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In this paper, we consider a class of constrained optimization problems where the feasible set is a general
closed convex set and the objective function has a nonsmooth, nonconvex regularizer. Such regularizer
includes widely used SCAD, MCP, logistic, fraction, hard thresholding and non-Lipschitz L, penalties as
special cases. Using the theory of the generalized directional derivative and the tangent cone, we derive a
first order necessary optimality condition for local minimizers of the problem, and define the generalized
stationary point of it. We show that the generalized stationary point is the Clarke stationary point when
the objective function is Lipschitz continuous at this point, and satisfies the existing necessary optimality
conditions when the objective function is not Lipschitz continuous at this point. Moreover, we prove the
consistency between the generalized directional derivative and the limit of the classic directional derivatives
associated with the smoothing function. Finally, we establish a lower bound property for every local minimizer
and show that finding a global minimizer is strongly NP-hard when the objective function has a concave
regularizer.
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1. Introduction In this paper, we consider the following constrained optimization problem

min - f(z):=0(z) +c(h(z)), (1)
where © : R® — R and c¢: R™ — R are continuously differentiable, h : R* — R™ is continuous, and
X C R™ is a nonempty closed convex set. Of particular interest of this paper is when h is not
convex, not differentiable, or even not Lipschitz continuous at some points, and f has at least
one local minimizer over X'. Problem (1) includes many problems in practice. For instance, the
following minimization problem

m

min _ f(2)=0(z)+)_o(|D]x|}) (2)

1<x<u,Az<b
i=1
is a special case of (1), where [ € (RU {—o0})",u € (RU{0})",A € R*" b€ R', D; € R™*",
p € (0,1] and ¢: R, — R, is continuous. Such problem arises from image restoration (Chan and
Liang [16], Chen et al. [22], Nikolova et al. [44]), signal processing (Bruckstein et al. [12]), variable

selection (Fan and Li [27], Huang et al. [33], Huang et al. [35], Zhang [55]), etc. Another special
case of (1) is the following problem

m

min  f(z)=0(2)+ Y _p(max{e; - d z,0}?), (3)

reX
1=1
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with a; € R and d; € R", which has attracted much interest in machine learning, wireless commu-
nication (Liu et al. [39, 40]), information theory, data analysis (Fan and Peng [28], Huber [34]),
etc. Moreover, a number of constrained optimization problems can be reformulated as problem (1)
by using the exact penalty method with nonsmooth or non-Lipschitz continuous penalty functions
(Auslender [3]).

The generic nature of the first and second order optimality conditions in nonlinear programming
are treated by Spingarn and Rockafellar [49]. When f is locally Lipschitz continuous and X = R",
x* is called a Clarke stationary point of (1) if

fo(z*;v) >0, YveR", (4)
where f°(z*;v) is the Clarke generalized directional derivative of f at z* in direction v (Clarke

[24]), defined by
fo(l'*;’U) _ limsup f(y+tv) — f(y)

y—x* t]0 t

()

From the following relation between the Clarke generalized directional derivative and Clarke sub-
differential (Clarke [24])

Of(x) :={s€R": fo(x;v) >v"s, YveR"} and f°(x;v)=max{v’s:Vsedf(z)},

condition (4) is equivalent to 0 € 9f(x*).
For the constrained optimization, a Clarke stationary point of locally Lipschitz continuous func-
tion f over X is defined by the existence of £ € 0f(x*) satisfying

(&x—x")>0, VrelX. (6)

Then, the Clarke generalized directional derivative in (5) is generalized by Jahn [36] and used in
Audet and Dennis [2], Jahn [36] for Lipschitz constrained optimization problem, defined by

fo((L'*;’U;X): limsup f(y+tv)_f(y)

y—az* ye X t
tl0,y+tveX

(7)

Based on the directional derivative in (7), Jahn [36, Theorem 3.46] presented a necessary optimality
condition for a local minimizer «* of f over X, i.e.

x5z —a"X)>0, VerelX. (8)
When int(7x (z*)) # 0, the necessary optimality conditions in (6) and (8) are equivalent to
folamuX) =0, VveTx(z), (9)

where Ty (z*) is the tangent cone to X at z*.

Due to the non-Lipschitz continuity of the objective function f in (1), the Clarke optimal-
ity conditions in (6), (8) or (9) cannot be directly applied to problem (1). For a proper, lower
semi-continuous function f: R™ — R (possibly non-Lipschitz), the limiting (Mordukhovich) subd-
ifferential and horizon subdifferential (Rockafellar and Wets [47]) are defined respectively as

_ k k k
Of(x) = {v:3z* L 2, v* = v with liminf,_,, LE=L L)ppemr) >0, vk},

8% f(z) = {v: 3% L 2, Mok =0, AF L0 with liminf,_, x LEED—0"2m0b) 5 o gy

llz—a*]|
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where A* | 0 means \* >0 and \* — 0, and 2* %5 2 means 2* — x and f(z") — f(z). Based on the
following constraint qualification

— 0= f(x)[ | N (@) ={0}, (10)

for & to be a local minimizer of (1) it is necessary that
0€0f(z)+ Nx(7) (11)

(Rockafellar and Wets [47, Theorem 8.15]). The constraint qualification (10) holds naturally if f
is locally Lipschitz continuous at Z or Z is an interior point of X' (can be non-Lipschitz continuous
at 7). When X = R" and c(h(z)) := [|z||5 (0 <p < 1), the affine scaled first and second order
necessary optimality conditions for local minimizers of (1) are established in Chen et al. [23]. By
using subspace techniques, Chen et al. [21] extended the first and second order necessary optimality
conditions to problem (1) with X = R" and c(h(z)) := ||Dz||b. Some other necessary optimality
conditions for some special formats of (2) and (3) are studied in Bian and Chen [6, 8], Bian et al.
[9], Ge et al. [30], Liu et al. [40]. However, the optimality conditions in Bian and Chen [6, 8], Bian
et al. [9], Chen et al. [21, 23], Ge et al. [30], Liu et al. [40] are weaker than the Clarke optimality
conditions given in (6), (8) and (9) for p=1. The minimizers of problem (1) in practical problems
are often the non-Lipschitz point and on the boundary of X', which may lead to the unsatisfaction
of quality (10). In this paper, we will derive a necessary optimality condition for the non-Lipschitz
constrained optimization problem (1), which holds without the constraint qualification (10) and
reduces to the Clarke optimality condition when the objective function in (1) is locally Lipschitz
continuous at this point.

When f is locally Lipschitz continuous, from Theorem 9.61 and Corollary 8.47 (b) in Rockafellar
and Wets [47], the subdifferential associated with a smoothing function

Gf(.’I]) = COH{?} ‘ Vrf(xkuuk) -, for xk — X, Uk \LO}a

is nonempty and bounded, and df(x) C G (), where “con” denotes the convex hull. In Burke
and Hoheisel [13], Burke et al. [14], Chen [19], Rockafellar and Wets [47], it is shown that many
smoothing functions satisfy the gradient consistency

of (r) =G (). (12)

The gradient consistency is an important property of the smoothing methods, which guarantees
the convergence of smoothing methods with adaptive updating schemes of smoothing parameters
to a stationary point of the original problem.

In this paper, we extend the directional derivative in Jahn [36] to the constrained optimization
problem (1), whose objective function may not be Lipschitz continuous at some points. Using the
extended directional derivative and the tangent cone, we derive a necessary optimality condition
for local minimizers of problem (1), and define the generalized stationary point of (1). We show
that the generalized stationary point is the Clarke stationary point when the objective function is
Lipschitz continuous at this point defined in (6), (8) and (9), and satisfies the existing necessary
optimality conditions when the objective function is not Lipschitz continuous at this point defined
in Bian and Chen [6, 8], Bian et al. [9], Chen et al. [21, 23], Ge et al. [30], Liu et al. [40]. Moreover,
we establish the consistency between the generalized directional derivative and the limit of the
classic directional derivatives associated with the smoothing function. The directional derivative
consistency guarantees the convergence of smoothing methods to a generalized stationary point of

(1).
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Problem (1) includes the regularized minimization problem as a special case when O(z) is a
data fitting term and c(h(x)) is a regularization term (also called a penalty term in some articles).
In sparse optimization, nonconvex non-Lipschitz regularization provides more efficient models to
extract the essential features of solutions than the convex regularization (Bian and Chen [6], Char-
trand and Staneva [17], Chen [19], Chen et al. [22], Fan and Li [27], Huang et al. [33], Huang et
al. [35], Loh and Wainwright [41], Lu [42], Nikolova et al. [44], Wang et al. [53], Zhang [55]). The
SCAD penalty function in Fan and Li [27] and the MCP function in Zhang [55] have various desir-
able properties in variable selection. Logistic and fraction penalty functions yield edge preservation
in image restoration (Nikolova et al. [44]). The [, norm penalty function with 0 <p < 1 possesses
the oracle property in statistics (Fan and Li [27], Knight and Fu [37]). Nonconvex regularized
M-estimator is proved to have the statistical accuracy and prediction error estimation in Loh and
Wainwright [41]. Moreover, the lower bound theory of the l»-1, regularized minimization problem
in Chen et al. [22, 23], a special case of (1), states that the absolute value of each component of
any local minimizer of the problem is either zero or greater than a positive constant. The lower
bound theory not only helps us to distinguish zero and nonzero entries of coefficients in sparse
high-dimensional approximation (Chartrand and Staneva [17], Huang et al. [33]), but also brings
the restored image closed contours and neat edges (Chen et al. [22]). In this paper, we extend the
lower bound theory of the l»-1, regularization minimization problem to problem (1) with constraints
{x : Az < b}, which includes the most widely used models in statistics and sparse reconstruction as
special cases. From the new bound theory, we can derive many interesting lower and upper bound
results for different special problems. Moreover, we prove the strong NP-hardness of problem (1)
via a special model of it, which generalizes the computational complexity results in Chen et al.
[20], Ge et al. [30], Liu et al. [40]. Such extensions are not trivial because of the general constraints
in problem (1). We show that the concavity of the regularization term is a key property for both
the lower bound theory and the strong NP hardness of (1). The bound property gives the positive
news of problem (1) in applications, while the strong NP-hardness indicates its negative aspect in
numerical computation, which further illustrates the importance and necessity for presenting good
necessary optimality conditions of (1).

