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Abstract. The subdifferential calculus for the expectation of nonsmooth random integrands in-
volves many fundamental and challenging problems in stochastic optimization. It is known that for
Clarke regular integrands, the Clarke subdifferential equals the expectation of their Clarke subdiffe-
rential. In particular, this holds for convex integrands. However, little is known about calculation of
Clarke subgradients for the expectation for non-regular integrands. The focus of this contribution is
to approximate Clarke subgradients for the expectation of random integrands by smoothing methods
applied to the integrand. A framework for how to proceed along this path is developed and then
applied to a class of measurable composite mazx integrands, or CM integrands. This class contains
non-regular integrands from stochastic complementarity problems as well as stochastic optimization
problems arising in statistical learning.
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1. Introduction. Let X C R" be a convex compact set with non-empty interior
and = C R’ be a Lebesgue measurable closed set with non-empty interior. In this
paper, we consider the stochastic optimization problem

1.1 in F(x):=E

(1.1) min  F(z) = E[f(¢,2)),

where £ : Q@ — Z is a random variable on the induced probability space (2,4, p),
f: E2x X — R is continuous on X and measurable in E for every z € X, and E[]
denotes the expected value over Z. A point x € R"™ is called a Clarke stationary point
for (1.1) if it satisfies

(1.2) 0 € 0F(x) + Nx(z),

where 9 denotes the Clarke subdifferential and Ax(x) is the normal cone to X at
xz € X. Condition (1.2) is a first-order necessary condition for optimality of problem
(1.1).

The subdifferential OF(x) = JE[f(&, z)] does not in general have a closed form
and is difficult to calculate. Consequently, much the existing literature [21, 22, 23]
employs the first-order necessary condition

(1.3) 0 € E[0.f(&,2)] + Nx(2),
where
E[0.f(& x)] := {E[p(&, z)]| ¢(&, x) is a measurable selection from 9, f (£, x)}
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is the Aumann (set-valued) expectation of 9, f (€, x) with respect to & defined in [2].
Points x satisfying (1.3) are called weak stationary points for problem (1.1) [16, 24]. In
some cases, elements of E[0, f (&, z)] can be computed. However, as the name implies,
condition (1.3) is much weaker than condition (1.2). In particular, it is always the
case that

(1.4) OF (x) C E[0, f (£, )],

and so if x satisfies (1.2), then x satisfies (1.3), but the converse is not in general true.
On the other hand, [12, Theorem 2.7.2] tells us that if f(¢,-) is Clarke regular [12,
Definition 2.3.4] on X for almost all ¢ € =, then equality holds in (1.4). Unfortunately,
in many applications, Clarke regularity fails to hold, and the set E[9, f (&, z)] is much
larger than the set OE[f (&, x)]. In such cases, condition (1.3) is too weak for assessing
optimality. For example, consider f(§,x) = &|z| with £ ~ N(0,1) and = € R. Then
E[f(£,2)] = E[¢la]] = 0 for = € R, but EDf(€,0)] = y/m/2[—1,1].

The main contributions of the paper are the development of a framework for
the study of smoothing methods for the expectation of random integrands F(z) =
E[f (&, z)] based on the smoothing of the integrand f, a smoothing approach to the
approximation of the Clarke subgradients of expectation F'(z) = E[f(&, z)], and the
application of these techniques to the class of measurable composite max (CM) inte-
grands. CM intergrands arise in several important applications including stochastic
nonlinear complementarity problems [10, 11] and optimization problems in statistical
learning [1, 3].

The paper is organized as follows. In Sections 2 and 3, we recall some basic
definitions and properties from variational analysis, the theory of measurable multi-
functions, and the variational properties of the expectation function, respectively. In
Section 4, we define measurable smoothing functions and present some useful proper-
ties. In Section 5, we present an approximation theory of smoothing functions for
measurable CM functions, and prove the gradient sub-consistency of CM integrands.
Finally we show that the subgradient of the expectation function can be computed
via smoothing without regularity.

2. Background.

2.1. Finite-dimensional variational analysis. Since we allow mappings to
have infinite values, it is convenient to define the extended reals R := R U {+o0}.
The effective domain of f : R® — R, denoted dom f C R", is the set on which
f is finite. To avoid certain pathological mappings the discussion is restricted to
proper not everywhere infinite lower semi-continuous (Isc) functions. Of particular
importance is the epigraph of such functions: epi f := {(z,p) | f(x) < n}. We have

that f is Isc if and only if epi f is closed, and f is convex if and only if epi f is convex.

DEFINITION 2.1 (Subderivatives). [19, Exercise 9.15] For a locally Lipschitz function

f: R* =R near a point u, € R"™ with f(uy) finite,
(i) the subderivative df (u,) : R™ — R is defined by
fus + Tw) — f(us)

(ii) the regular subderivative (or the Clarke generalized directional derivative
when f is locally Lipschitz) df(us):R™ =R is defined by
c?f(u*)(w) := limsup flutrw) = f(u)

U— Uy, 7,0 T
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DEFINITION 2.2 (Clarke Subgradients and Subdifferential Regularity). Consider
a function f : R™ — R, a point v € R™, and a point u, € R™ with f(u.) finite.
(i) [19, Theorem 8.49] The vector v is a Clarke subgradient of f at u, if f is
l.s.c. on a neighborhood of u. and v satisfies

Jf(u*)(w) > (v, w) VweR"™

We call the set of Clarke subgradients v the Clarke subdifferential of f at .
and denote this set by Of (u.).

(ii) [19, Corollary 8.19] A locally Lipschitz function f : R™ — R is said to be
subdifferentially regular (or Clarke reqular) at us € dom f with 8 f(u.) # 0 if

df (uy)(w) = df (us)(w) Yw e R™

Remark 2.3. In [19], the notion of subdifferential regularity is defined in [19, De-
finition 7.25]. In the definition given above we employ characterizations of this notion
given by the cited results. Note that subdifferential mappings are multi-functions.

DEFINITION 2.4 (Strict Continuity and Strict Differentiability). Let H : D —
R™, DCR", and h: R" > R.
(a) [Strict Continuity [19, Definition 9.1]] We say that H is strictly continuous
at T € int(D) if
[H(z") — H(z)]|

cFx!

(b) [Strict Differentiability [19, Definition 9.17]] We say that h is strictly diffe-
rentiable at a point T € domh if h is differentiable at T and
lim h(z") — h(z) — (Vh(T), 2’ — z)
s [ — 2]
TH#x

It is easily seen that if h is continuously differentiable on an open set U, then h
is strictly differentiable and subdifferentially regular on U with dh(z) = {V f(x)} for
all z € U ([19, Theorem 9.18 and Exercise 9.64]).

The notion of strict continuity of f at a point & implies the existence of a neighbor-
hood of  on which f is Lipschitz continuous, that is, f is locally Lipschitz continuous
at & where the local Lipschitz modulus is lower bounded by lip H(z). In this light,
Definition 2.1 and Definition 2.2(ii) combine to tell us that

(2.1) df (u) (w) = C?f(u*)(w) — lim fus + Tw) — f(us)

710 T

=0.

Vw e R",

wherever f is strictly continuous and subdifferentially regular at u,. Moreover, in this
case, [19, Theorem 8.30] tells us that

(2.2) def(§,7)(v) =sup{(g, v) |g € 0 f({,2)}.

Remark 2.5 (Subdifferentials of Compositions). If g : X — R is given as the
composition of two functions f: ¥ - R and h: X — Y, ie. g(x) = (foh)(z) =
f(h(x)), then we write dg(x) = I(f o h)(x). On the other hand, we write df(h(z)) to
denote the subdifferential of f evaluated at h(z).

THEOREM 2.6 (Strict Differentiability and the Subdifferential). [19, Theorem 9.18]
[12, Proposition 2.2.4] Let h : R™ — R with & € domh. Then h is strictly differenti-
able at T if and only if h is strictly continuous at T and Oh(Z) = {Vh(Z)}.
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2.2. Measurable multi-functions. We review some of the properties of me-
asurable multi-functions used in this paper [2, 13, 15, 19]. For more information on
this topic, we refer the interested reader to [19, Chapter 14] and [18].

A multi-function, or multi-valued mapping, S from RF to R® is a mapping that
takes points in R¥ to sets in R®, and is denoted by ¥ : R¥ = R*. The outer limit of
S at T € RF relative to X C R* is

(2.3) Limsup S(z) := {v | "} =x 2, {v*} = v:0F € S(a*) VkeN}

T—XT
and the inner limit of S at T relative to X is

Liminf S(z) := {v | V{z"} »x , 3{v*} = v:v" € S(a*) Vk e N}.
T—>XxXT

Here the notation {z*} —x # means that {z¥} C X with ¥ — z. If X = R*, we
write * — T instead of x —rr T. We say that S is outer semicontinuous (osc) at T
relative to X if

Limsup S(z) C S().

T—XxT

When the outer and inner limits coincide, we write

Lim S(x) := Limsup S(x),

T—=xT T—XxT
and say that S is contiuvous at T relative to X.

