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Abstract This paper introduces a class of two-stage stochastic minimax prob-
lems where the first-stage objective function is nonconvex-concave while the
second-stage objective function is strongly convex-concave. We establish prop-
erties of the second-stage minimax value function and solution functions, and
characterize the existence and relationships among saddle points, minimax
points, and KKT points. We apply the sample average approximation (SAA)
to the class of two-stage stochastic minimax problems and prove the conver-
gence of the KKT points as the sample size tends to infinity. An inexact parallel
proximal gradient descent ascent algorithm is proposed to solve this class of
problems with the SAA. Numerical experiments demonstrate the effectiveness
of the proposed algorithm and validate the convergence properties of the SAA
approach.

Keywords Two-stage stochastic minimax problem · Nonconvex-nonsmooth ·
Saddle point · Sample average approximation · Proximal gradient method

Mathematics Subject Classification (2020) 90C15 · 49K35 · 90C47

1 Introduction

In this paper, we consider the following two-stage stochastic minimax problem

min
x1∈X1

max
y1∈Y1

ψ(x1, y1) := F1(x1, y1) + E [ψ2(x1, y1, ξ)] , (1)
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where

ψ2(x1, y1, ξ) := min
x2∈X2(x1,ξ)

max
y2∈Y2(y1,ξ)

F2(x2, y2, ξ), (2)

E denotes the expectation, ξ : Ω → Ξ ⊂ Rl is a random variable defined on
the probability space (Ω,F , P ), X1 ⊂ Rn1 , Y1 ⊂ Rm1 are convex compact
sets, F1 : Rn1 × Rm1 → R, F2 : Rn2 × Rm2 × Rl → R,

X2(x1, ξ) := {x2 ∈ Rn2 : T (ξ)x1 +W (ξ)x2 ≤ h(ξ)},

Y2(y1, ξ) := {y2 ∈ Rm2 : A(ξ)y1 +B(ξ)y2 ≤ c(ξ)},

and T (ξ) ∈ Rl2×n1 , W (ξ) ∈ Rl2×n2 , A(ξ) ∈ Rs2×m1 , B(ξ) ∈ Rs2×m2 , h(ξ) ∈
Rl2 , c(ξ) ∈ Rs2 for all ξ ∈ Ξ. The objective functions in (1) and (2) have the
following structure.

– F1(x1, y1) := f(x1)+ψ1(x1, y1)−g(y1), where f : Rn1 → R is a proper and
lower semicontinuous (lsc) function, ψ1 : Rn1 × Rm1 → R is a Lipschitz
continuously differentiable function, g : Rm1 → R is a proper and lsc
function, and for every x1 ∈ X1, g(·) − ψ1(x1, ·) is σ-strongly convex with
σ > 0.

– For almost every (a.e.) ξ ∈ Ξ, F2(·, ·, ξ) is a σ-strongly convex-strongly
concave function.

The two-stage stochastic minimax problem (1)-(2) represents an exten-
sion of the classical two-stage stochastic minimization model originally devel-
oped by Dantzig [13] and Beale [1]. Two-stage stochastic minimization prob-
lem [3,34] is a fundamental framework for sequential decision-making under
uncertainty, where first-stage “here-and-now” decisions (e.g., infrastructure
investments) must be made before observing random outcomes, followed by
second-stage “wait-and-see” recourse actions (e.g., operational adjustments)
that adapt to the realized uncertainty. Due to its modeling power, the two-
stage stochastic minimization problem has been widely used in many impor-
tant engineering and scientific applications, such as wireless resource optimiza-
tion [25], transportation network design [26], and machine/deep learning [23].

In contrast to stochastic optimization’s expectation-based framework, the
minimax approach explicitly considers worst-case scenarios to achieve robust
solutions. The study of minimax problems can be traced back to von Neu-
mann’s seminal work [27] in 1928 on convex-concave deterministic minimax
problems. In recent years, nonconvex-nonsmooth minimax problems [2,12,20,
21,42] and stochastic minimax problems [6,22,35] have garnered significant
attention due to their applications in data science, machine learning, game
theory, and robust decision-making. Jin et al. [21] gave the definitions of global
minimax points and local minimax points by considering the minimax prob-
lem as a two-player sequential game. Cohen and Teboulle [12] analyzed proxi-
mal gradient methods for nonconvex and strongly concave minimax problems.
Chen and Luo [6] proposed a recursive anchored iteration method for smooth
minimax problems and proved that their algorithm achieves near-stationarity.
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To the best of our knowledge, the two-stage stochastic minimax prob-
lem has not been investigated, although two-stage stochastic minimization
and minimax problem have been extensively studied as two separate classes
of mathematical models. However, many practical scenarios involve stochas-
tic environments that combine both risk-neutral and risk-averse components,
requiring decision-makers to simultaneously address: (i) sequential decision-
making, (ii) stochastic uncertainties, and (iii) adversarial considerations (ex-
treme events or opponent behaviors). This constitutes the primary motivation
for studying two-stage stochastic minimax problems (see Example 1).

Another motivation for studying the two-stage stochastic minimax problem
(1)-(2) lies in its capacity to model two-stage stochastic two-player zero-sum
games (see Example 2), which constitute a specialized subclass of two-stage
stochastic Nash equilibrium problems (SNEPs). Pang et al. [29] examined
two-stage SNEPs involving risk-averse players under uncertainty, developing
an iterative best-response solution framework. Zhang et al. [43] subsequently
investigated a mixed non-cooperative game formulation for two-stage decision-
making in uncertain environments. Further advancing this line of research,
Lei et al. [24] introduced synchronous, asynchronous, and randomized best-
response schemes for SNEPs, with specific applications to two-stage SNEPs
featuring both linear and quadratic recourse structures.

The KKT conditions for two-stage SNEPs can be characterized through
two-stage stochastic variational inequalities (SVIs). Rockafellar and Wets [33]
and Chen et al. [7] extended SVIs from single-stage to multi-stage and two-
stage SVIs, respectively. Rockafellar and Sun [31] studied the progressive hedg-
ing algorithm (PHA) for solving multi-stage SVIs when the random variable
follows a discrete distribution. Discrete approximation methods have been pro-
posed to approximate two-stage SVIs [9,8], allowing the approximated SVIs to
be solved using PHA. In addition to PHA, dynamic stochastic approximation-
type algorithms effectively solve two-stage SVIs [5].

However, most existing research on two-stage SNEPs and two-stage SVIs
has been confined to smooth and monotone cases, leaving further developments
for nonsmooth and nonconvex problems unexplored.

The main contributions of this paper are summarized as follows.

– We introduce a two-stage stochastic minimax model (1)-(2) and investigate
the properties of the second-stage minimax value functions and solution
functions. Based on these properties, we examine the existence and rela-
tionships among saddle points, minimax points, and KKT points for the
nonconvex-nonsmooth two-stage stochastic minimax problem (1)-(2).

– We apply the sample average approximation (SAA) method to problem
(1)-(2) and prove that the divergence between the KKT point sets of the
SAA problem and the true problem (1)-(2) converges to zero almost surely.

– We propose an Inexact Parallel Proximal Gradient Descent Ascent (IPPGDA)
algorithm for solving problem (1)-(2), with both subsequence and global
convergence analyses. Unlike the single-stage minimax problems solved by
the parallel proximal gradient descent-ascent (PPGDA) algorithm in [12],
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the inexactness in our approach arises not only from solving the inner maxi-
mization problem but also from solving the second-stage minimax problem.

The remainder of this paper is organized as follows. Section 2 introduces
the motivating examples, necessary assumptions, and fundamental concepts.
Section 3 investigates the properties of problem (1)-(2), analyzing the exis-
tence and relationships among saddle points, minimax points and KKT points.
Section 4 examines the SAA method for problem (1)-(2), including its con-
vergence properties. In section 5, we present IPPGDA algorithm for solving
problem (1)-(2), along with its subsequence and global convergence analysis,
and demonstrate the effectiveness of our proposed algorithm and the conver-
gence behavior of the SAA method through numerical experiments. Section 6
concludes the paper.

Notation For a locally Lipschitz continuous function f : Rn → R, ∂f(x̄)
denotes the Clarke subdifferential [11] of f at point x̄. For a Lipschitz con-
tinuously differentiable function g : Rn × Rm → R, ∂2g(x̄, ȳ) represents the
Clarke generalized Hessian of g at point (x̄, ȳ), while ∂2xxg(x̄, ȳ) and ∂2yyg(x̄, ȳ)
denote the Clarke generalized Hessians of g with respect to (w.r.t.) x and y
at point (x̄, ȳ). For a vector-valued function H : Rn × Rm → Rn, ∂xH(x̄, ȳ)
denotes the Clarke generalized Jacobian of H w.r.t. x at point (x̄, ȳ). A func-
tion g : Rn × Rm → R is said (strongly) convex-(strongly) concave if g(·, y)
is (strongly) convex in Rn for any fixed y ∈ Rm, and g(x, ·) is (strongly) con-
cave in Rm for any fixed x ∈ Rn. For a ∈ Rn, ∥a+∥0 :=

∑n
i=1(max{ai, 0})0

with 00 = 0, where ai is the ith element of a. For x ∈ Rn and X,Y ⊆ Rn,
D(x, Y ) := infy∈Y ∥x− y∥ and D(X,Y ) := supx∈X infy∈Y ∥x− y∥. Let Lnp de-
note the Lebesgue space of measurable functions from a measure space to Rn
with finite Lp-norm, where p ≥ 2 and for any measurable function x ∈ Lnp , the

Lp-norm is defined as ∥x∥p := (
∫
Ω

∑n
i=1 |(x(ξ(ω)))i|pP (dω))1/p. For a convex

set X ⊂ Rn and x ∈ Rn, NX(x) denotes the normal cone to X at x.

2 Examples, assumptions and concepts

In this section, we provide two motivating examples for the study of the two-
stage stochastic minimax problem (1)-(2). Additionally, we introduce several
necessary assumptions and concepts required for the theoretical analysis in
this paper.

The first example is a renewable energy storage scheduling problem in a
stochastic environment that combines both risk-neutral and risk-averse crite-
ria.

Example 1 [Renewable energy storage scheduling]: A microgrid operator se-
lects energy storage capacity x ≥ 0 in the first stage to minimize the total
cost, which comprises two components: (1) The investment cost Cinv(x, z),
subject to an adversarial uncertainty z ∈ Z representing risks like volatile ma-
terial prices or uncertain government subsidies; (2) The expected future losses
under renewable generation uncertainty ξ and adversarial electricity prices
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p ∈ P(ξ) ⊂ R24
+ , where the uncertainty set expands price bounds proportion-

ally to the renewable forecast error ξ.
In the second stage, after observing ξ, the operator adjusts charge/discharge

decisions ycht and ydist (t = 1, . . . , 24) subject to storage constraints: power lim-
its 0 ≤ ycht , y

dis
t ≤ 0.2x, state-of-charge dynamics SOCt = SOCt−1 + 0.9ycht −

ydist /0.9 with 0 ≤ SOCt ≤ x, and boundary conditions SOC0 = SOC24 = 0.
We denote by Y (x) the feasible region of y := (ycht , y

dis
t )24t=1 satisfying above

constraints. Moreover, the second-stage objective function is

Q(y, p, ξ) :=
∑
t

[
pt(y

dis
t −ycht )+0.1(ycht +ydist )

]
+100

(
ξ +

∑
t

(ydist − ycht )

)2

,

which captures real-time market costs, battery degradation penalties, and re-
newable energy imbalance penalties. The complete formulation, which inte-
grates both stages, is a two-stage stochastic minimax problem as follows:

min
x≥0

max
z∈Z

(
Cinv(x, z) + Eξ

[
min
y∈Y (x)

max
p∈P(ξ)

Q(y, p, ξ)

])
.

The second example concerns a two-stage stochastic two-player zero-sum
game.

Example 2 [Two-stage stochastic two-player zero-sum game]: The two-player
zero-sum game is a basic model in game theory [40]. There are two players,
each with an associated set of strategies. While one player aims to maximize
her payoff, the other player attempts to take action to minimize this payoff.

The two-stage stochastic two-player zero-sum game is a two-stage stochas-
tic extension of the two-player zero-sum game. There are two players in the
game, player 1’s problem is

min
x1∈X1

F1(x1, y1) + E
[

min
x2∈X2(x1,ξ)

F2(x2, y2, ξ)

]
(3)

and player 2’s problem is

min
y1∈Y1

−F1(x1, y1) + E
[

min
y2∈Y2(y1,ξ)

−F2(x2, y2, ξ)

]
. (4)

When F1 and F2 are convex w.r.t. x1 and x2, respectively, and concave w.r.t.
y1 and y2, respectively, and when X1, Y1, X2(x1, ξ) and Y2(y1, ξ) are convex
and compact sets, then (3)-(4) is equivalent to problem (1)-(2).

To investigate the two-stage stochastic minimax problem (1)-(2), we need
the following assumptions.

Assumption 1 For every (x1, y1) ∈ X1 × Y1 and ξ ∈ Ξ,

(i) F2 is continuous, and F2(·, ·, ξ) is Lipschitz continuously differentiable.
Moreover, ∇x2

F2 and ∇y2F2 are Lipschitz continuous;
(ii) X2(x1, ξ) and Y2(y1, ξ) are nonempty;
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(iii) B(ξ) and W (ξ) are of full row rank.

Remark 1 Assumption 1 (iii) and the strong convexity-strong concavity of
F2(·, ·, ξ) play different roles in our analysis. The full row rank condition
on W (ξ) and B(ξ) guarantees the uniqueness of Lagrange multipliers in the
smooth second-stage KKT systems associated with fixed primal solutions. The
strong convexity-strong concavity assumption further ensures the uniqueness
of the second-stage saddle point and the single-valuedness and stability of the
corresponding primal-dual solution mapping. These properties will be used
below to derive the differentiability of the second-stage value functions, which
forms the basis of the subsequent algorithmic analyses.

The full row rank condition is also related to standard recourse regularity
conditions in two-stage stochastic programming. In particular, under fixed
recourse, it reduces to checking the rank of a deterministic recourse matrix;
under the complete recourse condition, the recourse matrix has full row rank;
see, e.g., [34, Section 2.1].

Assumption 2 The support set Ξ ⊂ Rl of the random vector ξ is compact.
The random matrices A(·), B(·), T (·), W (·) and random vectors c(·), h(·) are
continuous.

Remark 2 In the case when Ξ is unbounded, under the tightness of random
variable ξ, for any ϵ ∈ (0, 1) there exists a compact subset Ξ̄ ⊂ Ξ such that
Pr{ξ ∈ Ξ̄} ≥ 1− ϵ. Then we may omit the ξ ∈ Ξ\Ξ̄ and consider the compact
support Ξ̄ in our problem.

We provide the definitions of the following concepts for the two-stage
stochastic minimax problem (1)-(2): saddle point, local saddle point, global
minimax point, and local minimax point.

Definition 1 A point (x∗1, y
∗
1) ∈ X1 × Y1 is called a saddle point of problem

(1)-(2) if for all (x1, y1) ∈ X1 × Y1, it holds

ψ(x∗1, y1) ≤ ψ(x∗1, y
∗
1) ≤ ψ(x1, y

∗
1). (5)

We call (x∗1, y
∗
1) ∈ X1 × Y1 a local saddle point of problem (1)-(2), if there

exists a δ > 0 such that (5) holds for all (x1, y1) ∈ (X1 × Y1) ∩ B((x∗1, y
∗
1), δ),

where B((x∗1, y
∗
1), δ) denotes the neighborhood of (x∗1, y

∗
1) with radius δ.

