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Abstract. Hyperspectral images (HSIs) are often contaminated by a mixture of noise such as
Gaussian noise, dead lines, stripes, and so on. In this paper, we propose a multi-scale low-rank
tensor regularized ℓ2,p (MLTL2p) approach for HSI denoising and destriping, which consists of an
orthogonal constrained minimization model and an iterative algorithm with convergence guarantees.
The model of the proposed MLTL2p approach is built based on a new sparsity-enhanced Multi-scale
Low-rank Tensor regularization and a tensor ℓ2,p norm with p ∈ (0, 1). The multi-scale low-rank
regularization for HSI denoising utilizes the global and local spectral correlation as well as the spatial
nonlocal self-similarity priors of HSIs. The corresponding low-rank constraints are formulated based
on independent higher-order singular value decomposition with sparsity enhancement on its core
tensor to prompt more low-rankness. The tensor ℓ2,p norm for HSI destriping is extended from
the matrix ℓ2,p norm. A proximal block coordinate descent algorithm is proposed in the MLTL2p
approach to solve the resulting nonconvex nonsmooth minimization with orthogonal constraints. We
show any accumulation point of the sequence generated by the proposed algorithm converges to a
first-order stationary point, which is defined using three equalities of substationarity, symmetry, and
feasibility for orthogonal constraints. In the numerical experiments, we compare the proposed method
with state-of-the-art methods including a deep learning based method, and test the methods on both
simulated and real HSI datasets. Our proposed MLTL2p method demonstrates outperformance in
terms of metrics such as mean peak signal-to-noise ratio as well as visual quality.

Key words. Hyperspectral images, tensor ℓ2,p norm, low-rank tensor regularization, Stiefel
manifold
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1. Introduction. Hyperspectral images (HSIs) are collected by hyperspectral
sensors across the electromagnetic spectrum. For a three-dimensional (3-D) HSI, the
first two dimensions represent spatial information, and the third dimension represents
the spectral information of a scene. An illustration of an HSI is shown in Fig. 1. HSIs
are widely used for various applications [34, 35, 36, 55] such as object detection [48],
material identification [7, 8, 19], etc.

HSIs are often contaminated by additive white Gaussian noise, impulse noise,
stripe noise, dead line noise, and so on. Mathematically, a noisy HSI D ∈ RI1×I2×I3
can be expressed as

D = L+ S +N ,

where L ∈ RI1×I2×I3 represents the clean HSI, S ∈ RI1×I2×I3 represents the sparse
noise such as impulse noise, stripe noise and dead line noise, and N ∈ RI1×I2×I3
represents additive white Gaussian noise.
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Fig. 1: An illustrative figure of an HSI.

To remove additive white Gaussian noise in HSIs, many methods have been pro-
posed. Conventional 2-D methods [13, 16], processing HSIs band by band, do not
fully utilize the strong correlation between adjacent bands. 3-D methods such as
Block-matching 4-D filtering (BM4D) [29], spectral-spatial adaptive hyperspectral to-
tal variation (SSAHTV) model [49], and sparse representation methods [44, 54] incor-
porate both spatial and spectral information and outperform conventional methods.
However, those methods may need additional preprocessing to remove non-Gaussian
noise.

In real-world scenarios, HSIs are often contaminated by more than one type of
noise due to atmospheric effects and instrument noise. Various methods have been
proposed to remove the mixed noise, including low-rank matrix based methods, low-
rank tensor based methods, and deep learning based methods. Low-rank matrix
based methods [20, 37, 51] reshape an HSI into a matrix, e.g., each spectral band
of the HSI is reshaped as each row of the matrix, and impose low-rankness on the
reshaped HSI. Zhang et al. [52] formulated the HSI denoising problem as a low-rank
matrix factorization problem and solved it by the “Go Decomposition” algorithm;
Zhang et al. [51] proposed a double low-rank matrix decomposition which utilized the
ℓ1 norm for the impulse noise and the matrix nuclear norm for stripes, and adopted
augmented Lagrangian method (ALM) to solve the model; Yang et al. [47] also used
double low-rankness, but added spatial-spectral total variation (SSTV) to the model
and performed the decomposition on full band blocks (FBBs) rather than the entire
HSI. However, imposing low-rankness on matrices can only exploit redundancy in
two dimensions and may potentially lose important structural information due to
reshaping.

Low-rank tensor based methods [14, 18, 23, 33, 55] view HSIs as tensors, and
can exploit redundancy in three or more dimensions. Tensor low-rank decomposi-
tions can preserve the spatial-spectral correlations and even nonlocal self-similarity
if block matching is involved. Wang et al. [41] used Tucker tensor decomposition
and an anisotropic SSTV regularization to characterize the piece-wise smooth struc-
tures of the HSI; Chen et al. [12] proposed a low-rank tensor decomposition (LRTD)
method, which utilized the higher-order singular value decomposition (HOSVD) for
low-rankness and the matrix ℓ2,1 norm for characterizing the stripes, and adopted
ALM for solving the optimization model. Cao et al. [6] employed the fact that spectral
signatures of pixels lie in a low-dimensional subspace, and proposed a subspace-based
nonlocal low-rank and sparse factorization (SNLRSF) method for removing mixed
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noise in HSI, which conducted nonlocal low-rank factorization via successive singular
value decomposition (SVD). Xiong et al. [45] proposed the LRTFL0 method using
low-rank block term decomposition and spectral-spatial ℓ0 gradient regularization to
achieve gradient smoothness.

For removing Gaussian noise, the existing low-rank based methods mainly utilize
global spectral correlation of HSIs, and do not use its nonlocal self-similarity prior [5],
except for SNLRSF. This limits the performance of restoring clean HSIs. Also, many
of those methods use ALM to solve their low-rank regularization based models with-
out providing any convergence analysis. In their ALM, the augmented Lagrangian
subproblem is solved by alternating minimization via one Gauss–Seidel-type iteration,
instead of an exact joint minimization. As a result, the convergence is not guaranteed
for these nonconvex nonsmooth optimization problems with three or more blocks [10].

Recently, some deep neural networks [4, 43, 50] have been proposed to denoise
HSIs. Quasi-recurrent neural networks (QRNN) [4] combined recurrent neural net-
works (RNN) with convolutional neural networks (CNN); the 3-D version of QRNN
(QRNN3D) [43], applying quasi-recurrent pooling function along spectrum, can effec-
tively embed both structural spatial-spectral correlation and global correlation along
spectrum of HSIs; CNN can also be used as a denoiser in a plug-and-play fashion for
HSI denoising [38]. However, the performance of these methods may vary significantly
depending on factors such as the datasets used, noise characteristics, and the size of
the input data.

To remove Gaussian noise and stripes simultaneously, we propose a new opti-
mization model utilizing low-rank tensor regularization and a group sparsity measure,
which is formulated as follows

min
S,[X1],[X2],
[X3],[G],L

1

2
∥L+ S − D∥2F + γ∥S∥p2,p + ∥[G]∥1,w

+
δ

2
∥R(L)− [G]×1 [X1]×2 [X2]×3 [X3]∥2F

s.t. [Xi]
⊤[Xi] = [Ini

], i = 1, 2, 3,

(1.1)

where
• S,L ∈ RI1×I2×I3 , [G] ∈ Rn1×n2×n3×N and [Xi] ∈ Rmi×ni×N , mi ≥ ni,
i = 1, 2, 3;

• ∥S∥2,p denotes the tensor ℓ2,p (quasi-)norm with p ∈ (0, 1) of a third order
tensor S defined by

(1.2) ∥S∥2,p =

(
I3∑
i3=1

I2∑
i2=1

∥s:i2i3∥
p
2

) 1
p

=

 I3∑
i3=1

I2∑
i2=1

(
I1∑
i1=1

s2i1i2i3

) p
2


1
p

,

and the tensor ℓ2,p norm is exactly equal to the matrix ℓ2,p norm of the
unfolding matrix of S along the first dimension, i.e., ∥S∥2,p = ∥S(1)∥2,p;

• R : RI1×I2×I3 → Rm1×m2×m3×N denotes the block extraction operator that
extracts blocks and forms a fourth order tensor, for example, the nonlocal
similar FBB tensor, which can be regularized to exhibit low-rank properties;

• [G] ×1 [X1] ×2 [X2] ×3 [X3] denotes an independent 3-D HOSVD (see the
definition in section 2.2) with [G] being a stack of N independent core tensors
and [Xi] being a stack of N independent mode-i factor matrices, i = 1, 2, 3,
and [Xi] is independently orthogonal, i.e., [Xi]

⊤[Xi] = [Ini
], with Ini

rep-
resenting the identity matrix of size ni × ni;



4 X. LIU, S. YU, J. LU, AND X. CHEN

• ∥[G]∥1,w denotes the weighted tensor (component-wise) ℓ1 norm for a fourth
order tensor [G] defined by

(1.3) ∥[G]∥1,w =

N∑
j=1

wj∥[G](j)∥1,

with w ∈ RN++ being a positive weight vector, and [G](j) being the j-th
independent core tensor of [G].

Model (1.1) is a nonconvex nonsmooth minimization problem with orthogonal
constraints. In particular, the first term of model (1.1) is a data fidelity term to
remove Gaussian noise, the second term is a group sparsity measure to remove sparse
noise with linear structures, and the last two terms are the sparsity-enhanced nonlocal
low-rank tensor regularization terms.

Our main contributions are summarized as follows:
• We propose a novel model to remove mixed noise in HSIs using a new sparsity-
enhanced low-rank regularization and a tensor ℓ2,p norm with p ∈ (0, 1). For
removing Gaussian noise, a tensor formed via the extraction operator R is
regularized on its low-rankness using independent 3-D HOSVD with sparsity
enhancement on its core tensors to prompt more low-rankness. The tensor
ℓ2,p norm for removing the dead lines and stripes is extended from the matrix
ℓ2,p norm. Some new mathematical results on finding the proximal operator
of the tensor ℓ2,p norm are also presented. We show that model (1.1) has a
nonempty and bounded solution set.

• We propose a proximal block coordinate descent (P-BCD) algorithm for solv-
ing problem (1.1). Each subproblem of the P-BCD algorithm has an exact
form solution, which either has a closed-form solution or is easy to compute.
We define the first-order stationary point of model (1.1) using three equali-
ties of substationarity, symmetry, and feasibility for orthogonal constraints.
We prove that any accumulation point of the sequence generated by P-BCD
algorithm is a first-order stationary point.