Let © be a nonempty subset of R and let A be a o-field of subsets of €, called

the measurable subsets of Q or the A-measurable subsets. Let p : A — [0,1] be a
o-finite Borel regular, complete, non-atomic, probability measure on A. The corre-
sponding measure space is denoted (€2, .4, p). A multi-function ¥ : Q = { R" } is said
to be A-measurable, or simply measurable, if for all open sets {V } C R™ the set
{E{V}INTE) #£0}is in A. The multi-function ¥ is said to be A ® B™-measurable
if gph(¥) = {(§,v) |lv e ¥(§)} € A® B", where B" denotes the Borel o-field on R™
and A ® B" is the o-field on Q x R™ generated by all sets A x D with A € A and
D e B™ If U(¢) is closed for each £ then VU is closed-valued. Similarly, ¥ is said to
be convez-valued if U() is convex for each £. Finally, we note that the completeness
of the measure space guarantees the measurability of subsets of €2 obtained as the
projections of measurable subsets { G } of @ x R™:

(GYedoB" = {cQ|3weR"with (,w)e{G)}eA

In particular, this implies that the multi-function ¥ is A-measurable if and only if
gph(¥) is A ® B"-measurable [19, Theorem 14.8].

Let ¥ : Q@ = {R™}, and denote by S(¥) the set of p-measurable functions
f: Q= R™ that satisfy f(¢) € ¥(£) ae. in Q (£ € Q). We call S(¥) the set of
measurable selections of W.

THEOREM 2.7 (Measurable Selections). [19, Corollary 14.6] A closed-valued me-
asurable map W : Q = R™ always admits a measurable selection.

We say that the measurable multi-function ¥ : Q@ = R"™ is integrably bounded, or
for emphasis p-integrably bounded, if there is a p-integrable function a : Q@ — R7}
such that

(2.4) (lval, - fon]) < a(€)
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for all pairs (§,v) € Q x R” satisfying v € ¥(£). Here and elsewhere we interpret
vector inequalities as element-wise inequalities. Let 1 < p < co. When Q = R, we let
LP (RY, A, p) denote the Banach space of functions mapping R’ to R™. When p = 2,
L2 (RY, A, p) is a Hilbert space with the inner product on the measure space (R, A, p)
given by

W= [ (). 9(€) do

where (-, -) denotes the usual finite-dimensional vector inner product. If p(R’) < oo,
then
L1 (RY A, p) C LP,(R*, A, p) whenever 1< p<q< oo.

If the function a in (2.4) is such that |la(£)]|, is integrable with respect to the measure
p on the measure space (£2, .4, p), then the multi-function ¥ is said to be LP-bounded.

PROPOSITION 2.8. [7, Proposition 2.2][Weak compactness of measurable selecti-
ons] Let the multi-function ¥ : R® = R™ be closed- and convex-valued, and L>-
bounded on L2 (R, M™, \,), where M™ is the Lebesgue field on R™ and M\, is n-
dimensional Lebesque measure. Then the set of measurable selections S(V) is a weakly
compact, convex set in L2 (RF, M™ \,,).

Given a measurable multi-function ¥ : Q = R"™, we define the integral of ¥ over
Q with respect to the measure p by

[ o= {/Qfdpfem)}.

The next theorem, due to Hildenbrand [15], is a restatement of Theorems 3 and 4
of Aumann [2] for multi-functions on the non-atomic measure space (2, .4, p). These
results are central to the theory of integrals of multi-valued functions.

THEOREM 2.9 (Integrals of Multi-Functions). [15, Theorem 4 and Proposition 7]
The following properties hold for integrably bounded multi-functions ¥ : Q = R™ on
non-atomic measure spaces (Q, A, p).

(i) If © is A ® B"-measurable, then [ Wdp = [ conv Wdp.

(i) If @ is closed (not necessarily A ® B"-measurable), then [ Wdp is compact.

We conclude this section with a very elementary, but useful lemma on measurable
tubes, i.e. multi-valued mappings ¥ : Q = R" of the form

(2.5) V() = r($)B,
where B := {x | ||z|| < 1} is the closed unit ball in R” and x : Q@ — R, is measurable.

LEMMA 2.10 (Tubes). Let ¥ : Q = R"™ be a measurable tube as in (2.5) with
k€ L} A, p) non-negative a.e. on Q. Then, for every E € A, [, ¥(¢)dp C
[Jz 5(&)dp] B S [k, p(E)B.

Proof. The mapping ¥ in (2.5) is obviously closed valued and measurable. The-
refore, Theorem 2.7 tells us that S(¥) is non-empty. Let E € A and s € S(¥).

Then
[ sterisl < [ 1st@an < [ st

so that [, s(§)dp € | [, x(€)dp] B. This proves the lemma since [}, k(&)dp = (k, Xg) <
[£lly p(E). 0
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3. The Variational Properties of F(z) := E[f(&, z)]. We examine the relati-
onship between the variational properties of f(£,x) and those of F(x) = E[f(§,x)].
Our approach is motivated by the case where f is specified during the modeling pro-
cess in stochastic optimization, and we are asked to optimize its expectation. For
this reason it is important to understand the properties that f should satisfy in order
that the optimization of F' is in some sense numerically tractable. For example, it has
already been mentioned in (1.4) that, in general, we only have 0F(x) C E[0, f(, z)].
But there are situations in which equality holds. We begin by reviewing these results.
The first step is to recall the standard conditions on f that imply the local Lipschitz
continuity of F' (e.g. see [12, Hypothesis 2.7.1]).

3.1. LL integrands. Let A\ denote Lebesgue measure on R™ and let p be a
probability measure on R’ that is absolutely continuous with respect to Lebesgue
measure with support Z. Let j denote the induced product measure on RY x R™. We
consider the following class of functions.

DEFINITION 3.1 (Carathéodory Mappings). [19, Ezample 14.15] We say that the
function f: 2x X — R is a Carathéodory mapping on Z x X if f(&,-) is continuous

on an open set containing X for all £ € 2, and f(-,x) is measurable on Z for all
zeX.

DEFINITION 3.2 (Locally Lipschitz (LL) Integrands). Let U be an open subset of
R™. We say ¢ that f: Z2x U — R is an LL integrand on = x U if f is a Carathéodory
mapping on =X U and for each T € U there is an €(Z) > 0 and an integrable mapping
k(- ) € LY(R*, M, p) such that

If(§21) = f(&§ 22)| S kp(€,Z) o1 — 22| V21,22 € Be(z)(Z) and almost all § € E,

where B.(Z) :=={z |||z —Z|| < e} CU.

LEMMA 3.3 (Properties of LL Integrands). Let U be an open subset of R", and
let f: ZxU — R be an LL integrand on Z x U with f(-,z) € L}(R*, M, p) for all
x € U. Then the following statements hold.

(a) The function f(&,-) is strictly continuous on U (see Definition 2.4) for almost

all &€ € = with
lip, f(£,7) < kf(€,Z) ae §€E.

(b) The mapping F(x) := E[f(&,x)] is locally Lipschitz continuous on U with
local Lipschitz modulus kg (T ) = Elks(&,%)]. In particular, F is strictly
continuous on U.

(¢) The function d, f(&,x)(v) is measurable in & for every (x,v) € U x R™.

(d) The set of measurable selections S(05f(-, %)) is a weakly compact, convex set
in L (R, M, p).

(e) The Clarke subdifferential OF (x) is a nonempty, convex, compact subset of
R™ contained in kp(Z)B for every x € U.

(f) For every E € M such that E C = and every T € U

[E f(&,2)dp € /E £(6,2)dp + 157 ( D)l p(E)B and
[ ot < s 2) (B

for all x € B.(z) (7).
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Proof. (a) This follows immediately from the definition of strict continuity.
(b) This follows immediately from the inequality

|F(2") = F(2)] <E[f(& ') = f(& )] < E[r(&,2)] 2" — =]

(c) This follows from the well known fact that the limsup of measurable functions is
measurable, e.g. [14, Theorem 2.7].

(d) This follows immediately from Proposition 2.8 since (-, %) € L3(R¥, M, p).

(e) This is an immediate consequence of [12, Proposition 2.1.2].

(f) By definition, f(§,2) — f(§,%) € k(§,Z)B for all z € €(Z)B and £ € Z. Hence,
for all z € €(z)B, f(&,x) — f(£, ) is a measurable selection from the tube k¢(&, Z)B
on =. Similarly, by [19, Theorem 9.13], any measurable selection s(§) from 9, f (&, z)
satisfies s(€) € k;(€,Z)B for all z € €(Z)B. Therefore, both inclusions follows from
Lemma 2.5. d

3.2. Subdifferential regularity. If f is an LL integrand on = x U, then, by
Lemma 3.3(e), OF () is a nonempty, convex, compact subset of R™ for every = € U.
But this does not say that OF(z) is representable in terms of 9f (¢, x).

THEOREM 3.4 (The Subdifferential of F'). [12, Theorem 2.7.2] Let U be an open
subset of R™, and let f : Zx U — R be an LL integrand on = x U with f(-,z) €
LI(RY, M, p) for all x € U. Then

(3.1) OF () CE[0.f(§,x)] VxeUl.

If, in addition, T € U is such that f(&,-) is subdifferentially regular in x at T for
almost all £ € 2, then F is subdifferentially reqular at T and equality holds in (3.1).