Definition 2 A pair of mappings (x̄2 : X1×Y1×Ξ → Rn2 , ȳ2 : X1×Y1×Ξ →
Rm2) is called a saddle point mapping of the second-stage minimax problem in
(2), if (x∗2, y

∗
2) := (x̄2(x1, y1, ξ), ȳ2(x1, y1, ξ)) is a saddle point of the minimax

problem in (2), namely, for any y2 ∈ Y2(y1, ξ) and x2 ∈ X2(x1, ξ),

F2(x∗2, y2, ξ) ≤ F2(x∗2, y
∗
2 , ξ) ≤ F2(x2, y

∗
2 , ξ).

Definition 3 A point (x̄1, ȳ1) ∈ X1×Y1 is a global minimax point of problem
(1)-(2), if

ψ(x̄1, y1) ≤ ψ(x̄1, ȳ1) ≤ max
y′1∈Y1

ψ(x1, y
′
1) (6)

holds for any (x1, y1) ∈ X1 × Y1.
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Definition 4 A point (x̄1, ȳ1) ∈ X1 × Y1 is a local minimax point of problem
(1)-(2), if there exists δ0 > 0, such that for any δ ∈ (0, δ0] and any (x1, y1) ∈
X1 × Y1 satisfying ∥x1 − x̄1∥ ≤ δ and ∥y1 − ȳ1∥ ≤ δ, we have

ψ(x̄1, y1) ≤ ψ(x̄1, ȳ1) ≤ max
y′1∈Y1

ψ(x1, y
′
1).

Let ψ̄(x1) := maxy1∈Y1
ψ(x1, y1). Consider the first-stage minimization

problem
min
x1∈X1

ψ̄(x1). (7)

Remark 3 Note that the definition of a local minimax point in Definition 4
implies that ȳ1 is a local maximum point of ψ(x̄1, ·) (since ψ(x̄1, ·) is strongly
concave, ȳ1 is also a global maximum point of ψ(x̄1, ·)), and x̄1 is a local
minimum of ψ̄(·).

Moreover, compared with [21, Definition 14], Definition 4 uses the global
maximization term maxy′1∈Y1

ψ(x1, y
′
1), whereas [21, Definition 14] uses a lo-

calized maximization term over {y′1 ∈ Y1 : ∥y′1− ȳ1∥ ≤ h(δ)} for some function
h(δ) → 0 as δ ↓ 0. In general nonconcave settings, these two definitions are
not equivalent.

Under our assumptions, ψ(x1, ·) is strongly concave for every x1 ∈ X1.
Hence

y∗1(x1) := arg max
y1∈Y1

ψ(x1, y1)

is unique and continuous in x1. Therefore, for

h(δ) := sup
∥x1−x̄1∥≤δ

∥y∗1(x1) − ȳ1∥,

we have h(δ) → 0 as δ ↓ 0, and the global maximizer y∗1(x1) is contained in the
localized neighborhood used in [21, Definition 14]. Thus, for this admissible
choice of h(δ), Definition 4 is equivalent to [21, Definition 14].

We also consider the following minimax problem

min
(x1,x2)∈X

max
(y1,y2)∈Y

F1(x1, y1) + E [F2(x2(ξ),y2(ξ), ξ)] , (8)

where

X := {(x1,x2) ∈ Rn1×Ln2
p : x1 ∈ X1, T (ξ)x1+W (ξ)x2(ξ) ≤ h(ξ), a.e. ξ ∈ Ξ}

and

Y := {(y1,y2) ∈ Rm1×Lm2
p : y1 ∈ Y1, A(ξ)y1+B(ξ)y2(ξ) ≤ c(ξ), a.e. ξ ∈ Ξ}.

We will consider the relationship between (8) and the two-stage stochastic
minimax problem (1)-(2) in Section 3.1. Moreover, the definition of a saddle
point, local saddle point, global minimax point and local minimax point for
the minimax problem (8) is as follows.
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Definition 5 A point (x∗1,x
∗
2, y

∗
1 ,y

∗
2) ∈ X×Y is called a saddle point of the

minimax problem (8) if for any (x1,x2, y1,y2) ∈ X×Y, we have

F1(x∗1, y1) + E [F2(x∗
2(ξ),y2(ξ), ξ)] ≤ F1(x∗1, y

∗
1) + E [F2(x∗

2(ξ),y∗
2(ξ), ξ)]

≤ F1(x1, y
∗
1) + E [F2(x2(ξ),y∗

2(ξ), ξ)] .
(9)

We call (x∗1,x
∗
2, y

∗
1 ,y

∗
2) ∈ X×Y a local saddle point of the minimax problem

(8) if there exists a δ > 0 such that (9) holds for all (x1,x2, y1,y2) ∈ (X×Y)∩
B((x∗1,x

∗
2, y

∗
1 ,y

∗
2), δ), where B((x∗1,x

∗
2, y

∗
1 ,y

∗
2), δ) denotes the neighborhood of

(x∗1,x
∗
2, y

∗
1 ,y

∗
2) with radius δ, that is B((x∗1,x

∗
2, y

∗
1 ,y

∗
2), δ) = {(x1,x2, y1,y2) ∈

Rn1×Ln2
p ×Rm1×Lm2

p : ∥x1−x∗1∥2+∥x2−x∗
2∥p+∥y1−y∗1∥2+∥y2−y∗

2∥p ≤ δ}.

Definition 6 A point (x̃1, x̃2, ỹ1, ỹ2) ∈ X × Y is called a global minimax
point of the minimax problem (8) if

F1(x̃1, y1) + E [F2(x̃2(ξ),y2(ξ), ξ)] ≤ F1(x̃1, ỹ1) + E [F2(x̃2(ξ), ỹ2(ξ), ξ)]

≤ max
(y′1,y

′
2(ξ))∈Y

F1(x1, y
′
1) + E [F2(x2(ξ),y′

2(ξ), ξ)]

(10)

holds for any (x1,x2, y1,y2) ∈ X×Y.

Moreover, a point (x̃1, x̃2, ỹ1, ỹ2) ∈ X×Y is called a local minimax point
of the minimax problem (8), if there exists δ0 > 0, such that for any δ ∈ (0, δ0]
and any (x1,x2, y1,y2) ∈ X × Y satisfying ∥x1 − x̃1∥ + ∥x2 − x̃2∥p ≤ δ and
∥y1 − ỹ1∥ + ∥y2 − ỹ2∥p ≤ δ, we have

F1(x̃1, y1) + E [F2(x̃2(ξ),y2(ξ), ξ)] ≤ F1(x̃1, ỹ1) + E [F2(x̃2(ξ), ỹ2(ξ), ξ)]

≤ max
(y′1,y

′
2(ξ))∈Y

F1(x1, y
′
1) + E [F2(x2(ξ),y′

2(ξ), ξ)] .

3 Properties of two-stage stochastic minimax problems

In this section, we investigate the properties of minimax value functions, saddle
points and minimax points of problem (1)-(2).

For given ξ ∈ Ξ and (x1, y1) ∈ X1 × Y1, we first investigate the properties
of optimal value functions

f21(x2, y1, ξ) := max
y2∈Y2(y1,ξ)

F2(x2, y2, ξ), (11)

f22(x1, y2, ξ) := min
x2∈X2(x1,ξ)

F2(x2, y2, ξ), (12)

and minimax value function ψ2(x1, y1, ξ). Note that the minimax problem in
(2) is a strongly convex-strongly concave minimax problem with linear con-
straints for any (x1, y1, ξ). Then the KKT condition of the minimax problem
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in (2) with given (x1, y1) ∈ X1 × Y1 can be stated as the following system of
nonsmooth equations in the variable µ = (x2, y2, πx2 , πy2):

H(µ, ξ) =


∇x2

F2(x2, y2, ξ) +W (ξ)⊤πx2

−∇y2F2(x2, y2, ξ) +B(ξ)⊤πy2
min(πx2 , h(ξ) − T (ξ)x1 −W (ξ)x2)
min(πy2 , c(ξ) −A(ξ)y1 −B(ξ)y2)

 = 0, (13)

where πx2 ∈ Rl2 and πy2 ∈ Rs2 are corresponding Lagrange multipliers, and
“min” denotes the component-wise minimum operator on a pair of vectors.

Lemma 1 Under Assumptions 1-2, the following statements hold.

(i) For any given ξ ∈ Ξ, f21(·, ·, ξ) is continuously differentiable and strongly
convex-concave; moreover, ∇y1f21 and ∇x2

f21 are Lipschitz continuous
w.r.t. (x2, y1) and continuous w.r.t. ξ.

(ii) For any given ξ ∈ Ξ, f22(·, ·, ξ) is continuously differentiable and convex-
strongly concave; moreover, ∇x1

f22 and ∇y2f22 are Lipschitz continuous
w.r.t. (x1, y2) and continuous w.r.t. ξ.

(iii) For any given ξ ∈ Ξ, ψ2(·, ·, ξ) is convex-concave and continuously differen-
tiable. And there exist πx2

: X1×Y1×Ξ → Rl2 and πy2 : X1×Y1×Ξ → Rs2
such that

(x̄2(x1, y1, ξ), ȳ2(x1, y1, ξ),πx2
(x1, y1, ξ),πy2(x1, y1, ξ))

satisfies the KKT condition of the minimax problem in (2), where

∇x1ψ2(·, ·, ξ) = T (ξ)⊤πx2(·, ·, ξ) , ∇y1ψ2(·, ·, ξ) = −A(ξ)⊤πy2(·, ·, ξ),
and (x̄2(x1, y1, ξ), ȳ2(x1, y1, ξ)) is the unique saddle point of the minimax
problem in (2). Moreover, (x̄2, ȳ2,πx2

,πy2) is Lipschitz continuous w.r.t.
(x1, y1) over X1 × Y1 and continuous w.r.t. ξ.

(iv) (x̄2(x1, y1, ξ), ȳ2(x1, y1, ξ)) is contained in a convex and compact set X̂2×Ŷ2
for all (x1, y1, ξ) ∈ X1×Y1×Ξ. Moreover, there exist convex and compact
sets X̌2 and Y̌2 such that X̂2 ⊂ X̌2, Ŷ2 ⊂ Y̌2,

max
y2∈Y2(y1,ξ)∩Y̌2

F2(x2, y2, ξ) = f21(x2, y1, ξ), ∀(x2, y1, ξ) ∈ X̂2×Y1×Ξ (14)

and

min
x2∈X2(x1,ξ)∩X̌2

F2(x2, y2, ξ) = f22(x1, y2, ξ), ∀(x1, y2, ξ) ∈ X1×Ŷ2×Ξ. (15)

Proof (i) For any given (x2, ξ) ∈ Rn2 × Ξ, the concavity of f21 w.r.t. y1 is
established in [34, Proposition 2.21 (i)]. Moreover, for any λ ∈ (0, 1) and
x12, x

2
2 ∈ Rn2 , we have

f21(λx12 + (1 − λ)x22, y1, ξ)
= max

y2∈Y2(y1,ξ)
F2(λx12 + (1 − λ)x22, y2, ξ)

≤ max
y2∈Y2(y1,ξ)

λF2(x12, y2, ξ) + (1 − λ)F2(x22, y2, ξ) −
σ

2
λ(1 − λ)∥x12 − x22∥2

≤ λ max
y2∈Y2(y1,ξ)

F2(x12, y2, ξ) + (1 − λ) max
y2∈Y2(y1,ξ)

F2(x22, y2, ξ) −
σ

2
λ(1 − λ)∥x12 − x22∥2

= λf21(x12, y1, ξ) + (1 − λ)f21(x22, y1, ξ) − σ
2λ(1 − λ)∥x12 − x22∥2,
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which implies the strong convexity of f21 w.r.t. x2.
Note that the KKT condition of problem in (11) is

0 = −∇y2F2(x2, y2, ξ) +B(ξ)⊤πy2 ,
0 ≤ πy2⊥c(ξ) −A(ξ)y1 −B(ξ)y2 ≥ 0,

(16)

where πy2 ∈ Rs2 is the corresponding Lagrange multiplier. Let (ŷ2, π̂y2) be a
KKT pair of (16). By [39, Theorem 2], under full row rank of B(ξ) in Y2(y1, ξ),
the set of Lagrange multipliers {π̂y2} is a singleton. Then by [34, Corollary
2.23], ∇y1f21(x2, y1, ξ) = {−A(ξ)⊤π̂y2} is a singleton and f21(x2, ·, ξ) is differ-
entiable. Moreover, by the Danskin theorem, ∇x2

f21(x2, y1, ξ) = ∇x2
F2(x2, ŷ2, ξ),

where ŷ2 is the unique solution of (11).
Let (ŷ2 : Rn2 × Y1 × Ξ → Rm2 , π̂y2 : Rn2 × Y1 × Ξ → Rs2) be the KKT

pair mapping of (16), such that (ŷ2(x2, y1, ξ), π̂y2(x2, y1, ξ)) = (ŷ2, π̂y2), the
KKT pair of (16) with corresponding (x2, y1, ξ). Since F2(·, ·, ξ) is σ-strongly
convex-strongly concave, every element in ∂2y2y2F2(x2, y2, ξ) is a negative defi-
nite matrix. Then under Assumption 1 (i) and (iii), and Assumption 2, apply-
ing Theorem 4 (in the Appendix) to the problem in (11) yields that (ŷ2, π̂y2)
is Lipschitz continuous w.r.t. (x2, y1), and continuous w.r.t. ξ, which implies
f21(·, ·, ξ) is continuously differentiable for any given ξ ∈ Ξ, ∇y1f21(x2, y1, ξ) =
−A(ξ)⊤π̂y2(x2, y1, ξ), ∇x2f21(x2, y1, ξ) = ∇x2F2(x2, ŷ2(x2, y1, ξ), ξ), ∇y1f21
and ∇x2f21 are Lipschitz continuous w.r.t. (x2, y1), and continuous w.r.t. ξ.

The proof of part (ii) follows a similar argument as part (i) and will be
omitted here.

(iii) Note that

ψ2(x1, y1, ξ) := min
x2∈X2(x1,ξ)

f21(x2, y1, ξ) (17)

and f21(x2, ·, ξ) is concave. For any λ ∈ [0, 1], and y11 , y
2
1 ∈ Y1, let

xλ2 = arg min
x2∈X2(x1,ξ)

f21(x2, λy
1
1 + (1 − λ)y21 , ξ),

x12 = arg min
x2∈X2(x1,ξ)

f21(x2, y
1
1 , ξ) and x22 = arg min

x2∈X2(x1,ξ)

f21(x2, y
2
1 , ξ). Then for any

given x1 and ξ, we have

ψ2(x1, λy
1
1 + (1 − λ)y21 , ξ) = f21(xλ2 , λy

1
1 + (1 − λ)y21 , ξ)

≥ λf21(xλ2 , y
1
1 , ξ) + (1 − λ)f21(xλ2 , y

2
1 , ξ)

≥ λf21(x12, y
1
1 , ξ) + (1 − λ)f21(x22, y

2
1 , ξ)

= λψ2(x1, y
1
1 , ξ) + (1 − λ)ψ2(x1, y

2
1 , ξ),

which implies the concavity of ψ2 w.r.t. y1. Moreover, applying [34, Proposition
2.21] to (17), ψ2 is convex w.r.t. x1.