• We propose a multi-scale low-rank tensor regularized ℓ2,p (MLTL2p) approach
with two phases for HSI denoising and destriping, which utilizes the global
and local spectral correlation as well as the spatial nonlocal self-similarity
priors of HSIs. We show the MLTL2p approach can outperform other state-
of-the-art methods including a deep learning based method on the numerical
experiments tested on both simulated and real HSI datasets.

The rest of this paper is organized as follows. In section 2, we present some
notations and preliminaries for tensors, nonconvex nonsmooth optimization, manifold
optimization, and independent 3-D HOSVD. For solving model (1.1), we propose a
P-BCD method in section 3 and conduct its convergence analysis in section 4. Next,
we propose the MLTL2p approach for HSI denoising and destriping in section 5 and
conduct experiments on simulated and real HSI data in section 6. The concluding
remarks are given in section 7.

2. Notations and Preliminaries. In this section, we first present the notations
for tensors, nonconvex nonsmooth optimization, and manifold optimization, then we
introduce some notations and preliminaries for the independent 3-D HOSVD.

2.1. Notations. Throughout this paper, tensors are denoted by calligraphic
uppercase letters, e.g., X , matrices by boldface uppercase letters, e.g., X, vectors by
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boldface lowercase letters, e.g., x, scalars or entries by lowercase letters, e.g., x, and
operators by curly uppercase letters, e.g., R.

First, we introduce the notations for tensors. For a third order tensor X ∈
RI1×I2×I3 , we let xi1i2i3 denote its (i1, i2, i3)-th entry, let x:i2i3 denote its (i2, i3)-th
mode-1 fiber and let X ::i3 denote its i3-th frontal slice. And X ∈ RI1×I2×I3++ means all
its entries are positive. The mode-k unfolding of a third order tensor X is denoted as
X(k) = unfold(k)(X ), which is the process to linearize all indexes except index k. The

dimensions of X(k) are Ik ×
∏3
j=1,j ̸=k Ij . An element xi1i2i3 of X corresponds to the

position of (ik, j) in matrix X(k), where j = 1+
∑3
l=1,l ̸=k(il − 1)

∏l−1
m=1,m̸=k Im. The

inverse process of the mode-k unfolding of a tensor X is denoted by X = fold(k)(X(k)).
An illustration of the unfoldings is presented in Fig. 2.

Fig. 2: The unfoldings of tensor X ∈ RI1×I2×I3 .

The (component-wise) ℓ1 norm and Frobenius norm of X are given by

∥X∥1 : =
∑I1
i1=1

∑I2
i2=1

∑I3
i3=1 |xi1i2i3 |,

∥X∥F : = (
∑I1
i1=1

∑I2
i2=1

∑I3
i3=1 |xi1i2i3 |2)

1
2 .

Next, we provide the definitions for (limiting) subdifferentials and proximal op-
erators. Let f : Rd → (−∞,+∞] be a proper and lower semicontinuous function
with a finite lower bound. The (limiting) subdifferential of f at x ∈ dom f := {x ∈
Rd|f(x) <∞}, denoted by ∂f(x), is defined as

∂f(x) := {u ∈ Rd| ∃xk → x, f(xk)→ f(x)

and uk → u with uk ∈ ∂̂f(xk) as k →∞},

where ∂̂f(x) denotes the Fréchet subdifferential of f at x ∈ dom f , which is the set
of all u ∈ Rd satisfying

lim inf
y ̸=x,y→x

f(y)− f(x)− ⟨u,y − x⟩
∥y − x∥

≥ 0.(2.1)
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It follows from [32] that {u ∈ Rd|∃xk → x, f(xk) → f(x) and uk → u with uk ∈
∂f(xk) as k →∞} ⊆ ∂f(x). Next, the proximal operator of f with parameter λ > 0
evaluated at x ∈ Rd, denoted as proxλf (x), is defined as

proxλf (x) := argmin
u∈Rd

[
f(u) +

1

2λ
∥u− x∥22

]
.

Note that proxλf is a single-valued map, if f is a convex function. However, when f
is nonconvex, proxλf (x) may have multiple points.

Also, we set Sm,n := {X ∈ Rm×n|X⊤X = In} as the Stiefel manifold with

m ≥ n and set TXSm,n := {Y ∈ Rm×n|Y ⊤X +X⊤Y = 0} as the tangent space of
Stiefel manifold at X ∈ Rm×n. We also set the Riemannian metric on Stiefel manifold
as the metric induced from the Euclidean inner product. Then according to [1], the
Riemannian gradient of a smooth function f at X is given by

grad f(X) := ProjTXSm,n
(∇f(X)),

where ProjTXSm,n
(Y ) := (Im −XX⊤)Y + 1

2X(X⊤Y − Y ⊤X).

2.2. Independent 3-D HOSVD. We introduce the definition of a 3-D HOSVD
and then define an independent 3-D HOSVD using the notation [ · ]. For a third order
tensor Y ∈ Rm1×m2×m3 , the (truncated) 3-D HOSVD of Y is to approximate Y in
the following form

(2.2) Y ≈ G ×1 X1 ×2 X2 ×3 X3,

where G ∈ Rn1×n2×n3 is the core tensor, and Xi ∈ Rmi×ni is the i-th factor matrix
such that X⊤

i Xi = Ini
. Note that mi ≥ ni and Xi belongs to a Stiefel manifold, i.e.,

Xi ∈ Smi,ni . By imposing orthogonality on the factor matrices, the decomposition
in (2.2) can inherit some nice properties from the matrix SVD. For example, the core
tensor can have the all-orthogonality and the ordering property [11].

When a fourth order tensor has little correlation across the last mode, we view
the fourth order tensor as a stack of independent third order tensors. For example,
for each nonlocal self-similar group after the block extraction operator R correspond-
ing to different image pattern, different nonlocal self-similar groups with low correc-
tion/similarity can be processed independently. Using the notation [ · ], we denote
such a fourth order tensor as [Y] ∈ Rm1×m2×m3×N and its j-th third order tensor as
[Y](j) ∈ Rm1×m2×m3 , j = 1, 2, . . . , N , where N denotes the number of independent
third order tensors in the stack. Similarly, a stack of independent matrices is denoted
as [X] ∈ Rm×n×N , and its j-the matrix is [X](j). An illustration of the stacking
processes of independent tensors is presented in Fig. 3.

Next, we say [X] is independently orthogonal if [X]⊤[X] = [In], meaning
([X](j))⊤[X](j) = In, or equivalently [X] ∈ [Sm,n], meaning [X](j) ∈ Sm,n. Then
we define an independent (truncated) 3-D HOSVD of [Y] as

(2.3) [Y] ≈ [G]×1 [X1]×2 [X2]×3 [X3],

where [G] ∈ Rn1×n2×n3×N , [Xi] ∈ Rmi×ni×N , and [Y](j) ≈ [G](j) ×1 [X1]
(j) ×2

[X2]
(j) ×3 [X3]

(j) with ([Xi]
(j))⊤[Xi]

(j) = Ini
, i = 1, 2, 3, j = 1, 2, . . . , N . Similarly,

we extend the notation of [ · ] to other operations acting on independent tensors. That
is, performing an operation on independent tensors means performing the operation on
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Fig. 3: A stack of independent tensors.

each lower order tensor independently. For example, performing the mode-k unfolding

on [G], denoted as [G][(k)], means independently performing [G](j)(k) for each j, which is

the mode-k unfolding on [G](j).
The core tensor G in the 3-D HOSVD in (2.2), as well as the stack of independent

core tensors [G] in (2.3), play important roles in characterizing the low-rankness of the
tensors Y and [Y], respectively. Specifically, the core tensors and their entries reflect
the level of interaction among the different components [22]. Therefore, low-rankness
can be promoted by imposing the sparsity on the core tensors.

3. Proximal Block Coordinate Descent Algorithm. The proposed low-
rank tensor model (1.1) is a nonconvex and nonsmooth optimization problem over
Stiefel manifolds. In this section, we propose a P-BCD algorithm for solving model
(1.1).

Let Φ denote the objective function of model (1.1) defined by

Φ(S, [X1], [X2], [X3], [G],L) :=
1

2
∥L+ S − D∥2F + γφ (S) + ψ([G])

+ δH([X1], [X2], [X3], [G],L),

where φ(S) = ∥S∥p2,p, ψ([G]) = ∥[G]∥1,w, and

(3.1) H([X1], [X2], [X3], [G],L) :=
1

2
∥R(L)− [G]×1 [X1]×2 [X2]×3 [X3]∥2F .

Then the P-BCD algorithm is summarized as follows:

Sk+1 ∈ argmin
S

Φ(S, [Xk
1 ], [X

k
2 ], [X

k
3 ], [Gk],Lk) +

αS

2
∥S − Sk∥2F ,

[Xk+1
1 ] ∈ argmin

[X1]∈[Sm1,n1
]

Φ(Sk+1, [X1], [X
k
2 ], [X

k
3 ], [Gk],Lk) +

αX

2
∥[X1]− [Xk

1 ]∥2F ,

[Xk+1
2 ] ∈ argmin

[X2]∈[Sm2,n2
]

Φ(Sk+1, [Xk+1
1 ], [X2], [X

k
3 ], [Gk],Lk) +

αX

2
∥[X2]− [Xk

2 ]∥2F ,

[Xk+1
3 ] ∈ argmin

[X3]∈[Sm3,n3
]

Φ(Sk+1, [Xk+1
1 ], [Xk+1

2 ], [X3], [Gk],Lk) +
αX

2
∥[X3]− [Xk

3 ]∥2F ,

[Gk+1] = argmin
[G]

Φ(Sk+1, [Xk+1
1 ], [Xk+1

2 ], [Xk+1
3 ], [G],Lk) + αG

2
∥[G]− [Gk]∥2F ,

Lk+1 = argmin
L

Φ(Sk+1, [Xk+1
1 ], [Xk+1

2 ], [Xk+1
3 ], [Gk+1],L),
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where parameters αS , αX , αG > 0.
In the following, we present the details for computing each update. We will

conduct a convergence analysis for the proposed P-BCD algorithm in the next section.

3.1. The update of S. We update Sk+1 using the proximal operator of φ as
follows

Sk+1 ∈argmin
S

γ̃φ (S) + 1

2

∥∥S − (Sk − α̃S
(
Sk + Lk −D)

)∥∥2
F
,

=proxγ̃φ
(
Sk − α̃S

(
Sk + Lk −D

))
,(3.2)

where γ̃ = γ
1+αS

and α̃S = 1
1+αS

.

3.2. The update of [Xi]. Before we solve the optimization subproblem in terms
of [Xi] over independent Stiefel manifolds, we can rewrite its objective function using
the following useful fact for unfolding of tensors

Y = G ×i X if and only if Y (i) = XG(i).