Remark 3.5. In [12, Theorem 2.7.2], Clarke uses the hypothesis that f(,-) is
subdifferentially reqular in x at T for all £ € Z. However, the above result holds with
essentially the same proof.

COROLLARY 3.6. Let U be an open subset of R™, and let f : Ex U — R be an
LL integrand on = x U with f(-,z) € LY(R*, M, p) for allz € U. If T € U is such
that either f(&,-) is subdifferentially reqular at T € U for almost all € € Z or —f(&,-)
is subdifferentially reqular at T € U for almost all £ € Z, then equality holds in (3.1).

Proof. If f(&,-) is subdifferentially regular in = at z € U for almost all £ € =,
then the result follows from Theorem 3.4. If —f(&,-) is subdifferentially regular in x
at T for almost all £ € Z, then, by [12, Proposition 2.3.1] and Theorem 3.4,

OF(z) = —0(—F)(z) = —E[0(-f)(§, %) = E[0f (£, Z)].

Note that, in opposition to Theorem 3.4, the corollary does not say that the
hypotheses imply that F' is subdifferentially regular at Z. Indeed, this may not be the
case. The following example illustrates this possibility.

Ezample 3.7. Consider the Carathéodory function f(£,z) := —|¢||z|, where & ~
N(0,1), x € R. Tt is easy to see that this function is not Clarke regular in = at (§,0)
for all £ # 0. In addition, the function F' is not Clarke regular at x = 0. To see this,
consider the subderivative and regular subderivative of F' at x = O:

dF(0)(w) = liminfE[f(g’Tw)] —E[f(£0)] = —E[¢]] Jw] = _\/Zwl

7,0 T

and

JF(0)(w) = limsup &7 +TO] —Ef(6,20] _ g
z’—0,7]0 T

el | = \/f ol # dF(0)(w).
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Nonetheless, by Corollary 3.6, F(0) = E[0f(£,0)]. This can also be verified by direct
computation.

Before leaving this section we provide an elementary lemma useful in the analysis
to follow.

LEMMA 3.8. Let h : 2 x X — R be a Carathéodory function, and let & € = be
such that h(&,-) is strictly continuous and subdifferentially reqular at x € X. Given
v e R"”, set

and

6 (& mv) = ltif(r)l h(§, x + 2tv)t— hE, z + tv)
h(&,x —tv) = h(E, = — 2tv)

: =1 .
lo(&, z;v) i "

Then, for any v € R™, the limits ¢1(&, z;v) and l2(€, x;v) exist and we have

0 (& w50) = doh(§, ) (v) = sup{(g, v) [g € Dh(§,2) ) and
£Z(£7x;v) = 7dmh(£’w)(7v) = inf{<gv U> |g € aﬂch<£7m) }

Proof. Strict continuity (Definition 2.4) tells us that

(3.2)

|doh(E,2) ()] < [lo][lip, h(,2) < o0 Vo€ R,

so that d h(¢, x)(v) is finite for all v € R™. Therefore, by (2.1), the limit ¢, (¢, x;v)
exists and
= lim <2h(§a r + 2t’l}) - h(f,l‘) _ h(€7$ + t/U) - h(f, l’))

L0 2t t
— lim h(§, x 4+ 2tv) — h(§,x + tv).
10 t

The first equvalence in (3.2) now follows from (2.2). The second equivalence follows
from the first by replacing v by —uv. O

4. Smoothing Functions for F(z) := E[f(&, 2)].
4.1. Measurable smoothing functions.

DEFINITION 4.1 (Smoothing Functions). [9, Definition 1] Let F': U — R, where
U CR"™ is open. We say that F': U xR, — R is a smoothing function for F on U
if

(i) F(-, ) converges continuously to F' on U in the sense of [19, Definition 5.41],

i.e., _
lim F(x,pu)=F&) VzeU, and
wl0,x—%
(it) F(-,p) is continuously differentiable on U for all i > 0.

We now construct a class of smoothing functions for the Carathéordory function
f that generate smoothing functions for F.

DEFINITION 4.2 (Measurable Smoothing Functions). Let U C R™ be open and
let f: 2x U — R be a Carathéodory mapping on Z x U with f(-,x) € L}(R*, M, p)
for all x € U. A mapping f : 2 x U xR, — R is said to be a measurable
smoothing function for f on = x U x R, with smoothing parameter p > 0 if, for all
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>0, f(-,- p) is a Carathéodory map on = x U with f(-,x, ) € LY (RY, M, p) for all
(x,p) € U xR, and the following conditions hold:
(i) The function f(§,~,u) converges continuously to f(&,-) on U as u | 0 for
almost all £ € Z in the sense of [19, Definition 5.41], i.e.,

(4.1) Jim f€ @) = f(§7) VIeU andg€s,
pd0,z—2x

and, for every (Z,n) € U x R, there is an open neighborhood V. C U of T
and a function r¢(-, 7, i) € L3(E, M, p) such that

ii
(4.2) lf(& .l < ke z,p) V(€ z,p) EEXV X (0,4] .

(ii) For all u > 0, the gradient V,f(€,x,u) exists, is continuous on U for all
¢ € 2, and, for every (z,) € U xR, there is an open neighborhood V. C U
of T and a function k¢ (-, %, 1) € L3(E, M, p) such that

(43 |Vefea || < k€T R, V(g €SxV X (07

Remark 4.3. Just as in Lemma 3.3, Lemma 2.10 can be applied to show that (4.3)
implies that

@d) [ Vs € 17l p(BIE V() €V x (0,7

for all £ € M.

The conditions in (4.2) and (4.3) are added to the usual notion of smoothing
function in Definition 4.1 to facilitate the application of the Dominated Convergence
Theorem when needed.

THEOREM 4.4 (Measurable Smoothing Functions Yield Smoothing Functions).
Let U CR™ be open with X C U, andlet f : Ex U — R be a Carathéodory mapping
on = x U such that f(-,x) € LI(E,M,p) for all x € U. Let f:ExUxR,, —
R be a measurable smoothing function for f on = x U x R,_. Then the functions
F(z) := E[f(&,2)] and F(z,p) := E[f(¢, 2, )] are well defined on U and U x R,

respectively, and F is a smoothing function for F' on U satisfying
(4.5) VoF(z, 1) =E[V.f(&z,p)] ¥ (z,p) €U xR,..

Proof. The fact that I’ and F are well defined follows from the definitions. It
remains only to show that F' is a smoothing function for F. By (4.1), (4.2) and the
Dominated Convergence Theorem, for all x € U,

lim  F(z,p) = lim E[f(&e,m)] =E[ lim f(&z,p)] =E[f(&2) = F(x)

pnl0,x—2 nl0,x—z pnl0,x—2
which establishes (i) in Definition 4.1.

Next let (z,1) € U x R, , and d € R™ with d # 0. By (4.3) and the Mean Value
Theorem (MVT), for all small ¢ > 0 and £ € E there is a z(£) on the line segment
joining ¥ + td and T such that

f(g,.’f+td7ﬁ)_f(f,.’f,ﬁ)

; = |Vaf (& 2(8), )" d| < g (&, 7, 1) ]
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Hence, by the Dominated Convergence Theorem,

po P@td )~ Fep) o674 td i) - f(&x,u)]
t10 t t10 t
t10 t

— (BIV.f(¢,7.0)], d).

Since this is true for all choices of d € R", we have V. F(Z, i) = B[V, (¢, Z, )] which
establishes (4.5).

Finally we show that V,F(-, ) is continuous on U for all x> 0. Let (,/i) €
UxR,,. By (4.5), (4.3) and the Dominated Convergence Theorem,

lim V, F(, 1) = lim E[V, f(¢,, i)

= E[lim V. f(&,2, )] = E[V.f(&, 7, 0)] = Vo F(z, 7). 0

4.2. Gradient consistency of F'(z) = E[f(£,x)]. A key concept relating smoo-
thing to the variational properties of F' is the notion of gradient consistency introduced
in [9].

DEFINITION 4.5 (Gradient Consistency of Smoothing Functions). Let U C R”
be open and let F': U — R be such that F:Ux R,. — R is a smoothing function
for F on U. We say that Fis gradient consistent at T € U if

co {Limsup V.F(z, u)} = 0F (),

pul0,x—x

where the limit supremum is taken in the multi-valued sense (2.3).

As a first step toward understanding how the gradient consistency of a measurable
smoothing function for f can be used to construct a smoothing function for F', we
give the following result.

THEOREM 4.6. Let U CR", 2 € U, and f: Ex U — R be as in Corollary 3.6,
and suppose that f : Ex U xRy — R is a measurable smoothing function for f on
EXU xRyq. If, for almost all £ € E, f(&,-,) is gradient consistent at T, i.e.