Moreover, by continuous differentiability and strong convexity of f21(·, y1, ξ)
from part (i), every element in ∂2x2x2

f21(x2, y1, ξ) is a positive definite ma-
trix. Then under Assumption 1 (i) and (iii), Assumption 2 and applying
Theorem 4 (in the Appendix) to the problem in (17), similar as in part
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(i), (x̄2,πx2), the KKT pair of the problem in (17), is Lipschitz continuous
w.r.t. (x1, y1) and continuous w.r.t. ξ. Combining with [34, Corollary 2.23],
∇x1

ψ2(x1, y1, ξ) = {T (ξ)⊤πx2
(x1, y1, ξ)} is a singleton, ∇x1

ψ2 is Lipschitz
continuous w.r.t. (x1, y1), and continuous w.r.t. ξ. Obviously, ψ2(·, y1, ξ) is
continuously differentiable.

Since F2 is σ-strongly convex-strongly concave,

ψ2(x1, y1, ξ) = max
y2∈Y2(y1,ξ)

f22(x1, y2, ξ). (18)

Then similar as above argument, (ȳ2,πy2), the KKT pair of (18), is Lipschitz
continuous w.r.t. (x1, y1), and continuous w.r.t. ξ. Then ∇y1ψ2(x1, y1, ξ) =
{−A(ξ)⊤πy2(x1, y1, ξ)} is a singleton, ∇y1ψ2 is Lipschitz continuous w.r.t.
(x1, y1) and continuous w.r.t. ξ, and ψ2(x1, ·, ξ) is continuously differentiable.

Note also that (x̄2(x1, y1, ξ), ȳ2(x1, y1, ξ),πx2
(x1, y1, ξ),πy2(x1, y1, ξ)) is the

unique solution of the KKT condition of the minimax problem in (2), then
(x̄2(x1, y1, ξ), ȳ2(x1, y1, ξ)) is the unique saddle point of the minimax problem
in (2).

(iv) Since X1 × Y1 × Ξ is compact and (x̄2, ȳ2) is continuous, for all
(x1, y1, ξ) ∈ X1 × Y1 × Ξ, there exists convex and compact set X̂2 × Ŷ2 ⊂
Rn2 × Rm2 such that (x̄2(x1, y1, ξ), ȳ2(x1, y1, ξ)) ∈ X̂2 × Ŷ2.

By part (i), the solution function ŷ2 of the problem in (11) is continuous
over X̂2 × Y1 × Ξ. By the boundedness of X̂2 × Y1 × Ξ, there exists convex
and compact set Y̌2 such that Ŷ2 ⊂ Y̌2, ŷ2(x2, y1, ξ) ∈ Y̌2 over X̂2 × Y1 × Ξ
and (14) holds.

Similarly, we can prove the existence of X̌2 such that X̂2 ⊂ X̌2 and (15)
holds. □

To study the two-stage stochastic minimax problem (1)-(2), we need the
following definitions.

Definition 7 [34, Section 9.2.4] It is said that functions h1 : Rn × Ξ → R
and h2 : Rn×Ξ → R are random lsc and random upper semicontinuous (usc)
respectively, if the epi-graphical multifunction ξ → epi h1(·, ξ) and the hypo-
graphical multifunction ξ → hypo h2(·, ξ) are closed valued and measurable
respectively.

Definition 8 A function h3 : Rn × Rm × Ξ → R is random lower-upper
semicontinuous w.r.t. (x, y) if for any given y, h3(·, y, ·) is random lsc, and for
any given x, h3(x, ·, ·) is random usc.

Proposition 1 Under Assumptions 1-2, the following statements hold.

(i) f21 is random lower-upper semicontinuous on X̂2×Y1, f22 is random lower-
upper semicontinuous on X1×Ŷ2, where X̂2×Ŷ2 is a compact set containing
all saddle points of problem (2).

(ii) ψ2 is random lower-upper semicontinuous on X1 × Y1.
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(iii) If ψ(·, y1) is quasi-convex on X1 for every y1 ∈ Y1, λ > 0 and f̃ : Rn1 →
Rn1 is a continuously differentiable vector-valued function, then there exists
a local saddle point (x∗1, y

∗
1) of problem

min
x1∈X1

max
y1∈Y1

ψλ(x1, y1) := F1(x1, y1)+λ∥f̃(x1)+∥0+E [ψ2(x1, y1, ξ)] . (19)

Proof (i) Let Ỹ2(ξ) := {(y1, y2) ∈ Y1 × Rm2 : A(ξ)y1 + B(ξ)y2 ≤ c(ξ)}. From
Assumption 2, if {ξk} ⊂ Ξ, ξk → ξ̄ ∈ Ξ, (yk1 , y

k
2 ) ∈ Ỹ2(ξk) and (yk1 , y

k
2 ) →

(ȳ1, ȳ2), then (ȳ1, ȳ2) ∈ Ỹ2(ξ̄), which implies Ỹ2 is closed. By [34, Remark
62], Ỹ2 is a closed valued measurable multifunction. Moreover, since F2 is a
Carathéodory function, for given x2, by [34, Comments after Theorem 9.49],
F2(x2, ·, ·) + δỸ2(ξ)

(·, ·) is a random usc function, where δỸ2(ξ)
(y1, y2) = 0 if

(y1, y2) ∈ Ỹ2(ξ) and δỸ2(ξ)
(y1, y2) = −∞ otherwise. Then by [34, Theorem

9.49], f21(x2, ·, ·) is measurable.
Note that by Lemma 1 (iv), dom(F2(x2, ·, ξ) + δY2(y1,ξ)∩Y̌2

(·)) is nonempty
and bounded for a.e. ξ ∈ Ξ, according to [34, Theorem 9.50], it follows that
f21(x2, ·, ·) is random usc for all x2 ∈ X̂2.

Then, we show that for any given y1 ∈ Y1, f21(·, y1, ·) is random lsc. Since
F2(·, y2, ·) is random lsc for given y2. Let x̄2 ∈ Rn2 , {xk2} ⊂ Rn2 with xk2 → x̄2
as k → ∞ and y12 = arg maxy2∈Y2(y1,ξ) F2(x̄2, y2, ξ), then we have

lim inf
k→∞

f21(xk2 , y1, ξ) = lim inf
k→∞

max
y2∈Y2(y1,ξ)

F2(xk2 , y2, ξ)

≥ lim inf
k→∞

F2(xk2 , y
1
2 , ξ)

≥ F2(x̄2, y
1
2 , ξ)

= f21(x̄2, y1, ξ),

which implies f21 is lsc w.r.t. x2.
Applying [34, Theorem 9.49] to maxy2∈Y2(y1,ξ) F2(x2, y2, ξ), the optimal

value function f21(·, y1, ·) is jointly measurable. Combining the measurability
of f21(·, y1, ·) and the lower semicontinuity of f21 w.r.t. x2, by [34, Theorem
9.48], f21(·, y1, ·) is random lsc for any given y1 ∈ Y1. Then f21 is random
lower-upper semicontinuous on X̂2 × Y1.

The proof for f22 follows a similar argument as for f21 and will be omitted
here.

(ii) Note that f21(x2, ·, ·) is random usc. Let ȳ1 ∈ Y1, {yk1} ⊂ Y1 with
yk1 → ȳ1 as k → ∞ and x12 ∈ arg minx2∈X2(x1,ξ) f21(x2, ȳ1, ξ). Then

lim sup
k→∞

ψ2(x1, y
k
1 , ξ) = lim sup

k→∞
min

x2∈X2(x1,ξ)
f21(x2, y

k
1 , ξ)

≤ lim sup
k→∞

f21(x12, y
k
1 , ξ)

≤ f21(x12, ȳ1, ξ)
= ψ2(x1, ȳ1, ξ),

which implies that ψ2 is usc w.r.t. y1 for given x1 and ξ.
Applying [34, Theorem 9.49] to problem (17), the minimax value function

ψ2(x1, ·, ·) is jointly measurable. Combining the measurability of ψ2(x1, ·, ·) and
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the upper semicontinuity of ψ2 w.r.t. y1, by [34, Theorem 9.48], ψ2(x1, ·, ·) is
random usc for any given x1 ∈ X1.

Similar to the random upper semicontinuity of ψ2 w.r.t. y1 for any given
x1 ∈ X1, we can prove the random lower semicontinuity of ψ2 w.r.t. x1 for any
given y1 ∈ Y1. Then ψ2 is random lower-upper semicontinuous w.r.t. (x1, y1)
on X1 × Y1. We omit the details here.

Finally, part (iii) is a corollary of [2, Proposition 2.2]. □

By [33, Page 439], we note that, for the random lower-upper semicontinu-
ity conclusion in this proposition, the continuity of the random matrices and
vectors w.r.t. ξ can be weakened to measurability.

Remark 4 Note that the second-stage minimax problem in (2) is a parametric
minimax problem. In Lemma 1, we investigate the continuity and the bound-
edness of the second-stage saddle point mapping (x̄2, ȳ2). In Proposition 1, we
consider the random lower-upper semicontinuity of the minimax value function
ψ2 of the second-stage minimax problem in (2).

Let

min
x1∈X1

max
y1∈Y1

F1(x1, y1) + E
[
ψ̂2(x1, y1, ξ)

]
(20)

and

ψ̂2(x1, y1, ξ) := min
x2∈X2(x1,ξ)∩X̌2

max
y2∈Y2(y1,ξ)∩Y̌2

F2(x2, y2, ξ), (21)

where X̌2 and Y̌2 are given in (14)-(15). By Lemma 1 and Proposition 1, it
is easy to show the equivalence between (1)-(2) and (20)-(21) in the sense
that: (i) for every (x1, y1) ∈ X1 × Y1 they have the same and unique saddle
point (x̄2(x1, y1, ξ), ȳ2(x1, y1, ξ)), and (14)-(15) hold; (ii) they have same sets
of points (x∗1, y

∗
1) satisfying (5).

3.1 Interchange of the expectation and the minimax operator

Two-stage stochastic minimization problem has been considered as an infinite-
dimensional large-scale optimization problem [34, Section 2.3.1]. Can the two-
stage stochastic minimax problem (1)-(2) also be treated as an infinite-dimensional
large-scale minimax problem (8)? To answer this question, we examine whether
the expectation and the minimax operator in the second-stage problem can
be interchanged.

Proposition 2 Under Assumptions 1-2, the two-stage stochastic minimax
problem (1)-(2) is equivalent to the minimax problem (8). Moreover, the fol-
lowing statements hold.

(i) If (x∗1,x
∗
2, y

∗
1 ,y

∗
2) is a (local) saddle point of (8), then (x∗1, y

∗
1) is a (local)

saddle point of (1).
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(ii) Suppose that F1(·, y1) + E[f22(·,y2(ξ), ξ)] is quasi-convex on X1 for ev-
ery y1 ∈ Y1 and every essentially bounded measurable selection y2(ξ) ∈
Y2(y1, ξ) a.e. Then (8) has a saddle point. Moreover, every (local) saddle
point (x∗1, y

∗
1) of (1) lifts to a (local) saddle point (x∗1,x

∗
2, y

∗
1 ,y

∗
2) of (8),

where (x∗
2,y

∗
2) := (x̄2(x∗1, y

∗
1 , ·), ȳ2(x∗1, y

∗
1 , ·)).

(iii) In addition to (ii), if λ > 0 and f̃ is a continuously differentiable vector-
valued function, then there exists a local saddle point (x∗1,x

∗
2, y

∗
1 ,y

∗
2) of

min
(x1,x2)∈X

max
(y1,y2)∈Y

F1(x1, y1) + λ∥f̃(x1)+∥0 + E [F2(x2(ξ),y2(ξ), ξ)] .

Proof For any given (x1, y1) ∈ X1 × Y1, we consider the expectation of the
second-stage problem

E
[

min
x2∈X2(x1,ξ)

max
y2∈Y2(y1,ξ)

F2(x2, y2, ξ)

]
(22)

firstly. Note that by Remark 4, (22) is equivalent to

E
[

min
x2∈X2(x1,ξ)∩X̌2

max
y2∈Y2(y1,ξ)∩Y̌2

F2(x2, y2, ξ)

]
. (23)

By Proposition 1 (i), max
y2∈Y2(y1,ξ)∩Y̌2

F2(·, y2, ξ) is random lsc over X̂2. Then by

[34, Theorem 9.108], (23) is equivalent to

min
x2∈X̃2(x1)

E
[

max
y2∈Y2(y1,ξ)∩Y̌2

F2(x2(ξ), y2, ξ)

]
, (24)

where

X̃2(x1) :=
{
x2 ∈ Ln2

p : x2(ξ) ∈ X̂2, T (ξ)x1 +W (ξ)x2(ξ) ≤ h(ξ), a.e. ξ ∈ Ξ
}
.

Moreover, for any fixed measurable selection x2 ∈ X̃2(x1), the mapping
(y2, ξ) 7→ F2(x2(ξ), y2, ξ) is random usc, since x2(·) is measurable and F2 is
continuous. Therefore, by [34, Theorem 9.108], we have

E
[

max
y2∈Y2(y1,ξ)∩Y̌2

F2(x2(ξ), y2, ξ)

]
= max

y2∈Ỹ2(y1)
E [F2(x2(ξ),y2(ξ), ξ)] ,

where

Ỹ2(y1) :=
{
y2 ∈ Lm2

p : y2(ξ) ∈ Y̌2, A(ξ)y1 +B(ξ)y2(ξ) ≤ c(ξ), a.e. ξ ∈ Ξ
}
.

Taking the minimum over X̃2(x1) on both sides yields that (24) is equivalent
to

min
x2∈X̃2(x1)

max
y2∈Ỹ2(y1)

E [F2(x2(ξ),y2(ξ), ξ)] . (25)
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Then for any (x1, y1) ∈ X1 × Y1,

E
[

min
x2∈X2(x1,ξ)

max
y2∈Y2(y1,ξ)

F2(x2, y2, ξ)

]
= min

x2∈X̃2(x1)
max

y2∈Ỹ2(y1)
E [F2(x2(ξ),y2(ξ), ξ)] .

Given that Lemma 1(iv) ensures (x̄2(x1, y1, ξ), ȳ2(x1, y1, ξ)) ∈ X̂2 × Ŷ2 ⊂
X̌2 × Y̌2 for all (x1, y1, ξ) ∈ X1 × Y1 ×Ξ, it follows, by Sion’s theorem [37] for
fixed x1, that (1)-(2) is equivalent to (8).

In (i), the second-stage components of a (local) saddle point (x∗1,x
∗
2, y

∗
1 ,y

∗
2)

of (8) form the unique saddle point of (2) at (x∗1, y
∗
1) a.e. Taking second-stage

best responses in the saddle inequalities gives the saddle inequalities for ψ. In
the local case, continuity of these responses by Lemma 1(i)-(ii) keeps them in
the original neighborhood for (x1, y1) sufficiently close to (x∗1, y

∗
1), proving the

local assertion.
Then we consider (ii). Its additional assumption implies that ψ(·, y1) is

quasi-convex for every y1 ∈ Y1. We first prove the lifting assertion. Since
(x∗1, y

∗
1) is a saddle point of (1),

min
(x1,x2)∈X

max
(y1,y2)∈Y

F1(x1, y1) + E [F2(x2(ξ),y2(ξ), ξ)]

= min
x1∈X1

max
y1∈Y1

F1(x1, y1) + E [ψ2(x1, y1, ξ)]

= F1(x∗1, y
∗
1) + E [ψ2(x∗1, y

∗
1 , ξ)]

= max
y1∈Y1

min
x1∈X1

F1(x1, y1) + E [ψ2(x1, y1, ξ)]

= max
(y1,y2)∈Y

min
(x1,x2)∈X

F1(x1, y1) + E [F2(x2(ξ),y2(ξ), ξ)] ,

(26)

where the second and third equalities are from [15, Theorem 1.4.1]. The last
equality follows by applying Sion’s theorem to F1(x1, y1) +E[f22(x1,y2(ξ), ξ)]
in (x1,y2) for fixed y1, together with the expectation-minimization inter-
change.