Then by applying X ∈ Sm,n, the Frobenious norm of tensors can be rewritten into
the Frobenious norm of matrices

∥G ×i X − L∥2F =∥XG(i) −L(i)∥2F
=∥G(i)∥2F − 2⟨XG(i),L(i)⟩+ ∥L(i)∥2F ,(3.3)

where G(i) and L(i) denote the mode-i unfolding of G and L, respectively. Since

⟨XG(i),L(i)⟩ = ⟨X,L(i)G
⊤
(i)⟩ and ∥X∥2F = n, minimizing ∥G ×i X − L∥2F over X

on the Stiefel manifold is equivalent to minimizing ∥X − L(i)G
⊤
(i)∥2F over the Stiefel

manifold. Hence, [Xk+1
i ] can be computed via the projection of unfolding matrices

onto the Stiefel manifolds independently as follows

[Xk+1
i ] ∈ Proj[Smi,ni

]

(
[Xk

i ]− α̃X

(
[Xk

i ]− [P k
i ][Q

k
i ]

⊤
))

,(3.4)

where [P k
i ] = (R(Lk))[(i)], [Qk

1 ] =
(
[Gk]×2 [X

k
2 ]×3 [X

k
3 ]
)
[(1)]

, [Qk
2 ] =

(
[Gk]×1[X

k+1
1 ]

×3[X
k
3 ]
)
[(2)]

, [Qk
3 ] =

(
[Gk]×1 [X

k+1
1 ]×2 [X

k+1
2 ]

)
[(3)]

, and parameter α̃X = δ
δ+αX

.

In the following, we present a lemma for finding the projection onto a Stiefel
manifold, which is given in Theorem 4.1 in [21] and proved in [2].

Lemma 3.1 ([21, 2]). Given A ∈ Rm×n, m ≥ n, consider the following Stiefel
manifold projection problem

min
X∈Rm×n

∥X −A∥2F

s.t. X⊤X = In.
(3.5)

Then the set of optimal solutions of problem (3.5), denoted as Ω∗(A), is given by

Ω∗(A) = {UV ⊤|A = UΣV ⊤,U ∈ Rm×n,Σ ∈ Rn×n,V ∈ Rn×n

such that U⊤U = V ⊤V = In and Σ = Diag(σ(A))},

where UΣV ⊤ is a reduced SVD of A and σ(A) ∈ Rn is a vector of all the singular
values of A. In particular, if A is of full column rank n, then Ω∗(A) is a singleton.
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According to Lemma 3.1, problem (3.5) has a closed form solution, even though
it may have multiple solutions when the given matrix does not have full column
rank. Hence, if [U ][Σ][V ]⊤ is an independent reduced SVD of [A] ∈ Rm×n×N , then
[U ][V ]⊤ ∈ Proj[Sm,n]([A]).

3.3. The update of [G]. The subproblem for updating [G] can be reformulated
by using the following property that for any X ∈ Sm,n, m ≥ n,

∥G ×i X − L∥2F
=∥G(i) −X⊤L(i)∥2F − ∥X

⊤L(i)∥2F + ∥L(i)∥2F
=∥G − L ×i X⊤∥2F − ∥L ×i X

⊤∥2F + ∥L∥2F ,

which is derived from (3.3) and the constraint that X⊤X = In. Then [Gk+1] can be
computed by

[Gk+1] =argmin
[G]

ψ([G]) + δ

2
∥[G]− [Ok+1]∥2F +

αG

2
∥[G]− [Gk]∥2F ,

=argmin
[G]

w̃Gψ([G]) +
1

2
∥[G]−

(
[Gk]− α̃G([Gk]− [Ok+1])

)
∥2F ,

=proxw̃Gψ

(
[Gk]− α̃G([Gk]− [Ok+1])

)
,(3.6)

where [Ok+1] = R(Lk) ×1 [X
k+1
1 ]⊤ ×2 [X

k+1
2 ]⊤ ×3 [X

k+1
3 ]⊤, w̃G = 1

δ+αG
, and α̃G =

δ
δ+αG

.

3.4. The update of L. Before we compute Lk+1, we define the transpose of R
by R⊤ : Rm1×m2×m3×N → RI1×I2×I3 satisfying ⟨R(L), [Y]⟩ = ⟨L,R⊤([Y])⟩ for any
L ∈ RI1×I2×I3 , and [Y] ∈ Rm1×m2×m3×N . Then we have

∥R(L)∥2F = ⟨L,R⊤R(L)⟩F = ⟨L,WR ⊙ L⟩F ,

where WR ∈ RI1×I2×I3++ denotes a weight tensor such that the component-wise mul-
tiplication with WR is an equivalent operation of R⊤R, i.e., WR ⊙ Id = R⊤R, ⊙
denotes the component-wise multiplication, and Id denotes the identity mapping on
RI1×I2×I3 . Then Lk+1 can be computed in a unique closed form as follows

Lk+1 =(δWR + I)−1 ⊙
(
δR⊤([Yk+1]) +D − Sk+1

)
,(3.7)

where [Yk+1] denotes the approximated low-rank tensor

(3.8) [Yk+1] = [Gk+1]×1 [X
k+1
1 ]×2 [X

k+1
2 ]×3 [X

k+1
3 ],

I ∈ RI1×I2×I3 denotes the tensor with all entries equal to 1, and W−1
R denotes

the component-wise inverse of WR, i.e., the (i1, i2, i3)-th entry of W−1
R is equal to

1/(WR)i1i2i3 .
All in all, the proposed P-BCD algorithm for model (1.1) is summarized in Algo-

rithm 3.1.
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Algorithm 3.1 Proximal BCD (P-BCD) algorithm for model (1.1)

1: Initialize (S0, [X0
1], [X

0
2], [X

0
3], [G0],L0) with [X0

i ] ∈ [Smi,ni
];

2: Set the tensor extraction operator R;
3: Set parameters αS , αX , αG > 0;
4: Set k = 0.
5: repeat
6: Compute Sk+1 by (3.2);
7: Compute [Xk+1

i ] by (3.4), i = 1, 2, 3;
8: Compute [Gk+1] by (3.6);
9: Compute Lk+1 by (3.7);

10: k ← k + 1.
11: until the stopping criterion is met.
Output: (Sk, [Xk

1 ], [X
k
2 ], [X

k
3 ], [Gk],Lk).

4. Convergence Analysis of The P-BCD Algorithm. The proposed P-BCD
algorithm aims to solve a particular optimization problem of the form as in (1.1). An
optimal solution of each subproblem in our algorithm is obtained as shown in the
previous subsections. The P-BCD algorithm can be viewed as a special variant of
the proximal alternating linearization minimization (PALM) [3] extended for multiple
blocks or the block coordinate update with prox-linear approximation [46], called the
block prox-linear method. In the following, we present the convergence results of the
P-BCD algorithm.

Let Z := (S, [X1], [X2], [X3], [G],L). First, we define the first-order optimality
condition of the orthogonal constrained optimization problem as in (1.1). The point
Z̄ := (S̄, [X̄1], [X̄2], [X̄3], [Ḡ], L̄) is a first-order stationary point of problem (1.1) if
0 ∈ ∂Φ(Z̄), that is,

0 ∈ L̄+ S̄ − D + γ∂φ(S̄),
0 = grad[Xi]H([X̄1], [X̄2], [X̄3], [Ḡ], L̄), [X̄i]

⊤[X̄i] = [Ini
], i = 1, 2, 3,(4.1)

0 ∈ δ∇[G]H([X̄1], [X̄2], [X̄3], [Ḡ], L̄) + ∂ψ([Ḡ]),
0 = L̄+ S̄ − D + δ∇LH([X̄1], [X̄2], [X̄3], [Ḡ], L̄),

where grad[Xi]H([X̄1], [X̄2], [X̄3], [Ḡ], L̄) denotes the Riemannian gradient of H with

respect to [Xi] evaluated at ([X̄1], [X̄2], [X̄3], [Ḡ], L̄), i = 1, 2, 3, and ∂φ and ∂ψ
denote the subdifferentials of φ and ψ, respectively. Then we compute the gradients
of H explicitly and replace the optimality condition for orthogonal constraints as in
(4.1) using an equivalent condition introduced in [17]. Hence, we call Z̄ is a first-order
stationary point of problem (1.1) if

0 ∈ L̄+ S̄ − D + γ∂φ(S̄),(4.2a)

0 = ([Imi ]− [X̄i][X̄i]
⊤)[H̄i],(4.2b)

0 = [H̄i]
⊤[X̄i]− [X̄i]

⊤[H̄i],(4.2c)

[X̄i]
⊤[X̄i] = [Ini

],(4.2d)

0 ∈ δ([Ḡ]− [Ō]) + ∂ψ([Ḡ]),(4.2e)

0 = L̄+ S̄ − D + δWR ⊙ L̄ − δR⊤([Ȳ]),(4.2f)
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where i = 1, 2, 3, and

[P̄ i] =(R(L̄))[(i)]
[Q̄1] =([Ḡ]×2 [X̄2]×3 [X̄3])[(1)]

[Q̄2] =([Ḡ]×1 [X̄1]×3 [X̄3])[(2)]

[Q̄3] =([Ḡ]×1 [X̄1]×2 [X̄2])[(3)]

[H̄i] =([X̄i][Q̄i]− [P̄ i])[Q̄i]
⊤

[Ō] =R(L̄)×1 [X̄1]
⊤ ×2 [X̄2]

⊤ ×3 [X̄3]
⊤

[Ȳ] =[Ḡ]×1 [X̄1]×2 [X̄2]×3 [X̄3].

Second, we prove the non-increasing monotonicity of the objective sequence
{Φ(Zk)} and the boundedness of the sequence {Zk} generated by Algorithm 3.1.

Theorem 4.1. Let {Zk} be the sequence generated by Algorithm 3.1. Then the
following statements hold:

(i) The sequence {Φ(Zk)} of function values at the iteration points decreases
monotonically, and

Φ(Zk)− Φ(Zk+1)

≥α
2
∥Sk+1 − Sk∥2F +

α

2

3∑
i=1

∥[Xk+1
i ]− [Xk

i ]∥2F +
α

2
∥[Gk+1]− [Gk]∥2F .

(4.3)

(ii) The sequence {Zk} is bounded.
(iii) lim

k→∞
∥Sk+1 − Sk∥F = 0, lim

k→∞
∥[Xk+1

i ] − [Xk
i ]∥F = 0, for i = 1, 2, 3, and

lim
k→∞

∥[Gk+1]− [Gk]∥F = 0.