T—T,1ud0

(4.6) co {Limsupvxf(ﬁ,z,u)} =0, f(&,T) ae £€E,
then F(z, p) == E[f(&, 2, p)] is a smoothing function for F(x) := E[f(£,x)] satisfying

(4.7) OF () =R [co {Limsupvx f(& @, pm) H :

z—T,1l0

Proof. The fact that Fisa smoothing function for F' comes from Theorem 4.4.
Therefore, the result is an immediate consequence of Corollary 3.6. O
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The pointwise condition (4.6) does not imply the gradient consistency of F at z.
To obtain such a result from (4.7) we also need to know that

(4.8) E

co {Limsupvxf(f, x, u)}] =co {Limsup E[V.f(¢, x, u)]} )
z—Z,ul0 x—T,ul0

The equivalence (4.8) is nontrivial requiring much stronger hypotheses to achieve.
Since O, f (&, ) compact-, convex-valued in z, the left-hand side of (4.6) is con-

tained in the right-hand side if and only if for almost all £ € = and € > 0 there is a

5(&, T, €) > 0 such that

Vol (6w, ) € 0.(6,2) + BV (x, 1) € (2,0) + 6(¢, 2, ¢)B with 1 > 0.
This motivates the hypotheses employed in the following theorem.

THEOREM 4.7 (Gradient Sub- Consistency). Let UCR" and f: ExU — R be
as in Corollary 3.6, and suppose that f : =xU xRy — R is a measurable smoothing
function for f on Ex U xRy . If & € U is such that there exists v € (0,1) such that
for all v € (0,7) there exist 6(v,Z) > 0 and Z(v,Z) € M with p(2(v,Z)) > 1 — v for
which
(4.9)

Vaiof(& x,p) €0, f(&Z)+vB V(z,pu) €[(Z,0)+0(r,2)(Bx(0,1))] ae. &€ E(,T),

then

(4.10) co {Limsup VE(z, u)} COF(z) =E |co

r—T,1u0

{Limsupvmf(&x,u)H :
z—T,1l0
Proof. Since OF (z) is convex, we need only show that the inclusion, without the

convex hull, is satisfied. Let g € Limsup,_,; , 9 VF(z, ). Then there is a sequence
(zF, pux) — (Z,0) with gy > 0 such that VF(z*, ) — g. By Lemma 3.3(d), there
is a measurable selection s from 0,f(-,7). Let v € (0,7), and let k be such that
(2%, ur) € (2,0) + 6(v,7)(B x (0,1)) for all k > k. For all k > k, define

vwf 57$kalj/k ) T

(€)= ( ) =, 2)

s(8), 5 €E\E(, 7).
Then
g = lim V,F(z*, u)

k—oo

= lim Vo f(€, 2", uy,)de +/ Vo f(€, 2", uy)dE (Theorem 4.4)
koo Jeez(v,a) £€S/E(v,2)
=i [ gele)de - SOde+ [ Vaf(eat e
o0 Jees ECE\E(1,7) ECE\E(1,7)
€ El0, £(6,2)]+vB-+v]s (- 2)ll, B+vilis (- 2, )|, B ((4.9), Theorem 3.3(£), (1.4))
=0F(z) +v(1+||xp(, @)y + A (-, 2, 1)]5)B. (Corollary 3.6)

Since v € (0, 7) was chosen arbitrarily, this proves the inclusion in (4.10) since OF(Z)
is closed. The equivalence in (4.10) follows from Theorem 4.6 since (4.9) implies
(4.6). d
In what follows, we refer to (4.10) as the gradient sub-consistency property for
the smoothing function F' at Z, and we refer to (4.9) as the uniform subgradient
approzrimation property for the measurable smoothing function f at .



12 JAMES V. BURKE, XIAOJUN CHEN, HAILIN SUN

5. Composite Max (CM) Integrands. We introduce the class of CM inte-
grands and associated smoothing functions and show that they satisfy the properties
required for the application of the results of the previous sections. The nonsmoothness
of CM integrands arises through composition with finite piecewise linear convex functi-
ons on R. The simplest such piecewise linear functions is given by (¢)4 := max{0,t}.
Indeed, all piecewise linear convex functions can be built up from this basic function.
Integral smoothing techniques based on (t); first appear in the work of Chen and
Mangasarian [8] and were later expanded by Chen [9] to a broader class of non-
smooth functions under composition. In [6] it is shown that certain economies are
possible by using the piecewise linear convex functions directly in the construction
of smoothers. We use these here. As in [6, 8, 9], we convolve these piecewise linear
functions with a density to obtain a rich class of measurable smoothing mappings
useful in applications. We begin with the following definition.

DEFINITION 5.1 (Measurable Mappings with Amenable Derivatives). Let = x
X C RY x R" and let U be an open set containing X. We say that the mapping
g: Z2xU — R™ is a measurable mapping with amenable derivative if the following
two conditions are satisfied:
(i) Each component of g is a Carathéodory mapping and, for all £ € 2, g(&,-) is
continuously differentiable in x on U;
(ii) For all (¢&,x) € = x U, the gradient V,g(&,x) is locally L? bounded in x
uniformly in & in the sense that there is a function kg : ExU — R satisfying
fg(-,x) € L2(RY M, p) for allz € U and

VZeX Je(@) >0 suchthat [[Vog(§,2)|| <Ag(€,7) Ve Bz (T)
Define &} () := E[kgy(€, T)].
We now define CM integrands.

DEFINITION 5.2 (Composite Max (CM) Integrands). A CM integrand on Z x X
is any mapping of the form

(5.1) f(&x) :=alc(§, z) + C(g(§, 2)))
for which there exists an open set U containing X such that
1. C: R™ — R™ is of the form C(y) = p1(y1), p2(y2),- -+, prolym)]”, where
pi : R—=R(i=1,...,m) are finite piecewise linear convex functions having

finitely many points of nondifferentiability,

2. the mappings ¢ and g are measurable mappings with amenable derivatives
mapping = X R™ to R™ and having common underlying open set U containing
X on which c(&,-) and g(&,-) are continuously differentiable in x on U for all
€=, and

3. the mapping q : R™ — R is continuously differentiable with Lipschitz conti-
nuous derwative on the set

Q= cl(co {c(§z) + C(g(§,2)) | (€ 2) e ExUY).
Let Ry be a Lipschitz constant for Vq on Q.

Remark 5.3. The family of CM integrands is designed to include many important
classes of functions useful in applications, e.g. the gap functions of the Nonlinear
Complementarity Problem (NCP); and the difference of two Clarke regular functions
where nonsmoothness occurs due the presence of compositions with piecewise convex
functions.
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Following [6, Section 4], we assume with no loss in generality that for each i =
1,...,m, there is a positive integer r; and scalar pairs (a;j,b;;), ¢ = 1,...,m, j =
1,...,7; such that

pz(t) = max{aijterij |j = 1,...,7‘1'},
where a;1 < a2 < -+ < aj(r,—1) < Gir;. Again with no loss in generality, we assume
that the scalar pairs (a;;,b;5), i =1,...,m, j =1,...,r; are coupled with a scalar
partition of the real line
—00 =1t;1 <tip << tiri < ti(ri-i-l) = 00
such that for all j =1,...,7;, — 1, @ijti(j4+1) + bi; = aij+ntig+1) + bi(jJrl) and
apt +bin, t<tpo,
pz-(t) = aijt+bl-j7 t e [tij;ti(j-i-l)] (] € {2,...,’)"1' - 1}),
airit + biriv t Z tiri .

This representation for the functions p; gives

I
—

ijy tig <T <t R .:1,...,1' X
(5.2) api(t):{% J G1)s J T itm

[@igi—1), aij], t=tij, J=2,...,7

It is easily shown that the functions p; and C (5.1) are globally Lipschitz continuous
with common Lipschitz constant

(5.3) Ro :=max{|a;| | i=1,....m,j=1...,r}.

Clearly CM integrands on = x X are Caratheodory functions on = x X, Moreover,
CM integrands are explicitly constructed so that they are also LL integrands on =x X.
We record this easily verified result in the next lemma.

LEMMA 5.4 (CM Integrands are LL Integrands). Let f: E2x X — R be an CM
integrand as in (5.1). Then f is an LL integrand on E x X, where, for all T € X,
one may take

(5.4) ’if('af) = Rq[’%c('af) +RC’%g('7£)]7
where kq and Ko are defined in Definition 5.2 and (5.3), respectively, and ke and kg
are given in Definition 5.1.

Since the functions p; are continuously differentiable on the open set R\{¢;a, . . ., tir, }
and the functions ¢, c(&, ), and g(&, -) are continuously differentiable, the set on which
the CM integrand f(&,-) is continuously differentiable is easily identified.

PROPOSITION 5.5. Let f: 2 x X — R be a CM integrand as in (5.1), and, for
eachi=1,...,m, set ¢;(§,z) :=p;(g:;(§,x)). Given (§,2) € Ex U, set

Ul(f) = {l‘ eU ‘x ¢ (gi(§,~))_1({ti2,...7ti”})}, 1= 1,...,m,
EZ(J]) ={¢(€E ‘5 g (gi(~7x))_1({ti2,...,tm})}, 1=1,...,m,

m

U(g) := ﬂ Ui (&) and Z(x):= ﬂ =5 ().

i=1

(1]
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Then q;(€,-) is continuously differentiable on the open set U;(€) with

vx(h(gvx) = vtpi(g’i(ga I))ng(f, 1‘), i = 13 sy M,

and f(&,-) is continuously differentiable and subdifferentially regular on the open set

U(&) with

Vo f (€, 2) = (Vac(€, @) + diag(Vipi(9:(€, 7)) Vag(€,2)) T Va(e(€, z) + C(g(€, T)))

and 0, f(&,x) = {V.f(& x)}. Therefore, given x € U, f(,-) is continuously diffe-
rentiable and subdifferentially reqular at x for all £ € E(:c) In particular, if t € U s
such that p(é(x)) =1, then f(&,-) is continuously differentiable and subdifferentially
reqular at x for almost all £ € Z.