By Lemma 1 (iv)

z1(x1,x2) : = maxy1∈Y1
F1(x1, y1) + E[f21(x2(ξ), y1, ξ)]

= max(y1,y2)∈Y F1(x1, y1) + E [F2(x2(ξ),y2(ξ), ξ)] .

By the compactness of Y1 and [4, Proposition 4.4], applied to the maximiza-
tion defining z1(x1,x2) − f(x1), this difference is continuous w.r.t. (x1,x2) in
the product norm topology. Since f is lsc, z1 is lsc. By weak compactness of
the bounded selection sets and lower-upper semicontinuity, the extrema are
attained. For the given x∗1, there exists x∗

2 such that

min
(x1,x2)∈X

z1(x1,x2) = z1(x∗1,x
∗
2) = max

(y1,y2)∈Y
F1(x∗1, y1)+E [F2(x∗

2(ξ),y2(ξ), ξ)] .

(27)
Similarly, for the given y∗1 , there exists y∗

2 such that

max
(y1,y2)∈Y

z2(y1,y2) = z2(y∗1 ,y
∗
2) = min

(x1,x2)∈X
F1(x1, y

∗
1)+E [F2(x2(ξ),y∗

2(ξ), ξ)] ,

(28)
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where z2(y1,y2) := minx1∈X1 F1(x1, y1)+E[f22(x1,y2(ξ), ξ)]. Combining (27)-
(28), we have

max
(y1,y2)∈Y

F1(x∗1, y1) + E [F2(x∗
2(ξ),y2(ξ), ξ)]

= F1(x∗1, y
∗
1) + E [F2(x∗

2(ξ),y∗
2(ξ), ξ)]

= min
(x1,x2)∈X

F1(x1, y
∗
1) + E [F2(x2(ξ),y∗

2(ξ), ξ)] ,

which implies that (x∗1,x
∗
2, y

∗
1 ,y

∗
2) is a saddle point.

For a local saddle point (x∗1, y
∗
1) of (1), the strong convexity-strong concav-

ity of F2 ensures that the corresponding second-stage local saddle point is also
its unique global saddle point. Take (x∗

2,y
∗
2) to be the corresponding saddle

point mappings in Lemma 1. Restricting X1 and Y1 to sufficiently small closed
convex neighborhoods of x∗1 and y∗1 preserves the additional quasi-convexity
assumption, so the preceding argument shows that (x∗1,x

∗
2, y

∗
1 ,y

∗
2) is a local

saddle point of (8).
Finally, Sion’s theorem gives a saddle point of (1), which lifts to a saddle

point of (8) by the above argument. This completes (ii).
Part (iii) follows from part (ii) and [2, Proposition 2.2] directly. □

Note that under the additional assumption in Proposition 2(ii), problem
(1)-(2) is equivalent to two-stage stochastic two-player zero-sum game (3)-(4).

Remark 5 We consider three kinds of saddle points for two-stage stochastic
minimax problem (1)-(2): the saddle point (x∗1, y

∗
1) of (1), the saddle point

mapping (x̄2(x1, y1, ξ), ȳ2(x1, y1, ξ)) of the second-stage minimax problem in
(2) (see Definition 2), and the saddle point (x∗1,x

∗
2, y

∗
1 ,y

∗
2) of (8).

Under Assumptions 1-2 and the additional assumption in Proposition 2(ii),
parts (i)-(ii) show that (x∗1, y

∗
1) is a saddle point of (1) if and only if its lift is

a saddle point of (8). By Lemma 1,

(x̄2(x∗1, y
∗
1 , ·), ȳ2(x∗1, y

∗
1 , ·)) = (x∗

2(·),y∗
2(·))

and (x̄2(·, ·, ·), ȳ2(·, ·, ·)) is continuous.

Remark 6 Proposition 2(i) also applies to the two-stage stochastic minimax
problem with cardinality penalties (19). Since the cardinality penalty is gener-
ally discontinuous, we may consider its continuous relaxation λr(f̃(·), µ), where
r(·, ·) is defined in [2, Formulation (3.3)], leading to the following problem:

min
x1∈X1

max
y1∈Y1

ψ̃λ(x1, y1) := F1(x1, y1) + λr(f̃(x1), µ) + E [ψ2(x1, y1, ξ)] . (29)

By [2, Theorem 4.1], under suitable conditions (e.g. [2, Assumption 4.1]),
(x∗1, y

∗
1) is a saddle point of (19) if and only if it is a saddle point of (29).

Moreover, (x∗1, y
∗
1) is a local saddle point of (19) if it is a local saddle point of

(29).
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3.2 Global and local minimax points

Since (1) is a nonconvex-nonsmooth minimax problem, the sets of saddle points
and local saddle points of (1) may be empty. We therefore consider the sets
of global minimax points and local minimax points of (1), denoted by Sg and
Sl, respectively.

Throughout the remainder of this paper, we additionally assume that f
is locally Lipschitz continuous on an open neighborhood of X1. Under As-
sumptions 1–2, Lemma 1 and the compactness of Y1 ensure that ψ̄ is locally
Lipschitz continuous near X1. A point x∗1 ∈ X1 is called a stationary point of
(7) if 0 ∈ ∂ψ̄(x∗1) + NX1

(x∗1).

Proposition 3 Suppose that Assumptions 1-2 hold. Then (a) x∗1 is a station-
ary point of problem (7) if and only if (b) there exists a corresponding y∗1 such
that (x∗1, y

∗
1) is a solution of the following variational inequality:{

0 ∈ ∂f(x1) + ∇x1
ψ1(x1, y1) + ∇x1

E [ψ2(x1, y1, ξ)] + NX1
(x1),

0 ∈ −∇y1ψ1(x1, y1) −∇y1E [ψ2(x1, y1, ξ)] + ∂g(y1) + NY1
(y1).

(30)

Moreover, (c) Sg ⊂ Sl ⊂ Skkt are nonempty, where Skkt is the solution set of
(30).

Proof We prove (a) ⇒ (b) firstly. When x∗1 is a stationary point of problem
(7), by Lemma 1 (iii) and Proposition 1 (ii), E[ψ2] is convex-concave and
continuous, combined with strong convexity of g(·) − ψ1(x1, ·), there must
exist a unique y∗1 such that

0 ∈ −∇y1ψ1(x∗1, y
∗
1) −∇y1E [ψ2(x∗1, y

∗
1 , ξ)] + ∂g(y∗1) + NY1

(y∗1),

and ψ̄(x∗1) = ψ(x∗1, y
∗
1). Moreover, by Danskin’s theorem,

∂ψ̄(x∗1) = ∂x1
ψ(x∗1, y

∗
1) = ∂f(x∗1)+∇x1

ψ1(x∗1, y
∗
1)+∇x1

E [ψ2(x∗1, y
∗
1 , ξ)] . (31)

Then 0 ∈ ∂ψ̄(x∗1) + NX1
(x∗1) implies that (x∗1, y

∗
1) is a solution of (30).

The proof of (b) ⇒ (a) is similar and we omit the details.
Now we prove (c). By (31), ψ̄(·) is Lipschitz continuous over X1. Then, by

the compactness of X1, the global optimal solution set of (7), denoted by S∗
ψ̄

,

is nonempty. Then it is easy to check that

Sg :=

{
(x̄∗1, ȳ

∗
1(x̄∗1)) : x̄∗1 ∈ S∗

ψ̄ and ȳ∗
1(x̄∗1) := arg max

y1∈Y1

ψ(x̄∗1, y1)

}
.

By Remark 3, if ȳ1 is a global maximum point of ψ(x̄1, ·), and x̄1 is a
local minimum point of ψ̄(·), then (x̄1, ȳ1) is a local minimax point of problem
(1). It is trivial to observe that all global minimax points satisfy the above
conditions and are therefore local minimax points, that is, Sg ⊂ Sl.

Moreover, Sl ⊂ Skkt follows directly from [20, Theorem 3.11]. □
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Note that problem (8) is also a nonconvex-nonsmooth minimax problem;
consequently, the set of saddle points may be empty. In this case, we consider
global minimax points and local minimax points of (8).

Proposition 4 Under Assumptions 1-2, the following statements hold.

(i) (x̃1, ỹ1) is a global minimax point of (1) if and only if (x̃1, x̃2, ỹ1, ỹ2) is a
global minimax point of (8), where

(x̃2(ξ), ỹ2(ξ)) = (x∗
2(x̃1, ỹ1, ξ),y

∗
2(x̃1, ỹ1, ξ))

is the unique saddle point of the minimax problem in (2) with (x̃1, ỹ1) for
a.e. ξ ∈ Ξ;

(ii) (x̃1, ỹ1) is a local minimax point of (1) if and only if (x̃1, x̃2, ỹ1, ỹ2) is a lo-
cal minimax point of (8), where (x̃2(ξ), ỹ2(ξ)) = (x∗

2(x̃1, ỹ1, ξ),y
∗
2(x̃1, ỹ1, ξ))

is the unique saddle point of the minimax problem in (2) with (x̃1, ỹ1) for
a.e. ξ ∈ Ξ.

Proof (i) We only show the backward implication, since the forward implica-
tion follows from the strong convexity-concavity of the second-stage problem
immediately. For any global minimax point (x̃1, x̃2, ỹ1, ỹ2) ∈ X × Y of the
minimax problem (8), we have

F1(x̃1, ỹ1) + E [F2(x̃2(ξ),y2(ξ), ξ)]

≤F1(x̃1, ỹ1) + E [F2(x̃2(ξ), ỹ2(ξ), ξ)]

≤ max
y′
2(ξ)∈Y2(ỹ1)

F1(x̃1, ỹ1) + E [F2(x2(ξ),y′
2(ξ), ξ)]

for any (x2,y2) ∈ X2(x̃1) ×Y2(ỹ1) with

X2(x̃1) := {x2 ∈ Ln2
p : x2(ξ) ∈ X̌2, T (ξ)x̃1 +W (ξ)x2(ξ) ≤ h(ξ), a.e. ξ ∈ Ξ}

and

Y2(ỹ1) := {y2 ∈ Lm2
p : y2(ξ) ∈ Y̌2, A(ξ)ỹ1 +B(ξ)y2(ξ) ≤ c(ξ), a.e. ξ ∈ Ξ},

which implies (x̃2(ξ), ỹ2(ξ)) is the global minimax point of the second-stage
minimax problem in (2) with (x̃1, ỹ1) for a.e. ξ ∈ Ξ. Since by Lemma 1, the
minimax problem in (2) is strongly convex-strongly concave, (x̃2(ξ), ỹ2(ξ)) =
(x∗

2(x̃1, ỹ1, ξ),y
∗
2(x̃1, ỹ1, ξ)) is the unique saddle point of the second-stage min-

imax problem in (2), and then (10) is equivalent to (6).
The proof of (ii) is similar as (i), we omit the details. □

Remark 7 If F1 is continuously differentiable, then the KKT condition of the
two-stage minimax problem (1)-(2) is

0 ∈ ∇x1F1(x1, y1) + E[T (ξ)⊤πx(ξ)] + NX1(x1),

0 ∈ −∇y1F1(x1, y1) + E[A(ξ)⊤πy(ξ)] + NY1
(y1),

0 = ∇x2(ξ)F2(x2(ξ),y2(ξ), ξ) +W (ξ)⊤πx(ξ),

0 ≤ πx(ξ)⊥h(ξ) − T (ξ)x1 −W (ξ)x2(ξ) ≥ 0,

0 = −∇y2(ξ)F2(x2(ξ),y2(ξ), ξ) +B(ξ)⊤πy(ξ),

0 ≤ πy(ξ)⊥c(ξ) −A(ξ)y1 −B(ξ)y2(ξ) ≥ 0, a.e. ξ ∈ Ξ,

(32)
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where x2 ∈ Ln2
p ,y2 ∈ Lm2

p , πx ∈ Ll2q and πy ∈ Ls2q , with 1/p + 1/q = 1.
Clearly, (32) is a two-stage SVI.

4 Sample average approximation of the two-stage stochastic
minimax problem

In this section, we consider SAA of two-stage stochastic minimax problem (1)-
(2). Let ξ1, · · · , ξN be independent and identically distributed (i.i.d.) samples
of random variable ξ. We consider the following SAA problem:

min
x1∈X1

max
y1∈Y1

ψN (x1, y1) := f(x1) + ψ1(x1, y1) + ΦN (x1, y1) − g(y1), (33)

where ΦN (x1, y1) := 1
N

∑N
i=1 ψ2(x1, y1, ξ

i), ψ2(x1, y1, ξ
i) is defined in (2).

Let ψ̄N (x1) := maxy1∈Y1
ψN (x1, y1). Then x̄N1 is a stationary point of

min
x1∈X1

ψ̄N (x1), (34)

if 0 ∈ ∂ψ̄N (x̄N1 ) + NX1
(x̄N1 ).

Proposition 5 Suppose that Assumptions 1-2 hold. Then x̄N1 is a stationary
point of problem (34) if and only if there exists a corresponding ȳN1 such that
(x̄N1 , ȳ

N
1 ) is a solution of{

0 ∈ ∂f(x1) + ∇x1ψ1(x1, y1) + ∇x1ΦN (x1, y1) + NX1(x1),

0 ∈ −∇y1ψ1(x1, y1) −∇y1ΦN (x1, y1) + ∂g(y1) + NY1(y1).
(35)

Note that ∇x1
ΦN (x1, y1) = 1

N

∑N
i=1 ∇x1ψ2(x1, y1, ξ

i) and ∇y1ΦN (x1, y1) =
1
N

∑N
i=1 ∇y1ψ2(x1, y1, ξ

i). The proof of Proposition 5 is similar as the proof of
Proposition 3, here we omit the details.

Then we consider the convergence between (1) and (33) in the sense of
stationary points of first-stage minimization problem (7) and its SAA problem
(34). By Propositions 3 and 5, that is equivalent to the convergence of solutions
between (30) and (35). We need the following notations.

For simplicity of notation, we set(
Gx(x1, y1)
Gy(x1, y1)

)
:=

(
∂f(x1) + ∇x1ψ1(x1, y1) + ∇x1E [ψ2(x1, y1, ξ)]
−∇y1ψ1(x1, y1) −∇y1E [ψ2(x1, y1, ξ)] + ∂g(y1)

)
(36)

and (
GNx (x1, y1)
GNy (x1, y1)

)
:=

(
∂f(x1) + ∇x1

ψ1(x1, y1) + ∇x1
ΦN (x1, y1)

−∇y1ψ1(x1, y1) −∇y1ΦN (x1, y1) + ∂g(y1)

)
. (37)

Theorem 1 Suppose that Assumptions 1-2 hold and {ξ1, · · · , ξN} is a set of
i.i.d. samples of random variable ξ. Let S∗ be the solution set of SVI (30) and
{(x̄N1 , ȳ

N
1 )} be a sequence of solutions of its SAA problem (35). Then almost

surely (a.s.)
lim
N→∞

D((x̄N1 , ȳ
N
1 ), S∗) = 0. (38)
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Proof Note that, by using notation (36) and (37), SVI (30) and its SAA prob-
lem (35) can be written as

0 ∈
(
Gx(x1, y1)
Gy(x1, y1)

)
+NX1×Y1

((x1, y1)), and 0 ∈
(
GNx (x1, y1)
GNy (x1, y1)

)
+NX1×Y1

((x1, y1)).