Proof. (i) According to the update of S, we have

Φ(Zk)− Φ(Sk+1, [Xk
1 ], [X

k
2 ], [X

k
3 ], [Gk],Lk)

≥αS

2
∥Sk+1 − Sk∥2F ,

where α > 0. Next, it follows from the update of [Xi] and Lemma 3.1 that

Φ(Sk+1, [Xk
1 ], [X

k
2 ], [X

k
3 ], [Gk],Lk)− Φ(Sk+1, [Xk+1

1 ], [Xk+1
2 ], [Xk+1

3 ], [Gk],Lk)

≥αX

2

3∑
i=1

∥[Xk+1
i ]− [Xk

i ]∥2F .

Then by the updates of [G] and L, we have

Φ(Sk+1, [Xk+1
1 ], [Xk+1

2 ], [Xk+1
3 ], [Gk],Lk)

− Φ(Sk+1, [Xk+1
1 ], [Xk+1

2 ], [Xk+1
3 ], [Gk+1],Lk) ≥ αG

2
∥[Gk+1]− [Gk]∥2F

and

Φ(Sk+1, [Xk+1
1 ], [Xk+1

2 ], [Xk+1
3 ], [Gk+1],Lk)− Φ(Zk+1) ≥ 0.

Combining the inequalities above, we obtain (4.3) with α = min{αS , αG , αX} > 0.
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(ii) Since [Xk
i ]

⊤[Xk
i ] = [Ini

] for each i = 1, 2, 3, we have the sequence {[Xk
i ]}

is bounded. By (i), we have Φ(Zk) ≤ Φ(Z0). Also, we observe that Φ(Zk) ≥
γφ(Sk) + ψ([Gk]) ≥ 0. Since

lim
∥S∥F→∞

φ(S) =∞ and lim
∥[G]∥F→∞

ψ([G]) =∞,

we must have the sequences {Sk} and {[Gk]} are bounded. As shown in (3.7) that
Lk is uniquely determined by Sk, [Xk

1 ], [X
k
2 ], [X

k
3 ] and [Gk], the sequence {Lk} is also

bounded.
(iii) Let K be an arbitrary integer. Summing (4.3) from k = 1 to K − 1, we have

K−1∑
k=0

∥Sk+1 − Sk∥2F +

K−1∑
k=0

3∑
i=1

∥[Xk+1
i ]− [Xk

i ]∥2F +

K−1∑
k=0

∥[Gk+1]− [Gk]∥2F

≤ 2

α

(
Φ(Z0)− Φ(ZK)

)
≤ 2

α
Φ(Z0).

Taking the limits of both sides of the inequality as K → ∞, we have
∑∞
k=0 ∥Sk+1 −

Sk∥2F < ∞,
∑∞
k=0 ∥[X

k+1
i ] − [Xk

i ]∥2F < ∞ and
∑∞
k=0 ∥[Gk+1] − [Gk]∥2F < ∞. Then

assertion (iii) immediately holds.

In addition to the assertions presented in Theorem 4.1, more assertions can be
derived in the following corollary.

Corollary 4.2. Let {Zk} be the sequence generated by Algorithm 3.1. Then
lim
k→∞

∥[Yk+1]− [Yk]∥F = 0 and lim
k→∞

∥Lk+1 − Lk∥F = 0.

Proof. Since ∥[Gk+1]×i [Xi]− [Gk]×i [Xi]∥F = ∥[Gk+1]− [Gk]∥F for any [Xi] ∈
[Smi,ni ] and ∥[G]×i [X

k+1
i ]− [G]×i [Xk

i ]∥F ≤ ∥[G]∥F ∥[X
k+1
i ]− [Xk

i ]∥F , we have

∥[Yk+1]− [Yk]∥F ≤∥[Gk+1]− [Gk]∥F + c1∥[Xk+1
1 ]− [Xk

1 ]∥F
+ c1∥[Xk+1

2 ]− [Xk
2 ]∥F + c1∥[Xk+1

3 ]− [Xk
3 ]∥F ,

where c1 = maxk ∥[Gk]∥F < ∞ according to assertion (ii) in Theorem 4.1. Then
it immediately follows from assertion (iii) in Theorem 4.1 that limk→∞ ∥[Yk+1] −
[Yk]∥F = 0.

Also, we have

∥Lk+1 − Lk∥F ≤δ
√
c2∥[Yk+1]− [Yk]∥F + ∥Sk+1 − Sk∥F ,

where c2 = max(WR)i1i2i3 . Then by assertion (iii) in Theorem 4.1, we can have
limk→∞ ∥Lk+1 − Lk∥F = 0.

Third, we apply the results in [17] to the updates of [Xi] in our proposed algo-
rithm. Those results are useful for proving three equalities of substationarity, sym-
metry, and feasibility for [Xi]. According to Lemma 3.3 in [17], we can have the
following lemma and then we prove the decrease of the function value H after each
update of [Xi].

Lemma 4.3 ([17]). Let h : Rm×n → R be defined by h(X) = 1
2∥X − PQ⊤∥2F ,

where Q ∈ Rn×m, P ∈ Rm×m and m ≥ n. If X ∈ Sm,n and

(4.4) X̄ = ProjSm,n
(X − τ(X − PQ⊤)),



HYPERSPECTRAL IMAGE DENOISING AND DESTRIPING 13

where τ ∈ (0, 1), then we have X̄ ∈ Sm,n and

(4.5) h(X)− h(X̄) ≥ τ−1 − 1

2(τ−1 + 1 + θ)2
∥(Im −XX⊤)∇h(X)∥2F ,

where θ = ∥PQ⊤∥2.
Proposition 4.4. Let H be defined as in (3.1). Let {Zk} be the sequence gener-

ated by Algorithm 3.1 and [Xk+1
i ] be computed by (3.4). Then [Xk+1

i ] ∈ [Smi,ni
] and

the following inequality holds:

H([Xk
1 ], [X

k
2 ], [X

k
3 ], [Gk],Lk)−H([Xk+1

1 ], [Xk+1
2 ], [Xk+1

3 ], [Gk],Lk)

≥c3
3∑
i=1

∥∥∥([Imi
]− [Xk

i ][X
k
i ]

⊤
)[Hk

i ]
∥∥∥2
F

(4.6)

and

(4.7)
∥∥∥[Hk

i ]
⊤[Xk

i ]− [Xk
i ]

⊤
[Hk

i ]
∥∥∥
F
≤ c4∥[Xk

i+1]− [Xk
i ]∥F ,

where c3 =
α̃−1

X −1

2(α̃−1
X +1+θmax)2

> 0, c4 = 2(αX
√
nmax + θmax) > 0, θmax = maxijk

∥[P k
i ]

(j)([Qk
i ]

(j))⊤∥2, nmax = max{n1, n2, n3}, and

[Hk
1 ] = ∇[X1]H([Xk

1 ], [X
k
2 ], [X

k
3 ], [Gk],Lk)

[Hk
2 ] = ∇[X2]H([Xk+1

1 ], [Xk
2 ], [X

k
3 ], [Gk],Lk)

[Hk
3 ] = ∇[X3]H([Xk+1

1 ], [Xk+1
2 ], [Xk

3 ], [Gk],Lk)

which give
[Hk

i ] = ([Xk
i ][Q

k
i ]− [P k

i ])[Q
k
i ]

⊤, i = 1, 2, 3.

Proof. It follows from Lemma 4.3 that [Xk+1
i ] ∈ Smi,ni

.

To show the first inequality holds, the update of [Xk+1
i ] in (3.4) can be viewed as

the iteration in (4.4) with h([X]) = 1
2∥[X]− [P k

i ][Q
k
i ]

⊤∥2F , [X] = [Xk
i ], [X̄] = [Xk+1

i ]

and τ = α̃X = δ
δ+αX

. Then for i = 1 we have

H([Xk
1 ], [X

k
2 ], [X

k
3 ], [Gk],Lk)

−H([Xk+1
1 ], [Xk

2 ], [X
k
3 ], [Gk],Lk)

=
1

2
∥[Xk+1

i ][Qk
i ]− [P k

i ]∥2F −
1

2
∥[Xk

i ][Q
k
i ]− [P k

i ]∥2F

=
1

2
∥[Xk+1

i ]− [P k
i ][Q

k
i ]

⊤∥2F −
1

2
∥[Xk

i ]− [P k
i ][Q

k
i ]

⊤∥2F

≥ckij
∥∥∥([Imi

]− [Xk
i ][X

k
i ]

⊤)(
[Xk

i ]− [P k
i ][Q

k
i ]

⊤
)∥∥∥2

F
,

where ckij =
α̃−1

X −1

2(α̃−1
X +1+∥[P k

i ]
(j)([Qk

i ]
(j))⊤∥2)2

≥ c3 > 0 and θmax is bounded, since the

sequence {Zk} is bounded. Using [Xk
i ] ∈ [Smi,ni

] and [Xk+1
i ] ∈ [Smi,ni

], we can
obtain the fourth line above and rewrite part of the last line as follows(

[Imi ]− [Xk
i ][X

k
i ]

⊤)(
[Xk

i ]− [P k
i ][Q

k
i ]

⊤
)

=
(
[Imi

]− [Xk
i ][X

k
i ]

⊤)(
[Xk

i ][Q
k
i ]− [P k

i ]
)
[Qk

i ]
⊤

=
(
[Imi

]− [Xk
i ][X

k
i ]

⊤)
[Hk

i ].
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That is, we have

H([Xk
1 ], [X

k
2 ], [X

k
3 ], [Gk],Lk)−H([Xk+1

1 ], [Xk
2 ], [X

k
3 ], [Gk],Lk)

≥c3
∥∥∥([Im1

]− [Xk
1 ][X

k
1 ]

⊤)
[Hk

1 ]
∥∥∥2
F
.

Similarly, we have

H([Xk+1
1 ], [Xk

2 ], [X
k
3 ], [Gk],Lk)−H([Xk+1

1 ], [Xk+1
2 ], [Xk

3 ], [Gk],Lk)

≥c3
∥∥∥([Im2

]− [Xk
2 ][X

k
2 ]

⊤)
[Hk

2 ]
∥∥∥2
F

and

H([Xk+1
1 ], [Xk+1

2 ], [Xk
3 ], [Gk],Lk)−H([Xk+1

1 ], [Xk+1
2 ], [Xk+1

3 ], [Gk],Lk)

≥c3
∥∥∥([Im3 ]− [Xk

3 ][X
k
3 ]

⊤)
[Hk

3 ]
∥∥∥2
F
.