Proof. Observe that each of the sets U;(€) is open due to the continuity of g;(&, -).
In addition, given z € U;(€), ¢ := ¢;(€,2) is a point of continuous differentiability
for p;. Hence, by a standard chain rule (e.g. see [20, Theorem 9.15]), ¢;(&,-) is con-
tinuously differentiable at every z € U; (&). Therefore, every ¢;(§,:),i = 1,...,m is
continuously differentiable for = € U (€), and so, by the same standard chain rule,
f(&,) is continuously differentiable on U (&) with it’s gradient as given. The subdif-
ferential regularity follows from [19, Theorem 9.18 and Exercise 9.64].

Givenz € U and € € E(z) we have g;(€,2) & {ti2, ... tir, } fori =1,...,m. Hence
T € (7(5) so that f(&,-) is continuously differential and subdifferentially regular at =
as required. The final statement of the proposition is now self-evident. ]

5.1. Smoothing CM integrands. We use the techniques described in [6] to
smooth CM integrands. Let 8 : R — R, be a piecewise continuous density function
satisfying

(5.5) B(t) = B(—t)  and w::/R|t|B(t)dt<oo.

We denote the distribution function for the density 8 by ¢, ie., ¢ : R — [0,1] is
given by p(z) = ffoo B(t) dt. Since B is symmetric and 3(-) > 0, ¢ is a non-decreasing
continuous function satisfying

Tr—r00

(5.6) ©(0) = %, 1—¢(x)=¢(—x), lim ¢(x)=1 and aL‘EI—noo o(z) = 0.

Moreover, for every a € (0,1), ¢~ 1(a) is a bounded interval in R, and so
(5.7)

—oo<ppt(a)=inf{¢|CepHa)} < pmala) =sup{([( €’

(@) } < +o0.

Finally, we note that since S is non-negative, piecewise continuous, and fR B(t)dt =1,
it must be bounded on R, so that Bmax :=sup {8(t) |t € R} < 400 which implies that
¢ is Lipschitz continuous on R with modulus Bmax, i-€., |¢(t1) — @(t2)| < Bmax|t1 —ta2].

LEMMA 5.6. [6, Lemma 4.1] For each i = 1,...,m, let p; : R — R be the finite
max-function defined above. Furthermore, let §: R — Ry be a piecewise continuous
function satisfying (5.5). Then, for each i =1,...,m, the convolution

Bt 1) = / pi(t — 1s)B(s) ds
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is a (well-defined) smoothing function with

Vibi(t, 1) = air (1 - %%))
(5.8) ri—1

—|—Zaw( ( )_(p<t_tl%>>+am¢<tf:m)’

ij t’b<t<tz s ‘:1’_._714
(5.9)  malt) == lim Vipi(t, ) = { 17 § < b< i, r
o glaig_ny tay) t=ty, j=2,....m

is an element of Op;(t), and

Limsup V,p;(t, ) = Opi(t) Vi€ R.

t—t,ul0
In addition, for t,t € R and 0 < fi < fi, we have
(5.10) pi(t, i) — pi(t, )] <

)
(5.11) | Vapi(t, ) — Viepi(t, )| <

[It—t|+lu pl] and

[It*tl+(1*u/ﬂ)ma><|t tijl]-

Remark 5.7. The bounds (5.10) and (5.11) do not appear in [6], but are straig-
htforward to verify directly from the definitions and (5.8).

THEOREM 5.8 (Smoothing of CM Integrands). [6, Theorem 4.6] Let f be a CM
integrand. Then f: =2 x U x R, — R given by

(5.12) F(& x, 1) = a(e(é,2) + Clg (&, x), ),

where C(y,p1) = [P1(y1, 1), 52(Y2, 1), - - - B (Yo 1)) with each p; is as given in
Lemma 5.0, is a measurable smoothing function for f. If, furthermore, (§,Z) € Ex U
is such that rankV,g(&, ) = m, then, for all x> 0,

(5.13)

Vo f (6,3, 1) = (Vac(€, @) +diag(Vepi(gi (€, 2), 1) Vag(€, )T Va(c(€, ) +C(g(€, 7)),

and

LimsupV, f (&, 2, 1) C 0, f(,) and  co {Limsup sz(&%u)} =0.f(§ 7),

*—Z,1u0 z—T,10

where

Do f(£,7) = (Vac(€, 7) + diag(0epi(g: (€, ), 1)) Vg (&, 7)) Vale(, 2) + C(g(, 7))).

We now show that the function f defined in (5.12) is a measurable smoothing
function for f in the sense of Definition 5.2. First observe that the expression for
V:p;(t, 1) in Lemma 5.6 implies the bound

(5.14) 2kc 2 ||diag(Vepi(9i(€,2), W)l V(T 1) €EEX X X Ryy.

Since this bound is independent of y, we can use it in conjunction with the represen-
tation (5.13) to provide a Lipschitz constant for f analogous to (5.4).
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LEMMA 5.9 (Smoothed CM Integrands are LL Integrands). Let f:ExX SR
be as in Theorem 5.8. Then, for every u € Ry, f(-,-, 1) is an LL integrand on Zx X,
where, for all € X, one may take r; (-, T) := Kq [Re(-, T) + 2RcRg (-, T)).

We also have the following elementary bounds for the functions p;, p;, Vp;, and

i
LeEmMA 5.10. Fori=1,...,m, let Vyp; and n; be as in Lemma 5.6, and set
|t—t2‘7 Zf’l’1:2 andt;«étg,
()= 400, ifr; =2 and t = to,
T min{\t—tij| |j€{2,...,’/‘i},t7étij}, ifr; >3 andt;«étijjzl,...,ri,
min{|t;; —t;G_0)], [ti; — tig+nl}s if ;>3 and t=t;;, je{2,...,r:}.
Then, for eachi=1,...,m,
(5.15) Follf—t) + po) = | pa(D) — pilt. )| YEtER, and
(5.16) by (t, 1) := (7 + Dice(—p~ v(t) > | Vepi(t, p) —ni(t) |,
where w is defined in (5.5), Re is defined in (5.3) and 7 := max{ry,...,rm}. Mo-
reover, for i = 1,...,m, b; is continuous on R x (0,+00) when r; = 2 and is

continuous on (R \ {tiz,...,tir,}) x (0,400) when r; > 3. In addition, for all
(t,1) € Rx (0,00), 0 < b(t,p) < 2(F+1)kc, and b(t,-) is non-decreasing on (0, +00)
with limyo0 b(t, ) = 3(F + 1)Rc and lim, 0 b(t, 1) = 0.

Proof. The bound (5.15) is given in the proof of [6, Lemma 4.1]. Next, fix i €
{1,...,m}. Since ¢ is fixed, we suppress it in the proof to follow. Let ¢t € R and let k
denote some integer in {2,...,r}. One of the following five mutually exclusive cases
must hold: (i) r =2 and ¢ # ¢a, (ii) r =2 and ¢t = to, (iii) » > 3 and (¢t <ty or t > ¢t,.),
(iv) r >3 and t = tg, and (v) r > 3 and tx <t < t41 with 2 <k <r — 1. Each of
the five cases is addressed separately. In each case, we make free use of the properties
of the function ¢ as described in (5.5)-(5.7).

(i) r =2 and t # ta:

| Vipi(t, 1) —ni(t) | < rRee(p™" ([t — ta])) = rRce(—p (1))

(ii) k=2 and t = ta:

| Vipi(t, ) —ni(t) | = 0 = o(—p " (t)).

(iii) » > 3 and (t <tz or t > t,):

(t <to): [Vipilt,p) —mi(t) | <rkop(p'(t —t2)) = rEcp(—p~ y(t).
(t>t.): |Vepilt, ) —mi(t)| <rke (1 — <p(,u_1(t —t, )) =rrce(pnt(t, — 1))
=rRcp(—p~(1)).
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(iv) r > 3 and t = ty:

| Vebit, ) = mi(t) | < (k = 2)ic (1 - @(p™ (¢~ te-1)))

ana (o =t 0)= 3 )+ (5ol =) — 5 age ) +a)
+(r = k)Row(p ' (t — tre))
<(k—Drc (1= @(u™ (¢t —tr-1))) + (r =k + DRcp(p™ (t = ter1))
=(k—-1)

Fop(p™ (the — 1) + (r — k+ DEce(p™ " (t — the))
<ricp(—p~(t).

(V) r>3and ¢ <t <tpy with2<k<r-—1:

| Viebi(t, ) = mi(t) | <(k = Dic (1= @™ (t = te—1))) + (r = K)Reo(p™ (= tis1))
o Jan (s = 1)) = plu™ (= b)) ) —
<kic (1—@(u™ (t =) + (r =k + Dicp(p™ (t = tit))
=kicp(p™ (te — 1) + (r — k+ Dico(u™ (t — tit))
<(r 4+ Dicp(—p~ ().