Moreover, since ∂f(·) and ∂g(·) are outer semicontinuous (osc)1 [11, Proposi-

tion 2.1.5],

(
Gx(·, ·)
Gy(·, ·)

)
and

(
GNx (·, ·)
GNy (·, ·)

)
are osc. By [41, Lemma 4.2 (i)], for any

ϵ > 0, there exists a δ > 0 such that if

sup
(x1,y1)∈X1×Y1

D
((

GNx (x1, y1)
GNy (x1, y1)

)
,

(
Gx(x1, y1)
Gy(x1, y1)

))
≤ δ, (39)

then D(SN , S
∗) ≤ ϵ, where SN is the solution set of the SAA problem (35).

Then we only need to show that, for any δ > 0, (39) holds for N sufficiently
large. Note that for any set A,B,C ⊂ Rn1+m1 , D(A + C,B + C) ≤ D(A,B),
then

D
((

GNx (x1, y1)
GNy (x1, y1)

)
,

(
Gx(x1, y1)
Gy(x1, y1)

))
≤
∥∥∥∥(∇x1

ΦN (x1, y1) −∇x1
E [ψ2(x1, y1, ξ)]

∇y1ΦN (x1, y1) −∇y1E [ψ2(x1, y1, ξ)]

)∥∥∥∥
≤
∥∥∥∥(∇x1

ΦN (x1, y1) −∇x1
E [ψ2(x1, y1, ξ)]

∇y1ΦN (x1, y1) −∇y1E [ψ2(x1, y1, ξ)]

)∥∥∥∥
1

.

Moreover, by Lemma 1, ψ2(·, ·, ξ) is continuously differentiable, then we have
∇x1

E [ψ2(x1, y1, ξ)] = E [∇x1
ψ2(x1, y1, ξ)], ∇y1E [ψ2(x1, y1, ξ)] = E [∇y1ψ2(x1, y1, ξ)],

∇x1
ψ2(·, ·, ξ) = T (ξ)⊤πx2

(·, ·, ξ) and ∇y1ψ2(·, ·, ξ) = −A(ξ)⊤πy2(·, ·, ξ) are
Lipschitz continuous over the compact set X1 × Y1. By the uniform law of
large numbers [34, Theorem 9.60],

lim
N→∞

sup
(x1,y1)∈X1×Y1

i=1,··· ,n1+m1

∣∣∣∣(∇x1
ΦN (x1, y1) −∇x1

E [ψ2(x1, y1, ξ)]
∇y1ΦN (x1, y1) −∇y1E [ψ2(x1, y1, ξ)]

)
i

∣∣∣∣ = 0, a.s.

and then

lim
N→∞

sup
(x1,y1)∈X1×Y1

D
((

GNx (x1, y1)
GNy (x1, y1)

)
,

(
Gx(x1, y1)
Gy(x1, y1)

))
= 0, a.s.,

which implies (38). □

1 A multifunction S : Rn ⇒ Rn is osc, if for all ϵ > 0, there exists δ > 0 such that
S(x′) ⊂ S(x) + ϵBn for all x′ ∈ x+ δBn, where Bn denotes the unit ball in Rn [11,32].
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5 The inexact parallel proximal gradient descent ascent algorithm
for two-stage stochastic minimax problem

This section presents IPPGDA algorithm for the SAA problem (33) of the two-
stage stochastic minimax problem (1)-(2). Let f̄ := f + 1X1

and ḡ := g+ 1Y1
,

where 1 denotes the indicator function. Throughout this section, assume that
g is convex and ψ1(x1, ·) is concave for every x1 ∈ X1, and set βy1 = 1/Lyy,
with Lyy > 0 specified below.

Algorithm 1 IPPGDA algorithm for the two-stage stochastic minimax prob-
lem (1)-(2)

Require: initial point (x11, y
1
1), stepsizes β

y
1 = 1/Lyy , βx

1 and sequence {ϵk}
1: for k = 1, 2, · · · do
2: for i = 1, 2, · · · , N do

3: Solve (13) with given (xk1 , y
k
1 ) and ξ

i to obtain µ̃k,i := (x̃k,i2 , ỹk,i2 , π̃i
xk
2

, π̃i
yk
2

), such

that ∥H(µ̃k,i, ξi)∥ < ϵk.
4: end for
5: ṽkx = 1

N

∑N
i=1 T (ξ

i)⊤π̃i
xk
2

6: ṽky = − 1
N

∑N
i=1 A(ξ

i)⊤π̃i
yk
2

7: yk+1
1 = argmaxy1∈Rm1 {⟨∇y1ψ1(xk1 , y

k
1 ) + ṽky , y1 − yk1 ⟩ − ḡ(y1)− 1

2β
y
1
∥y1 − yk1∥2}

8: xk+1
1 = argminx1∈Rn1 {f̄(x1) + ⟨∇x1ψ1(xk1 , y

k
1 ) + ṽkx, x1 − xk1⟩+

1
2βx

1
∥x1 − xk1∥2}

9: end for

Remark 8 IPPGDA algorithm is an inexact version of PPGDA in [12]. Since
the gradient of the second-stage minimax value function ΦN (x1, y1) cannot
be computed exactly, we cannot apply PPGDA. Instead, IPPGDA algorithm
finds an inexact solution of problem (13), which defines an inexact gradient
of ΦN (x1, y1) at each step. In Section 5.4, we will show that under suitable

conditions, ∥H(µ̃k,i, ξi)∥ <
δk
√
λ

max{ā,t̄} implies ∥π̃i
xk
2
− πi

xk
2
∥ ≤ δk

t̄ and ∥π̃i
yk2

−

πi
yk2
∥ ≤ δk

ā , where ā := maxξ∈Ξ ∥A(ξ)∥, t̄ := maxξ∈Ξ ∥T (ξ)∥, (πi
xk
2
, πi
yk2

) is the

π-component of the unique solution to (13). Let

δkx := ṽkx − vkx, δky := ṽky − vky ,

where vkx and vky are the true gradients of ΦN (x1, y1) w.r.t. x1 and y1. Conse-

quently, ∥δkx∥ = ∥ṽkx − vkx∥ ≤ δk and ∥δky∥ = ∥ṽky − vky∥ ≤ δk. The requirement

of {δk} for convergence of IPPGDA algorithm will be presented in Lemma 5.

We consider the SAA two-stage stochastic minimax problem (33) as the
following minimization problem

min
x1

ΨN (x1) := f̄(x1) + θN (x1), (40)
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where
θN (x1) := max

y1
ψ1(x1, y1) + ΦN (x1, y1) − ḡ(y1),

and prove that the subsequence and global convergence of IPPGDA algorithm
to a critical point of problem (40). As in [12], we consider the perturbed
gradient-like descent sequence as follows:

Definition 9 A sequence {(xk1 , νk)}k∈N ⊂ dom ΨN ×R+ is called a perturbed
gradient-like descent sequence if the following conditions hold.

– Condition 1 (Perturbed sufficient decrease property). There exists c1 > 0
such that for every k ∈ N,

c1(∥xk+1
1 −xk1∥2 +ν2k) ≤

(
ΨN (xk1) +

1

2
ν2k

)
−
(
ΨN (xk+1

1 ) +
1

2
ν2k+1

)
. (41)

– Condition 2 (Perturbed subgradient lower bound on iterates gap). There
exists c2 > 0 such that for every k ∈ N, one can find ζk+1 ∈ ∂ΨN (xk+1

1 ),
which satisfies

∥ζk+1∥ ≤ c2(∥xk1 − xk+1
1 ∥ + νk). (42)

– Condition 3. Let {xk1}k∈K⊂N be a subsequence that converges to a point
x̄N1 . Then

lim sup
k→∞, k∈K

ΨN (xk1) ≤ ΨN (x̄N1 ).

The focus of this section is on how to incorporate the error terms ∥ṽkx − vkx∥
and ∥ṽky −vky∥ into the perturbed gradient-like descent sequence, satisfying the
three conditions in Definition 9, without increasing the computational burden.

In Section 5.1, we establish key estimates for the sequences {(xk1 , y
k
1 )}. In

Section 5.2, we verify that the generated sequence {(xk1 , νk)}k∈N is a perturbed
gradient-like descent sequence. Section 5.3 investigates the Kurdyka– Lojasiewicz
(KL) properties of the problem and the subsequence and global convergence
of IPPGDA algorithm to a critical point of (40). In Section 5.4, we address the
second-stage problem with an inexact solution. Finally, Section 5.5 presents
numerical experiments to illustrate the performance of the proposed IPPGDA
algorithm and the convergence behavior of the SAA approach.

5.1 The key estimates of IPPGDA algorithm

We consider Lipschitz continuity properties of problem (40) in the following
lemma. To this end, in addition to the Lipschitz continuity of ∇ψ1, we further
assume that there exist L1

xx > 0, L1
xy > 0, L1

yx > 0, L1
yy > 0 such that for any

x1, x̄1 ∈ Rn1 and y1, ȳ1 ∈ Rm1 ,

∥∇x1
ψ1(x1, y1) −∇x1

ψ1(x̄1, y1)∥ ≤ L1
xx∥x1 − x̄1∥,

∥∇x1
ψ1(x1, y1) −∇x1

ψ1(x1, ȳ1)∥ ≤ L1
xy∥y1 − ȳ1∥,

∥∇y1ψ1(x1, y1) −∇y1ψ1(x̄1, y1)∥ ≤ L1
yx∥x1 − x̄1∥,

∥∇y1ψ1(x1, y1) −∇y1ψ1(x1, ȳ1)∥ ≤ L1
yy∥y1 − ȳ1∥.
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Lemma 2 Let

ỹN1 (x1) := arg max
y1∈Y1

ψ1(x1, y1) + ΦN (x1, y1) − ḡ(y1). (43)

Under Assumption 1, the following statements hold.
(i) There exists Lyx > 0 such that ỹN1 : Rn1 → Rm1 is (Lyx/σ)-Lipschitz

continuous.
(ii) ∇θN (x1) = ∇x1

ψ1(x1, ỹ
N
1 (x1)) + ∇x1

ΦN (x1, ỹ
N
1 (x1)).

(iii) There exists Lθ > 0 such that ∇θN (·) is Lθ-Lipschitz continuous.

Proof By Lemma 1 (iii), both

∇x1ΦN (·, ·) =
1

N

N∑
i=1

T (ξi)⊤πx2
(·, ·, ξi)

and

∇y1ΦN (·, ·) =
1

N

N∑
i=1

−A(ξi)⊤πy2(·, ·, ξi)

are Lipschitz continuous over X1 × Y1. Then there exist L2
xx > 0, L2

xy > 0,
L2
yx > 0 and L2

yy > 0 such that for any x1, x̄1 ∈ X1 and y1, ȳ1 ∈ Y1,

∥∇x1
ΦN (x1, y1) −∇x1

ΦN (x̄1, y1)∥ ≤ L2
xx∥x1 − x̄1∥,

∥∇x1ΦN (x1, y1) −∇x1ΦN (x1, ȳ1)∥ ≤ L2
xy∥y1 − ȳ1∥,

∥∇y1ΦN (x1, y1) −∇y1ΦN (x̄1, y1)∥ ≤ L2
yx∥x1 − x̄1∥,

∥∇y1ΦN (x1, y1) −∇y1ΦN (x1, ȳ1)∥ ≤ L2
yy∥y1 − ȳ1∥.

Let Lxx := L1
xx +L2

xx, Lxy := L1
xy +L2

xy, Lyx := L1
yx +L2

yx, Lyy := L1
yy +L2

yy

and Lθ = Lxx +
LxyLyx

σ . Then (i) is from [12, Lemma 1], (ii) is from [12,
Proposition 1] and (iii) is from [12, Lemma 2]. □

Then we analyze the y-step (step 7) and establish the inexact relation-
ship between yk+1

1 and yk1 , and the corresponding maximizers ỹN1 (xk1) and
ỹN1 (xk+1

1 ).

Lemma 3 Suppose that Assumption 1 holds. Let κ = Lyy/σ and ϵky =
2∥δky∥
σ+Lyy

.

Then for any β > 0 and every k ∈ N (with k ≥ 2 in (45) and (47)), we have

∥yk+1
1 − ỹN1 (xk+1

1 )∥ ≤
√
κ/(κ+ 1)∥yk1 − ỹN1 (xk1)∥+

Lyx
σ

∥xk+1
1 −xk1∥+ϵky , (44)

∥yk+1
1 − ỹN1 (xk1)∥ ≤

√
κ/(κ+ 1)

(
∥yk1 − ỹN1 (xk−1

1 )∥ +
Lyx
σ

∥xk1 − xk−1
1 ∥

)
+ ϵky ,

(45)
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∥yk+1
1 − ỹN1 (xk+1

1 )∥2 ≤ (1 + β)
(κ+ 1/2

κ+ 1
∥yk1 − ỹN1 (xk1)∥2

+
(2κ+ 1)L2

yx

σ2
∥xk+1

1 − xk1∥2
)

+ (1 + β−1)(ϵky)2, (46)

∥yk+1
1 − ỹN1 (xk1)∥2 ≤ (1 + β)

κ+ 1/2

κ+ 1

(
∥yk1 − ỹN1 (xk−1

1 )∥2 +
2κL2

yx

σ2
∥xk1 − xk−1

1 ∥2
)

+ (1 + β−1)(ϵky)2 (47)

Proof Consider the following problem:

min
y1∈Rm1

Γk(y1) := ḡ(y1) − ψ1(xk1 , y1) − ΦN (xk1 , y1). (48)

Then ỹN1 (xk1) = arg miny1∈Rm1 Γk(y1) is unique. By σ-strong convexity of Γk,
it follows that

Γk(yk+1
1 ) − Γk(ỹN1 (xk1)) ≥ ⟨0, yk+1

1 − ỹN1 (xk1)⟩ +
σ

2
∥yk+1

1 − ỹN1 (xk1)∥2.

Note that yk+1
1 ∈ Y1 and ỹN1 (xk1) ∈ Y1. Applying [38, Lemma 3.1] to ḡ(y1) −

⟨∇y1ψ1(xk1 , y
k
1 ) + vky + δky , y1⟩ yields:

2

Lyy

[
ḡ(yk+1

1 ) − ḡ(ỹN1 (xk1)) − ⟨∇y1ψ1(xk1 , y
k
1 ) + vky + δky , y

k+1
1 − ỹN1 (xk1)⟩

]
≤ ∥yk1 − ỹN1 (xk1)∥2 − ∥yk+1

1 − ỹN1 (xk1)∥2 − ∥yk+1
1 − yk1∥2.