The rest of this paper is organized as follows. In section 2, we first define a generalized directional
derivative and present its properties. Next, we derive a necessary optimality condition for the
local minimizers of problem (1), and prove the directional derivative consistency associated with
smoothing functions. In section 3, we present the numerical properties of problem (1) with a special
constraint from the bound property of its local minimizers and its computational complexity.

In our notation, R, = [0,00), Ry, = (0,00) and N ={1,2,...}. For x € R", 0 < p < oo and
6>0, |||l =>""", |z;|?, Bs(z) means the open ball centered at x with radius 4. For a set Q C R",
int(Q2) means the interior of 2, cl(2) means the closure of €2, || stands for its cardinality and
and Poz] = argmin{||z — z||2 : z € 2} denotes the orthogonal projection from R™ to Q. For locally
Lipschitz continuous function ¢ : R" — R, ¢'(s+) and ¢'(s—) indicate the derivative of ¢ at s on
the right hand side and left hand side, respectively. For II consisted by a class of column vectors
of R, spanll indicates the subspace of R™ spanned by the elements in II.

2. Optimality conditions Inspired by the generalized directional derivative and the tangent
cone, we present a first order necessary optimality condition for local minimizers of the constrained
optimization problem (1), which reduces to the Clarke necessary optimality condition at Lipschitz
continuous point and to the necessary optimality conditions in the existing literatures (Bian and
Chen [6, 8], Bian et al. [9], Chen et al. [21, 23], Ge et al. [30], Liu et al. [40]) at non-Lipschitz points.
Thus, the generalized stationary point based on the derived necessary optimality condition provides
a unified form for the stationary points of problem (1) with a continuous objective function. At
the end of this section, we prove the directional directive consistency associated with smoothing
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functions, which gives some hints on how to find a generalized stationary points of (1) in numerical
computation.
We suppose the function h in (1) has the following representation

h(z):= (hi(D¥z),ho(DIx),... hy (DI x))” (13)

m

where D; € R"*" h;(i=1,...,m): R"— R is continuous, but not necessarily Lipschitz continuous.

2.1. Tangent cone Since X is a nonempty closed convex subset of R", the tangent cone to X
at x € X, denoted as Tx(x), is the set consisting of all tangent vectors [47, Proposition 6.2], where
we call a vector v € R" a tangent vector to X at z, if there are a sequence {z*} of elements in X
converging to x and a sequence {\;} of positive numbers converging to 0 such that

-

v= lim
k—o0 )\k

ASSUMPTION 1. Assume that X can be expressed by X = X1 N Xy with a nonempty closed convex
set Xy, Xy :={x: Ax <b} and int(X,) N Xy # D, where A€ R™™ and b€ R'.

Denote A7 and b; the ith row of A and b, and let C; = {i: ATz — b; =0} for Z € X,. Under
Assumption 1, we can obtain the following properties of the tangent cones to X;, X, and X.

LEMMA 1. Suppose Assumption 1 holds. Then the following statements hold.
(1) Ta,(x) ={v: ATv <0, Vi€ Cs}, Va € Xo;
(2) int(Tx, (2)) N Ty (x) #0, Vo € X;
(3) Ta,nmy (€)= Ty (2) N Ty (1), Vi € X.

PROOF. (1) and (3) can be obtained by Borwein and Lewis [10, Corollary 6.3.7] and Rockafellar
and Wets [47, Theorem 6.42] respectively.

Fix z € X. By int(&;) # (0 and from Rockafellar and Wets [47, Example 6.22,Example 6.24],
int(Tx,(z)) #0 and & — T € int(Tx, (Z)) with Z € int(X;). Using Assumption 1 and (1), we get
T —zeint(Tx, (T)) N Ta,(T) with & €int(X;)NA,. O

2.2. Generalized directional derivative
DEFINITION 1. A function ¢ : R" — R is said to be Lipschitz continuous at(near) x € R™ if
there exist positive numbers L, and § such that

|9(y) — 9(2)| < Lully — 2|2, Yy, 2 € Bs(x).

Otherwise, ¢ is said to be not Lipschitz continuous at .
For a fixed T € R™, denote

I, ={i€{1,2,...,m}: h; is not Lipschitz continuous at D!z}, (14)

Vi={v:DI'v=0, i€}, (15)
and define h(DT ) 4T
2T . i\ T 1 z
hi (Diw) = { h(D'z) i€l
which is Lipschitz continuous at D!z, i =1,2,...,m. In particular, we let V; = R" when Z, = 0.
And then we define
fa(@) :=0(x) + c(hz(2)), (16)
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with hg(z):= (h{(D{x),h5(DIz),...,hE (DL x))".

We notice that the generalized directional derivative of f at £ € X in direction v defined in (7)
involves only the behavior of f around Z in X'. Moreover, f°(z;v;X) exists for any v € Ty (Z) if f
is Lipschitz continuous at Z. In particular, when z € int(X), f°(z;v) = f°(z;v; X). However, the
objective function f in (1) may not be Lipschitz continuous at some points, which implies that
f°(z;v; X) may not exist for some € X and v € Ty(Z). So, we consider the generalized directional
derivative of f over X in directions v € Tx(Z) NV; when f is not Lipschitz continuous at .

There are various generalized directional derivatives, such as the lower subderivative d~ f(x)(v),
upper subderivative d* f(z)(v) and regular subderivative df(x)(v) for the extended real-valued
function defined in Rockafellar and Wets [47] and the Clarke directional derivative in (7) for real-
valued function. When f(x,x5) = v/]z; — 1] — /|22 and X = R", which is an example modeled
by the objective function in (1), f°(Z;v;X) = —3, but d* f(z)(v) = +oo for z = (1,1) and v =
(0,1) € Vs; fo(&;0;X) =5, but d™ f(Z)(v) = df (z)(v) = —oo for = (2,0) and v = (1,0) € V;. This
motivates us to use the Clarke generalized directional derivative with the constraints in (7) for
problem (1) and we will prove the existence of f°(Z;v;X) for any € X and v € Tx(Z) N V5.

PROPOSITION 1.  For any z € X and v € T (Z) NV,

fo(z;v;X) = limsup fly+tv) — f(y)

y—IT,yeX t
tL0,y+tveX

exists (17)

and equals f2(Z;v; X) defined in (7).
PRrROOF. Fix z € X and v € V;. For y € R" and t > 0, there exists z between h(y) and h(y +tv) such

that
c(h(y +tv)) — c(h(y)) :VC(Z)T(Z(y +tv) — h(y)

Then,

t t

fly+tv) = fly) _ Oy +tv) = O(y) + Ve(2)" (haly + tv) — ha(y))

By the Lipschitz continuity of © and h; at Z, there exist 6 > 0 and L > 0 such that ‘M <

L,Vy € Bs(z), t € (0,9). Thus, the generalized directional derivative of f at z € X" in the direction
v €V, defined in (17) exists.
Let {y;} and {t;} be the sequences such that y; € X, t; 10, y; = Z, y; +t;u € X and

lim fly; +tv) = f(y;)

Jj—oo tj

= f°(z;0; X).

Using the Lipschitz continuity of h; at T again, we can get the subsequences {y;, } C {y;} and
{t;,} € {t;} such that
hz (yjk + tjkv) —hz (yjk)

lim exists. (18)
k—o0 t]k
By the above analysis, then
4 tw)— ,
fo(z;0; X) = lim S s+t 0) = F(Y3)
=VO(z)+ Ve(2)_pa klim 2 \Yi J’;v 2\Yik)
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By virtue of (17), we have

fS(If“U' X) > lim fi(yjk +tjkv) - fi(y]k)

v k—oc0 tjk
20)
ha(ys +t: v) — ha(y; (
:V@(j) +VC(Z)Z:}LCE(£) llm ‘L(y']k + ]kv) 'L(yjk).