Summing the inequalities above, (4.6) immediately holds.
Next, we show the second inequality holds. According to the update of [Xk+1

i ]
in (3.4), if we let

[Uk][Σk][V k]⊤ = [Xk
i ]− α̃X

(
[Xk

i ]− [P k
i ][Q

k
i ]

⊤
)

=
1

αX + δ

(
αX [Xk

i ] + δ[P k
i ][Q

k
i ]

⊤
)
,

then the update [Xk+1
i ] = [Uk][V k]⊤. Hence, we have

[Xk+1
i ]⊤

(
αX [Xk

i ] + δ[P k
i ][Q

k
i ]

⊤
)
=
(
αX [Xk

i ] + δ[P k
i ][Q

k
i ]

⊤
)⊤

[Xk+1
i ](4.8)

= (αX + δ)[V ]k[Σk][V k]⊤.

Then using [Xk
i ] ∈ [Smi,ni

] and [Xk+1
i ] ∈ [Smi,ni

], we can rewrite

[Hk
i ]

⊤[Xk
i ]− [Xk

i ]
⊤
[Hk

i ]

=
(
αX [Xk

i ] + δ[P k
i ][Q

k
i ]

⊤
)⊤

[Xk
i ]− [Xk

i ]
⊤
(
αX [Xk

i ] + δ[P k
i ][Q

k
i ]

⊤
)

=
(
[Xk+1

i ]− [Xk
i ]
)⊤ (

αX [Xk
i ] + δ[P k

i ][Q
k
i ]

⊤
)

−
(
αX [Xk

i ] + δ[P k
i ][Q

k
i ]

⊤
)⊤ (

[Xk+1
i ]− [Xk

i ]
)
,

where the last equation is obtained by (4.8). Taking the Frobenius norm of both sides,
we obtain (4.7), where 2∥αX [Xk

i ]
(j) + δ[P k

i ]
(j)([Qk

i ]
(j))⊤∥F ≤ c4.

Lastly, we show that every convergent subsequence converges to a first-order
stationary point of problem (1.1).

Theorem 4.5. Let {Zk} be the sequence generated by Algorithm 3.1. Then every
accumulation point of {Zk} is a first-order stationary point of problem (1.1).
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Proof. Suppose that {Z k̃}k̃∈K is a convergent subsequence of {Zk} and converges

to Z̄ as k̃ ∈ K approaches ∞. By the updates of S k̃, [Gk̃] and Lk̃, we have for any
k̃ ∈ K,

αS(S k̃−1 − S k̃)+(Lk̃ − Lk̃−1)

∈ Lk̃ + S k̃ −D + γ∂φ(S k̃),

and

αG([Gk̃−1]− [Gk̃]) + δ([Ok̃]− [Õk̃]) ∈ δ([Gk̃]− [Õk̃]) + ∂ψ([Gk̃]),

0 = Lk̃ + S k̃ −D + δWR ⊙ Lk̃ − δR⊤([Y k̃]),

where [Õk̃] = R(Lk̃)×1 [X
k̃
1 ]

⊤ ×2 [X
k̃
2 ]

⊤ ×3 [X
k̃
3 ]

⊤. Since we have

∥[Ok̃]− [Õk̃]∥F ≤
√
c2∥[X k̃

1 ]∥F ∥[X
k̃
2 ]∥F ∥[X

k̃
3 ]∥F ∥Lk̃ − Lk̃−1∥F

≤
√
c2n1n2n3N3∥Lk̃ − Lk̃−1∥F ,

it immediately follows from Corollary 4.2 that limk̃→∞ ∥[Ok̃]− [Õk̃]∥F = 0.
According to the definition of limiting subdifferential and the fact that φ and

ψ are continuous functions, we can take the limits of the relations above as k̃ ∈ K
approaches ∞. Note that Z k̃ → Z̄, [Õk̃]→ [Ō] and [Y k̃]→ [Ȳ], as k̃ ∈ K approaches
∞. Together using Theorem 4.1 (iii) and Corollary 4.2, we have (4.2a), (4.2e) and
(4.2f) hold.

Next, we show (4.2b)-(4.2d) hold. Using (4.6) and the inequalities in the proof
for assertion (i) of Theorem 4.1, we have

Φ(Zk)− Φ(Zk+1) ≥ c3
3∑
i=1

∥∥∥([Imi
]− [Xk

i ][X
k
i ]

⊤
)[Hk

i ]
∥∥∥2
F

and further obtain

∞∑
k=0

3∑
i=1

∥∥∥([Imi
]− [Xk

i ][X
k
i ]

⊤
)[Hk

i ]
∥∥∥2
F
≤ 1

c3
Φ(Z0).

This implies

(4.9) lim
k→∞

∥([Imi
]− [Xk

i ][X
k
i ]

⊤
)[Hk

i ]∥ = 0.

And by taking the limit of both sides of (4.7) and using Theorem 4.1 (iii), we have

(4.10) lim
k→∞

∥∥∥[Hk
i ]

⊤[Xk
i ]− [Xk

i ]
⊤
[Hk

i ]
∥∥∥
F
= 0.

Since Z k̃ → Z̄ as k̃ ∈ K approaches ∞, we have [P k̃
i ] → [P̄ i], [Q

k̃
1 ] → [Q̄1], as

k̃ ∈ K approaches ∞. Also, we have

∥[Qk̃
2 ]− [Q̄2]∥F ≤ ∥[Q

k̃
2 ]− [Q̃

k̃

2 ]∥F + ∥[Q̃k̃

2 ]− [Q̄2]∥F

≤ c1∥[X k̃+1
1 ]− [X k̃

1 ]∥F + ∥[Q̃k̃

2 ]− [Q̄2]∥F
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and

∥[Qk̃
3 ]− [Q̄3]∥F ≤ ∥[Q

k̃
3 ]− [Q̃

k̃

3 ]∥F + ∥[Q̃k̃

3 ]− [Q̄3]∥F

≤ c1∥[X k̃+1
1 ]− [X k̃

1 ]∥F + c1∥[X k̃+1
2 ]− [X k̃

2 ]∥F + ∥[Q̃k̃

3 ]− [Q̄3]∥F ,

where [Q̃
k̃

2 ] =
(
[Gk̃] ×1 [X k̃

1 ] ×3 [X k̃
3 ]
)
[(2)]

and [Q̃
k̃

3 ] =
(
[Gk̃]×1 [X

k̃
1 ]×2 [X

k̃
2 ]
)
[(3)]

.

Since [Q̃
k̃

i ] → [Q̄i], i = 2, 3, by Theorem 4.1 (iii), we have [Qk̃
i ] → [Q̄i], i = 2, 3, as

k̃ ∈ K approaches ∞. Hence, [H k̃
i ] → [H̄i], i = 1, 2, 3, as k ∈ K approaches ∞. By

(4.9) and (4.10), we have (4.2b) and (4.2c) hold. Since Stiefel manifold is a compact
set, we also have (4.2d) holds.

5. Application to HSI Denoising and Destriping. In this section, we pres-
ent an application of the proposed model in (1.1) to HSI denoising and destriping and
utilize the proposed P-BCD method given in Algorithm 3.1 for solving the model.

To denoise the HSI via the low-rank tensor regularization, we extract global, local,
and nonlocal tensors that may have low-rank features via the block extraction operator
R and impose the low-rankness on the tensors. In the following, we first introduce the
block extraction for global, local, and nonlocal tensors, i.e., the choices of R, and the
sparsity enhancement on low-rank regularization for removing Gaussian white noise,
i.e., the choice of ψ. Then we introduce the tensor ℓ2,p norm for removing sparse
noise with linear structures, i.e., the choice of φ. Lastly, we propose the MLTL2p
method using a multi-scale low-rank tensor regularization with a two-phase scheme
to increase the effectiveness and efficiency of model (1.1) and Algorithm 3.1.

5.1. Block extraction. According to the spectral correlation and spatial non-
local self-similarity of HSIs, a clean HSI can be approximated using global, local, and
nonlocal low-rank tensors [27, 29]. These tensors differ in their extraction operators
R, which we later denote as Rg for global, Rl for local, and Rnl for nonlocal.

We begin by defining several types of block extraction operators and their trans-
pose operators. Given an HSI L ∈ RI1×I2×I3 , we can divide it into a total number of
N overlapping or non-overlapping blocks of size r1 × r2 × r3, ri ≤ Ii. We define the
operator that extracts the l-th block as Bl : RI1×I2×I3 → Rr1×r2×r3

Bl(L) := L ×1 (U
(l)
1 )⊤ ×2 (U

(l)
2 )⊤ ×3 (U

(l)
3 )⊤,

where U
(l)
i ∈ RIi×ri is a binary matrix such that Bl(L) is exactly the l-th local block

of L, and (U
(l)
i )⊤U

(l)
i = Iri . The transpose of Bl can be defined by B⊤

l : Rr1×r2×r3 →
RI1×I2×I3

B⊤
l (Y) := Y ×1 U

(l)
1 ×2 U

(l)
2 ×3 U

(l)
3 ,

which satisfies
⟨Y,Bl(L)⟩F = ⟨B⊤

l (Y),L⟩F ,

for any L ∈ RI1×I2×I3 and Y ∈ Rr1×r2×r3 . For those N independent blocks, we can
stack them together and form a new operator B : RI1×I2×I3 → Rr1×r2×r3×N such
that [B(L)](l) = Bl(L).

Depending on the size of the blocks, there are several types of block extraction
as follows using the formulation of B:

• Global extraction Rg: B with ri = Ii, i = 1, 2, 3;
• Local extraction Rl: B with ri < Ii, i = 1, 2, 3;
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• Full band extraction Rf : B with ri < Ii, i = 1, 2 and r3 = I3.
The tensors formed by the above block extraction operators are based on the spectral
correlation of HSIs.

Next, we formulate another type of block extraction operators, denoted as Rnl,
based on spatial nonlocal self-similarity of HSIs. After dividing the HSI into N blocks
using Bl, we apply block matching to find similar blocks and then stack them into a
fourth order nonlocal similar tensor.

