

obs_tt <- tt[2:(n+l)]
obs _delta <- deltal2:(n+l)]

obs <- data.frame(cbind(obs_ tt,obs delta))
obs <- obs[order (obs$Sobs tt),]

tt[2:(n+l)] <- obs$obs tt
delta([2: (n+l)] <- obs$Sobs delta

return (data.frame (tt,delta))

# retrun cs

cumsum <- function (m,cs,delta)
{
cs[2] <- deltal[2]
if (m>=2)
for(i in 2:m)
cs[i+l] = cs[i-1+1] + deltal[i+1];
return(cs)

# return y

convexmin <- function (n,cumw,cs,y)

{
v[2] = cs[2]/cumw[2];

if (n>=2)
for(i in 2:n)
{
y[i+1l] = (cs[i+l]-cs[i-1+1])/(cumw[i+1l]-cumw[i-1+1]);
if(y[i-1+11>y[i+1])
{
j = 1i;
while(y[3-1+1] > y[i+1] && F>1)
{
j <=3 - 1;

if(3>1)
y[i+1l] = (cs[i+1l]l-cs[j-1+1]1)/ (cumw[i+1l]-cumw[j-1+1])

else
y[i+1l] = cs[i+1]/cumw[i+1]

if((i-1)>=3)
for(m in j: (i-1)) y[m+l] = y[i+1]

}
}
}
return (y)

F.b=function(n,m,b, t 0, datal,F)
{
t.b=t 0+b*log(n)/n" (1/3)

MLE.b = 0
if(t.b<datal[2]
MLE.b <- 0

for(j in 1:(m-1))
{
if(datalO[j+1]<= t.b && t.b<datalO[j+1+1])
MLE.b <- F[]j+1]
}
if (data0[m+1l]<= t.Db)
MLE.b <- F[m+1]

MLE.b

# NumIt <- 1000



Power=function(t_0,n, lam, tau, M)
{

FO=l-exp(-(t_0/2))

bn=n"{1/30.1}

hn=bn/n”(1/3.1)

delta <- rep(0,n+1)

delta2 <- rep(0,n+1)

data <- rep(0,n+1)

data0 <- rep(0,n+1)

data2 <- rep(0,n+1)

F= rep(0,n+1)
cumw= rep (0,n+1)
cs= rep(0,n+1)
cumwl= rep(0,n+1)
csl= rep(0,n+1)
y= rep(0,n+1)

yl= rep(0,n+1)
y2= rep(0,n+1)

lowbound <- 0
upbound <- 0

F[1] <-0

cumw([1l] <- 0

cs[1l]<- 0

cumwl[1] <= O

csl[1l] <= 0O

cumw([2: (n+l)] <= 1:n
cumwl [2: (n+1l)] <= cumw[2: (n+1)]

yI[1l] <=0
y1l[1l] <= 0
y2[1] <= 0
s=0

s.LR=0

for (r in 1:M)

aa <- curstatgen(n,lam, tau,data,delta)

data <- aastt

delta <- aaS$delta

cs <- cumsum(n,cs,delta)

y <- convexmin (n,cumw,cs,Vy)

T=data[2: (n+1)]
g=(1/(n*hn))*0.5*sum(as.numeric (abs ((t_0-T) /hn)<=1))

j <= 0;

for(i in 1:n)
{
if (y[i+11>y[i-1+11)
{
j<-3+1
F[j+1] <- y[i+1]
dataO[j+1] <- datal[i+1]

MLE.O=F.b(n,m,0,t 0, datal,F)
MLE.b=F.b(n,m,bn,t 0, datal,F)

F.0=MLE.O

f=n"(1/3)/ (bn*log(n))* (MLE.b-MLE.O)
z=0.9982* (4*F.0* (1-F.0)*f/g) ~(1/3)/n"(1/3);
s=s+as.numeric (abs (F.0-F0)>z)