Using h(Z) = hz(Z), (19) and (20), we obtain f2(z;v;X) > f°(z;v; X).

On the other hand, by extracting the sequences {y; } and {t; } such that the upper limit in
(7) holds for f; and the limit in (18) exists with them, similar to the above analysis, we find that
fo(z;0;X) > f2(z;0; X). Therefore, f°(z;v;X) = f2(z;v;X). O

2.3. Necessary optimality condition Denote
r-int(Tx (z)) = int (T, () N T, ().

By Lemma 1 (2), r-int(7x(x)) is not empty for any x € X.
For a vector v € int(7Tx, (x)), there exists a scalar 6; > 0 such that

y+twe Xy, forall yeX;NBs (x), we Bs (v) and 0 <t < 0.

We often call int(7x,(x)) the hypertangent cone to X; at z. Whenever int(7x,(z)) # 0,
cl(int(Tx, (z))) = Ta, (x) and cl(r-int(Tx(x))) = Tx(x) (Rockafellar [48]).
By Lemma 1 (1), for v € Tx,(x), there is §, > 0 such that y+tv € Xy, Vy € XoN By, (x), 0 <t < 0s.
Therefore, for any vector v € r-int(7x(z)), there exists a scalar € > 0 such that

y+tveX, forallye XNB(z), 0<t<e. (21)

Since f in (1) may not be locally Lipschitz continuous at some points, the calculus theory
developed in Audet and Dennis [2] cannot be directly applied. The next lemma extends calculus
results for the unconstrained case in Clarke [24] and the constrained case in Audet and Dennis [2].

LEMMA 2. Forz e X and v € Tx(Z) N Vs, if r-int(Tx(Z)) N V; £ 0, then

oz X)) = giinv fo(zw; X).
w € r-int(Tx (Z)) N Vz

PrROOF. By the locally Lipschitz continuity of hz, there are € >0 and Lz > 0 such that
1ha(2) = ha(y)ll2 < Lallz —yll2, VY, y € Be(). (22)

Let {wy} Cr-int(7x(Z)) N Vz be a sequence of directions converging to a vector v € Tx(Z) N V;.
By {wy} Cr-int(7x(Z)) and (21), there exists € > 0 such that = + tw, € X whenever z € XN
B, (z) and 0 <t < ¢;,. Then, for all wy, it gives

fo(Z;v;X) = limsup fz+tv) — f(z)

r—>T,xEX t

tl0,z4+tvex
[z +tv) — f(z)

= limsup

T — T, T t

Lo e (23)
4+ twp €X
e L) (@) | Fat )~ ot

r—>Z,zeEX t t
tl0,z+tve X
z+tw € X
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Let 6 > 0 be such that x + twy, € B.(z) for any x € Bs(Z), 0 <t <6 and k € N. By the Lipschitz
property in (22), we have

From the mean value theorem, there exists z between h(x + tv) and h(x + twy,) such that

hz (x4 tv) — hz(z + twy,)
t

< Lz|lv—wgll2, VzeBs(z),0<t<d,keN.
2

flx+tv) — f(z+twy)
=0(z +tv) — O(x +twy,) + Ve(2)" (h(z + tv) — h(x +twy,))
=0(z +tv) — O(x +twy) + Ve(2)" (he(z +tv) — ha(z + twy)).

Then, for any x € Bs(z) and ¢ € (0,9), we have

fz+tv) — f(x+ twy)
t

< Le||lv — wgl||a + LeLz||v — wi |2,

where Lg =sup{||VO(y)|l2:y € B(z)} and L. =sup{||Vc(2).cnw)ll2 : vy € B(Z)}.
Thus, (23) implies

(@ wi; X)—Lollv — willa — LeLsz|lv — will2 < f2(Z50; &)
<fo(Z;wi; X) + Lol||lv — wy||2 + LeLz||v — wy||2, Vk € N.

As k goes to infinity, the above inequality gives f°(Z;v; X') =limy_,o f°(Z;w; X). Since {wy} is an
arbitrary sequence in r-int(7x(Z)) N V; converging to v, we obtain the result in this lemma. O

Note that the limit in Lemma 2 is not necessarily true when r-int(7x(Z)) is empty, even for the
case V; = R™. A similar example can be given following the idea in Audet and Dennis [2, Example
3.10]. Some other conditions on X to ensure that the set consisting of the vectors v satisfying
(21) is not empty can be used to obtain the limit in Lemma 2. A sufficient condition for (21) is
int(X;) N X, # 0. Based on Lemmas 1-2, the following theorem gives the main theoretical result of
this section.

THEOREM 1. Suppose the function h in (1) has the form in (13) and Assumption 1 holds for
X. If x* is a local minimizer of (1) and r-int(Tx(z*)) N Ve £ 0, then fo(x*;v;X) >0 for every
direction v € Ty (z*) NV,

PROOF. Suppose z* is a local minimizer of f over X and let w € r-int(Tx (z*)) N V.
Since w € r-int(Tx(x*)), by (21), there exists € > 0 such that

r+twe X Vee XNB(z%),0<t<e.
And there exist € € (0,¢] and L, >0 such that f(z*) < f(z), Vo € X N B.(z*), and
[P () = ha (Y)[|2 < Lax [l = yll2; Vo, y € X0 Be(27). (24)

Then, we can choose § € (0, €| such that z,x +tw,x* +tw € B (x*)NX Vo € B (x*)NAX,0<t <.
By (24), for all z € B2(2z*)NX, 0 <t <4, we obtain

hoys (2 4 tw) — hys (2" +tw)  hgr () — by (*)

t t

[l — 2|

2

< 2L +t.

Thus,
z € By2(¢*)NX t t

z+twe X, t]l0
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From the mean value theorem, there exist z; between h(x) and h(x +tw), and z; between h(z*)
and h(z* 4 tw) such that

|(c(h(z + tw)) = c(h(x))) — (c(h(z” + tw)) — c(h(z7)))]
=|Ve(z1)" (h(@ +tw) — h(z)) — VC(Zz)T(h(l“* +tw) —h(z ))! (26)
=|Ve(21) T (hy (2 4+ tw) — hox (7)) — Ve(22)T (hex (27 + tw) — hys (7))
Using (25), (26) and the continuous differentiability of ©, we have

[f(xﬂw) —f(x) [l +tw) = f(a")

t t

lim
mEBtQ(z*)ﬁX
z+twe X, t]0

=Ve(z) oy lim e (T 4+ 1w) = hy () hgr (2% +tw) — hyx (27)
z=h(x*) c€Ba(z*)NX ; ;
z+tutJ€X,tj,o

=0.
Thus,

[f(il?+tw} —flz) [l +tw) —f(x*)] >0
t t -

lim sup
sz zeX
tl0,z4+tweX

By f(z* +tw) — f(x*) >0 for 0 <t <¢, (27) implies

t .
fo(x*;w; X)=limsup fla+tw) f(x)zo.
z—z*,reXx t

t10,z+tweX

(27)

By Lemma 2, we can give that f°(z*;v;X) >0 for any v € Ty (z*) N V. O

Based on Theorem 1, we give a new definition of the generalized stationary point of problem (1).

DEFINITION 2. z* € X is said to be a generalized stationary point of (1), if r-int (7 (2*)) N Vyx =
0 or fo(x*;v;X) >0 for every v € Tx(z*) NV,

Tx(z) NV, is nonempty for any = € X, but f°(z*;v;X) >0, Vv € Ty (z*) N V,« is not necessarily
true at the local minimizer z* of f over X when r-int(7x (z*)) NV, = (). For example, if f(x;,z,) =
\/|w1 2| +44/|ze — 1] and X = {(z1,22) : (21 — 1)* + (22 — 2)? < 1}, then fo(a*;v;X) = —%, where

=(1,1)" is the global minimizer of f over X and v=(1,0)" € Tx(2*) NV,. So Definition 2 is
reasonable and robust.

We call f Lipschitz continuous at € X’ in direction v, if there exist L >0 and € > 0 such that

|f(Z+tv) — f(Z)| < Lt||v||2, VEe(0,¢).

When Assumption 1 holds, if f is not Lipschitz continuous at Z € X in direction x — Z for any x € X,
r-int(Tx (z)) NV, =0 or Tx(z) NV, = {0}, which implies that Z is a trivial generalized stationary
point of (1).

COROLLARY 1. Suppose the function h in (1) has the form in (13) and Assumption 1 holds.
Then the following statements hold.
(1) When f is Lipschitz continuous at x* € X, x* is a generalized stationary point of (1) defined
in Definition 2 if and only if it is a Clarke stationary point of (1).
(2) When X :={x: Az <b} with A€ R"™"™ and b€ R', x* is a generalized stationary point of (1)
defined in Definition 2 if and only if

fo(z*0;X) >0,  for every v € Ta(z*) N Vps.
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PROOF. When f is Lipschitz continuous at z* € X, by r-int(7Tx(z)) # 0 and V,- = R", z* is a
generalized stationary point of (1) if and only if

fo(x*v;X) >0 for every v € Ty (z*),

which means that z* is a Clarke stationary point of (1).