The bound (5.16) follows. The properties stated for the function b follow from its
definition. |

THEOREM 5.11 (Measurable Smoothing Functions for CM Integrands). Let f be
a CM integrand and let f ExUxR,_, = R be as given in Theorem 5.8. Then f
is a measurable smoothing function for f onZ xU xRyy. Moreover, the functions
F(z) := E[f(&,2)] and F(z,p) := E[f(¢, 2, )] are well defined on U and U x R,

respectively, with F' a smoothing function for F' on U.

Proof. By Lemma 5.4, we need only establish (i) and (ii) in Definition 4.2 to show
that f is a measurable smoothing function for f. First note that the bound (5.15)
in Lemma 5.10 shows that (4.1) in part (i) in Definition 4.2 is satisfied. The bound
(4.2) is also satisfied since, by Lemma 5.9,

|F &z, 1) < (&7, )| + Rolhe(&, T) + 2R0ky(£,2)] V(€ 2, 1) € E x Be(z) x (0, fi

(see Definition 3.2 and Lemma 5.4 for the definition of the terms in this bound).
Hence Definition 5.2(i) is satisfied.

By (5.13), for all 4 > 0, the gradient V,f(£,z,p) exists, and Vi f(€,-, 1) is
continuous on U for all £ € Z. Also, by (5.13), Definition 5.1 and (5.14) (or, more
simply Lemma 5.9),

|v$f~(§7l‘7u)| S Rq[%c(§7i‘) + 2"?‘0"%9(573?)] v (ga Z‘,/J,) € E X Be(i)(j) X (07 ﬂ],

which establishes a bound stronger than (4.2) in Definition 5.2(ii) since it is indepen-
dent of pu.
The final statement of the theorem follows from Lemma 4.4. O

5.2. Gradient sub-consistency of CM integrands. We now examine con-
ditions under which the smoothing (5.12) of CM integrands satisfy the gradient sub-
consistency property (4.10). Our approach is to develop conditions under which The-
orem 4.7 can be applied. The key condition in this regard is the uniform subgradient
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approximation property (4.9). This property is equivalent to saying that there exists
v € (0,1) such that for all v € (0,7) there exist 6(v,z) > 0 and E(v,z) € M with
p(E(v,z)) > 1 — v for which

(5.17)

dist (sz(f,x,u) |(’9:,3f(f7i)) <vV(x,u)€[(z,0)+4(v,z)(Bx(0,1))] a.e. &€ E(v,T).

To establish this condition we use Theorem 5.8 to derive a bound on the distance to
0. f(€,7) in terms of the distances to the subdifferentials 0;p;(g;(&,7)). For this we
require the following Lipschitz hypothesis on the Jacobians Vq, Vg and V c: for all
T € U, there is a §(z) > 0 for which there exist k,(Z) > 0 and k.(Z) > 0 such that,
for all £ € E and z € B3 (),

IVa(y) = Va@)ll < &qlly — 9
(5.18) IV2g(§, ) = Vag(&, 7)|| < ko(2)||lz — 2|, and
[Vac(§, 2) = Vae(&, D) < ke(T)lle — 2| VEEE, x € By (2),

where K, is the Lipschitz constant for Vq given in Definition 5.1. The Lipschitz
continuity of V¢ and Vg on By (7) uniformly in § on = implies that these functions
are bounded on Bj;)(Z) uniformly in § on Z. Denote these bounds by r.(Z) and (),
respectively. we also assume that Vq is bounded by xq. Taken together, we have
(5.19)

IVall < kg, [IVac(§, @) < ke(T) and [[Vag(§ z)l| < rg(Z) V(€ 7) € EX By ().

LEMMA 5.12. Let f be a CM integrand as given in Definition 5.2 and let f be the
smoothing function for f as in Theorem 5.8 for which (5.18) and (5.19) hold, and set

K1 (%) = [rq(ke(T) + 2Vmhkg(D)Rc) + Fq(he(T) + Rokg () (ke(E) + Vmeg (T)Rc)],
K5 (7) := VmwRgkc (ke(T) + Vmkg(Z)Re), and
K5(7) := Vmkgky(Z).

If 2 € U is such that rankV,g(§,x) = m for all x € By () for almost all € E,

then
(5.20)

dist (Vo f(€.2.) |0, £(6.7) ) <Ka(B) 2 — ] + Ka @)
+ K3(j)i:ql"?%md18t (vtﬁl (gi (57 $>7 M) | atpi (gi(§’ i')) )

for all (§,x) € E x By (%) and p > 0.

Proof. Let x € B () and set Y = diag(y) and Z := diag(z) where y; =
V:Di(g:(§,x), 1)) and z; € ¢pi(9:(&, %)), i = 1,...,m. Then, by Theorem 5.8, for
almost all £ € =,

§ =V f(&x,p) = (Vic(&,2) + YV,g(&, 7)) Va(c(E, ) + C(g(€, 7))

and
9= (Vac(§,7) + ZV.g(&, 7)) Va(e(§, ) + Clg(¢, 7)) € 0. (&, 7).
By using the bound (5.15), the constants defined in (5.18) and (5.19), and the fact
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that ||-||, < v/m|-||, on R™, we have
(5.21)
19— 91l < [(ke(@) + 2v/mky(@)ic) llz = 2]l + k(@) |V = Z|]r,

o+ [re(@) + vk (2)RclRy [Re(@) o = ] + | Clo(, ) = Clote 2))|
<[(ke(@) + 2v/mky (@)5c) 12 = 3ll + 1y (@) |V = 2],

o+ [e(@) + vk (@)l [ke(@) 2 = o + e (@) 12 = al] + Vinwp)]

<[y (ke @)+ 23tk ()F) + g (e (&) + Ry (2)) (5e &) 4y ()] -]
+mWHqHC(Hc( ) \/>’%9( )RC)M—F\/Eﬁqu(j) ZZI?’a)fm|vtﬁz(gl(€7x)hu)_zl|7

or equivalently,
16— ol < Ka(@) |l — 7] + Ko@)+ Ko(@)_max [Vepilgi(€, ), ) — =,

for almost all £ € =, which proves the lemma. ]

Lemma 5.12 shows that if we can obtain a bound on the distances to the subdif-
ferentials d;p;(gi(§, %)) similar to the bound in (5.17), then we can choose §(Z) and u
small enough to ensure that (5.17) also holds.

LEMMA 5.13. Let f and f satisfy the hypotheses of Lemma 5.12. Set

1
T:=kRc(T+1)/2, &:= 1min{|tij—ti(j+1)| l[i=1,--- ,m, j=2,- ,ri—l}

and, for every e € (0,&] and x € U, define

T

Jie {1, ,m}, gi(&x) € |J(ti; + [e.])

E(z) =K ¢€E =2
but g; (& ) ¢ {tir, -+ tir,}
Let £ € U and consider the following assumption:
(5.22)  for any T € (0,7), 3&(1,7) € (0,€), s.t. p(Z.(2)) <71, Vee€ (0,&,17)).
If z € U is such that (5.22) holds, then, for all ¢ € {1,...,m}, 7 € (0,7) and
€ (0,é(r, 7)),
(5.23) dist (Vipi(9i (€, ), 1) | Oepi9i(§,@))) < 7
for all £ € Z5(z) := 2\ 2.(Z) whenever (z,p) € Bz rz) (&) x (0, fi(e,7,7)), where
d(e, 7, ) :=min{d(Z),e/(2k4(Z))} and

g

/”L(E’ 7—’ z) =
72(pm1n(m)
with §(Z) and k4(Z) as given in Lemma 5.12 and (5.19), respectively.
Proof. Let 6(Z), Kq, kg, kg(Z), kg(Z), ke(Z) and k.(Z) be as in Lemma 5.12 and

it’s proof. Observe that, for every e € (0,&] and x € U,
Vi S {17 e am}mgi(f?‘r) € [tl] +€ati(j+l) - 5]7
or gi(§,x) € {ti, - tin} |
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and note that these sets are measurable. -
By (5.22), for any 7 € (0,7), we have p(E(Z)) < 7 for all € € (0,&(7,Z)]. Let
€ (0,&(r,z)). Then, for all (§,x) € E x By, . (¥), we have for i = 1,---,m,

lgi(&,2) —gi(§ D) < 5.
Let ¢ € (0,&(,Z)] and £ € ZS(Z). We consider two cases, both of which make use of
the following two elementary facts without reference:

(a) If t <ty < to, then
lo(u™H (t = 11)) — (™ (t = 2))] < p(u" (t = t2)) = p(=p [t — L))

(b) Ift >t > ta, then
lp(n™ (t = 1)) — (™ (t = )| ST —p(u™ ' (t — 1)) = p(—p [t — ta]).
Case 1: (gi(&,T) € [ti7 + & tiG41) — €] for some j € {1,---,7;}) Let x € Bs(e rz)(Z)

and p > 0. Then gl(f, x) € [tij + 5. tigy1y — 5] for all @ € By .)(Z), in which case
Vipi(9:(&:2)) = Vipi(9:(§, ) = ni(9:(§, ). By Lemma 5.10, we have

Vipi(9:(§, @), 1) = Vipi(9i (€, 7)) S(Ti+1)’_fc<P(—N717i(9i(5»x)))S(F‘H)RC@O(_ﬁ)'
Since 7/(Rc(F4+1)) < 1/2 (so that (pr;ilrl(m)

IVepi(gi(&,x), 1) — Vipi(gi(€,%))| < 7 whenever 0 < u < fi(e,7,%). Hence, for any
(JT,IU) B s7m)( ) X (0,,&(8,7’, j))7 we have

< 0 by (5.6)), we have the inequality

IVipi(gi(§, ), 1) — Vipi(gi(§, 7)) < 7.