L<-0

for(i in 1:n)
{
if (deltal[i+l]==1)
L <- L + log(y[i+1])
else
L <- L + log(l-y[i+1])



while (datal[j+1]<t_0 && j<=n)
<=3+ 1
ml <- j-1

a <- y[ml+1];

if ((n-ml)>=1)
for(i in 1:(n-ml))
delta2[i+l]=1-delta[n-i+1+1];

if ((n-ml)>=1)
for(i in 1:(n-ml)
csl[i+l]=csl[i-1+1]+delta2[i+1]

yl <- convexmin (ml, cumw,cs,yl)
y2 <- convexmin (n-ml,cumwl,csl,y2)

b <=0
j <=0

while (b<2.26916 & a+3*0.0001<=0.9999)
{

j<-3+1

if(ml>=1)
for(i in 1:ml)
{
if (deltali+l]==1)
L0 <- LO + log(min(a+j*0.0001,y1[i+1]1))
else
L0 <- LO + log(l-min(a+3j*0.0001,y1[i+1]))

if ((n-ml)>=1)
for(i in 1:(n-ml))
{
if(delta2[i+l]==1)
LO <- LO + log(min(l-a-3*0.0001,y2[i+1]))
else
LO <- LO + log(l-min(l-a-3j*0.0001,y2[1i+1]))

b <- 2*(L-L0O)

upbound=a+j*0.0001;

while (b<2.26916 && a-3j*0.0001>=0.0001)

{
L0 <- 0

j<-3+1

if(ml>=1)
for(i in 1:ml)
{
if (deltali+l]==1)
LO <- LO + log(min(a-j*0.0001,yl[i+1]))
else
LO <- LO + log(l-min(a-3j*0.0001,y1l[i+1]))

if ((n-ml)>=1)
for(i in 1:(n-ml))
{
if(delta2[i+l]==1)
LO <- LO + log(min(l-a+3*0.0001,y2[i+1]))
else
LO <- L0 + log(l-min(l-a+3*0.0001,y2[1i+1]))

b <- 2*(L-L0O)

lowbound <- a-j*0.0001

if (FO<lowbound || FO>upbound)
s.LR <- s.LR + 1



p=rep (0, 2)
plll=s/M
p[2] <- s.LR/M

#t_0=1

pO=c (Power (1,100, 0.5, 2, 1000),Power (1,200, 0.5, 2, 1000), Power (1,300, 0.5, 2, 1000))
pl=c(Power (1,100, 0.7, 3, 1000),Power(l,200, 0.7, 3, 1000), Power(l,300, 0.7, 3, 1000))
p2=c (Power (1,100, 0.9, 3, 1000),Power(1,200, 0.9, 3, 1000), Power(l,300, 0.9, 3, 1000))
p3=c (Power (1,100, 0.3, 3, 1000),Power(1,200, 0.3, 3, 1000), Power(l,300, 0.3, 3, 1000))
p4=c (Power (1,100, 0.1, 3, 1000),Power(l,200, 0.1, 3, 1000), Power (1,300, 0.1, 3, 1000))
p5=c (Power (1,100, 0.7, 5, 1000),Power(1,200, 0.7, 5, 1000), Power(l,300, 0.7, 5, 1000))
p6=c (Power (1,100, 0.9, 5, 1000),Power(1l,200, 0.9, 5, 1000), Power(1,300, 0.9, 5, 1000)
p7=c (Power (1,100, 0.3, 5, 1000),Power (1,200, 0.3, 5, 1000), Power(1,300, 0.3, 5, 1000))
p8=c (Power (1,100, 0.1, 5, 1000),Power (1,200, 0.1, 5, 1000), Power(l,300, 0.1, 5, 1000)
tablel=rbind.data.frame (p0,pl,p2,p3,p4,p5,p6,p7,p8)

Tablel=write.table (tablel, file="Tablel.txt", row.names=FALSE, col.names=FALSE)



#Table 2: R-code

# return tt and delta
curstatgen=function(n,alp, lam, tau, tt,delta)
{

b=1/lam

x=rweibull (n+1l,alp,b)

tt[2: (n+l)] <= runif(n,0,tau)

delta[2: (n+l)] <- rep(0,n)

delta[x<=tt[l:(n+l1)]] <- 1

delta[l] <= 0

obs_tt <- tt[2:(n+l)]
obs _delta <- deltal2:(n+l)]

obs <- data.frame(cbind(obs tt,obs delta))
obs <- obs[order (obsSobs tt),]

tt[2:(n+l)] <- obs$obs tt
delta[2: (n+l)] <- obsSobs delta

return (data.frame (tt,delta))

# retrun cs

cumsum <- function (m,cs,delta)
{
cs[2] <- delta[2]
if (m>=2)
for(i in 2:m)
cs[i+l] = cs[i-1+1] + deltal[i+1];
return(cs)

# return y

convexmin <- function (n,cumw,cs,y)