(49)
Applying [38, Lemma 3.3] to ψ1(xk1 , y1) + ΦN (xk1 , y1) gives:

ψ1(xk1 , ỹ
N
1 (xk1)) + ΦN (xk1 , ỹ

N
1 (xk1)) −

(
ψ1(xk1 , y

k+1
1 ) + ΦN (xk1 , y

k+1
1 )

)
≤ ⟨−∇y1ψ1(xk1 , y

k
1 ) − vky , y

k+1
1 − ỹN1 (xk1)⟩ +

Lyy
2

∥yk+1
1 − yk1∥2.

(50)

Combining (48)-(50), we obtain:

Lyy
2

(
∥yk1 − ỹN1 (xk1)∥2 − ∥yk+1

1 − ỹN1 (xk1)∥2
)

+ ∥δky∥∥yk+1
1 − ỹN1 (xk1)∥

≥ Γk(yk+1
1 ) − Γk(ỹN1 (xk1))

≥ σ

2
∥yk+1

1 − ỹN1 (xk1)∥2.

Consequently,

∥yk+1
1 − ỹN1 (xk1)∥2 ≤ Lyy

σ + Lyy
∥yk1 − ỹN1 (xk1)∥2 + ϵky∥yk+1

1 − ỹN1 (xk1)∥,



Solutions of Two-stage Stochastic Minimax Problems 25

which implies

(
∥yk+1

1 − ỹN1 (xk1)∥ − 1

2
ϵky

)2

≤

( √
Lyy√

σ + Lyy
∥yk1 − ỹN1 (xk1)∥ +

1

2
ϵky

)2

.

Then the above inequality implies

∥yk+1
1 − ỹN1 (xk1)∥ ≤

√
κ/(κ+ 1)∥yk1 − ỹN1 (xk1)∥ + ϵky .

Combining the triangle inequality, the Lipschitz continuity of ỹN1 (·) (Lemma
2 (i)) and the above inequality, we have (44) and (45) as follows:

∥yk+1
1 − ỹN1 (xk+1

1 )∥ ≤ ∥yk+1
1 − ỹN1 (xk1)∥ + ∥ỹN1 (xk1) − ỹN1 (xk+1

1 )∥

≤
√

κ

κ+ 1
∥yk1 − ỹN1 (xk1)∥ +

Lyx
σ

∥xk+1
1 − xk1∥ + ϵky

and

∥yk+1
1 − ỹN1 (xk1)∥ ≤

√
κ

κ+ 1
∥yk1 − ỹN1 (xk1)∥ + ϵky

≤
√

κ

κ+ 1

(
∥yk1 − ỹN1 (xk−1

1 )∥ + ∥ỹN1 (xk1) − ỹN1 (xk−1
1 )∥

)
+ ϵky

≤
√

κ

κ+ 1

(
∥yk1 − ỹN1 (xk−1

1 )∥ +
Lyx
σ

∥xk1 − xk−1
1 ∥

)
+ ϵky .

Finally, squaring both sides of (44) and (45), and applying (a + b)2 ≤ (1 +
γ)a2 + (1 + γ−1)b2 twice with γ = 1/(2κ) and β, respectively, we obtain (46)
and (47). □

Next we consider the x-step (step 8) from view of function value gap and
subgradient bound in the following lemma.

Lemma 4 Suppose that Assumption 1 holds. Let {(xk1 , y
k
1 )}k∈N be the se-

quence generated by IPPGDA algorithm. Then

(i) for every k ≥ 1, we have

ΨN (xk+1
1 ) − ΨN (xk1) ≤ −1

2

(
1

βx1
− L2

xy − Lθ − 1

)
∥xk+1

1 − xk1∥2

+
1

2
∥yk1 − ỹN1 (xk1)∥2 +

1

2
∥δkx∥2; (51)

(ii) there exist M > 0 and ζk+1 ∈ ∂ΨN (xk+1
1 ), which satisfy

∥ζk+1∥ ≤M(∥xk+1
1 − xk1∥ + ∥yk1 − ỹN1 (xk1)∥) + ∥δkx∥. (52)
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Proof The proof of the lemma is similar as [12, Lemmas 7 and 8]. Note that
the key difference is that there is a δkx in x-step (step 8) as follows

xk+1
1 = arg min

x1∈Rn1

{
f̄(x1)+ ⟨∇x1ψ1(xk1 , y

k
1 )+vkx + δkx, x1−xk1⟩+

1

2βx1
∥x1−xk1∥2

}
.

This leads to the 1
2∥δ

k
x∥2 in (51) and ∥δkx∥ in (52). Since the remainder of the

proof is essentially the same as in [12, Lemmas 7 and 8], we omit the details
of the proof. □

Remark 9 Lemmas 3 and 4 are extensions of [12, Lemmas 6, 7, and 8]. In
[12], the authors analyzed the divergence caused by using an inexact proximal
gradient step:

yk+1
1 = arg max

y1∈Rm1

{〈
∇y1ψ1(xk1 , y

k
1 ) + vky , y1 − yk1

〉
− ḡ(y1) − 1

2βy1
∥y1 − yk1∥2

}
to approximate the inner maximization (43). Different from the PPGDA in
[12], we can not calculate vky in step 7 and vkx in step 8 of Algorithm 1 exactly.

Instead, we do inexact proximal gradient steps with inexact terms ṽkx and ṽky .

5.2 Perturbed gradient-like descent sequence

In this section, we show that the sequence {(xk1 , νk)} is a perturbed gradient-
like descent sequence, where νk is defined as

νk :=
√
s∥yk1 − ỹN1 (xk1)∥2 + (δk−1)2, (53)

where s > 0, δk ≥ max{∥δkx∥, ∥δky∥} and {δk} ↓ 0. We consider the perturbed
sufficient descent property firstly.

Lemma 5 Let {(xk1 , y
k
1 )}k∈N be the sequence generated by Algorithm 1. Sup-

pose that Assumption 1 holds and there is β ∈ (0, 1
2κ+1 ) such that

1

βx1
> L2

xy + Lθ + 1 + max

{
η̄,

(2κ+ 2)η̄

(1 − β − 2βκ)

}
> 0,

s ∈

(
2κ+ 2

1 − β − 2βκ
,

( 1
βx
1
− L2

xy − Lθ − 1)

η̄

)
,

and

(δk−1)2 ≥ κ+ 1

(1 + β)(κ+ 1/2)

(
4s(1 + β)

β(σ + Lyy)2
+ 2

)
(δk)2, (54)

where η̄ :=
(1+β)(2κ+1)L2

yx

σ2 . Then there exists c1 > 0 such that for every k ∈ N,
(41) (Condition 1 in Definition 9) holds.
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Proof For every k ∈ N, let

∆k :=

(
ΨN (xk+1

1 ) +
1

2
ν2k+1

)
−
(
ΨN (xk1) +

1

2
ν2k

)
.

Then by Lemma 4 (i), we have

∆k ≤ 1

2

(
L2
xy + Lθ + 1 − 1

βx1

)
∥xk+1

1 − xk1∥2 +
1

2
∥δkx∥2 +

1

2s
ν2k +

1

2
(ν2k+1 − ν2k).

(55)

Moreover, by applying (46) in Lemma 3, we have

ν2k+1 + ∥δkx∥2 = s∥yk+1
1 − ỹN1 (xk+1

1 )∥2 + (δk)2 + ∥δkx∥2

≤ (1 + β)(κ+ 1/2)

κ+ 1
s∥yk1 − ỹN1 (xk1)∥2 +

(
4s(1 + β)

β(σ + Lyy)2
+ 2

)
(δk)2

+ η̄s∥xk1 − xk+1
1 ∥2.

(56)
Substituting (δk−1)2 (in (54)) into (56), we have

ν2k+1 + ∥δkx∥2 ≤ (1 + β)(κ+ 1/2)

κ+ 1

(
s∥yk1 − ỹN1 (xk1)∥2 + (δk−1)2

)
+ η̄s∥xk1 − xk+1

1 ∥2

=
(1 + β)(κ+ 1/2)

κ+ 1
ν2k + η̄s∥xk1 − xk+1

1 ∥2.
(57)

Combining (55) and (57), we obtain

∆k ≤ − t1
2
∥xk+1

1 − xk1∥2 −
t2
2
ν2k

with

t1 =
1

βx1
− L2

xy − Lθ − 1 − η̄s

and

t2 = 1 − 1

s
− (1 + β)(κ+ 1/2)

κ+ 1
=
s( 1−β

2 − βκ) − κ− 1

s(κ+ 1)
.

Since β < 1
1+2κ and s > 2κ+2

1−β−2βκ > 0, we have t2 > 0. Moreover, by the
assumed stepsize condition

1

βx1
> L2

xy + Lθ + 1 + max

{
η̄,

(2κ+ 2)η̄

(1 − β − 2βκ)

}
> 0,

we have t1 > 0, 2κ+2
1−β−2βκ <

( 1
βx
1
−L2

xy−Lθ−1)

η̄ and s ∈ ( 2κ+2
1−β−2βκ ,

( 1
βx
1
−L2

xy−Lθ−1)

η̄ ).

Then we obtain (41) (Condition 1) with c1 = min{t1, t2}/2. □

We then consider perturbed subgradient lower bound property (Condition
2 in Definition 9).
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Lemma 6 (Perturbed subgradient lower bound) Suppose that Assump-
tion 1 holds. Let {(xk1 , y

k
1 )}k∈N be the sequence generated by Algorithm 1, and

{νk}k∈N be defined in (53). Then, there exists c2 > 0 such that for every
k ∈ N, one can find ζk+1 ∈ ∂ΨN (xk+1

1 ), which satisfies (42) (Condition 2 in
Definition 9).

Proof By Lemma 4 (ii), there exists M > 0 such that for every k > 0 and

c2 = max
{
M,
√

max {2M2/s, 2}
}

, one can find ζk+1 ∈ ∂ΨN (xk+1
1 ) such that

∥ζk+1∥ ≤ M(∥xk+1
1 − xk1∥ + ∥yk1 − ỹN1 (xk1)∥) + ∥δkx∥

≤ M(∥xk+1
1 − xk1∥) +

√
2M2∥yk1 − ỹN1 (xk1)∥2 + 2(δk−1)2

≤ M(∥xk+1
1 − xk1∥) +

√
max

{
2M2

s , 2
}
νk

≤ c2(∥xk+1
1 − xk1∥ + νk),

where the second inequality follows from (a + b)2 ≤ (1 + γ)a2 + (1 + γ−1)b2

and ∥δkx∥ ≤ δk ≤ δk−1 in (54). □

Then we consider Condition 3 in Definition 9.

Lemma 7 Suppose that Assumption 1 holds. Let {(xk1 , y
k
1 )}k∈N be the se-

quence generated by Algorithm 1, and {νk}k∈N be as defined in (53), such
that {(xk1 , νk)}k∈N satisfies Condition 1 in Definition 9. Let {xk1}k∈K⊂N be a
subsequence that converges to a point x̄1. Then

lim sup
k→∞,k∈K

ΨN (xk1) ≤ ΨN (x̄1).

Proof The proof of the lemma is similar to that of [12, Lemma 13]; the only
difference is that we need to add a noise term δkx after ∇x1

ψ1(xk1 , y
k
1 )+vkx (that

is ∇uc(u
l, wl) in the proof of [12, Lemma 13]). Note that this change does not

alter the proof process, we omit the details of the proof here. □

5.3 Subsequence and global convergence

In the above section, we have verified three conditions in Definition 9, which
implies the sequence {xk1 , νk} is a perturbed gradient-like descent sequence.
Now we investigate the subsequence and global convergence of IPPGDA algo-
rithm. We start from the KL property of our problem.

Assumption 3 f , ψ1, F2(·, ·, ξi)(i = 1, · · · , N), and g are semialgebraic, and
X1, Y1 are semialgebraic sets.

Lemma 8 Let ϕ : Rn × Rm → R be a semialgebraic function and Q be a
semialgebraic set in y-space. Suppose that, for every x ∈ Rn, the minimum of
ϕ(x, ·) over Q is attained. Then the function φ(·) := min{ϕ(·, y) : y ∈ Q} is
semialgebraic.
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Proof Since ϕ and Q are semialgebraic, the set

epi ϕ = {(x, y, α) : α ≥ ϕ(x, y), x ∈ Rn, y ∈ Q}

is semialgebraic. Since the minimum defining φ(x) is attained for every x, we
have

epiφ = {(x, α) : ∃y ∈ Q such that α ≥ ϕ(x, y)},

which is the projection of epi ϕ onto the (x, α)-space. By the Tarski–Seidenberg
theorem, epiφ is semialgebraic [18, Page 395]. Therefore, φ is a semialgebraic
function.

Proposition 6 Suppose that Assumptions 1 and 3 hold. Then ΨN is semial-
gebraic.

Proof Note that 1Y2(y1,ξ)(y2) and 1X2(x1,ξ)(x2) are semialgebraic functions
w.r.t. (y1, y2) and (x1, x2) respectively. Moreover, by (11) and (2), for any ξi,
i = 1, · · · , N ,

f21(x2, y1, ξ
i) = max

y2
F2(x2, y2, ξ

i) − 1Y2(y1,ξi)(y2)

and

ψ2(x1, y1, ξ
i) = min

x2

f21(x2, y1, ξ
i) + 1X2(x1,ξi)(x2).

Then by Assumption 3 and Lemma 8, f21(x2, y1, ξ
i) is semialgebraic, and then

ψ2(x1, y1, ξ
i) is semialgebraic for every ξi, i = 1, · · · , N .

Since ψ1, ψ2(·, ·, ξi), i = 1, · · · , N , g, and Y1 are semialgebraic, Lemma 8
implies that θN is semialgebraic. Since f and X1 are semialgebraic, so are
f̄ = f + 1X1 and ΨN . □

Unlike the direct assumption of semialgebraicity for related functions in
[12], we must rigorously establish the semialgebraic property of function ΨN
in our framework.

Finally, we arrive the subsequence and global convergence here.

Theorem 2 Suppose that Assumption 1 holds. Let {(xk1 , y
k
1 )}k∈N be the se-

quence generated by Algorithm 1 under the conditions of Lemma 5. Then the
following statements hold.

(i) There exists a nonempty and bounded set of cluster points of the sequence
{xk1}k∈N, such that there exists Ω ⊂ crit ΨN , limk→∞ dist(xk1 , Ω) = 0, and
ΨN is finite and constant on Ω. Moreover, let {xk1}k∈K⊂N be a subsequence
converging to point x̄N1 ∈ X1. Then the subsequence {yk1}k∈K⊂N converges
to ỹN1 (x̄N1 );

(ii) In addition, suppose Assumption 3 holds. Then
∑∞
k=1 ∥x

k+1
1 − xk1∥ < ∞

and {xk1}k∈N converges to a critical point x̄N1 ∈ crit ΨN . Moreover, {yk1}k∈N
converges to ỹN1 (x̄N1 ).
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Proof Since X1 is compact, by Lemmas 5-7, the sequence {(xk1 , νk)}k∈N is a
gradient-like descent sequence and the subsequence convergence of {xk1}k∈N
comes from [12, Lemma 4]. Moreover, under Assumption 3, by Proposition
6, ΨN is semialgebraic. The estimates also hold for the limiting subdifferen-
tial, so [12, Theorem 1] gives global convergence. Its inclusion in the Clarke
subdifferential yields Clarke stationarity.