Taking FBBs as an example, for the j-th FBB, we search within a local window for
a total of m2 FBBs that are mostly similar to the reference FBB based on Euclidean
distance. Then the j-th nonlocal similar sub-tensor of order 3 of L, denoted as Rj(L),
can be formed by unfolding all the nonlocal similar blocks in the j-th group and then
stacking them together. We define the Casorati matrix (a matrix whose columns are
vectorized bands of the HSI) of the l-th FBB as follows

B̃l := reshape(Bl(L),m1,m3),

where m1 = r1r2 and m3 = I3. Then the extraction operator of the j-th nonlocal
similar sub-tensor Rj : RI1×I2×I3 → Rm1×m2×m3 can be defined by

Rj(L) := reshape([B̃
⊤
lj1 , B̃

⊤
lj2 , . . . , B̃

⊤
ljm2

]⊤,m1,m2,m3),

where the indices lj1, lj1, . . . , ljm2 refer to the indices of FBBs that belongs to the j-th
nonlocal similar group and j = 1, 2, . . . , N . An illustrative figure on nonlocal low-
rank tensor extraction is shown in Fig. 4. Then the transpose R⊤

j : Rm1×m2×m3 →
RI1×I2×I3 is defined by

(5.1) R⊤
j (Y) :=

m2∑
i=1

B⊤
lji (reshape(Y :i:, r1, r2, I3)) ,

which satisfies ⟨Y,Rj(L)⟩F =
∑m2

i=1⟨Y:i:,Blji(L)⟩F = ⟨R⊤
j (Y),L⟩F . Stacking Rj(L)

into a fourth order nonlocal similar group tensor, the extraction operator Rnl :
RI1×I2×I3 → Rm1×m2×m3×N is defined as a linear map such that [Rnl(L)](j) = Rj(L).

Fig. 4: The procedure of block matching.

Note that the R formulated above all satisfy the following equality

WR ⊙ Id = R⊤R,
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where ⊙ represents the pointwise multiplication, and each entry of WR ∈ RI1×I2×I3
represents the number of blocks to which the corresponding pixel belongs. For Rg,
Rl and Rf , the weight tensor can be defined by

WR ⊙ Id =

N∑
l=1

B⊤
l Bl,

and for Rnl, the weight tensor can be defined by

WR ⊙ Id =

N∑
j=1

R⊤
j Rj .

Since we assume that each pixel belongs to at least one low-rank group, we have
WR ∈ RI1×I2×I3++ .

5.2. Sparsity enhanced low-rank tensor regularization. Taking Rnl as an
example, in the Rnl(L) that we construct, the first dimension indicates the spatial
information, the second dimension reveals the nonlocal self-similarity, the third dimen-
sion reflects the spectral correlation, and the fourth dimension shows no correlation.
Hence, we adopt the independent 3-D HOSVD to obtain a low-rank approximation
of R(L), that is,

R(L) ≈ [G]×1 [X1]×2 [X2]×3 [X3],

where [G] ∈ Rn1×n2×n3×N denotes independent core tensors, and [Xi] ∈ Rmi×ni×N

denotes the i-th factor matrices such that [Xi]
⊤[Xi] = [Ini

].
To further boost the low-rankness of R(L), in additional to restricting the core

tensors to a unified size, we propose a sparsity-enhanced nonlocal low-rank tensor
regularization term as follows

1

2
∥[G]×1 [X1]×2 [X2]×3 [X3]−R(L)∥2F + ∥[G]∥1,w,(5.2)

where ∥[G]∥1,w is given in (1.3) with w ∈ RN++. In particular, the first term of (5.2)
measures the closeness between R(L) and the approximated low-rank tensor, and the
second term measures the sparsity of the independent core tensors [G]. Using the
proximal operator of the ℓ1 norm, the proximal operator of ∥ · ∥1,w can be computed
component-wisely by the soft thresholding operator as follows(

prox∥·∥1,w
([G])

)(j)
i1i2i3

= proxwj |·|

(
[G](j)i1i2i3

)
= sign

(
[G](j)i1i2i3

)
max

(∣∣∣[G](j)i1i2i3∣∣∣− wj , 0) .
5.3. Tensor ℓ2,p norm for group sparsity. To remove stripes in HSIs, we

measure the linear structural sparsity of the sparse noise tensor S using the tensor
ℓ2,p norm. The tensor ℓ2,p norm for group sparsity is extended from the matrix ℓ2,p
norm, which has been applied to image processing [25], machine learning [15, 28],
feature selection [24, 40], multi-view classification [42], etc. As the stripes and dead
lines often align the first dimension, we define the tensor ℓ2,p (0 < p < 1) norm in the
form of (1.2), which is exactly the matrix ℓ2,p norm of the unfolding matrix along the
first dimension.
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In the following, we summarize some results for solving the tensor ℓ2,p norm
minimization problem

(5.3) min
S
µ∥S∥p2,p +

1

2
∥S − S̃∥2F ,

where S̃ ∈ RI1×I2×I3 is a given tensor and parameter µ > 0. Since ∥ · ∥p2,p and ∥ · ∥2F
are both group-separable, solving problem (5.3) for S is equivalent to solving the
following subproblem for each (i2, i3)-th vector of S along the first dimension

(5.4) min
s
µ∥s∥p2 +

1

2
∥s− s̃∥22,

where s ∈ RI1 and s̃ ∈ RI1 , for simplicity, represent s:i2i3 and s̃:i2i3 , respectively, and
∥s∥p2 = (s21+s

2
2+ · · ·+s2I1)

p
2 . It follows from the triangle inequality that the objective

function of (5.4) satisfies the following inequality for any s ∈ RI1

(5.5) µ∥s∥p2 +
1

2
∥s− s̃∥22 ≥ µ∥s∥

p
2 +

1

2
(∥s∥2 − ∥s̃∥2)2.

And the equality holds if and only if s = ts̃ for some t ≥ 0 or s̃ = 0. Observe that
the right-hand side of the inequality is only related to ∥s∥2 and ∥s̃∥2. If s̃ = 0, the
solution of problem (5.4) is s = 0. If s̃ ̸= 0, we can view s as s = t∥s̃∥2v with t ≥ 0
being a scalar and v ∈ RI1 being a unit vector. When we restrict the minimization
problem (5.4) by ∥s∥2 = t∥s̃∥2 with a fixed t, according to (5.5), the solution of the
restricted problem of (5.4) is obtained only when v = s̃

∥s̃∥2
. Hence, if s̃ ̸= 0, the

solution of (5.4) is s = ts̃, where t is a minimizer of the following problem

(5.6) min
t∈[0,∞)

νtp +
1

2
(t− 1)2,

with ν = µ∥s̃∥p−2
2 . That is, it only requires to solve a one-dimensional problem (5.6)

for computing the solutions of problem (5.4).
Next, we show a lemma and a solver for computing solutions of problem (5.4).

Let g(t) = ν|t|p + 1
2 (t − 1)2. Note that g(t) > g(|t|) for ∀t < 0 and g(t) > g(1)

for ∀t > 1. Then problem (5.6) can be relaxed to an unconstrained problem with
g being the objective function, which can be solved using Theorem 1 in [31]. Also,
problem (5.6) can be reduced to a box constrained problem with constraint t ∈ [0, 1],
which can be solved using Lemma 4.1 in [26]. We summarize the results for (5.6) in
the following lemma.

Lemma 5.1. Let p ∈ (0, 1) and ν > 0. Let

ν0 :=
[2(1− p)]1−p

(2− p)2−p
, and τ(ν) := [2ν(1− p)]

1
2−p .

Then the set of optimal solutions of problem (5.6), denoted as Ω∗(ν), is given by

Ω∗(ν) =


{0}, if ν > ν0;

{0, τ(ν0)}, if ν = ν0;

{t∗}, if 0 < ν < ν0,

where t∗ ∈ (τ(ν), 1) is the unique solution of the equation

(5.7) νptp−1 + t− 1 = 0

with t ∈ (τ(ν),∞).
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According to Lemma 5.1, when ν = ν0, there are two minimizers for problem (5.6).
For simplicity, we will choose 0 in this case. When ν ∈ (0, ν0), the minimizer of
problem (5.6) is unique and can obtained by solving (5.7). If p is chosen as, for
example, p = 1/2, (5.7) has a closed-form root. Otherwise, we estimate the unique
root t∗ by Newton’s method with an initial value of t0 = (τ(ν) + 1)/2. Altogether,
we summarize a proximal operator of the tensor ℓ2,p norm in the following theorem.

Theorem 5.2. Let p ∈ (0, 1) and µ > 0. Define the operator Γµ : R→ R by

Γµ(β) :=

{
0, if β ≤ β0(2−p)

2(1−p) ;

t∗, otherwise,

where β0 = [2µ(1− p)]
1

2−p , and t∗ ∈ [β0β, 1) is the unique solution of

µβp−2ptp−1 + t− 1 = 0, t ∈ [β0β,∞) .

Then a solution of the proximal operator of the tensor ℓ2,p norm at S̃ ∈ RI1×I2×I3
can be computed by

Γµ(∥s̃:i2i3∥2)s̃:i2i3 ∈ proxµ∥·∥p
2
(s̃:i2i3) =

(
proxµ∥·∥p

2,p
(S̃)
)
:i2i3

,

for i2 = 1, 2, . . . , I2, i3 = 1, 2, . . . , I3.

By applying Theorem 5.2, the update of S given in (3.2) can be efficiently com-
puted. In particular, we calculate the (i2, i3)-th mode-1 fiber of Sk+1 by

sk+1
:i2i3

= Γγ̃

(∥∥∥s̃k:i2i3∥∥∥
2

)
s̃k:i2i3 ,

where S̃k = Sk − α̃S
(
Sk + Lk −D

)
, and s̃k:i2i3 is the (i2, i3)-th mode-1 fibers of S̃k.

5.4. Two-phase MLTL2p method. We extend model (1.1) to a multi-scale
low-rank model and apply the P-BCDmethod in a two-phase fashion for HSI denoising
and destriping.

The spectral correlation and spatial nonlocal self-similarity in HSIs imply multi-
scale low-rankness, which includes global low-rankness, local block low-rankness, and
nonlocal self-similar tensor low-rankness. In the following, we propose a multi-scale
low-rank model that imposes low-rankness on global, local, and nonlocal tensors ex-
tracted via Rg, Rl, and Rnl, respectively.

min
[Xi]g,[Xi]l,[Xi]nl,
[G]g,[G]l,[G]nl,S,L

1

2
∥L+ S − D∥2F + γ∥S∥p2,p

+∥[G]g∥1,w +
δg
2
∥Rg(L)− [G]g ×1 [X1]g ×2 [X2]g ×3 [X3]g∥2F

+∥[G]l∥1,w +
δl
2
∥Rl(L)− [G]l ×1 [X1]l ×2 [X2]l ×3 [X3]l∥2F

+∥[G]nl∥1,w +
δnl
2
∥Rnl(L)− [G]nl ×1 [X1]nl ×2 [X2]nl ×3 [X3]nl∥2F

s.t. [Xi]
⊤
g [Xi]g = [Ini ], i = 1, 2, 3,

[Xi]
⊤
l [Xi]l = [Ini

], i = 1, 2, 3,

[Xi]
⊤
nl[Xi]nl = [Ini

], i = 1, 2, 3.