{
y[2] = cs[2]/cumw[2];

if (n>=2)
for(i in 2:n)
{
y[i+1l] = (cs[i+l]-cs[i-1+1])/ (cumw[i+1l]-cumw[i-1+1]);
if(y[i-1+1]1>y[i+1])
{
j = 1i;
while(y[3-1+1] > y[i+1] && F>1)
{
j <=3 -1

if(3>1)
y[i+1l] = (cs[i+1l]l-cs[j-1+11)/ (cumw[i+1l]-cumw[]j-1+1])

else
y[i+1l] = cs[i+1l]/cumw[i+1]

1f((i-1)>=7)
for(m in j: (i-1)) y[m+l] = y[i+1]

}
}
}
return (y)

F.b=function(n,m,b, t 0, datal,F)
{
t.b=t 0+b*log(n)/n"(1/3)

MLE.b = 0
if (t.b<datal[2]
MLE.b <- 0

for(j in 1:(m-1))
{
if(datalO[j+1]<= t.b && t.b<datalO[j+1+1])
MLE.b <- F[j+1]
}
if (data0[m+1l]<= t.Db)
MLE.b <- F[m+1]

MLE.b

# NumIt <- 1000

Power=function(t 0,n,alp,lam, tau,M)



FO=1l-exp (- (t_0/2)"(1/2))
bn=n"{1/30.1}
hn=bn/n”(1/3.1)

delta <- rep(0,n+1)
delta2 <- rep(0,n+1)
data <- rep(0,n+1)

data0 <- rep(0,n+1)
data2 <- rep(0,n+1)

F= rep(0,n+1)
cumw= rep (0,n+1)
cs= rep(0,n+1)
cumwl= rep(0,n+1)
csl= rep(0,n+1)
y= rep(0,n+1)

yl= rep(0,n+1)
y2= rep(0,n+1)

lowbound <- 0
upbound <- 0

F[1] <-0

cumw([1l] <= 0

cs[1l]<- 0

cumwl[1] <= O

csl[1l] <=0

cumw([2: (n+l)] <= 1l:n
cumwl [2: (n+1)] <= cumw[2: (n+1)]

s.LR=0

for (r in 1:M)
{
aa <- curstatgen(n,alp,lam,tau,data,delta)
data <- aastt
delta <- aa$delta
cs <- cumsum(n,cs,delta)
y <- convexmin (n,cumw,cs,Vy)
T=data[2: (n+1)]
g=(1/(n*hn))*0.5*sum(as.numeric (abs ((t_0-T) /hn)<=1))

j <= 0;

for(i in 1:n)
{
if (y[i+1l1>y[i-1+1]
{
j<-3+1
F[j+1] <- y[i+1]
dataO[j+1] <- datal[i+1]

MLE.O=F.b(n,m,0,t 0, datal,F)
MLE.b=F.b(n,m,bn,t 0, datal,F)

F.0=MLE.O

f=n"(1/3)/ (bn*log(n))* (MLE.b-MLE.O)
z=0.9982* (4*F.0* (1-F.0)*f/g) ~(1/3)/n"(1/3);
s=s+as.numeric (abs (F.0-F0)>z)

L<-0

for(i in 1:n)
{
if(deltal[i+1l]==1)
L <- L + log(y[i+1])
else
L <- L + log(l-y[i+1])

jo<- 1
while (data[j+1]<t 0 && j<=n)



j <=3+ 1
ml <- j-1

a <- y[ml+1];

if ((n-ml)>=1)
for(i in 1:(n-ml))
delta2[i+l]=1-delta[n-i+1+1];

if ((n-ml)>=1)
for(i in 1:(n-ml)
csl[i+l]=csl[i-1+1]+delta2[i+1]

yl <- convexmin (ml, cumw,cs,yl)
y2 <- convexmin (n-ml,cumwl,csl,y2)

b <=0
j <=0

while (b<2.26916 & a+3j*0.0001<=0.9999)
{

j<-3+1

if (ml>=1)
for(i in 1l:ml)
{
if (deltali+l]==1)
L0 <- LO + log(min(a+j*0.0001,y1[i+1]1))
else
LO <- LO + log(l-min(a+3j*0.0001,y1l[i+1]))

if ((n-ml)>=1)
for(i in 1:(n-ml)
{
if(delta2[i+l]==1)
LO <- LO + log(min(l-a-3*0.0001,y2[i+1]))
else
LO <- LO + log(l-min(l-a-3*0.0001,y2[1i+1]))

b <- 2*(L-LO)

upbound=a+j*0.0001;

while (b<2.26916 && a-3j*0.0001>=0.0001)

