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A Penalty Relaxation Method for Image Processing Using Euler’s Elastica Model*

Fang Hef, Xiao Wangi, and Xiaojun Chen'

Abstract. Euler’s elastica model has been widely used in image processing. Since it is a challenging nonconvex
and nonsmooth optimization model, most existing algorithms do not have convergence theory for
it. In this paper, we propose a penalty relaxation algorithm with mathematical guarantee to find a
stationary point of Euler’s elastica model. To deal with the nonsmoothness of Euler’s elastica model,
we first introduce a smoothing relaxation problem, and then propose an exact penalty method to solve
it. We establish the relationships between Euler’s elastica model, the smoothing relaxation problem
and the penalty problem in theory regarding optimal solutions and stationary points. Moreover,
we propose an efficient block coordinate descent algorithm to solve the penalty problem by taking
advantages of convexity of its subproblems. We prove global convergence of the algorithm to a
stationary point of the penalty problem. Finally we apply the proposed algorithm to denoise the
optical coherence tomography images with real data from an optometry clinic and show the efficiency
of the method for image processing using Euler’s elastica model.

Key words. Euler’s elastica model, smoothing relaxation, exact penalty, block coordinate descent, convergence,
OCT images

AMS subject classifications. 68U10, 90C26, 94A08

1. Introduction. In this paper, we consider the following Euler’s elastica model:

2
A
(1.1) min / a+b|V- Vu |Vuldzdy + = / (Ku — ug)*dady,
uJo [Vul 2 Ja
where a, b and \ are three positive constant parameters, |-| denotes the I3 norm of a vector, €2

is a bounded domain in R? with Lipschitz continuous boundary. Here, u : Q — R is assumed
to be smooth and denotes the reconstructed output image with u(z,y) being the intensity
value of the grey level of u at point (z,y) € Q. Moreover, u € BV(Q) = {u € L1(Q) :
|[Vu|(2) < oo} where |Vu| is the total-variation measure of the weak gradient Vu of v and
ug denotes the observed input image. And V- denotes the divergence operator. The operator
K : BV(Q) — £%(Q) is linear and bounded. The first term in (1.1) is the regularizer which
captures the geometrical features of the image while the second term is the fidelity term which
guarantees that /Cu will be close to the input image ug.

Variational models have a wide range of applications in image processing [1, 6, 22]. Euler’s
elastica model (1.1), as a kind of variational model, can be used for illusory contour [25], de-
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2 F. HE, X. WANG, AND X.J. CHEN

noising [26], segmentation [31], inpainting [5], etc. However, it is challenging to solve (1.1) due
to nonlinearity, nonconvexity and nonsmoothness of the energy functional. Many numerical
methods have been studied for solving (1.1) in the literature. In [23], Chan et al. studied the
mathematical foundation and properties of Euler’s elastica model. Moreover, a computational
scheme based on numerical PDEs was proposed to solve the inpainting problem. They derived
the Euler-Lagrange equation for (1.1) and applied a weighted steepest descent method [20]
to solve the equation. Actually, PDE based methods are used widely in image processing
[7, 27]. Later, to find numerical solutions of the equation in [23], the authors of [5] studied
two unconditionally stable time marching methods and a fixed point method. Furthermore, a
nonlinear multigrid method was proposed by taking the fixed point method as a smoother. In
[26], Tai et al. reformulated the minimization of the Euler’s elastica energy to a constrained
optimization problem and then proposed an augmented Lagrangian method to solve it. In
[30], Yashtini and Kang presented two numerical algorithms to solve Euler’s elastica inpaint-
ing model (1.1). By relaxing the normal vector % in the curvature term and introducing
a new vector to replace Vu, they proposed a RNQSpﬁlt algorithm based on operator splitting
techniques. They also proposed a xTV algonthm to solve Euler’s elastica model in the form
of a weighted TV model [30], in which V - IV | is regarded as an independent term. Recently,
Deng et al. [13] proposed a new operator splitting method for solving (1.1). Compared with
works on the alternating direction method of multipliers, the time discretization step size is
the only free parameter to choose, which leads to the robustness and stableness of the pro-
posed algorithm. To overcome the difficulty of nonconvexity of (1.1), some researchers have
studied its convex relaxation. For example, [3] studied a convex relaxation of a class of vertex
penalizing functionals, which captures the curvature of level lines of images. Bredies et al. [4]
proposed a convex, lower semi-continuous, coercive approximation of Euler’s elastica energy
by functional lifting of the gradient of the image. Some other works on convex relaxations
have also been reviewed in [4]. However, although algorithms for solving Euler’s elastica
model have been studied comprehensively, convergence analysis of these algorithms is rarely
provided.