Moreover, since the sequence {(xk1 , νk)}k∈N satisfies Condition 1 in Defini-
tion 9 and X1 is compact, by [12, Lemma 3], we have νk → 0 which implies
s∥yk1 − ỹN1 (xk1)∥ → 0. Note from Lemma 2 that ỹN1 (·) is continuous, we have
in part (i),

lim
k→∞,k∈K

∥yk1−ỹN1 (x̄N1 )∥ ≤ lim
k→∞,k∈K

(∥yk1−ỹN1 (xk1)∥+∥ỹN1 (xk1)−ỹN1 (x̄N1 )∥) = 0,

the subsequence convergence of {yk1}; and in part (ii),

lim
k→∞

∥yk1 − ỹN1 (x̄N1 )∥ ≤ lim
k→∞

(∥yk1 − ỹN1 (xk1)∥ + ∥ỹN1 (xk1) − ỹN1 (x̄N1 )∥) = 0,

the global convergence of {yk1}. □

5.4 A semi-smooth Newton method for problem (13)

By Remark 8, in step 3 of Algorithm 1, for i = 1, · · · , N and every iteration k,
our purpose is to find a π-component of an inexact solution of (13), denoted

by (π̃i
xk
2
, π̃i
yk2

), such that ∥π̃i
xk
2
− πi

xk
2
∥ ≤ δk

t̄ and ∥π̃i
yk2

− πi
yk2
∥ ≤ δk

ā . In this sec-

tion, we apply a semi-smooth Newton method with the residual tolerance

ϵk :=
δk
√
λ

max{t̄,ā} , which, by Theorem 3, guarantees the error bounds required in

Remark 8.
For a fixed (x2, y2, ξ), let

M1 ∈
(
∂2x2x2

F2(x2, y2, ξ) ∂2x2y2F2(x2, y2, ξ)
−∂2y2x2

F2(x2, y2, ξ) −∂2y2y2F2(x2, y2, ξ)

)
, M2 :=

(
W (ξ) 0

0 B(ξ)

)
,

and let U ∈ R(l2+s2)×(l2+s2) be a diagonal matrix with uii ∈ [0, 1], i =
1, . . . , l2+s2. Note that M2 is of full row rank. Then every matrix in ∂µH(µ, ξ)
is of the form

JH(µ, ξ) =

(
M1 M⊤

2

(U − I)M2 U

)
.

Note that M1 and M2 depend on (x2, y2, ξ) and ξ, respectively, but their
arguments are omitted for notational simplicity.

For any ξ ∈ Ξ, define

Jc(ξ) := conv

 ⋃
µ∈X̌2×Y̌2×Rl2+s2

∂µH(µ, ξ)

 ,
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where “conv” denotes the convex hull. Every Ĵ ∈ Jc(ξ) can therefore be
written as

Ĵ =

(
M1 M⊤

2

(U − I)M2 U

)
,

where M1 is a convex combination of the corresponding matrices specified
above, and U is diagonal with diagonal entries in [0, 1].

Proposition 7 Suppose that Assumptions 1–2 hold. There exists λ > 0 such
that, for every ξ ∈ Ξ and every Ĵ ∈ Jc(ξ), Ĵ is nonsingular and ∥Ĵ−1∥ ≤ 1√

λ
.

Proof Since F2(·, ·, ξ) is σ-strongly convex-strongly concave, its saddle-gradient
mapping is σ-strongly monotone, so every M1 occurring in the representation
of Ĵ ∈ Jc(ξ) is nonsingular. By the Schur complement, the determinant of Ĵ
is given by

det(Ĵ) = det(M1) det
(
U − (U − I)M2M

−1
1 M⊤

2

)
.

Furthermore, since M2 is of full row rank, the strong monotonicity of M1

implies that M2M
−1
1 M⊤

2 is positive definite. It then follows from [17,10] that

U − (U − I)M2M
−1
1 M⊤

2

is nonsingular. Therefore, Ĵ is nonsingular.
Moreover, by the compactness of X̌2 × Y̌2 × Ξ, the outer semicontinuity

and local boundedness of the Clarke generalized Jacobian, and the above block
representation, the matrices in Jc(ξ) form a compact set as ξ ranges over Ξ.
Since every such matrix is nonsingular,

0 < λ := min
ξ∈Ξ

Ĵ∈Jc(ξ)

λmin(Ĵ⊤Ĵ).

Consequently,

∥Ĵ−1∥ ≤ 1√
λ
, ξ ∈ Ξ, Ĵ ∈ Jc(ξ).

This completes the proof. □

Definition 10 [28,30] The nonlinear functionH(·, ξ) is semi-smooth, ifH(·, ξ)
is locally Lipschitz and for all d ∈ Rn2+m2+l2+s2 such that the following limit
exists:

lim
G∈∂µH(µ+td̃,ξ),d̃→d,t↓0

Gd̃.

Assumption 4 For any ξ ∈ Ξ, ∇x2F2(·, ·, ξ) and ∇y2F2(·, ·, ξ) are semi-
smooth over X̌2 × Y̌2.

Proposition 8 Under Assumption 4, for any ξ ∈ Ξ, H(·, ξ) is semi-smooth
over X̌2 × Y̌2 × Rl2+s2 .
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Proof Since the “min” operator is a semi-smooth operator [28,30], and the
corresponding functions in “min” operator are linear functions, min(·, h(ξ) −
T (ξ)x1−W (ξ)·) and min(·, c(ξ)−A(ξ)y1−B(ξ)·) are semi-smooth. Combining
with Assumption 4, H(·, ξ) is semi-smooth over X̌2 × Y̌2 × Rl2+s2 . □

Then we apply the following generalized-Jacobian-based semismooth New-
ton iteration [28,30] to solve the system of nonlinear equations (13).

Algorithm 2 Semi-smooth Newton method for nonlinear equation (13)

Require: initial point µ0 and t := 0
1: while ∥H(µt, ξ)∥ ≥ ϵ do
2: Choose Gt ∈ ∂µH(µt, ξ) and solve Gtdt = −H(µt, ξ) for dt.
3: Set µt+1 := µt + dt and t := t+ 1 .
4: end while
Ensure: µt

The following theorem gives the local convergence and residual control
required by IPPGDA for the unit-step iteration in Algorithm 2. In the numer-
ical implementation, damping or backtracking may be used as a globalization
device before the local regime is reached.

Theorem 3 Suppose that Assumptions 1, 2 and 4 hold. Then, for any ξ ∈ Ξ,
let µ∗ be the unique solution of (13). There exists a neighborhood U of µ∗ such
that, if µ0 ∈ U , the following statements hold:

(i) The unit-step sequence generated by Algorithm 2 is well defined, remains
in U , and converges superlinearly to µ∗. Moreover, {∥H(µt, ξ)∥} converges
to 0 superlinearly;

(ii) the entire sequence {µt} satisfies

∥µt − µ∗∥ ≤ 1√
λ
∥H(µt, ξ)∥,

where λ > 0 is the constant in Proposition 7.

Proof Under Assumptions 1–2, by Lemma 1, for any ξ ∈ Ξ, there exists a
unique µ∗ ∈ Rn2+m2+l2+s2 such that H(µ∗, ξ) = 0.

By the definition of Jc(ξ), every generalized Jacobian used in Algorithm 2
belongs to Jc(ξ). Hence, by Proposition 7, it is nonsingular and satisfies

∥G(µ, ξ)−1∥ ≤ 1√
λ
.

Moreover, under Assumption 4, Proposition 8 shows that H(·, ξ) is semi-
smooth at µ∗. Therefore, the standard local convergence result for the generalized-
Jacobian-based semi-smooth Newton method [30, Corollary 3.4] implies that
there exists a neighborhood U of µ∗ such that, whenever µ0 ∈ U , the unit-step
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sequence generated by Algorithm 2 is well defined, remains in U , and con-
verges superlinearly to µ∗. The corresponding residual sequence {∥H(µt, ξ)∥}
also converges to 0 superlinearly. This proves part (i).

We next prove part (ii). By the generalized mean-value theorem for locally
Lipschitz vector-valued mappings [19, Remark 2, equations (8)–(9)] and the

definition of Jc(ξ), there exists Ĵ t ∈ Jc(ξ) such that

H(µt, ξ) −H(µ∗, ξ) = Ĵ t(µt − µ∗).

Since H(µ∗, ξ) = 0, Proposition 7 yields

∥µt − µ∗∥ ≤ ∥(Ĵ t)−1∥∥H(µt, ξ)∥ ≤ 1√
λ
∥H(µt, ξ)∥.

This proves part (ii). □

Remark 10 In Algorithm 1 and Remark 8, it is sufficient to ensure that

∥ṽkx − vkx∥ ≤ δk, ∥ṽky − vky∥ ≤ δk.

Let
µ̃k,i := (x̃k,i2 , ỹk,i2 , π̃ixk

2
, π̃iyk2

)

be the approximate solution returned by Algorithm 2 for problem (13) with
given (xk1 , y

k
1 ) and ξi (step 3 in Algorithm 1), and let

µk,i := (xk,i2 , yk,i2 , πixk
2
, πiyk2

)

be the true solution.
Suppose that Algorithm 2 is initialized in the local neighborhood specified

in Theorem 3. By Theorem 3(ii), if the residual tolerance in Algorithm 2 is
chosen as

ϵk :=
δk
√
λ

max{t̄, ā}
, t̄ := max

ξ∈Ξ
∥T (ξ)∥, ā := max

ξ∈Ξ
∥A(ξ)∥,

then, at termination,

∥µ̃k,i − µk,i∥ ≤ 1√
λ
∥H(µ̃k,i, ξi)∥ < δk

max{t̄, ā}
.

Consequently,

∥π̃ixk
2
− πixk

2
∥ ≤ δk

max{t̄, ā}
, ∥π̃iyk2 − πiyk2

∥ ≤ δk

max{t̄, ā}
.

Therefore,

∥ṽkx − vkx∥ =

∥∥∥∥∥ 1

N

N∑
i=1

T (ξi)⊤(π̃ixk
2
− πixk

2
)

∥∥∥∥∥
≤ 1

N

N∑
i=1

∥T (ξi)∥∥π̃ixk
2
− πixk

2
∥ ≤ t̄

max{t̄, ā}
δk ≤ δk,
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and similarly,

∥ṽky − vky∥ =

∥∥∥∥∥ 1

N

N∑
i=1

A(ξi)⊤(π̃iyk2
− πiyk2

)

∥∥∥∥∥
≤ ā

max{t̄, ā}
δk ≤ δk.

Thus, when Algorithm 2 is initialized in the local neighborhood specified in
Theorem 3, the stopping rule ∥H(µ̃k,i, ξi)∥ < ϵk guarantees the error bounds
required in Remark 8.

With Algorithm 2 and Theorem 3, we can replace steps 2-4 in Algorithm
1 with the following procedure:

for i = 1, 2, · · · , N do
solve (13) with given (xk1 , y

k
1 ) and ξi by Algorithm 2 (semi-smooth

Newton method) with ∥H(µt, ξi)∥ < ϵk, where ϵk :=
δk
√
λ

max{ā,t̄} , and obtain

µ̃k,i = µt.
end for

The convergence result (Theorem 2) still holds for Algorithm 1 under the
conditions of Theorems 2 and 3.

5.5 Numerical experiments

In this section, we present numerical experiments on a two-stage stochastic
two-player zero-sum game to validate both our theoretical framework and pro-
posed algorithm. All the numerical experiments are conducted using MATLAB
2022b on a PC with 12th Gen Intel(R) Core(TM) i7-12700 running at 2.10
GHz and 32 GB of RAM.

Two-player two-stage stochastic zero-sum game: Two-stage quadratic
SNEPs are investigated under the monotone condition [29,43,24]. Here we
consider a nonconvex-nonsmooth extension of the two-stage SNEPs, as the
two-stage stochastic minimax problem (1)-(2), where

F1(x1, y1) := ∥x1∥1 −
1

2
x⊤1 Q1x1 + (d1)⊤x1 + x⊤1 O1y1 −

1

2
y⊤1 S1y1 − (t1)⊤y1,

F2(x2, y2, ξ) :=
1

2
x⊤2 Q2(ξ)x2+(d2(ξ))⊤x2+x⊤2 O2(ξ)y2−

1

2
y⊤2 S2(ξ)y2−(t2(ξ))⊤y2,

ξ : Ω → Ξ ⊂ Rl is a random variable, X1 := [lb,ub]n1 ⊂ Rn1 , Y1 = Rm1 ,
Q1 ∈ Rn1×n1 , O1 ∈ Rn1×m1 , S1 ∈ Rm1×m1 , d1 ∈ Rn1 , t1 ∈ Rm1 ,

X2(x1, ξ) := {x2 ∈ Rn2 : T (ξ)x1 +W (ξ)x2 ≤ h(ξ)},

Y2(y1, ξ) := {y2 ∈ Rm2 : A(ξ)y1 +B(ξ)y2 ≤ c(ξ)},
Q2(ξ) ∈ Rn2×n2 , S2(ξ) ∈ Rm2×m2 are symmetric positive definite matrices,
O2(ξ) ∈ Rn2×m2 , d2(ξ) ∈ Rn2 , t2(ξ) ∈ Rm2 , T (ξ) ∈ Rl2×n1 , W (ξ) ∈ Rl2×n2 ,
A(ξ) ∈ Rs2×m1 , B(ξ) ∈ Rs2×m2 , h(ξ) ∈ Rl2 , c(ξ) ∈ Rs2 for a.e. ξ ∈ Ξ.

The setting of this two-stage stochastic minimax problem is as follows.



Solutions of Two-stage Stochastic Minimax Problems 35

– First stage setting: n1 = 3,m1 = 2, Q1 = 0.1In1 , S1 = Im1 , O1 ∈ Rn1×m1 ,
d1 ∈ Rn1 , t1 ∈ Rm1 with all elements randomly generated from a uniform
distribution over [0, 1].

– Fixed matrices and vectors in second-stage problems: n2 = 4,m2 = 3, l2 =
s2 = 2, Q̄2 = diag(1, 2, 3, 4), S̄2 = Im2

, h̄ = (0.1, 0.1)⊤, c̄ = (0.1, 0.1)⊤. Ō2,
T̄ , Ā, d̄2, t̄2 are randomly generated matrices or vectors with corresponding
dimensions, where each element is drawn from a uniform distribution over
[0, 1].

– Random matrices and vectors in second-stage problems: A 49-dimensional
random vector ξ, where each component is independently sampled from

a uniform distribution over [−1, 1]. The first n2×(n2+1)
2 elements form the

upper triangular part of the random symmetric matrix Q̃2(ξ) ∈ Rn2×n2 ;

the next m2×(m2+1)
2 elements form the upper triangular part of the random

symmetric matrix S̃2(ξ) ∈ Rm2×m2 ; the remaining elements construct ran-
dom matrices and vectors Õ2(ξ), T̃ (ξ), Ã(ξ), d̃2(ξ), t̃2(ξ), h̃(ξ), c̃(ξ). For
each experimental setup, we generate N i.i.d. samples.

– Second-stage setting: Q2(ξ) = τQ̄2 + 0.1Q̃2(ξ), S2(ξ) = τ S̄2 + 0.1S̃2(ξ),
O2(ξ) = Ō2+0.1Õ2(ξ), W (ξ) = (Il2 ,0), B(ξ) = (Is2 ,0), h(ξ) = h̄+0.1h̃(ξ),
c(ξ) = c̄ + 0.1c̃(ξ), T (ξ) = T̄ + 0.1T̃ (ξ), A(ξ) = Ā + 0.1Ã(ξ), d2(ξ) =
d̄2 + 0.1d̃2(ξ), t2(ξ) = t̄2 + 0.1t̃2(ξ), where 0 denotes the zero matrix of
appropriate dimension as specified by the context.