{
L0 <- 0

j<-3+1

if (ml>=1)
for(i in 1l:ml)
{
if (deltali+l]==1)
LO <- LO + log(min(a-j*0.0001,yl1[i+1]))
else
LO <- LO + log(l-min(a-3j*0.0001,y1l[i+1]))

if ((n-ml)>=1)
for(i in 1:(n-ml)
{
if(delta2[i+l]==1)
LO <- LO + log(min(l-a+3j*0.0001,y2[i+1]))
else
LO <- L0 + log(l-min(l-a+3*0.0001,y2[1i+1]))

b <- 2*(L-L0O)

lowbound <- a-j*0.0001

if (FO<lowbound || FO>upbound)
s.LR <- s.LR + 1



p=rep (0, 2)
plll=s/M
p[2] <- s.LR/M

#t_0=1

pO=c (Power (1,100, 0.5, 0.5, 2, 1000),Power(1,200, 0.5, 0.5, 2, 1000), Power(l,300, 0.5, 0.5, 2, 1000)
pl=c (Power (1,100, 0.5, 0.7, 3, 1000),Power(1,200, 0.5, 0.7, 3, 1000), Power(l,300, 0.5, 0.7, 3, 1000)
p2=c (Power (1,100, 0.5, 0.9, 3, 1000),Power(1,200, 0.5, 0.9, 3, 1000), Power(l,300, 0.5, 0.9, 3, 1000)
p3=c (Power (1,100, 0.5, 0.3, 3, 1000),Power(1,200, 0.5, 0.3, 3, 1000), Power(l,300, 0.5, 0.3, 3, 1000)
p4=c (Power (1,100, 0.5, 0.1, 3, 1000),Power(1,200, 0.5, 0.1, 3, 1000), Power(l,300, 0.5, 0.1, 3, 1000)
p5=c (Power (1,100, 0.5, 0.7, 5, 1000),Power(1,200, 0.5, 0.7, 3, 1000), Power(l,300, 0.5, 0.7, 5, 1000)
p6=c (Power (1,100, 0.5, 0.9, 5, 1000),Power (1,200, 0.5, 0.9, 3, 1000), Power(l,300, 0.5, 0.9, 5, 1000)
p7=c (Power (1,100, 0.5, 0.3, 5, 1000),Power(1,200, 0.5, 0.3, 3, 1000), Power(l,300, 0.5, 0.3, 5, 1000)
p8=c (Power (1,100, 0.5, 0.1, 5, 1000),Power(1,200, 0.5, 0.1, 3, 1000), Power(l,300, 0.5, 0.1, 5, 1000)
table2=rbind.data.frame (p0,pl,p2,p3,p4,p5,06,p07,p8)

Tablel2=write.table (table2, file="Table2.txt", row.names=FALSE, col.names=FALSE)



#Table 3: R-code
eta <- 0.9

F 0 <- function(t)
{
if(t < 0) O
else l-exp(-t/2)

F 0 inv <- function (u)
{
-2*log(1l-u)

f 0 <- function(t)
{
if(t <= 0) 0
else (1/2)*exp(-t/2)

B <- function(z,t 0,c)
{
if(-c <= z & z <= C)
eta * £ 0(t_0) * (c-abs(z)
else
0

F n <- function(t,t_0,c,n)
{
F O0(t) + n*(-1/3) * B(n"(1/3)*(t-t_0),t 0,c)

G_inv <- function(u,t_0,c,n)
{
if(u <= F 0(t_ 0 - c*n"(-1/3)))
F _0_inv(u)

else if(u <= F_n(t _0,t 0,c,n))

t 0 - ¢c*n™(-1/3) + c*n*(-1/3)*(u-F_0(t O0-c*n”(-1/3)))/(F n(t 0,t 0,c,n)-F _0(t _O0-c*n”(-1/3)))
else if(u <= F 0(t_0 + c*n"(-1/3)))

t 0+ ¢c*n™(-1/3)*(u-F_n(t 0,t 0,c,n))/(F_O0(t O+c*n”(-1/3))-F n(t O0,t 0,c,n))

else
F 0 inv(u)
}
curstatgen <- function(t 0,c,n, tau,tt,delta)
{
u=runif (n+1)
X=Uu
for (i in 1:(n+1)) {x[i]=G inv(ulil,t O0,c,n)}
tt[2: (n+l)] <- runif(n,0,tau)
delta[2: (n+l)] <- rep(0,n)
delta[x<=tt[l:(n+1)]] <- 1
delta[l] <= 0

obs tt <- tt[2:(n+l)]
obs delta <- deltal[2:(n+l)]

obs <- data.frame(cbind(obs tt,obs delta))
obs <- obs[order (obsSobs tt),]

tt[2: (n+l)] <- obsSobs_tt
delta[2:(n+l)] <- obs$obs delta

return (data.frame (tt,delta))
}

# retrun cs

cumsum <- function (m,cs,delta)
{
cs[2] <- deltal[2]
if (m>=2)
for(i in 2:m)
s[i+1] = cs[i-1+1] + delta[i+1];
return(cs)