(5.8)
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Algorithm 5.1 P-BCD algorithm for model (5.8)

1: Initialize (S0, [X0
i ]g, [X

0
i ]l, [X

0
i ]nl, [G0]g, [G0]l, [G0]nl,L0)

with [X0
i ]g, [X

0
i ]l, [X

0
i ]nl being independently orthogonal;

2: Set the tensor extraction operators Rg, Rl, and Rnl;
3: Set parameters αS , αX , αG > 0;
4: Set k = 0.
5: repeat
6: Compute Sk+1 by (3.2);
7: Compute [Xk+1

i ]g, [X
k+1
i ]l, [X

k+1
i ]nl by (3.4), i = 1, 2, 3;

8: Compute [Gk+1]g, [Gk+1]l, [Gk+1]nl by (3.6);
9: Compute Lk+1 by

Lk+1 =
(
δgWRg + δlWRl

+ δnlWRnl
+ I

)−1

⊙
(
δgR

⊤
g ([Yk+1]g) + δlR

⊤
l ([Yk+1]l)

+ δnlR
⊤
nl([Yk+1]nl) + (D − Sk+1)

)
;

10: k ← k + 1.
11: until the stopping criterion is met.
Output: (Sk, [Xk

i ]g, [X
l
i]l, [X

k
i ]nl, [Gk]g, [Gk]l, [Gk]nl,Lk) .

And the P-BCD method for solving model (5.8) is presented in Algorithm 5.1.
To enhance the efficiency and effectiveness of the MLTL2p method, we implement

a two-phase scheme on the multi-scale low-rank model and the P-BCD method. In
the first phase, we employ only the global and local low-rank regularization, which is
sufficient for identifying stripes and dead lines. In particular, we use Algorithm 5.1
to solve model (5.8) with the parameter δnl set to zero. In the second phase, we
utilize the nonlocal low-rank regularization along with the global and local low-rank
regularization. As the estimated HSI from the first phase has already removed most
of the noise, we can perform only one block matching to obtain a fixed nonlocal block
extraction Rnl, which can significantly reduce the computational cost. By applying
Algorithm 5.1 to solve model (5.8) in this phase, the algorithm can refine additional
details in the HSI, thereby improving the quality of the restored HSI.

Lastly, we comment on some situations in HSI denoising and destriping. If Poisson
noise exists in HSIs, one may conduct the Anscombe transformation [30] and then
apply the MLTL2p method. Also, if the HSIs are severely contaminated by the
dead lines or stripes, one may apply the median method or the midway equalization
method [39], respectively, for preprocessing.

6. Experimental Results. In this section, we conduct numerical experiments
for removing mixed noise in HSIs. We summarize the comparison of methods for HSI
denoising and destriping in Table 1. Among them, we select the methods that utilize
tensor representation for competing. These include BM4D [29] with FGLR [37] as a
preprocessing step to remove stripes, as well as LRTD [12], SNLRSF [6], LRTFL0 [45],
and the data-driven method QRNN3D [43]. All numerical experiments are imple-
mented in Matlab R2018a and executed on a personal desktop (Intel Core i7 9750H
at 2.60 GHz with 16 GB RAM).



22 X. LIU, S. YU, J. LU, AND X. CHEN

Table 1: Comparison summary of the methods for HSI denoising and destriping.

Methods Form
Address Correlations?

Stripe Low-rank
Global Local Nonlocal

BM4D [29] Tensor No No Yes No Hard-thresholding
FGLR [37] Matrix Yes No No ∥ · ∥∗ Graph Laplacian
LRMR [52] Matrix No Yes No ∥ · ∥1 Go Decomposition
DLR [51] Matrix Yes No No ∥ · ∥∗ ∥ · ∥∗
SSLR-SSTV[47] Matrix No Yes No ∥ · ∥∗ ∥ · ∥∗
LRTD [12] Tensor Yes No No ∥ · ∥2,1 3-D HOSVD
SNLRSF [6] Tensor Yes No Yes ∥ · ∥1 Successive SVD
LRTFL0 [45] Tensor Yes No No ∥ · ∥1 Block Term Decomp.
MLTL2p Tensor Yes Yes Yes ∥ · ∥2,p Indep. 3-D HOSVD

6.1. Simulated data experiments. In this subsection, the proposed method
and the competing methods are tested on simulated data generated from the Wash-
ington DC Mall1, Xiong-An2 and Chikusei3 datasets. Three test images of size
128× 128× 128 are randomly obtained from each dataset.

To simulate the noisy HSI data, Gaussian noise, stripes, or dead lines are added
to the normalized clean HSI data using the procedure in [9] under the following cases:

• Case 1: Gaussian noise with a mean of zero and a standard deviation of 0.1
is added to all the bands. Additionally, bands 45 − 60 and 105 − 120 (i.e.,
25% of the bands) are selected to impose stripe noise. Stripe noise with an
intensity (mean absolute value of pixels) of 0.2 and a percentage of 10% per
band (i.e., 2.5% of the HSI) is added to the selected bands.

• Case 2: Gaussian noise with a mean of zero and a standard deviation of 0.1
is added to all the bands. Additionally, all the bands are selected to impose
stripe noise. Stripe noise with an intensity of 0.2 and a percentage of 10%
per band (i.e., 10% of the HSI) is added to all the bands.

• Case 3: Gaussian noise with a mean of zero and a standard deviation of 0.1
is added to all the bands. Additionally, all the bands are selected to impose
dead lines. Dead lines with a percentage of 5% per band (i.e., 5% of the HSI)
are added to the selected bands.

• Case 4: Gaussian noise with a mean of zero and a standard deviation ran-
domly varying from 0.1 to 0.2 is added to all the bands. Additionally, 25%
of the bands are selected from band 1 − 64 to impose stripe noise with an
intensity of 0.2 and a percentage of 10% per band; 12.5% of the bands are
selected from band 65 − 128 to impose dead lines with a percentage of 5%
per band.

For comparing the quality of the restored images, four evaluation metrics are em-
ployed, which are the mean peak signal-to-noise ratio (MPSNR), the mean structural
similarity index (MSSIM), the mean feature similarity index (MFSIM), and the erreur
relative globale adimensionnelle de synthese (ERGAS). Let X ∗ denote the restored

HSI and X̂ denote the clean HSI. Then X∗
::i and X̂ ::i denote the i-th band of the

1https://engineering.purdue.edu/∼biehl/MultiSpec/hyperspectral.html
2http://www.hrs-cas.com/a/share/shujuchanpin/2019/0501/1049.html
3https://naotoyokoya.com/Download.html

https://engineering.purdue.edu/~biehl/MultiSpec/hyperspectral.html
http://www.hrs-cas.com/a/share/shujuchanpin/2019/0501/1049.html
https://naotoyokoya.com/Download.html
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restored HSI and clean HSI, respectively. The MPSNR value is defined as

MPSNR =
1

I3

I3∑
i=1

10 log10

(
max2(X∗

::i)

mse(X∗
::i, X̂ ::i)

)
,

which is the average PSNR value across the bands. Similarly, MSSIM and MFSIM
values are defined as

MSSIM =
1

I3

I3∑
i=1

SSIM(X∗
::i, X̂ ::i) and MFSIM =

1

I3

I3∑
i=1

FSIM(X∗
::i, X̂ ::i),

where SSIM is given in [56] and FSIM is given in [53]. The ERGAS are defined as

ERGAS = 100

√√√√ 1

I3

I3∑
i=1

mse(X∗
::i, X̂ ::i)

mean(X∗
::i)

.

In addition, better denoising results are indicated by larger MPSNR, MSSIM, and
MFISM values, as well as smaller ERGAS value.

For the proposed MLTL2p method, we set algorithm parameters αS = 0.1, and
αX = αG = 0.01 for Algorithm 5.1. In the first phase, we set model parameters
wj = 10−2, p = 0.1, and δnl = 0; we set γ = 0.8 for case 1 and 2 and γ = 1
for case 3 and 4; for Rg, we set δg = 1, block size [128, 128, 128] and block rank
[102, 102, 3]; for Rl, we set δl = 1, block size [32, 32, 32] and block rank [26, 26, 2].
Algorithm 5.1 stops at iteration 10. In the second phase, we set model parameters
wj = 10−2, p = 0.1; we set γ = 1.76 for case 1 and 2 and γ = 2.2 for case 3 and 4;
for Rg, we set δg = 3, block size [128, 128, 128] and block rank [102, 102, 5]; for Rl,
we set δl = 3, block size [32, 32, 32] and block rank [26, 26, 3]; for Rnl, we set δnl =
60/median(WR), block size [36, 128, 128] and block rank [32, 43, 5]. Algorithm 5.1
stops if ∥Lk+1 − Lk∥F /∥Lk+1∥F ≤ 0.005 and ∥Sk+1 − Sk∥F /∥Sk+1∥F ≤ 0.005. For
the competing methods, the parameters are manually tuned according to the settings
provided in their articles to ensure optimal performance.

The average numerical results for each case over all the simulated HSIs are pre-
sented in Table 2. The results in bold font indicate the best performance of the
evaluation metric in the current case. It can be observed that the proposed MLTL2p
method outperforms other methods in terms of all the evaluation metrics. For ex-
ample, in case 2, the MPSNR value of the HSI restored by the MLTL2p method is
3 dB larger than the MPSNR value of the second best method, that is, the LRTFL0
method.

For visual quality comparison, the HSIs restored by different methods are pre-
sented in Fig. 5-8, with a subregion marked by a white box and enlarged in a white
box. The MLTL2p method achieves state-of-the-art performance for HSI denoising
and destriping, while the competing methods seem to fail to remove noise or restore
HSIs with high quality. For example, for removing mixed noise, the BM4D method
fails to remove stripes even if the HSI only contains few stripes as shown in Fig. 5(g);
the SNLRSF and QRNN3D methods may not remove the stripes and dead lines, when
the noise percentage is high, for example, in Fig. 7(e)(h). Also, regarding the quality
of the restoration, the HSIs restored by the LRTFL0 method may contain staircase
artifacts, e.g., in Fig. 5(d); the HSIs restored by the LRTD method contain blur and
artifacts, e.g., in Fig. 5(f); the HSIs restored by the QRNN3D method look noisy, e.g.,
in Fig. 5(h).
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Table 2: Average numerical results tested on simulated data.