When X :={x: Az <b}, by letting &} = R" and A5 = {x: Az <b}, we find that 1-int(Tx(z*)) =
Tx,(z*) and then 0 € r-int(Tx (2*)) N V,=. So statement (2) is true. O

REMARK 1. Suppose h; is regular in {D}z:z € XY\N;}, where

N;={x € X : h; is not Lipschitz continuous at DTz}, i=1,2,...,m
Then, the statement in Theorem 1 holds with V,« instead of V,«, where

V,« ={v:for any i € Z,., there exists § > 0 such that

h;(D¥ (z* 4+ tv)) = h;(DFz*) holds for all 0 <t < §}. (28)

Since V,« C V,«, the generalized stationary point defined in Definition 2 can be more robust with
VY, instead of V,« for some cases. For example, if f is modeled by (2), V,« = V,-; however, if f is
defined as in (3),

Vo = {v:dTv >0, Vie {i:dla" = a,}}, (29)

which includes V,« ={v:dfv=0, Vi € {i : d] 2* = o;}} as a proper subset.

Other necessary optimality conditions for the special cases of (1) are studied by Bian and Chen
[6, 8], Bian et al. [9], Chen et al. [21], Ge et al. [30], Liu et al. [40]. Bian and Chen [8] considered
a special case of (1) modeled by (2) with | = (—00)", u=o00" and r =1, that is

min f(x —l—ng dl z|P) (30)
s.t. .CUEXZ:{ZL‘:AJ}SZJ}.

Recall C; = {i: ATZ —b; =0}. If Z € X is a local minimizer of (30), there exists a nonnegative
vector v € Rzl such that

ZEVO@) + > o' (8)scyarapld] 2P sign(d] 2)d; + Y 7 A;) =0, (31)
iZTs i€Cz

where Z, = {i : d’Z =0} and Z; is a matrix whose columns form an orthogonal basis of the null
space of {d; :dfz =0} (Bian and Chen [8]). Most recently, Liu et al. [40] considered a special case
of (1) modeled by (3) with () :=t and X :={z: Ax <b}. They called z € X a KKT point of (3),
if there exists a nonnegative vector A € RI%#| such that

T=Py(T—VL(Z,)\)), (32)

Where L(x,\) = O(x) + 3, 7 (i —dfx)? + 30,7 Ny — df ) with Jz = {i: o —d] >0} and
={i:a; —d]z=0}.
For problems (30) and (3), the next proposition shows the expressions of the optimality conditions
in Bian and Chen [8] and Liu et al. [40] with the generalized directional derivative and tangent
cone.

PROPOSITION 2. (1) When problem (1) reduces to problem (30), for & € X, there holds
fo(T0;X) >0, Yo e To(Z)N Vs <= (31) holds with a nonnegative vector v € RI%!;
(2) When problem (1) reduces problem (3) with X :={x: Ax <b}, for & € X, there holds
(T, X8) >0, Yo e To(Z)N Vs <= (32) holds with a nonnegative vector A € RV7#!,
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PRrROOF. First, we establish the direction ” <=7 in statement (1). From the definition of f; in (16)
for (30), we can easily verify that

Vf:(z)= z)+ Z pe'( ‘diTﬂp|diT£]pflsign(din)di.
€¢Iz

If 7 satisfies (31) with a nonnegative vector v € R/l by the definition of Z,, we obtain

Vf:(Z) + Z viA; € span{d; :i € I},

1€Cx

which implies the existence of a nonnegative vector x € R/%#| such that

V(@) + Z Vidi = Z Kid;.

ieCz i€Ts

Since T (%) ={v: ATv <0,VieCs}, Vs ={v:d v=0,Vi € Z;} and v >0, for any v € Tx(Z) N Vs,
by Proposition 1, it gives

Fo(@0;X) = (Vf2(2),0) = (O kadi = Y 7:A5,0) >0

1€z 1€Cx

_ Then, we prove the direction ” =" in statement (1). Denote S = {z :dx =0,i € Z;}. By
V: = Ts(Z) and Proposition 1, f°(z;v;X') >0, Vv € Tx(Z) N Vz, implies

(Vfz(Z),v) >0, Vv e Tx(Z)NTs(T). (33)
Since Txns(T) C T (Z) N Ts(T), (33) gives
—fo(l_?) EN){ms(f‘).

From the definition of X' and S, Nxns(%) CNx(T) + Ns(Z) = {> ;e 1idi 17 = 0} + {2z, Nids
\; € R}, which ensures the existence of a nonnegative vector v € RI! such that

—Vfa(2) = > A €{D>_ Ndi: M € R}

1€Cx i€lz
Thus, z
vf:z: + % z = V.
1€Cx

Next, we show the second statement in this proposition. For problem (3), V; = {v:dTv >0, Vi e
IE}-
Suppose T € X satisfies (32) with A >0, by the projection inequality, it holds

(VO(z) - Y play—dl 2P di =Y Nidj,x—2) >0, Vo € X, (34)

€Tz i€l

which implies

)= plag —dl TP =Y Nid,v) 20, Vo € T (T).

ISNE 1€Lg

By the definition of V; and Z,, we obtain

(VO(z) = Y play —dl )P 1d;,v) > 0, Yo € Tar(Z) N V. (35)
i€Jz
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Proposition 1 gives
Fo(@0;X) = (VO(T) = Y plas — df 2)7 7 dy,v). (36)
1€Jz
Then, (35) and (36) guarantee

fo(F:0;X) >0, Vo € To(Z) N Vs

Conversely, by (36), similar to the analysis for the first statement, f°(Z;v; X) >0, Vv € Ta(Z) NV,
implies
—VO(z)+ Y pla; — dI )P d; € Ny () + N (),
€Tz
where Ng(7) = {>_,cz. \i(—di) : \i > 0} with S = {z:a; —dlx <0,Vi € Z;}. Then, there exists a
nonnegative vector A € RI%#! such that

—VO(T)+ Y plas—d] 2P i+ > Nidi € N ().

ISNE 1€l

Thus,
@)+ ) plas—dl TP di =Y Nidi,x—E) >0, Vo € X,

1€Jz 1€1z

which implies # satisfies (32) with a nonnegative vector \. [

When problem (1) reduces to (30) and (3), by Remark 1, the necessary optimality condition
given in Theorem 1 holds with V,« instead of V,«. And from Corollary 1, the optimality conditions
in Bian and Chen [8] and Liu et al. [40] are equivalent to the necessary optimality conditions
given in this paper for problems (30) and (3). Similarly, the generalized stationary point defined
in Definition 2 reduces to the first order necessary optimality conditions given or used in Bian and
Chen [6], Bian et al. [9], Chen et al. [21, 23], Ge et al. [30] for the special cases of (2) with 0 <p < 1.
Thus, Definition 2 provides a uniform version of the existing necessary optimality conditions for
the Lipschitz and non-Lipschitz problems modeled by (1). In computation, by the properties of
generalized directional derivative and tangent cone, some closed forms can be derived from our
optimality condition for different special cases. However, when p =1 in (2) or (3), a generalized
stationary point defined in Definition 2 is a Clarke stationary point, while the scaled stationary
point, first-order stationary point, scaled KKT point and KKT point in Bian and Chen [6, 8], Bian
et al. [9], Chen et al. [21, 23], Ge et al. [30], Liu et al. [40] are not necessarily Clarke stationary
points. All of these not only show the robustness of the optimality conditions given in this paper,
but also illustrate the superiority of the generalized direction derivative defined in (17) for studying
the optimality conditions of problem (1).

For a locally Lipschitz function f, we have

0f (x) = cond f(x),

where 9 is the Clarke subdifferential, 9 is the limiting (Mordukhovich) subdifferential and “ con”
denotes the convex hull (Rockafellar and Wets [47, Theorem 8.49]). Thus a Clarke stationary point
defined in (6) is necessary but not sufficient to be a limiting (Mordukhovich) stationary point
defined in (11) when f is locally Lipschitz continuous. Some interesting results on this topic can
also be found in Burke et al. [15]. When the constraint qualification (10) holds, the necessary
optimality condition given in this paper is also weaker than condition (11). However, the constraint
qualification (10) is likely to be unsatisfied for many non-Lipschitz optimization problems and
Jf(z) may be empty at some non-Lipschitz points of f.
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2.4. Directional derivative consistency In this subsection, we show that the generalized
directional derivative of f defined in (17) can be represented by the limit of a sequence of direc-
tional derivatives of a smoothing function of f. This property is important for the development of
numerical algorithms in nonsmooth optimization. )

DEFINITION 3. Let ¢: R" — R be a continuous function. We call ¢ : R" x [0,00) — R a smooth-
ing function of ¢, if ¢(-, 1) is continuously differentiable for any fixed x>0 and lim,_,, 0 ¢(z, 1) =
¢(x) holds for any = € R™.

When ¢ is Lipschitz continuous at Z, we call the gradient consistency associated with the smooth-
ing function ¢ holds at z, if R

{ lim V(2 0} CO6(3). (37)
z2—Z,ud0

Some conditions to guarantee (37) can be found in Chen [19], Burke and Hoheisel [13], Burke et
al. [14], Rockafellar and Wets [47]. . .