# return y

convexmin <- function(n,cumw,cs,y)
{
y[2] = cs[2])/cumw[2];



1if (n>=2)
for(i in 2:n)
{
y[i+l] = (cs[i+l]-cs[i-1+1])/ (cumw[i+1l]-cumw[i-1+1]);
if(y[i-1+11>y[i+1])
{
j =i
while (y[j-1+1]1 > y[i+1] && 3>1)
{
jo<- 3 - 1;

if (§>1)
y[i+l] = (cs[i+l]-cs[j-1+1])/ (cumw[i+1l]-cumw[j-1+1])

else
y[i+l] = cs[i+1]/cumw[i+1]

if((i-1)>=73)
for(m in j: (i-1)) y[m+l] = y[i+1]

}
}
}
return (y)

F.b=function(n,m,b, t 0, datal,F)
{
t.b=t O0+b*log(n)/n”"(1/3)

MLE.b = 0
if(t.b<datal[2])
MLE.b <- 0

for(j in 1:(m-1))
{
if(datal0[j+1]<= t.b && t.b<datalO[j+1+1])
MLE.b <- F[j+1]
}
if (datal0[m+1]1<= t.Db)
MLE.b <- F[m+1]

MLE.b

# NumIt <- 1000
Power=function(t_0,c,n, tau,M)

{
FO=F_0(t_0)

bn=n"{1/30.1}
hn=bn/n”(1/3.1)
delta <- rep(0,n+1)
delta2 <- rep(0,n+1)
data <- rep(0,n+1)
data0 <- rep(0,n+1)
data2 <- rep(0,n+1)

F= rep(0,n+1)
cumw= rep (0,n+1l)
cs= rep(0,n+1)
cumwl= rep(0,n+l)
csl= rep(0,n+l)
y= rep(0,n+1)

yl= rep(0,n+1)
y2= rep(0,n+1)

lowbound <- 0
upbound <- 0

F[1l] <=0
cumw([1l] <- 0
cs[1l]<- 0

cumwl[1l] <- O
csl[1l] <= O
cumw([2: (n+l)] <- 1:n

cumwl [2: (n+1l)] <- cumw[2: (n+1)]
y[1l] <=0

y1l[1l] <= 0

y2[1] <- 0

s=0

s.LR=0

for (r in 1:M)

aa <- curstatgen(t 0,c,n,tau,data,delta)



data <- aas$tt

delta <- aa$delta

cs <- cumsum(n,cs,delta)

y <- convexmin (n,cumw,cs,Vy)

T=datal[2: (n+1)]

g=(1/(n*hn))*0.5*sum(as.numeric (abs ((t_0-T) /hn)<=1))

j <= 0;

for(i in 1:n)
{
if (y[i+1]>y[i-1+1])
{
jo<- 3 + 1
F[j+1] <- y[i+1]
data0O[j+1] <- datali+l]

MLE.O=F.b(n,m,0,t 0, datal,F)
MLE.b=F.b(n,m,bn,t 0, data0l,F)

F.0=MLE.O

f=n"(1/3)/ (bn*log(n))* (MLE.b-MLE.O)
z=0.9982* (4*F.0* (1-F.0)*£/g)~(1/3) /n~(1/3);
s=s+as.numeric (abs (F.0-F0)>z)

L<-0

for(i in 1l:n)
{
if (deltali+l]==1)
L <- L + log(y[i+1])
else
L <- L + log(l-y[i+1])

o<1

while (data[j+1]<t 0 && Jj<=n)
<-4+ 1

ml <- j-1

a <- y[ml+1];

if ((n-ml)>=1)
for(i in 1:(n-ml))
delta2[i+l]=1-delta[n-i+1+1];

if ((n-ml)>=1)
for(i in 1:(n-ml)
csl[i+l]=csl[i-1+1]+delta2[i+1]

yl <- convexmin (ml, cumw,cs,yl)
y2 <- convexmin (n-ml,cumwl,csl,y2)

b <=0
j <=0

while (b<2.26916 & a+3j*0.0001<=0.9999)
{

j <=3+ 1

if(ml>=1)
for(i in 1:ml)
{
if (deltal[i+1l]==1)
LO <- LO + log(min(a+j*0.0001,y1[i+1]))
else
LO <- LO + log(l-min(a+3j*0.0001,y1l[i+1]))

if ((n-ml)>=1)
for(i in 1:(n-ml))
{
if(delta2[i+1]==1)
LO <- L0 + log(min(l-a-3*0.0001,y2[i+1]))
else