– The residual value (Res.val) is defined as follows:

Res.val(xk1 , y
k
1 ) := ∥ − S1y

k
1 − t1 +O⊤

1 x
k
1 + ṽky∥

+ min
η∈∂∥xk

1∥1

∥xk1 − mid(xk1 − η − wk, ub, lb)∥,

where wk = (d1 + O1y
k
1 + ṽkx −Q1x

k
1) and “mid” denotes the component-

wise median operator on three vectors. Since both the ℓ1-subdifferential
and the box projection are separable across coordinates, the minimization
over η ∈ ∂∥xk1∥1 in the residual can be computed componentwise. In our
computation, we use a minimizer ηk in the following form:

(ηk)i =


−1, if (xk1)i < 0

1, if (xk1)i > 0

mid(−1,−wki , 1), if (xk1)i = 0.

– The termination criterion is set as Res.val≤ 10−4.

Although Y1 = Rm1 in the numerical model, the first-stage objective is strongly
concave in y1 and tends to −∞ as ∥y1∥ → ∞, since S1 = Im1 . Hence, all
relevant maximizers lie in a sufficiently large compact set, and the numerical
problem can equivalently be viewed on this compact restriction of Y1.

Experiment 1: We set the sample size to N = 50, with lower bound
lb = −10 and upper bound ub = 10. Five initial points (x01, y

0
1) are randomly

generated with x01 components uniform on [7, 10] and y01 components uniform
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on [0, 1]. For τ = 0.1 and 0.5, we randomly generated five problems with
five different initial points per τ -value. The convergence behavior of IPPGDA
algorithm regarding the residual values is shown in Fig. 1.

Note that Q2(ξ) = τQ̄2 + 0.1Q̃2(ξ), S2(ξ) = τ S̄2 + 0.1S̃2(ξ). Fig. 1 demon-
strates that smaller τ values lead to more divergent convergence paths, at-
tributable to stronger stochastic influences at lower τ values. Moreover, when
τ ≤ 0.1, Q2(ξ) and S2(ξ) may lose positive definiteness, leading to poten-
tial algorithmic non-convergence. Nevertheless, the algorithm performs well in
the reported experiments with τ = 0.1, although positive definiteness is not
guaranteed by the random matrix construction.
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Fig. 1: Residual values versus iteration numbers with different starting points
and random matrices for τ = 0.1 and 0.5, respectively

Experiment 2: We set τ = 0.5 throughout this experiment and conduct
numerical experiments with sample sizes N = 10, 50, 200, 500, 1000, 3000. The
feasible set X1 is defined by the box constraints [−10, 10]3 and [−20, 20]3. To
make the effect of the two feasible sets more visible, we generate d1 by d1 =
15 rand(n1, 1) in this experiment. For each combination of sample sizes and
constraint sets, we randomly generate 30 instances of the two-stage stochastic
minimax problem and solve them using IPPGDA algorithm. The resulting
minimax values are summarized by box plots in Fig. 2. For each sample size,
the box plot is based on 30 random instances: the red line denotes the median,
the lower and upper edges of the box represent the 25th and 75th percentiles,
respectively, the whiskers indicate the non-outlier range, and the red crosses
denote outliers.
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Fig. 2: Box plots of the SAA minimax values over 30 random instances for
different sample sizes when X1 = [−10, 10]3 and X1 = [−20, 20]3, respectively

Fig. 2 shows that the SAA problems exhibit convergent behavior as the
sample size increases, which is consistent with theoretical expectations. More-
over, a larger feasible set X1 leads to a smaller objective function value, which
also aligns with our expectations.

To quantify the convergence behavior of the SAA solutions, we compute a
reference minimax value using 10,000 samples and treat it as a surrogate true
value. For each sample size N , we calculate the absolute difference between
the minimax value obtained from each of the 30 random instances and this
reference value, and then report the average of these 30 absolute differences.
The resulting average absolute errors are shown in Fig. 3. Since the sample
sizes range from 10 to 3000, we use a logarithmic scale on the horizontal axis
and explicitly label each sample size. The decreasing trend in both panels
indicates that the SAA minimax values become closer to the reference value
as the sample size increases.

10 50 200 500 1000 3000
Sample size

0.000

0.005

0.010

0.015

0.020

Av
er

ag
e 

ab
so

lu
te

 e
rro

r

N = 10

N = 50

N = 200

N = 500N = 1000
N = 3000

X1 = [ 10, 10]3

10 50 200 500 1000 3000
Sample size

0.00

0.02

0.04

0.06

0.08

0.10

0.12

Av
er

ag
e 

ab
so

lu
te

 e
rro

r

N = 10

N = 50

N = 200
N = 500

N = 1000
N = 3000

X1 = [ 20, 20]3

Fig. 3: Average absolute errors of the SAA minimax values for different
sample sizes.
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To further illustrate the computational effort for different sample sizes, we
report the means and standard deviations of the outer iteration counts and
CPU times of IPPGDA over the 30 random instances in Table 1. The CPU
time is measured in seconds on the computing platform described above.

Table 1: Mean ± standard deviation of the outer iteration counts and CPU
times of IPPGDA over 30 random instances.

X1 = [−10, 10]3 X1 = [−20, 20]3

Sample size N
Iter.

(mean ± std.)

Time (s)

(mean ± std.)
Iter.

(mean ± std.)

Time (s)

(mean ± std.)
10 42.8333± 0.3790 0.0246± 0.0018 78.1667± 5.5466 0.0456± 0.0031
50 42.8000± 0.4068 0.1080± 0.0019 78.7333± 2.0833 0.2160± 0.0159
200 42.9000± 0.3051 0.4269± 0.0048 78.5667± 1.5013 0.7892± 0.0338
500 42.9333± 0.2537 1.0744± 0.0298 78.3333± 0.7112 1.9554± 0.0694
1000 42.8333± 0.3790 2.1618± 0.0672 78.5000± 0.6297 3.9399± 0.1395
3000 42.8000± 0.4068 6.4793± 0.1493 78.4000± 0.5632 11.5274± 0.3218

As expected, the average CPU time increases with the sample size, since
each outer iteration requires solving more second-stage minimax subproblems.
The means and standard deviations of both the CPU time and the outer
iteration count over the 30 instances are reported in Table 1.

6 Conclusion

In this paper, we introduce the two-stage stochastic minimax problem (1)-(2),
analyze the Lipschitz continuity of second-stage minimax value function and
solution functions, along with the properties and relationships among saddle
points, minimax points and KKT points. We further prove the convergence
of the SAA method for problem (1)-(2). To solve the SAA problem, we pro-
pose an IPPGDA algorithm. The algorithm utilizes a semi-smooth Newton
approach to solve second-stage subproblems, obtaining approximate gradients
of the second-stage minimax value function which are subsequently integrated
into an inexact first-stage proximal gradient scheme for the minimax problem.
Numerical experiments demonstrate the effectiveness of the IPPGDA algo-
rithm and validate the convergence properties of the SAA approach.

Several broader research directions remain open. One is to develop a theo-
retical framework beyond the strongly convex–strongly concave setting, allow-
ing nonunique second-stage solutions, nonsmooth value functions, and more
general nonconvex–nonconcave structures. Another is, building on the large-
deviation analysis for SAA in [36], to establish a nonasymptotic statistical
theory for SAA, including exponential deviation bounds, confidence guaran-
tees, and sample-complexity estimates under suitable tail conditions. On the
algorithmic side, correction-step semismooth Newton methods, such as that
of Feng, Ding and Li [16], may allow weaker generalized-Jacobian regularity,
while scalable methods permitting inexact solution of second-stage problems
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also deserve further study. Further extensions to multistage and distribution-
ally robust minimax models with nonlinear or coupled recourse constraints
also constitute important research directions.
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7 Appendix: A generalization of Theorem 2G.8 in [14] (implicit
function theorem for stationary points)

In [14], Dontchev and Rockafellar gave Theorem 2G.8, an implicit function the-
orem for stationary points for the parametric nonlinear programming problem
in the form

minz h0(p, z)
s.t. hi(p, z) ≤ 0, i ∈ [1, s],

hi(p, z) = 0, i ∈ [s+ 1,m]
(58)

with parameter p, where hi : Rk×Rn → R is twice continuously differentiable,
i = 0, · · · ,m. Let

L(p, z, τ) = h0(p, z) + τ1h1(p, z) + · · · + τmhm(p, z).

For a fixed p, the variational inequality capturing the associated first-order
conditions of problem (58) is

(0, 0) ∈ H(p, z, τ) +NE(z, τ), (59)

where

H(p, z, τ) = (∇zL(p, z, τ)⊤,−∇τL(p, z, τ)⊤)⊤, E = Rn × Rs+ × Rm−s.

Let
S(p) := {(z, τ)|(0, 0) ∈ H(p, z, τ) +NE(z, τ)} (60)

be the solution mapping of the generalized equation (59) and assume that S(p)
is nonempty in a neighborhood of p̄.

To study the two-stage stochastic minimax problem (1)-(2), we need an
implicit function theorem for problems (11) and (17), where the objective
functions F2 and f21 are continuously differentiable but not twice continuously
differentiable. Now we give implicit function theorem for (58) where hi is
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continuously differentiable and ∇zhi is Lipschitz continuous, i = 0, · · · ,m.
The theorem is extended from [14, Theorem 2G.8], and weakens the twice
continuous differentiability of hi to the continuous differentiability of hi.

Throughout this appendix, ∂2zzL and the partial generalized Jacobian of
H are understood as the corresponding column-block projections of the joint
Clarke generalized Jacobians of ∇zL and H, respectively, with the parameter
p included among the joint variables.

For any (z̄, τ̄) ∈ S(p̄), we give an auxiliary problem of (58). Let Ḡ ∈
∂2zzL(p̄, z̄, τ̄),

h̄0(w, Ḡ) := L(p̄, z̄, τ̄) + ⟨∇zL(p̄, z̄, τ̄), w⟩ +
1

2
⟨w, Ḡw⟩

and
h̄i(w) := hi(p̄, z̄) + ⟨∇zhi(p̄, z̄), w⟩, ∀i = 1, · · · ,m.

Then the auxiliary problem of (58) with parameters ν and u1, · · · , um is

minw h̄0(w, Ḡ) − ⟨ν, w⟩
s.t. h̄i(w) + ui ≤ 0, i ∈ I0,

h̄i(w) + ui = 0, i ∈ I/I0,
h̄i(w) + ui free , i ∈ I1,

where
I = {i ∈ [1,m] : hi(p̄, z̄) = 0} ⊃ {s+ 1, . . . ,m},
I0 = {i ∈ [1, s] : hi(p̄, z̄) = 0 and τ̄i = 0},
I1 = {i ∈ [1, s] : hi(p̄, z̄) < 0}.

For any Ḡ ∈ ∂2zzL(p̄, z̄, τ̄), let

L̄(w, ς, Ḡ)−⟨ν, w⟩+⟨ς, u⟩ := h̄0(w, Ḡ)−⟨ν, w⟩+ς1(h̄1(w)+u1)+· · ·+ςm(h̄m(w)+um).

The corresponding first-order conditions are given by the variational inequality

(0, 0) ∈ (∇wL̄(w, ς, Ḡ),−∇ς L̄(w, ς, Ḡ)) − (ν, u) +NĒ(w, ς),

where Ē = Rn × {ς ∈ Rm : ςi ≥ 0, ∀i ∈ I0 and ςi = 0, ∀i ∈ I1}. Let

M+ = {w ∈ Rn : w⊥∇zhi(p̄, z̄) for all i ∈ I \ I0},
M− = {w ∈ Rn : w⊥∇zhi(p̄, z̄) for all i ∈ I}, (61)

S̄(ν, u, Ḡ) := {(w, ς) : (0, 0) ∈ (∇wL̄(w, ς, Ḡ),−∇ς L̄(w, ς, Ḡ))−(ν, u)+NĒ(w, ς)}.
Now we present the implicit function theorem for stationary points of (58).

Theorem 4 Let (z̄, τ̄) ∈ S(p̄) for the mapping S in (60), constructed from
continuously differentiable functions hi such that ∇zhi is Lipschitz continuous.
Assume

(A1): For any Ḡ ∈ ∂2zzL(p̄, z̄, τ̄), S̄(·, ·, Ḡ) has a Lipschitz continuous
single-valued localization s̄ around (0, 0) for (0, 0).

Then S has a Lipschitz continuous single-valued localization s around p̄ for
(z̄, τ̄).

In particular, condition (A1) holds when the following conditions are both
fulfilled:
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(a) the gradients ∇zhi(p̄, z̄), i ∈ I, are linearly independent;
(b) for every Ḡ ∈ ∂2zzL(p̄, z̄, τ̄),

⟨w, Ḡw⟩ > 0

for every nonzero w ∈M+ with Ḡw ⊥M−, whereM+ andM− are defined
in (61).

On the other hand, condition (A1) always entails condition (a).

Proof Let h = (h1, . . . , hm). Since ∇τL(p, z, τ) = h(p, z), the partial Clarke
generalized Jacobian of H with respect to (z, τ) at (p̄, z̄, τ̄) consists of matrices

JH̄(Ḡ) :=

(
Ḡ ∇zh(p̄, z̄)⊤

−∇zh(p̄, z̄) 0

)
, Ḡ ∈ ∂2zzL(p̄, z̄, τ̄).

Moreover, the critical cone of E at (z̄, τ̄) relative to −H(p̄, z̄, τ̄) is

KE

(
z̄, τ̄ ,−H(p̄, z̄, τ̄)

)
= Ē.

By the reduction result for polyhedral variational inequalities in [14, Theorem
2E.6], after translating (z, τ) = (z̄, τ̄) + (w, ς), the partially linearized gener-
alized equation corresponding to JH̄(Ḡ) is precisely the variational inequal-
ity defining S̄(ν, u, Ḡ). Hence condition (A1) means that every generalized-
Jacobian linearization of (59) is strongly regular. Thus, (59) is parametrically
CD-regular in the sense of [19, Definition 4]. Since the Lipschitz continuity of
∇zhi implies that H is locally Lipschitz continuous, the first assertion follows
from [19, Theorem 4].

It remains to verify the last two assertions. Fix any Ḡ ∈ ∂2zzL(p̄, z̄, τ̄).
Once Ḡ is fixed, the auxiliary problem is a quadratic program with affine con-
straints, and its first-order system is an affine-polyhedral variational inequality.
Therefore, the argument in [14, Theorem 2G.8], based on [14, Theorem 2E.8],
applies with ∇2

zzL(p̄, z̄, τ̄) replaced by Ḡ. Consequently, conditions (a) and
(b) imply that S̄(·, ·, Ḡ) has a Lipschitz continuous single-valued localization
around (0, 0) for (0, 0). Since Ḡ was arbitrary, condition (A1) follows.

Finally, the proof that condition (A1) implies condition (a) in [14, Theorem
2G.8] uses only the local single-valuedness of the auxiliary affine variational
inequality and the active constraint gradients. It does not use the existence or
continuity of a classical Hessian and therefore applies without modification. □

Unlike [14, Theorem 2G.8], we do not claim the necessity of condition
(A1), since the additional full-row-rank assumption on the parameter Jacobian
required for the ample parameterization is not imposed here.
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