Let h(z,p) := (hy(Df x, ), ho(Dy z, 1), . .., by (D} 2z, 1)) ", where h; is a smoothing function of h;
in (13) and the gradient consistency associated with h; holds at its Lipschitz continuous points.
Then f(x,p):=0O(x)+c(h(zr,p)) is a smoothing function of f.

Since f(-, ) is continuously differentiable for any fixed p > 0, the generalized directional deriva-
tive of it with respect to x can be given by

- f t —f -
Plegex)= tmsp TEHZIGL) (g i ) ), (38)
e,

THEOREM 2. Suppose the function h in (1) has the form in (13), and h; is continuously
differentiable at DIz for x € X\N; with N; = {x : h; is not Lipschitz continuous at D]z}, i €
{1,2,...,m}, then ~

lim (V. f(zk, pmr),v) = f°(T;0; X), Yo e V. (39)

T € X,
T = T, pug L0

PROOF. Let z; be a sequence in X' converging to Z and {4} be a positive sequence converging to
0. For v € V;, by the differentiability of f(z,ux), we have

(Vo f (@, 1), 0) = (VO(@r), ) + (Vel2) iy s Vo (@ ) o), (40)

where 3 3 ~
va:h($1m ,uk)TU = (va:hl (D?xkv :U’k)TUa AR va:hm(DZ;xk) /”'k)TU)T'
For i € Z, by v € V;, we obtain DTv =0, then Vzﬁi(DiT:rk,uk)Tv = iji(z,uk)
Define

DTv=0.

T .
z:DiTxk ?

h* (DT =1

Denote hy(z, 1) = (h2(DTx, 1), hZ(DTx, 1), ..., h% (DT z, 1))T. Then,

i=1,2,...,m.

Vm;l(ﬂ%uk)TU = inli(l“kauk)TU-
Thus, coming back to (40), we obtain
(Vaf (2", ), 0) =(VO(@1),0) + (Ve(2) Lo yuys Vehia (@, 1) T0)

2 41
=(VO(xx) + Voha (T, 1)V e(2) . Ziay ) V) (41)

Since h; is continuously differentiable at D}z for i € Z, and h;(Z) = h(Z), we obtain
klggo V@(ﬂ:k) + vzhi (xka ,uk)vc(z)z:fz(xkuk) (42)

=VO(Z) + Vhs(Z)Ve(2).=n@) = V f2(T),
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where f; is defined in (16).
Thus,

(@ X) = f2(30X) = (Vf(2),0) 3
= <]}ng v(")(xk) + vxhi(mlm ,uk)vc(z)z:ﬁ(zk,uk)’ U>

= Jim (V. f(a* u) o) (43)

where the first equation uses Proposition 1, the third uses (42) and the fourth uses (41). O
Now we give another consistency result on the subspace V,.

LEMMA 3. Let {z1} be a sequence in X with a limit point . For w € V;, there exists a sequence
{zr, } C{xr} such that w e Vo, » VEEN.

PROOF. If this lemma is not true, then there is K € N such that
W&V, k=K.

By the definition of V,, , there exists i), € Z,, such that
Dl w#0, Vk>K.

From Z, C{1,2,...,m}, there exist j € {1,2,...,m} and a subsequence of {z,}, denoted as
{z1,}, such that j € Z,, and Djw #0.

Note that j € kal implies h; is not Lipschitz continuous at D]-Txkl. Since the non-Lipschitz points
of h; is a closed subset of R", h; is also not Lipschitz continuous at DjTi“, which means j € Z;.
By w € V;, we obtain Dij =0, which leads to a contradiction. Therefore, the statement in this
lemma holds. [

For z € X, from the definitions of r-int(7x(z)) and Vg, r-int(Tx (Z)) N V; # 0 implies r-int (T (Z)) N
V; N B1(0) # (. Based on the consistency results given in Theorem 2 and Lemma 3, we give a
corollary to show the generalized stationary point consistency of the smoothing functions.

COROLLARY 2. Suppose the function h in (1) has the form in (13). Let {ex} and {u,} be
positive sequences converging to 0. With the conditions on h in Theorem 2, if x* € X satisfies

r-int (T (") O Ve =0 or (Vo (2", i), v) > —ex, Yo € Ta(z®) NV, N By (0), (44)

then any accumulation point of {x*} is a generalized stationary point of (1).

PROOF. Let Z be an accumulation point of {z*}. Then, there exists a subsequence of {z*} (also
denoted as {z*}) converging to Z, i.e. limy_,, 7 = Z.

Without loss of generality, we suppose r-int(7x(Z)) NV, # 0. If not, by Definition 2, the statement
in this corollary holds naturally.

First, we will show that there is a subsequence of {x*} (also denoted as {z*}) such that
r-int (7T (2%)) N V,x # 0. Denote v € r-int(7Tx(Z)) N Vz. By Lemma 3, we can suppose 0 € V,x. U €
int(7x, (z)) guarantees the existence of K € N such that v € int(7x, (z*)), Vk > K. Since C,x and
C; are the subsets of {1,2,...,t}, by their definitions, there exists a subsequence of {z*} (also
denoted as {z*}) such that C,x C C;. From Lemma 1 (1), we obtain Tx,(Z) C Tx,(z*). Thus, there
is a subsequence of {z*} (also denoted as {z*}) such that v € r-int(7x(z*)) N V,x.

For w € r-int(T»(Z)) N V; N B1(0), from Lemma 3, we can suppose

weV,,, VkeN.
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By w € r-int(Tx(Z)), there exists € > 0 such that
r+sweX, Ve XNB(z), 0<s<e. (45)

Since xj converges to Z, there exists K € N such that z, € X N B.(z), Yk > K. By (45), we have
Tp+swe X, Vk> K, 0<s<e From the convexity of X', we obtain w € Ty (zy).
From Theorem 2, we have f°(Z;w;X) > 0. Then, for any p > 0, we have

fo (.’i‘, pv; X) _ lim sup f(y + tp’l)) — f(y>

y—zZ,yeXx t

tl0,y+tpve X (46)
=p limsup fly+sv) = Fy) =pf°(z;v; X) > 0.
y—T,yeX S
sl0,y+sveXx

Thus, f°(z;v; X) >0 for every v € r-int(Tx(Z)) N V; N B;1(0) implies f°(z;v; X') > 0 for every v €
r-int(7x (Z)) N V. By Lemma 2, it is easy to verify that f°(z;v; X') > 0 holds for any v € Tx(Z) N V;,
which means that  is a generalized stationary point of (1). O

From Corollary 2, it is easy to prove that any accumulation point of the generalized stationary
points of mingcx f (x ) defined by the gradient of f (x, ) is a generalized stationary point of (1)
defined in Definition 2 as u, tends to 0.

REMARK 2. Similar to the proof for Theorem 2 and Corollary 2, the consistence result in them
holds with V, instead of V,, which is defined in (28) and comes from the necessary optimality
condition for the minimizers of (1) in Remark 1.

REMARK 3. The gradient consistency of h; at its Lipschitz continuous points implies

lim VO(2) + Viha(z, 1) Ve(y), =i o 0t € Of2(T). (47)

z—Z,ud0

Since f; is Lipschitz continuous at z, it gives

fo(z;w; R™) =max{(§,w) : £ € 0fz(Z)}. (48)

Similar to the calculation in (43), by (47) and (48), we obtain

(€

(4
fo(@w; R") = f7(Zw; RY) =max{(§,w) : £ € 0fz()}
> limsup(VO (i) + Vaha (w, i) Ve(2)._p Rapig) W)

k— o0

=limsup(V., f(*, i), w).

k—oco

Thus, when X = R", if z* satisfies (V,f (2", 1u1,),v) > —e, for every v € Ta(2*) N V,x N By (0), the
conclusions in Theorem 2 and Corollary 2 can be true without the continuous differentiability of
h; at DIz for x € X\WN;, Vi€ {1,2,...,m}.

In particular, when the function h in f has the form

h(z) = (hy(dTz), ho(diz),. .. Ay (dh2))"

with d; € R™, by Clarke [24, Theorem 2.3.9 (i)], the regularity of h;(dfz) in X\N; is a sufficient
condition for the statement in Theorem 2 and Corollary 2. R
The statement that z* is an approximate stationary point of f(z,u;) over X, i.e.

(Vo f(z*, 1), v) > —e,  for every v e Ta(z*) N By (0)

is a sufficient condition for (44). Corollary 2 shows that one can find a generalized stationary point of
(1) by using the approximate stationary points of min,cx f (z, 1) defined by the gradient of f (z, ).
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Since f (v, ) is continuously differentiable for any fixed p > 0, many numerical algorithms can find
a stationary point of min,ex f(x, ) (Beck and Teboulle [4], Curtis and Overton [25], Levitin and
Polyak [38], Nocedal and Wright [46], Ye [54]). In what follows, we use one example to show the
validity of the first order necessary optimality condition in Theorem 1 and the consistency result
given in Corollary 2.