LO <- LO + log(l-min(l-a-3j*0.0001,y2[1i+1]))

b <- 2*(L-LO)

upbound=a+j*0.0001;

while (b<2.26916 && a-j*0.0001>=0.0001)
{

L0 <- 0

J <=3+ 1
if (ml>=1)

for(i in 1:ml)

{

if (delta[i+l]==1)

L0 <- LO + log(min(a-3*0.0001,y1[i+1]))
else

L0 <- LO + log(l-min(a-3j*0.0001,y1[i+1]))

if((n-ml)>=1)
for(i in 1:
{
if (delta2[i+1l]==1)
L0 <- LO + log(min(l-a+3j*0.0001,y2[1i+1]))
else
L0 <- LO + log(l-min(l-a+3*0.0001,y2[1i+1]))

(n-ml))

b <- 2*(L-LO)

lowbound <- a-3j*0.0001

if (FO<lowbound ||
s.LR <- s.LR + 1

FO>upbound)

p=rep (0, 2)
pll]l=s/M

p[2] <- s.LR/M
p

pll=c(1l, Power (0.
pl2=c (2, Power (0.
pl3=c (3, Power (0
pld=c (4, Power (0.
pl5=c (5, Power (0.

p2l=c(1l, Power (1.
p22=c(2,Power (1.
p23=c (3, Power (1.
p24=c (4, Power (1.
p25=c (5, Power (1.

p3l=c(1l, Power (1.
p32=c(2,Power (1.
p33=c (3, Power (1.
p34=c (4, Power (1.
p35=c (5, Power (1.

p4l=c(1l, Power (2.
p42=c(2,Power (2.
p43=c (3, Power (2.
p4d=c (4, Power (2.
p45=c (5, Power (2.

table3=rbind.data.frame(pll,pl2,pl3,pl4d,pl5,

Table3=write.table (table3, file="Table3.txt", row.names=FALSE,
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#Table 4: R-code
eta <- 0.9

F 0 <- function(t)
{
if(t < 0) O
else l-exp(-(t/2)"(1/2))

F 0 inv <- function (u)
{
2*(-log(l-u))"(2)

f 0 <- function(t)
{
if(t <= 0) 0
else (1/4)*(t/2)"(-1/2)*exp(-(t/2)"(1/2))

B <- function(z,t 0,c)
{
if(-c <= z & z <= C)
eta * £ 0(t_0) * (c-abs(z)
else
0

F n <- function(t,t_0,c,n)
{
F O0(t) + n*(-1/3) * B(n"(1/3)*(t-t_0),t 0,c)

G_inv <- function(u,t_0,c,n)
{
if(u <= F 0(t_ 0 - c*n"(-1/3)))
F _0_inv(u)

else if(u <= F_n(t _0,t 0,c,n))

t 0 - ¢c*n™(-1/3) + c*n*(-1/3)*(u-F_0(t O0-c*n”(-1/3)))/(F n(t 0,t 0,c,n)-F _0(t _O0-c*n”(-1/3)))
else if(u <= F 0(t_0 + c*n"(-1/3)))

t 0+ ¢c*n™(-1/3)*(u-F_n(t 0,t 0,c,n))/(F_O0(t O+c*n”(-1/3))-F n(t O0,t 0,c,n))

else
F 0 inv(u)
}
curstatgen <- function(t 0,c,n, tau,tt,delta)
{
u=runif (n+1)
X=Uu
for (i in 1:(n+1)) {x[i]=G inv(ulil,t O0,c,n)}
tt[2: (n+l)] <- runif(n,0,tau)
delta[2: (n+l)] <- rep(0,n)
delta[x<=tt[l:(n+1)]] <- 1
delta[l] <= 0

obs tt <- tt[2:(n+l)]
obs delta <- deltal[2:(n+l)]

obs <- data.frame(cbind(obs tt,obs delta))
obs <- obs[order (obsSobs tt),]

tt[2: (n+l)] <- obsSobs_tt
delta[2:(n+l)] <- obs$obs delta

return (data.frame (tt,delta))
}

# retrun cs

cumsum <- function (m,cs,delta)
{
cs[2] <- deltal[2]
if (m>=2)
for(i in 2:m)
s[i+1] = cs[i-1+1] + delta[i+1];
return(cs)