Case 2: (g:(§,T) = t;5 for some j € {2,--- ,7;}) In this case 0;p;i (9: (€, T)) = [a;G-1), as5]-
Clearly,

(gi(&, ), 1) i =aio) (1= (™ (gi(€, 2) —ti5)) Hago(n™ (9:(€, x)i5)) €0pil9i (€, 7)),

and so

If r; = 2, then (5.8) tells us that V,p;(g:(§, z), 1) = 7:(9:(§, T), 1), so that

V51 (g4(6 ), 1) — (906, )] = 0 < (ra + 1>ncso<—i>

If 7, > 3 and 2 # j # r;, the expression in (5.8) for Vp;(g:(€, ), i) tells us that

|Vtﬁl(gl(€7 )7 )_ﬁi(gi(€7j)7u)|

< LR - o (gl ) - 1)
—Ha’z(] 1) (90(1“' l(gl ) i(5— 1))) 90( (91(57 ) ’Lj)))
+alj( ( 1(91(5 T )) @(Hil(gz‘(f,ﬂ”)* 1(]+1))) nl(gi(gaf)vﬂﬂ
+ZJ =j+1 HC‘)O( 1(.%( ,Z‘) ))
< (]_2)504/7( Qu) |az(] 1)|(1_ ( 1(92'(67 ) 'L(J 1)>)|
Haiglo(u™ (g€, 2) — tigy)) + (ri — §)Ecw(—3;)
< TRep(—5;)-
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Ifr; >3 and j=2or j =7,

3

(Vipi(9i (& @), 1) — 1i(9:(&, 2), p)| < (F — 1)'_1080(*5)
Hence, we always have
dist (Vipi(g: (€, ), 1) | 9epi(9i(€, 7)) < (7 + 1)7%0@(—%),

and so, as in Case 1, whenever 0 < u < fi(e, 7, Z), we have

dist (Vpi(gi(§, ), 1) | 0gpi(9:i(§,T))) < 7.

The result follows by combining these two cases. ]

Remark 5.14. One can strengthen the hypothesis (5.22) to

(5.24) 37> 05tV 7€ (0,7) I&(r,7) € (0,8) s.t. p(E(z) <7 Ve e (0,8(r,7)).

Then Lemma 5.13 still holds. However, under (5.24), we have that p(2(Z)) = 1, where

E@) ={¢cE|Vie{l....m} £ (g:i(~2) " ({tia, - tir 1) }

is defined in Proposition 5.5. Consequently, (5.24) implies that f(&,-) is continuously
differentiable and subdifferentially regular at  for almost all £ € Z.

We now combine Lemmas 5.12 and 5.13 to establish conditions under which (5.17)
is satisfied.

THEOREM 5.15 (Uniform Subgradient Approximation for CM Integrands). Let
f be a CM integrand as given in Definition 5.2 and let f be the smoothing function
for f given in Theorem 5.8. Suppose that the basic assumptions of Lemmas 5.12
and 5.13 are satisfied so that their conclusions hold. Then f satisfies the uniform
subgradient approzimation property at T. That is, there exists U € (0,1) such that,
for allv € (0,7), there exists 6(v,Z) > 0 and E(v,z) € M with p(E(v,z)) <1—v for
which (5.17) is satisfied.

~ Proof. Let # € U be such that rankV,g(§,z) = m and let v € (0,7). Let
4(z), K1(Z), K3(Z) and K5(Z) be as given by Lemma 5.12 so that (5.20) is satisfied
for all z € By(;)(Z) and p > 0. Set

61 (v, @) == min{d(z),v/(3K1(Z))}, pm1(v,7) :=v/(3K2(Z)), and 7 :=v/(3K3(z)+1).

Let &(7,Z) be as in (5.22). Takee € (0,£(7, %)), and set Z(v, Z) equal to Z¢(Z). Observe
that p(Z(v, 7)) > 1—7 > 1—v by construction. Set da(v, ) := min{d (v, 7),d(e,7,7)}
and po(v,z) = min{ui (v, Z), i(e, 7, %)} where 6(e,7,Z) and fi(e,7,Z) are given in

(5.23). Then, by (5.20) and the definitions given above,

dist (vmf(g, o, 1) | 0u f (€, :Tc)) <K\(7)|x — 7| + Ko (7))
+ K3(z) max dist (Vepi(9i (&, x), 1) | 0pi(9:(€, 7))

<7/ + 14 + 14 ;’
-3 3 3
for all 2 € B,z (%) and p € (0, pa (v, Z)). O
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We apply Theorem 4.7 to obtain the gradient sub-consistency of smoothed CM
integrands.

THEOREM 5.16 (Gradient Sub-Consistency of Smoothed CM Integrands). Let
f be a CM integrand as given in Definition 5.2 and let f be the smoothing function
for f given in Theorem 5.8. Suppose that the basic assumptions of Lemmas 5.12 and
5.13 are satisfied so that their conclusions hold. We further assume that f(§,-) is
subdifferentially reqular T for almost all £ € 2 or —f(&,-) is subdifferentially regular
at T for almost all £ € Z. Then ﬁ(w,,u) .= E[f(¢,x, p)] satisfies the gradient sub-
consistency property (4.10) at T, i.e.,

co {Limsup Vﬁ(m,u)} COF(z)=E

r—Z,1u0

co {Limsupvzf(ﬁ, x, 1) }] .

z—T,10

Proof. The result follows once it is shown that the hypotheses of Theorem 4.7 are
satisfied. Theorem 5.15 tells us that the uniform subgradient approximation property
is satisfied. Lemma 5.4 shows that every CM integrand is an LL integrand, so, the
subdifferential regularity requirement implies that the hypotheses of Corollary 3.6 are
satisfied. Hence, all hypotheses of Theorem 4.7 are satisfied at z. 0

5.3. Subgradient approximation via smoothing without regulartity. The-
orem 5.16 uses the subdifferential regularity of f(£,z) or —f(§,«) for almost all £
to obtain the gradient sub-consistency property of the smoothing approximation F.
However, gradient sub-consistency is often stronger than what is required in some ap-
plications. In this section it is shown that a useful subgradient approximation result
can be obtained without assumptions on subdifferential regularity.

Let f be the measurable smoothing function introduced in (5.12). We show that
if (€,%) € Z x X is such that rankV,g(¢,Z) = m, then the limit lim,, o V. f(€, Z, 1)
exits, and we provide an explicit formula for this limit. For i = 1,...,m, define the
functions

z;(§, )= 1:(9:(£, 7)) V20: (€, T)
aijVegi(€, )T, tij < 9i(&, %) <tiqr), J=1,...,7
hi (&, 2)(v):= a;; Vi (&, 7) T, (Vogi(€,7),0) 20, gi(§,T) =tij, j=2,...,7;
a;(i—1)Vegi(&,2) 0, (Vegi(€,2),0) <0, gi(&, %) =tij, j=2,...,74,
aijVegi(€,2) T, tij < 9i(&, %) <tigqry, J=1,...,m;
hi (&, 2)(v): ai(i—1)Vegi(&,2) v, (Vegi(§,2),0) >0, gi(§,7) =tij, j=2,...,7;
aijV29i(&, %) v, (V2gi(€,7),v) <0, g;(§:7) =tiy, j=2,....15,

where the functions 7); are defined in (5.9). Note that

- 1 - -
(5.25) (2:(&,2),v) = 5 (hi (&, 2)(v) + h7 (€, 7)(v),
and, by Lemma 5.6,

(5.26) 2(¢, 7) = diag(ni(9:(§, 7)) Vag (£, ).

LEMMA 5.17. Consider the CM integrand f and its smoothing function f defined
in (5.12). Assume that rankV,g(&,Z) = m for a fized (£,Z) € E x X. Then the
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following limits exist as given with w(&,T) € 0, f(&,T): for all v € R™,

u(€,7) = 1lm V. f (€2, p)

(5.27) pi0
= (V&) + (216, ), - - -, zm (€, 7)) Va(c(§, 2) + C(g(§, 7))

(5.28)
fl&,z+2tv) — f(&, T+ tv)
t

= Va(c(6,2) + C(9(£,2)) " (Voc(&, v + (h{ (£, 2) (), -, hy, (€, 2) (v)T)

(&, z0) = ltifg

and
(5.29) ) 7
£a(€, 25v) := lim f(§.7 — tv) —tf(/f,x — 2tv)

= Va(c(§,7) + C(g(&,2)) T (Vac(§, D)o + (h(§, 2)(v), -, b}, (€, @) (0)T).