ExaMPLE 1. Consider the following minimization problem

min f(z) = (21 + 225 — 1)? + A\ /max{z; + 25 + 1,0} + Aav/| 22, (49)
st. reX:={reR*:—1<uz,,2, <1}.

This problem is an example of (1) with ©(x) = (21 + 222 — 1)2, ¢(y) = Mys + Aaye, (D x) =
Vmax{z; +x, + 1,0} and hy(DTz) = \/|xs|, where D, = (1,1)7, Dy = (0,1)7.
Define the smoothing function of f as

f(%ﬂ) = (z1+ 225 — 1)2+/\1\/¢($1 +xo+ 1, 1) + Ao/ 0(2, 1),

5] s[> p,
with (s, p) = §(s ++/s2+4p?) and 0(s,u) = s* . H 15 < s
2u -

Here, we use the classical projected algorithm with Armljo line search to find an approximate gen-
eralized stationary point of min,ex f(x, 1). There exists a > 0 such that Z — Py[Z —aV, f(Z, 1) =0
if and only if 7 is a generalized stationary point of min,¢x f (x, 1), which is also a Clarke station-
ary point of min,ex f (x,p) for any fixed p > 0. We call zF an approximate stationary point of
mingey f(z, 1), if there exists oy, > 0 such that ||zF — Py[z* — V. f(2F, p)]|l2 < g, which can
be found in a finite number of iterations by the analysis in Bertsekas [5].

Choose initial iterate xy = (0,0)” and let the iteration be terminated when p; < 1075. For
different values of \; and As in (49), the simulation results are listed in Table 1, where f* indicates
the optimal function value of (49). In what follows, we will show that the accumulation points
in Table 1 are the generalized stationary points of (49) defined in Definition 2. Moreover, it is
interesting that these points are global minimizers of (49).

A1 | Ag | accumulation point z* | Z, Vo flz*)| f*
8 | 2 (—1.000,0.000)" {1} [ {v=(a,—a)" :a € R} | 4.000 | 4.000

0.1]0.2 (0.982,0.000)" {2} | {v=1(a,0)":a€ R} |0.141 | 0.141

0.5]0.1 (—1.000,0.962)" 0 R? 0.594 | 0.594

TABLE 1. Simulation results in Example 1

When A\; =8 and )\, = 2, since hy(DIx) is continuously differentiable at z*, for v € V,«, by
hy (DT (x* 4+ tv)) = hy(DTz*), Vt > 0, we obtain

(x50, X) = (VO(x*) + X\ohh (DT 2*) Dy, v) = —4v; — 550.4730,,
where v; = —vy by v € V,«, and v; € Ry by v € Ty (z*). Then, fo(x*;v;X) >0, Vv € Tx(x*) NV,
which means that (—1.000,0.000)7 is a generalized stationary point of (49). Similarly,
e when \; =0.1 and A\, =0.2:
fo(zv;X) = (VO(x*) + \ (D 2*) Dy, v) = —0.0360,,

where vy =0 by v € T (%) N Vyx;
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FIGURE 1. Trajectory of z¥ in Example 1 with \; =8 and A2 =2

e when \; =0.5 and A\, =0.1:
fo(z v, X) = (VO(x*) + \ W (D] 2*) Dy + Aohly (D] 2*) Dy, v) = 0.10204,

where vy € Ry by v € Ty (z*) NV,
This gives f°(z*;v; X) > 0, for all v € Ty (2*) NV,+. Furthermore, the trajectory of 2* of the smooth-
ing algorithm for (49) with A; =8 and Ay =2 is pictured in Figure 1 with the isolines of f in X.

From Example 1, we find that the proposed algorithm with the classical projected algorithm for
finding the approximated generalized stationary point can find a global minimizer of problem (49),
which is of course a generalized stationary point of it. Finding global minimizers via generalized
stationary points for problm (1) is an interesting problem for further study.

3. Numerical properties In this section, we focus on the numerical properties of problem
(1) with the lower bound property of its local minimizers and its computational complexity.

It is known that problem (2) with X = R™, ¢(t) :=t and p € (0,1) enjoys lower bound property
(Chen et al. [23]) but is strongly NP-hard (Chen et al. [20]). Owning to the better numerical
properties of different penalty functions or regularization terms in various applications and the
importance of the lower bound property in practice, we will explore a wider bound property and
the computational complexity of (1) with X :={z: Az <b}, where A= (A,,...,A;)T € R™™ with
A;eR", i=1,2,...,t, and b= (by,by,...,b;)" € R'. In this section, we suppose the function h in
(1) can be represented as

h(z) == (hi(d{ x), hao(d3 ), ... hy(dE2))T, (50)

3.1. Bound property Forze X, letC,={jc{1,2,...,t}: ATz —b; =0} be the set of active
inequality constraints at x, £, be the index set such that h; is not LC* at d] x for i € £,, where we
call a function ¢ : R* — R is LC' (or C*') at x, if ¢ is continuously differentiable and its gradient
is locally Lipschitz continuous at z (Hiriart-Urruty et al. [32]). For a function ¢ : R" — R of LC",
0?¢(x) is the generalized Hessian matrix of ¢ at z, which is the generalized derivative of V(z) in
Clarke’s sense (Clarke [24]), i.e.

0*¢(z) = con{M : Jx* — z with ¢ twice differentiable at z* and V3¢ (z*) — M }.
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Let M be the set of local minimizers of problem (1).
To show the local minimizers of problem (1) own the lower bound property, we need the following
assumptions.

ASSUMPTION 2.  There exists >0 such that sup ¢, || VO (2)|2 < S.

ASSUMPTION 3. Function h in (1) has the form in (50), the points at which h; is not LC' are
finite and {n € O*h;(y),_,r, : © € X} is non-positive, i =1,2,...,m.

ASSUMPTION 4. Function ¢ is of LC" on its domain, Ve(s)s—pz) >0, Vo € X, and all elements
in {C € 0%c(S)sen() : ¢ € X'} is negative semi-definite.

REMARK 4. When O(z) :=||Hz —wl|3 or O(x) :=log(||Hx —wl||3+1) with H € R¥*" and w €
R*, Assumption 2 holds naturally with 3 =2||H” H||,. And the boundedness of M also guarantees
Assumption 2.

Assumptions 3 and 4 for c(h(x)) are also satisfied by many models. For example, let ¢(y) =
Sy, hi(2) = p(|2]P) or hi(z) = p(max{0,2}?), i=1,2,...,m, then c¢(h(z)) with 0 <p <1 satis-
fies Assumptions 3 and 4 when ¢ is with one of the following expressions

e soft thresholding penalty function (Tibshirani [51]): ¢;(s) = As,
logistic penalty function (Nikolova et al. [44]): ¢a(s) = Alog(1 + as),
fraction penalty function (Nikolova et al. [44]): 3(s) = A,
hard thresholding penalty function (Fan [26]): @a(s) = > — (A —s)?,
smoothly clipped absolute deviation (SCAD) penalty function (Fan and Li [27]):

/ mln{l t/)\) — L,

e minimax concave penalty (MCP) function (Zhang [55]):
“a / a-ty,ar
- 0 aA + ’

THEOREM 3. Suppose Assumptions 2-4 hold. Then, for any a € R and i€ {1,2,...,m}, if there
exists o; >0 such that V;c(8)s=n(z) > o;, Yo € X, then there exist 6; >0 and k; >0 such that any
local minimizer x* of (1) with X :={x: Az <b} satisfies

(1) |h!(a+)| > ki = either dlz* > a+0; or d] z* <a;
(2) |k (a—)| > Kk; => either d] z* <a—0; or dfz* > a.

Proor. By C, C {1,2,...,t} and £, C {1,2,...,m}, we divide M into the finite disjoint sets
M, M, ..., M,, such that for each M;, C, and L, are the same for all elements x € M,.

Then, W, ={v:dfv=_0fori € £, and Afv < 0fork € C,} is the same for all elements z in each
set My, Ms,..., M. So, we let C¥, £* and W¥ denote C,, £, and W, for x € M, k=1,2,...,s,
respectively.

For i € {1,2,...,m}, we first prove the statement (1) holds for any z* € M;. If i € L', then
statement (1) holds naturally by Assumption 3. Next, we consider it for i & L.

Let z € M, and define h®(z) := (h¥(dTz),hi(dYz),...,hZ (d¥ x)) with

e [ hi(dTx)  igL!
hi(dil’)_{h(d%) ieL.

K3

with A >0 and a > 0.

Then, there exists § > 0 such that

f(@) =min{O(z) + c(h(2)) : ||z — ]2 <6, Az <b}
=min{O(x) +c(h™(x)): ||z — Z||, <6, Az <b,d v =d 7 foric L'},
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which implies that z is a local minimizer of the following constrained minimization problem

min  fz(x):=0(x) + c(h"(z))

st Av<b dTe—d'z, ic L. (51)

Since fz is LC!' at T, by the second order necessary optimality condition for the minimizers
of (51) given by Hiriart-Urruty et al. [32, Corollary 3.1] and the finite sum rule in Clarke [24,
Proposition 2.3.3], for every v € W', there exist C” € 9(Ve(s))sn@) and 1 € 0*°hf(z),_4r, for
i & L such that '

v V?O(Z)v + v VAT (2)CV (VA (Z)) v + Zl Vie(8)s=n(@nt|d} v]* >0, (52)
igc

where the constraint qualification can be ignored for (51) (Sun and Yuan [50, Definition 8.2.8,
Corollary 8.2.9]).
By Assumptions 2-4, we obtain

—agn?|d o2 <o"V2O(z)v < Bl[vlfE, VoW (53)

Without loss of generality, we suppose that there are infinite elements in M, which means that
there exists two elements in M; with different values of d’ x, and the same values of d] x for i € L,
denoted as z and Z. If not, the result in statement (1) holds naturally.