# return y

convexmin <- function(n,cumw,cs,y)
{
y[2] = cs[2])/cumw[2];



1if (n>=2)
for(i in 2:n)
{
y[i+l] = (cs[i+l]-cs[i-1+1])/ (cumw[i+1l]-cumw[i-1+1]);
if(y[i-1+11>y[i+1])
{
j =i
while (y[j-1+1]1 > y[i+1] && 3>1)
{
jo<- 3 - 1;

if (§>1)
y[i+l] = (cs[i+l]-cs[j-1+1])/ (cumw[i+1l]-cumw[j-1+1])

else
y[i+l] = cs[i+1]/cumw[i+1]

if((i-1)>=73)
for(m in j: (i-1)) y[m+l] = y[i+1]

}
}
}
return (y)

F.b=function(n,m,b, t 0, datal,F)
{
t.b=t O0+b*log(n)/n”"(1/3)

MLE.b = 0
if(t.b<datal[2])
MLE.b <- 0

for(j in 1:(m-1))
{
if(datal0[j+1]<= t.b && t.b<datalO[j+1+1])
MLE.b <- F[j+1]
}
if (datal0[m+1]1<= t.Db)
MLE.b <- F[m+1]

MLE.b

# NumIt <- 1000
Power=function(t_0,c,n, tau,M)

{
FO=F_0(t_0)

bn=n"{1/30.1}
hn=bn/n”(1/3.1)
delta <- rep(0,n+1)
delta2 <- rep(0,n+1)
data <- rep(0,n+1)
data0 <- rep(0,n+1)
data2 <- rep(0,n+1)

F= rep(0,n+1)
cumw= rep (0,n+1l)
cs= rep(0,n+1)
cumwl= rep(0,n+l)
csl= rep(0,n+l)
y= rep(0,n+1)

yl= rep(0,n+1)
y2= rep(0,n+1)

lowbound <- 0
upbound <- 0

F[1l] <=0
cumw([1l] <- 0
cs[1l]<- 0

cumwl[1l] <- O
csl[1l] <= O
cumw([2: (n+l)] <- 1:n

cumwl [2: (n+1l)] <- cumw[2: (n+1)]
y[1l] <=0

y1l[1l] <= 0

y2[1] <- 0

s=0

s.LR=0

for (r in 1:M)

aa <- curstatgen(t 0,c,n,tau,data,delta)



data <- aas$tt

delta <- aa$delta

cs <- cumsum(n,cs,delta)

y <- convexmin (n,cumw,cs,Vy)

T=datal[2: (n+1)]
g=(1/(n*hn))*0.5*sum(as.numeric (abs ((t_0-T) /hn)<=1))

j <= 0;

for(i in 1:n)
{
if (y[i+1]>y[i-1+1])
{
J <=3+ 1
F[j+1] <- y[i+1]
data0O[j+1] <- datali+l]

MLE.O=F.b(n,m,0,t 0, datal,F)
MLE.b=F.b(n,m,bn,t 0, data0l,F)

F.0=MLE.O

f=n"(1/3)/ (bn*log(n))* (MLE.b-MLE.O)
z=0.9982* (4*F.0* (1-F.0)*£/g)~(1/3) /n~(1/3);
s=s+as.numeric (abs (F.0-F0)>z)

L<-0

for(i in 1l:n)
{
if (deltali+l]==1)
L <- L + log(y[i+1])
else
L <- L + log(l-y[i+1])

j <=1

while (datalj+1]<t_0 && Jj<=n)
j<- 9 +1

ml <- j-1

a <- y[ml+1];

if ((n-ml)>=1)
for(i in 1:(n-ml))
delta2[i+l]=1-delta[n-i+1+1];

if ((n-ml)>=1)
for(i in 1:(n-ml)
csl[i+l]=csl[i-1+1]+delta2[i+1]

yl <- convexmin (ml, cumw,cs,yl)
y2 <- convexmin (n-ml,cumwl,csl,y2)

b <- 0
j <=0

while (b<2.26916 & a+3*0.0001<=0.9999)
{
LO0=0;

j <=3+ 1

if(ml>=1)
for(i in 1l:ml)
{
if(deltal[i+1l]==1)
LO <- L0 + log(min(a+j*0.0001,y1[i+1]))
else
LO <- LO + log(l-min(a+3j*0.0001,y1l[i+1]))

if ((n-ml)>=1)
for(i in 1:(n-ml))
{
if(delta2[i+1]==1)
LO <- LO + log(min(l-a-3*0.0001,y2[i+1]))
else
LO <- LO + log(l-min(l-a-3*0.0001,y2[1i+1]))



b <- 2*(L-LO)

upbound=a+j*0.0001;

while (b<2.26916 && a-3j*0.0001>=0.0001)