Case Index Noisy MLTL2p LRTFL0 SNLRSF LRTD
FGLR

QRNN3D
+BM4D

1

MPSNR 19.63 39.35 37.02 39.10 30.97 33.65 31.56
MSSIM 0.276 0.969 0.940 0.965 0.807 0.900 0.856
MFSIM 0.613 0.981 0.968 0.978 0.907 0.946 0.926
ERGAS 0.426 0.041 0.057 0.043 0.114 0.111 0.110

2

MPSNR 18.52 39.03 35.99 34.97 30.64 32.77 31.05
MSSIM 0.245 0.967 0.929 0.915 0.797 0.887 0.840
MFSIM 0.580 0.980 0.962 0.953 0.902 0.940 0.918
ERGAS 0.470 0.043 0.064 0.072 0.120 0.117 0.118

3

MPSNR 14.46 35.51 34.91 26.24 29.32 32.07 30.88
MSSIM 0.234 0.929 0.920 0.704 0.782 0.874 0.829
MFSIM 0.572 0.967 0.957 0.856 0.903 0.934 0.916
ERGAS 0.600 0.074 0.086 0.170 0.133 0.125 0.119

4

MPSNR 16.10 36.49 34.64 35.33 26.47 29.12 30.35
MSSIM 0.176 0.945 0.909 0.925 0.579 0.793 0.819
MFSIM 0.513 0.966 0.949 0.955 0.804 0.900 0.906
ERGAS 0.593 0.061 0.099 0.078 0.208 0.146 0.125
Mtime − 299.0 265.9 302.2 207.7 107.5 0.6

(a) Noisy image (b) Ground truth (c) MLTL2p (ours) (d) LRTFL0

(e) SNLRSF (f) LRTD (g) FGLR+BM4D (h) QRNN3D

Fig. 5: Comparison of HSIs (R:112, G:70, B:20) restored by different methods from
Chikusei in case 1. The PSNR value for each restored HSI: (a) Noisy image (19.63 dB);
(c) MLTL2p (ours) (39.57 dB); (d) LRTFL0 (37.05 dB); (e) SNLRSF (38.70 dB); (f)
LRTD (31.82 dB); (g) FGLR+BM4D (33.97 dB); (h) QRNN3D (32.20 dB).
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(a) Noisy image (b) Ground truth (c) MLTL2p (ours) (d) LRTFL0

(e) SNLRSF (f) LRTD (g) FGLR+BM4D (h) QRNN3D

Fig. 6: Comparison of HSIs (R:118, G:78, B:38) restored by different methods from
Xiong-An in case 2. The PSNR value for each restored HSI: (a) Noisy image
(18.52 dB); (c) MLTL2p (ours) (38.82 dB); (d) LRTFL0 (35.74 dB); (e) SNLRSF
(34.76 dB); (f) LRTD (31.90 dB); (g) FGLR+BM4D (34.95 dB); (h) QRNN3D
(31.01 dB).

6.2. Real data experiments. In this subsection, we test the proposed method
and the competing methods on two real HSI datasets containing mixed noise. The test
images are subimages of size 128 × 128 × 128 randomly obtained from the HYDICE
Urban4 (307 × 307 × 210) and EO-1 Hyperion5 (400 × 200 × 166). A selected band
of the HSI restored by each method is presented in Fig. 9 and Fig. 10 for HYDICE
Urban dataset and EO-1 Hyperion dataset, respectively. It can be observed that the
proposed MLTL2p method can remove the stripes while preserving the image details.
However, the LRTFL0, LRTD, BM4D and QRNN3D methods are unable to eliminate
the stripes when the band is contaminated by heavy mixed noise as shown in Fig. 9;
and the SNLRSF, LRTD, BM4D and QRNN3D methods remove not only the noise
but also some structural details of the HSI as shown in Fig. 10.

6.3. Numerical Convergence Analysis. We conduct numerical convergence
analysis on the MLTL2p method in the second phase. In particular, we analyze the
convergence of the sequence {(Sk, [Xk

i ]g, [X
k
i ]l, [X

k
i ]nl, [Gk]g, [Gk]l, [Gk]nl,Lk)} gener-

ated by the P-BCD algorithm in Algorithm 5.1 for model (5.8).
First, we analyze the convergence of Lk and three terms Lkg , Lkl and Lknl, associ-

ated with [Xk
i ]g, [X

k
i ]l, [X

k
i ]nl, [Gk]g, [Gk]l, and [Gk]nl. The terms Lkg , Lkl and Lknl are

4http://www.erdc.usace.army.mil/Media/Fact-Sheets/Fact-Sheet-Article-
View/Article/610433/hypercube/

5http://www.lmars.whu.edu.cn/prof web/zhanghongyan/resource/noise EOI.zip

 http://www.erdc.usace.army.mil/Media/Fact-Sheets/Fact-Sheet-Article-View/Article/610433/hypercube/
 http://www.erdc.usace.army.mil/Media/Fact-Sheets/Fact-Sheet-Article-View/Article/610433/hypercube/
http://www.lmars.whu.edu.cn/prof_web/zhanghongyan/resource/noise_EOI.zip
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(a) Noisy image (b) Ground truth (c) MLTL2p (ours) (d) LRTFL0

(e) SNLRSF (f) LRTD (g) FGLR+BM4D (h) QRNN3D

Fig. 7: Comparison of HSIs (R:60, G:27, B:17) restored by different methods from
Washington DC Mall in case 3. The PSNR value for each restored HSI: (a) Noisy im-
age (14.66 dB); (c) MLTL2p (ours) (35.28 dB); (d) LRTFL0 (34.62 dB); (e) SNLRSF
(26.65 dB); (f) LRTD (28.52 dB); (g) FGLR+BM4D (30.69 dB); (h) QRNN3D
(30.01 dB).

defined as follows

Lkg =W−1
g R⊤

g ([Yk]g),
Lkl =W−1

l R⊤
l ([Yk]l),

Lknl =W−1
nl R⊤

nl([Yk]l),

where

[Yk]g = [Gk]g ×1 [X
k
1 ]g ×2 [X

k
2 ]g ×3 [X

k
3 ]g,

[Yk]l = [Gk]l ×1 [X
k
1 ]l ×2 [X

k
2 ]l ×3 [X

k
3 ]l,

[Yk]nl = [Gk]nl ×1 [X
k
1 ]nl ×2 [X

k
2 ]nl ×3 [X

k
3 ]nl.

Note that Lkg , Lkl and Lknl represent the restored images obtained from global, local,

nonlocal low-rank regularization, respectively, while Lk represents the overall restored
image, according to line 9 in Algorithm 5.1. To analyze the numerical convergence,
we compute the relative errors of Lk, Lkg , Lkl , and Lknl, e.g.,

∥Lk − Lk−1∥F
∥Lk∥F

for Lk. In Fig. 11(a), we plot the relative errors vs the number of iterations and
observe that these restored images exhibit similar convergence behaviors.
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(a) Noisy image (b) Ground truth (c) MLTL2p (ours) (d) LRTFL0

(e) SNLRSF (f) LRTD (g) FGLR+BM4D (h) QRNN3D

Fig. 8: Comparison of HSIs (R:107, G:73, B:21) restored by different methods from
Xiong-An in case 4. The PSNR value for each restored HSI: (a) Noisy image
(16.02 dB); (c) MLTL2p (ours) (36.66 dB); (d) LRTFL0 (34.95 dB); (e) SNLRSF
(35.46 dB); (f) LRTD (25.91 dB); (g) FGLR+BM4D (30.11 dB); (h) QRNN3D
(29.54 dB).

Second, we analyze the convergence of Sk using both the relative error and the
group sparsity rate. In Fig. 11(b), we plot the relative errors vs the number of
iterations on the left axis, and the group sparsity rate, defined as the proportion of
nonzero mode-1 fibers of Sk, on the right axis. We observe that Sk converges stably
in terms of both relative error and group sparsity rate.

6.4. Ablation Experiments. We conduct ablation experiments to demonstrate
the advantages of our proposed two-phase MLTL2p method, which leverages multi-
scale low-rankness, over the methods that utilize only one or two scales of low-
rankness. We use Case 2 of Xiong-An for testing. Let G denote global low-rankness,
L denote local block low-rankness, and NL denote nonlocal self-similar tensor low-
rankness. We compare our two-phase MLTL2p method, also referred to as the two-
phase G+L+NL method, with five other methods: single-phase G, L, and G+L meth-
ods, as well as two-phase G+NL and L+NL methods. In Fig. 12, we plot the PSNR
values of the restored images obtained by each method vs the number of iterations.
The result shows that two-phase methods outperform single-phase methods, and the
multi-scale method outperforms those using only one or two scales.

6.5. Parameter Analysis. We conduct a parameter analysis on several model
parameters. We use Case 3 of Washington DC Mall for testing the MLTL2p method
in the second phase. First, we test parameters γ and p associated with the variable S.
The plot of PSNR values vs parameters γ and p is presented in Fig. 13(a). The PSNR
value achieves the best performance when γ ∈ [2.2, 3.5] and p ∈ [0.1, 0.2]. Hence, we
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(a) Noisy image (b) MLTL2p (ours) (c) LRTFL0 (d) SNLRSF

(e) LRTD (f) FGLR+BM4D (g) QRNN3D

Fig. 9: Comparison of the 25-th band of the HSI restored by different methods from
HYDICE Urban.

set γ = 2.2 and p = 0.1.
Second, we test parameters wj and n3 associated with the variable [G]g, [G]l, and

[G]nl. Note that in the second phase of the proposed method we set wj = 10−2 and
n3 = 5, 3, and 5, respectively, for [G]g, [G]l, and [G]nl. Fig. 13(b) represents the plot
of PSNR values vs parameters wj and n3 offset, where n3 offset is the deviation from
the selected n3 values. The PSNR values remain high when the n3 offset is close to
zero and wj ≥ 10−2.

7. Conclusions. In this paper, we propose an HSI denoising and destriping
method, which has an optimization model given in (1.1) and an iterative algorithm
described in Algorithm 3.1. The optimization model consists of a data fidelity term,
a sparsity-enhanced nonlocal low-rank tensor regularization term for denoising, and a
ℓ2,p norm for destriping. The iterative algorithm is proposed using a proximal version
of BCD algorithms, which has convergence guarantees. The proposed model can be
extended to a multi-scale low-rank regularized model and the numerical experiments
tested on simulated and real HSIs also show the effectiveness of our proposed method
in removing Gaussian noise, stripes, and deadlines.
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