Consider the following constrained convex optimization

min  [vlf3

st. veW!={v:dlv=TlandveW'}. (54)

By —r—1-r=(% — &) € W}, unique existence of the optimal solution of (54) is guaranteed, denoted
by vzf. Let v = v} in (53), then we have

with k; = B||v}]]3/ ;.

i

If |hY(a+)| > K7, by Assumption 3, which means h}(a+) < —k;, let
0; =inf{t > 0: h(a+1t)exists and h} (a +t) > —rK;}. (56)
By the upper semicontinuity of d(h}(t)) around df Z and n? € 8(h%(5))8:d;i, (55) implies
either 'z >a+6; or d!' T <a.

By the randomicity of Z € M; and the invariance of £; and 6} for all elements in M, the state-
ment in (1) holds for the elements in M;. Similar analysis can be given for Ms,..., M. Therefore,
we can complete the proof for statement (1).

Statement (2) can be shown by using the same arguments. [

From the proof for Theorem 3, we find that the concavity of ¢(h(x)) is the key condition to
guarantee the results in Theorem 3. Based on the results in Theorem 3, we study the following
special case of (1)

: — AT p
min f(z) =06(x)+ El p(max{a; —d; z,0}), (57)
with a; € R and d; € R*, 1=1,2,...,m.

ASSUMPTION 5. ¢ : R, — R, is continuously differentiable, non-decreasing and concave on
Ry, and ¢ is locally Lipschitz continuous on Ry .
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By Assumption 5, we can obtain the following lower bound results for problem (57).

COROLLARY 3. Suppose O satisfies Assumption 2 and ¢ satisfies Assumption 5.
(1) For 0<p<1, if ¢'(0+) >0, then there exists a constant @ >0 such that any local minimizer
x* of (57) satisfies

either a; —d¥z* >0 or a; —dFz* <0, Vie {1,2,...,m}; (58)

(2) For p =1, there exist constants 6 >0 and k >0 such that if |¢"(04+)| > &, then any local
minimizer x* of (57) satisfies (58).

PROOF. Define c(y) =3 " y; and h;(d] z) = p(max{a; — d] z,0}?), i =1,2,...,m. It is easy to
verify that functions ¢ and h;, i =1,2,...,m, satisfy Assumptions 3 and 4. For i=1,2,...,m, we
have h!(a;—) = —oo when 0 < p < 1, and h(a;—) = ¢”(04) when p =1, by Theorem 3 with a = «;,
which implies the statements in this corollary. [

When problem (1) reduces to the following special case:

m

min  f(2):=0(x) + Y p(|d]z]). (59)

Az<b
=1

Denote c(y) =>_1", y; and h;(dfz) = ¢(|df z|P), i=1,2,...,m. Suppose ¢ satisfies Assumption 5,
then A} (0+) = hl(0—) = —oc for (59) with 0 < p < 1, and h/(0+) =R} (0—) = ¢”(0+) for (59) with
p= 1. Therefore, the results in Corollary 3 hold for problem (59) when (58) is replaced by

either [df'z*| >0 or |d] z*| =0, Vi€ {1,2,...,m}. (60)

If there exists a constant x > 0 such that |¢”(0+)| > k, by the concavity of ¢ and ¢’ >0,
¢©'(0+4) > 0 holds obviously. However, the converse does not hold. So both (57) and (59) can own the
lower bound property based on the weaker condition for 0 < p <1 than for p =1, which shows the
superiority of the non-Lipschitz regularization in sparse reconstruction. For the potential functions
in Remark 5, only ¢, @3, ¢, and g may meet the conditions in Corollary 3 for p =1, but all of
them satisfy the conditions in Corollary 3 for 0 <p < 1.

Moreover, the bound result in Theorem 3 can also be extended to the problem modeled by

i — . T .||P
min - f(v) = @(«'L’HX;%(IIDZ z7), (61)
withO<p<1land D; € R"*",i=1,2,...,m. Also with the conditions in Corollary 3, we can obtain
the following estimation

either | Dfz*||, >0 or | DI z*||, =0, Vi€ {1,2,...,m}. (62)

Similar extension can also be done for

min  f(2) = 0(@) + 3 ¢ill max{0, DLz} |").

Az<b
i=1

The lower bound result in Chen et al. [23] is meaningful, since it not only indicates the existence
of the lower bound property for any local minimizers of the unconstrained l,-/, minimization with
0 < p <1, but also presents a lower bound value. Due to the generality of the considered model in
(1), Theorem 3 only proves the existence of the bound property for problem (1) with general affine
inequality constraints. However, following the proof of Theorem 3, we can obtain explicit values of
k; and 6; in Theorem 3 in the following two steps.
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(i) find the points at which h; is not LC*;
(ii) for all possible cases of W,, which is finite, if {v:v € W,, d'v+# 0} is empty, find all possible
points in M with this W, otherwise, evaluate an upper bound of

inf{||v||5/|d] v|* : v € W,, d v # 0}. (63)

So we can derive explicit bounds for some special cases. Specially, an upper bound of (63) can be
obtained by finding an element in {v:veW,, dfv#0}.
For example, consider the following special case of problem (1)

min (o) :=||He —wl}+ 3 o)) (64)

zeX
i=1

with He R*" we R*, 0<p<land X ={x:x>0, ez =1}, where e denotes the vector whose
elements are all 1 and ¢ is defined by one of the potential functions in Remark 5. Model (64)
is often used in portfolio selections(Brodie et al. [11], Chen et al. [18]). For this example, 5 in
Assumption 2 can be defined by 2||H” H||,. When 8 =0, by ¢’ >0 and the concave property of ¢,
it is easy to verify that the column vectors of the n-dimensional identity matrix are the solutions
of (64). In what follows, we consider the case 5 > 0.

Forx e X, L, ={i:2; =0} and W, in the proof of Theorem 3 can be expressed by

W, ={v:e"v =0, and v; = 0forz; = 0}.
Suppose & € M. Denote
M, ={x € M :x has only one nonzero element}.
If z € M, owning to the constraint e’z =1, we get that
either z;=0or 7, =1, Vie {1,2,...,n}. (65)

On the other hand, if T & M, then {v:veW;, v; 0} #0 for any i & L, and 2 is an upper bound
of (63), which gives that 26 > k;, i =1,2,...,n. Thus, when 0 < p < 1, any local minimizer z* of
(64) satisfies

either z; =0 or 2} >0, Vi€ {1,2,...,n}, (66)

where 6 = min{1,inf{t > 0: mingcy2,w)§ > —28}} is a positive constant. On the other hand, when
p=1, then any local minimizer of (64) satisfies (66) under one of the following condition:

e ©:=¢y and \a? > 203;

e ©:= (3 and 2)\a® > 2;

e v:=(, and 2> 20;

e := g and %>2B.
Specially, if we can find a continuous function g: R, — R, and a positive constant 7 € (0, 1] such
that g(0+) < —28 and g(t) > mingcpe ey §, Vt € (0,7], then it is clear that

6 >min{r,inf{t >0: g(t) > —-20}}.

Thus, we can give explicit values of # in the bound property (66) for the different cases, which are
shown in Table 2.

In this subsection, we prove the existence of the lower bound for local minimizers of problem (1)
under some appropriate conditions, which shows the superiority of problem (1) for sparse solutions.
We also show how to find an explicit value of the lower bound for problem (1) with some widely
used potential functions.
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O<p<l1 p=1
1
1 mm{(/\p(1 p)) =2 1} -
a 1 1
P2 mm{(#ﬂip)? 72,1} | min{((35) —1)/a,1}

o | min{ (2 ) 1) winl (2]~ 1)Ja,1)
©4 mln{(m)2 *2,( )P 1} min{\, 1}

¥s mm{(m) A% 1} -

Vs Inln{(ﬁ)2 ENE )P 1} min{al, 1}

TABLE 2. Explicit values of 6 in the bound property (66) with 8 =2||H” H|2

3.2. Computational complexity In terms of the above positive result for problem (1), we
will present a negative result for it in this part. From complexity theory perspective, an NP-
hard optimization problem with a polynomially bounded objective function does not admit a
polynomial-time algorithm, and a strongly NP-hard optimization problem with a polynomially
bounded objective function does not even admit a fully-polynomial-time approximation scheme,
unless P=NP (Vazirani [52]). Regarding the computational complexity, the minimization problem
with [y norm was proved to be NP-hard by Natarajan [43]. Due to the strictness of the conditions
for equivalently relaxing l, norm to [;, one considered the [, regularization with 0 <p <1 for the
problem with Iy norm. However, Ge et al. [30] showed that the [/, (0 < p < 1) norm minimization
with affine equality constraints is also strongly NP-hard, and so is its smoothed version. Then, the
strong NP-hardness of unconstrained [,-l, problem with ¢ >1 and 0 <p <1 was shown by Chen
et al. [20]. Most recently, Liu et al. [40] extended this statement to problem (3) with () :=t¢
and a polyhedral set X by its special case with ©(z) =0, ¢(t) :=t and X = R". However, to the
best of our knowledge, the computational complexity of (1), particularly modeled by (2) and (3)
with 0 < p <1, remains an open problem. In what follows, we will show the strong NP-hardness of
problem (1) via the following special model of it

min [|He —w[3+ Y (lz), (67)

i=1
where H € R**", we R* and 0 <p < 1.