{
L0 <- 0

j <=3+ 1

if (ml>=1)
for(i in 1:ml)
{
if (deltal[i+1l]==1)
L0 <- LO + log(min(a-3*0.0001,y1[i+1]))
else
LO <- L0 + log(l-min(a-3*0.0001,y1[i+1]))

if ((n-ml)>=1)
for(i in 1:(n-ml)
{
if (delta2[i+l]==1)
LO <- LO + log(min(l-a+3j*0.0001,y2[i+1]))
else
LO <- LO + log(l-min(l-a+3j*0.0001,y2[1i+1]))

b <- 2*(L-LO)

lowbound <- a-3j*0.0001

if (FO<lowbound || FO>upbound)
s.LR <- s.LR + 1

p=rep (0, 2)
plll=s/M
pl2] <- s.LR/M

P

pll=c (1, Power (0 100,3,1000 ,200,3,1000), Power (0. ,300,3,1000
pl2=c (2, Power (0 100,3,1000), Power ,2,200,3,1000), Power (0. ,300,3,1000

.5,1, ), Power (0.5,1 5,1 )
.5,2, ) (0.5,2 5,2 ))
pl3=c(3,Power(0.5,3,100,3,1000),Power(0.5,3,200,3,1000), Power(0.5,3,300,3,1000))
.5,4, ) (0.5,4 5,4 ))
.5,5, ) (0.5,5 5,5 ))

’

pld=c (4, Power (0 100,3,1000 ,200,3,1000), Power (0. ,300,3,1000
pl5=c (5, Power (0 100,3,1000 ,200,3,1000), Power (0. ,300,3,1000

, Power

’

, Power

’

p2l=c(1,Power(1.0,1,100,3,1000),Power(1.0,1,200,3,1000),Power(1.0,1,300,3,1000))
p22=c(2,Power(1.0,2,100,3,1000),Power(1.0,2,200,3,1000), Power(1.0,2,300,3,1000))
p23=c(3,Power(1.0,3,100,3,1000),Power(1.0,3,200,3,1000),Power(1.0,3,300,3,1000))
.0,4, ) (1.0,4 0,4 ))
.0,5, ) (1.0,5 0,5 ))

’

p24=c (4, Power (1 100,3,1000 ,200,3,1000),Power (1. ,300,3,1000
p25=c (5, Power (1 100,3,1000 ,200,3,1000), Power (1. ,300,3,1000

, Power ,
p3l=c(l,Power(l.5,1,100,3,1000),Power(1.5,1,200,3,1000),Power(1.5,1,300,3,1000))
p32=c(2,Power(l1.5,2,100,3,1000),Power(1.5,2,200,3,1000),Power(1.5,2,300,3,1000))
p33=c(3,Power(1.5,3,100,3,1000),Power(1.5,3,200,3,1000),Power(1.5,3,300,3,1000))
p34=c(4,Power(1.5,4,100,3,1000),Power(1.5,4,200,3,1000),Power(1.5,4,300,3,1000))
p35=c(5, Power(l1.5,5,100,3,1000), Power(1.5,5,200,3,1000),Power(1.5,5,300,3,1000))

p4l=c(l, Power (2 100,3,1000), Power
p42=c(2,Power (2 100,3,1000), Power

.5,1, ) (2 ,200,3,1000),Power (2. 300,3,1000
.5,2, ) (2
p43=c(3,Power(2.5,3,100,3,1000), Power (2
.5,4, ) (2
.5,5, ) (2

.5,1 5,1, ))
.5,2,200,3,1000), Power (2.5,2,300,3,1000))
.5,3,200,3,1000), Power (2.5,3,300,3,1000))
.5,4 5,4, ))
.5,5 5,5, ))

p44=c (4, Power (2 100,3,1000), Power
p45=c (5, Power (2 100,3,1000), Power

,200,3,1000), Power (2. 300,3,1000
,200,3,1000), Power (2. 300,3,1000

’

4
tabled4=rbind.data.frame (pll,pl2,pl3,pl4,pl5, p2l,p22,p23,p24,p25,p31,p32,p33,p34,p35,p41,p42,p43,p44,p45)

Tabled=write.table (table4, file="Tabled.txt", row.names=FALSE, col.names=FALSE)
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