Moreover, by (5.25), we have
1
(530) <u(£7j)70> = 5(61(51"%;”) +€2(§,{f;’0)) VoveR™

Proof. By combining (5.13) and (5.9), we find that the right hand side of (5.27)
is an element of 0, f(§,Z). Moreover, by (5.9) in Lemma 5.6 and (5.13) in Theorem
5.8, the limit u(§,Z) exists as given in (5.27). Since (5.30) follows from (5.28) and
(5.29), it remains only to establish the limits ¢1 (£, Z;v) and ¢5(&, Z; v) exist as given.

First consider the nonsmooth functions h;(&, z) := p;(¢:(§,x)),i = 1,--- ,m. For
each &, the functions h;(¢, -) are convex-composite functions [4]. Hence, by [4, Section
2,

and

By combining (5.2), (5.26) and (5.31), we have that z;(§,x) € 0. (pi 0 ¢;)(&, ) for all

(&,z) € 2 x X. Since, for each z € X, z;(§, x) is defined by 7; which is the limit of

measurable functions in & from (5.9), z;(£, x) is measurable in £. In addition, by [4,

Section 2], each of the mappings = — h;(§,z) = p;(g:(&,x)) is Clarke regular. Since

g(&, x) is smooth, 1/1517%91»(5795’) = V.,gi(§,Z). Combining (5.2) and Lemma 3.8, for
x x

any z € X and direction v € R", we have

hi (&, + 2tv) — hi(§, x + tv)

1 - — | =
h; (§,7)(v) = ltlf{)l t B uearfhai)((&w)@’ )
and
) _ hi(€x— to) — hi(€,a — 2tv) :
h2 -1 ) ? E .
i(&2)(v) =lim t veote Y

Note that, for every ¢ > 0, the mean value theorem tells us that there exists
w; € R™ on the line segment connecting the two vectors c(£, & — tv) + C(g(&, T — tv))
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and c(&,Z — 2tv) + C(g(&, T — 2tv)) such that
q(c(§,2—tv)+C(g(§, 2—tv))) —a(c(§, —2tv) +C(g(£, 2 — 2tv)))

l5(&, T v):ltim

40 t
Jim V() T S E ) + o6 2= 1)) — (e(§, 2—2t0) + (€, 2= 2t)))
tl0 t
—Ij c(§,z—tv)—c(§,z—2tv) C(g(§, 7 tv)) —C(g(§, T—2tv))
—lt%qu(wt)T < P + - )

ZVq(c(£7 j)+c(g(£v :Z')))T(VC(E’ (E)T,U+(h%(£, f)(’U), ) h?’n(&a E)(v))T)a

and similarly,

£2(£a "E; ”U) = Vq(c(€7 i') + C(g(ga .’z)))T(VC(f, j)Tv + (h%(f, f)(’l}), Tty h71n(£7 E)(v))T)
This establishes (5.28) and (5.29) which combined imply (5.30). |
THEOREM 5.18 (Subgradient Approximation by Smoothing). Consider the CM

integrand [ and its smoothing function [ defined in (5.12), and suppose the hypotheses

of Lemma 5.12 hold. Set F(x) := E[f(¢,2)] and F(z, p) := E[f (&, z, )] for all z € X.
Then, for almost all £ € =,
(5.32)

dist (Vo (6,2,10)|:£(6,5) ) < Ka(@)yt Ks @i+ max g 7i(g:(6,2)))

=1,..., m

Moreover, F(-, 1) is differentiable at T for all 1 > 0 with Vo F(Z, ) = E[V.f(& 2 1),
the function u in (5.27) is well defined, and,

lim V., F(z, ) = W E[V. (¢, 1)) = Elu(&. )] € B[f(€, )] = OF (z).

Proof. Combining (5.16) and (5.20), we have (5.32).

By Lemma 5.4, f is an LL integrand. By Lemma 5.17, the function u in (5.27)
is well defined a.e. in = and measurable. By Theorem 5.11, F(-, ) is differentiable
at T for all u > 0 with V,F (&, 1) = E[Vf(£,Z, 1)]. By Theorem 5.11, (5.27) and the
Dominated Convergence Theorem,

Bgvmﬁﬁiu):BﬁﬂqvnﬂﬁfMU}:Ehdﬁfﬂ

Since JE[f(&, )] = OF(Z), it remains only to show that E[u({, 7)] € 0F ().

Let v € R™. By [14, Theorem 2.7], each of the mappings V f (£, x, 1) is measurable
in £ for each (z,p) € X x Ry;. By Lemma 5.17 and [14, Proposition 2.7, u(¢,Z) €
0. f(&,T) is measurable. Moreover, by (5.30) in Lemma 5.17,

e1(§,i‘;’0) - <u(§7j)a U) = _(62(53 z; U) - <u(§,§:),v>) a.c. 5 € Ea

with both limits existing and measurable. Consequently,
(5.33) E[61(€, z;0)] = E[(u(§, 7), v)] = —(E[l2(8, T;0)] — E[(u(§, 7),v))).
Since f is an LL integrand,

- { F(€7 +2t0) = f(E.2 +10)] [f(6,2 —tv) = f(§,7 —2t)|
t ’ t

} < rp(6,7) o]
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Therefore, by the Dominated Convergence Theorem,

f&z+2tv) — f(&, T+ tv)] and

t

f(f,l‘—t’l})—f(f,fb—2t’l)):|
t b

B (6,750)] = g |

E[¢1(¢,Z;v)] = lgf{)lE [
which tells us that

dF(z)(v)=limsup E [ﬂf’ 2+ 1)~ f(€, z>]

t10,2—T t
S limE {f(f,a_: +2tv)— f(&, T + tv)] [l (€, 75 0)]
t10 t
and
C/Z\F(.CZ')(U) =limsup E [f(f, 2 Mt})—f(f, z)}
tl0,z2—Z
T —tv)— T — 2

Hence, by (5.33),

~

dF(z)(v) — (Efu(§, )], v) = E[t1(€, 7;0)] — (E[u(¢, 7)], v)

—(E[t2(&, 7;0)] — (Efu(€, )], v))

v

and
AF(2)(v) = (E[u(&,2)], v) 2 E[la(&, 75 0)] = (B[u(, 2)], v).
and so
dF(2)(v) — (E[u(&,@)], v) 2 |E[2(& 25)] - (Elu(&,2)], v) | 2 0.
Since v was chosen arbitrarily, Definition 2.2 tells us that E[u(§, )] € OF (). 0

COROLLARY 5.19. Let the assumptions of Theorem 5.18 hold. For u > 0 and
zeU, set
Ky(z) == [K1(Z)p + 2T K3(Z) ke (T)).

Then

= Fe K4(z) _ - e
(5.30) ||VFg.am - Vigam| < e =3l VEEE and v € By (7)
and
(5.35)

dist (IE[V F(&oa, )] |aF(gz)) < K‘i” |z — || +dist (Vwﬁ(f, 0| 8F(5c)) V 2 € By (7).

Moreover, we have the following gradient sub-consistency property at T for any v €
(0,1):

(5.36) Limsup  E[Vf(£,x,pu)] € OF (7).

z—Z, p=0(||lz—z||7)
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Proof. The proof of (5.34) follows the pattern of proof given for (5.21) to first
establish that

Then use (5.11) to obtain the bound (5.34).
To see (5.35), note that

dist (E[VF (&, p)]| 0F (7)) < [EIV (&2, )] ~ EVF(E, 2 ]|

+ dist (VIE[f(é“,f, w)] |aF(:?))

< K‘;(x) | — || + dist (VI]E[f(g,:au)] |8F<:E))

[Ead

< Ku(7) + dist (vmﬁ(z, 1) | OF (z) )

Hence, (5.36) follows from Theorem 5.18. |

6. Conclusion. We provide a framework for the study of smoothing functions
for non-smooth random integrands with the primary focus being the study of the gra-
dient consistency property and the approximation of Clarke subgradients of expecta-
tion functions. For the large class of measurable CM functions, we show the gradient
sub-consistency property when the integrand or its negative is subdifferentially regu-
lar for almost all £ € = (Theorems 5.15-5.16). Moreover, when this subdifferential
regularity hypothesis fails, we show that for any x € R",

E%E[Vf(é,x,u)] € OE[f(¢,z)] and Limsup  E[Vf(& z, p)] € OE[f(&, x)].

=2, u=0(||lz—Z||7)

Consequently, we can approximate an element of the Clarke subgradient of the expec-
tation function using gradients of a smoothing function for the non-smooth integrand
(Theorem 5.18 and Corollary 5.19). Measurable CM functions arise in several impor-
tant applications, e.g.

E[| min(z, p(¢,2))[*] and E[(max(a(¢)"z,0) = b(€))*] + A Y log(1 + |d] z])).

i=1

The first example comes from stochastic nonlinear complementarity problems with a
continuously differentiable function ¢ : E x R™ — R™ [10, 11], and the second is from
optimal statistical learning problems with a(¢) € R™,b(§) € R and d; € R™ [1, 3].
Our goal is to apply these approximation techniques in cases where the inclusion
OE[f(&,x)] C E[0f(&, )] is insufficient for guiding both numerical optimization and
optimality assessment.
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