LEMMA 4. When ¢: Ry — R, is non-decreasing and concave on R, then
o(lsI”) +e([t]") = (|s +t[), Vs, teR, 0<p<L.

PROOF. Define ¢(a) = p(a+|s[?) — () on R,. Then from the concavity of ¢, 9'(a+) = ¢’ ((a+

517)4) — @, (a-+) < 0, which implies $(|t]?) < $(0). Thus, (|t + [s[?) < p(t]) + p(|sP). Since

|t + s|P < |t|P + |s|P and ¢ is non-decreasing on R, we obtain ¢(|t + s|?) < ¢([t|?) + ¢(|sF). O
First, we give one preliminary result for proving the strong NP-hardness of (67) with 0 <p <1.

LEMMA 5. Let 0 <p <1 and suppose ¢ : R, — R, is non-decreasing and concave on R,. If
o, (P(s) :=p(s?)), is twice continuously differentiable on |11, 7] with 0 < T < 7o, then there exists
4 > 0 such that when ~v > 7, the minimization problem

min - g(z) =7z — 1l +7lz =l +o(|2]) (68)

zER

has a unique solution z* € (11,72).
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PROOF. Since ¢ is twice continuously differentiable on [7f,7%], there exists a > 0 such that 0 <
¢ (s) <aand —a<¢"(s) <0, Vs e[, 73]

Note that g(z) > ¢g(0) =77 + 73 for all z <0, and g(z) > g(12) = (12 — 71)* + (73) for all
z > 7y. Then, the minimum point of g(z) must lie within [0, 75].

T1+ T
By g(TE7) = 2(ry —12)2 + o((PE2)7), and g(z) > y(r2 —71)?, ¥z € [0,71], when > 2= 2)0)

(ro—m1)% 7
T1 + T2
g(Z>>g( )7VZ€[077-1]‘
Thus, the minimum point of ¢g(z) must lie within (7, 72].
arP7!
To minimize g(z) on (71,72], we check its first and second derivatives. If v > Qp(miﬁ), we

have g (7’1) = 2y(1y — 1) + po(TH)Pt < 0. By ¢'(78) > 0, we get ¢'(m) = 2y(my — 1) +
pg' (13 )Té‘; >0 And we calculate that ¢”(z) =4y + p*¢"(27)2** 2 + p(p — 1)¢'(2?)2P~* > 0 when

v > plamy Hi(l parf”? . Thus, when

20((P572)7) 20(("52)")  pari™
(2—11)2 " (o—7)? "2(o—m7)""

v > 7 := max{
by ¢'(m1) <0, ¢'(m2) >0 and ¢”(z) >0, Vz € (11,72), there exists a unique z € (71,72) such that
g'(Z) =0, which is the unique global minimizer of g(z) in R. O

THEOREM 4. Suppose ¢ satisfies Assumption 5 and ¢ (¢(s) = @(sP)) is strongly concave on an
open interval of R, , then minimization problem (67) is strongly NP-hard for any given 0 <p <1.

PRrROOF. Now we present a polynomial time reduction from the well-known strictly NP-hard parti-
tion problem (Garey and Johnson [29]) to problem (67). The 3-partition problem can be described

as follows: given a multiset S of n = 3m integers {a;,as,...,a,} with sum mb, is there a way to
partition S into m disjoint subsets S, 59, ...,.5,,, such that the sum of the numbers in each subset
is equal?

If ¢ is strictly concave on an open interval of R, denoted as (7,7) with 7 > 7 > 0, by the locally
Lipschitz continuity of ¢" on R, ,, there exist 7, >0 and 75 > 7, with |71, 72] C (7,7) such that ¢ is
strictly concave and twice continuously differentiable on |11, 72].

Given an instance of the partition problem with a = (a;,as,...,a,)” € R". We consider the
following minimization problem in form (67):

m

mwin Z|Zamw b|2+72|2$1j—ﬁ’2
= = 1 J nlm (69)
+72\Z%——Tzl2+2(2¢(|$ij!”))
i=1 j=1 i=1 j=1

where parameter - satisfies the supposition in Lemma 5.
From Lemma 4, we have

minP( )

>r23nvZ|wa D) DETREAS 31y g ()
=1 j=1 i=1 j=1 i=1 j=1
:Z (I{cllljn’y’ Zl’ij —7'1‘2 +7] inj _T2|2 +Z@(’xij’p)>
i=1 j=1 Jj=1 J=1

>3 minglz — 12 411z~ ol +(l=P).
i=1
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$1 P4 ¥s P6
p=1 |7 | none 0,\) (A, aX) (0,a)
Ty | none (11, A) (T1,a\) (11,a))

0<p<l|7| (0,00) | (0,A) | (A\,;oo) | (0,A) | (A,a) | (aX,00) | (0,aN) | (a\,0)
To (7'1, OO) (’7'1, )\) (Tl, OO) (7'17 )\) (Tl, a)\) (7'1, OO) (’7'1, CL)\) (Tl, OO)
TABLE 3. Optimal parameters for different potential functions in Remark 5

To make the last inequality of (70) hold with equality, by Lemma 5, we can always choose one of
x;; to be 2*(#0) and the others are 0 for any i =1,2,...,n. Then,

P(z) >ng(z).

Now we claim that there exists an equitable partition to the partition problem if and only if
the optimal value of (69) equals ng(z*). First, if S can be evenly partitioned into m sets, then
we define x;;, = 2%, ;; =0 for j # k if a; belongs to S;. These x;; provide an optimal solution to
P(z) with optimal value ng(z*). On the other hand, if the optimal value of P(x) is ng(z*), by the
strict concavity of ¢ on [, 7], then in the optimal solution, for each i, there is only one element
in {z;;:1<j <m} is nonzero. And we must also have Y "  a;z;; —b=0 for any 1 <j <m, which
implies that there exists a partition to set S into m disjoint subsets such that the sum of the
numbers in each subset is equal. Thus this theorem is proved. [

Theorem 4 implies the strong NP-hardness of problem (1), since (67) is a special case of it.
Through the problems considered in Chen et al. [20], Ge et al. [30], Liu et al. [40] can also imply
the strong NP-hardness of problem (1), they cannot imply the strong NP-hardness of (2) with
0 <p<1, when ¢ is defined by 2, 3, @4, @5 or pg in Remark 4.

REMARK 5. The conditions in Theorem 4 are satisfied by many penalty functions for 0 <p <1,
such as the logistic penalty function in Nikolova et al. [44], fraction penalty function in Nikolova
et al. [44], hard thresholding penalty function in Fan [26], SCAD function in Fan and Li [27] and
MCP function in Zhang [55], while these conditions are satisfied by the soft thresholding penalty
function in Tibshirani [51], Huang et al. [33] only for 0 < p < 1. For ¢, and ¢3 in Remark 4, all
choices of 7 and 7 in R, , with 7 < 7, satisfy the conditions in Theorem 4. For the other four
penalty functions in Remark 4, the optional parameters of 7; and 7, are given in Table 3.

While our paper Bian and Chen [7](2014) was under review, we became aware of an independent
line of related work on computational complexity by Ge et al. Ge et al. [31](2015). Our contribution
is different in that we show that the concavity of penalty functions is a key property not only for
the strong NP-hardness but also for the nice lower bound theory.

4. Conclusions In Theorem 1, we derive a first order necessary optimality condition for local
minimizers of problem (1) based on the new generalized directional derivative (17) and the tangent
cone. The generalized stationary point that satisfies the given necessary optimality condition is
a Clarke stationary point when the objective function f is locally Lipschitz continuous at this
point, and satisfies the first order necessary optimality condition given or used in Bian and Chen
[6], Bian et al. [9], Bian and Chen [8], Chen et al. [21], Ge et al. [30], Liu et al. [40] if f is not
Lipschitz continuous at the point. Moreover, in Theorem 2 we establish the directional derivative
consistency associated with smoothing functions and in Corollary 1 we show that the consistency
guarantees the convergence of smoothing algorithms to a generalized stationary point of problem
(1). For problem (1) with special constraints, the lower bound property of its local minimizers and
its computational complexity are also studied to illustrate the positive and negative news of it with
concave regularization in applications.
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