In this paper, we propose a penalty relaxation method for image processing using Fuler’s
elastica model and have the following new contributions.

e As the discrete reformulation of Euler’s elastica model is used in practical computa-
tion, we propose a smoothing relaxation problem with a smoothing parameter e and
inequality constraints for the discrete Euler’s elastica model. We show that any accu-
mulation point of stationary points and any accumulation point of optimal solutions
of the smoothing relaxation problems are a stationary point and a global minimizer of
the discrete Euler’s elastica model, respectively, as the parameter € decreases to zero.

e To solve the smoothing relaxation problem, we represent nonconvex inequality con-
straints by a penalty term added to the objective. We show that a strict local mini-
mizer of the smoothing relaxation problem is a local minimizer of the penalty problem
associated with all sufficiently large penalty parameters. Moreover, if a point is a
stationary point of the penalty problem for all sufficiently large penalty parameters,
then it is a stationary point of the smoothing relaxation problem. These properties
ensure that the penalty problem is a promising approach to find a stationary point of
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the discrete Euler’s elastica model.

e By taking advantage of the bi-convexity of the penalty problem with respect to two
groups of variables, denoted as u € R™ and w € R?>™, we propose a smoothing block
coordinate descent (BCD) algorithm. This algorithm executes BCD iteration while
updating the smoothing parameter simultaneously. More specifically, at each iteration
we first solve an unconstrained strictly convex u-problem through a modified fixed-
point method. Then by partitioning w to (Q¥w,..., QT w), we sequentially solve
m subproblems with respect to QiTW, i = 1,...,m and each subproblem is a two-
dimensional convex ball-constrained problem whose solution can be easily calculated.
We prove that any accumulation point of the sequence generated by the smoothing
BCD algorithm is a stationary point of the penalty problem.

This paper is organized as follows. In section 2, we give the discrete Euler’s elastica model
through discretization and relaxation. Moreover, we propose a smoothing relaxation model
and define a penalty problem by representing the nonconvex constraint by a penalty term
in the objective. In section 3, we explore the relationships among solutions and stationary
points of the discrete model, the smoothing relaxation and the penalty problem. In section
4, we propose the smoothing BCD algorithm to solve the penalty problem and present the
convergence results. In section 5, we present some numerical results by applying the proposed
method to some image processing problems.

2. Discretization and relaxation. It is worth noting that the curvature term in (1.1)
makes no sense at those pixels of image with |Vu| = 0. To deal with this, relaxation is
normally used in related works (see, e.g. [2, 13, 26]). Following the relaxation approach in

Vu

[13], we replace V] by a function p satisfying

(2.1) (p, Vu) = |Vu| and |p| < 1.

By the well-known Holder’s inequality, (2.1) is equivalent to p = ‘g—u”' only for u with
|Vu| # 0. When |Vu| vanishes, (2.1) ensures the boundedness of p. Then Euler’s elastica

model (1.1) can be relaxed to the following constrained optimization problem [13]

A
(2.2) min <a + bV -p\Q) |Vuldzdy + = / (Ku — ug)*dxdy,
(w,p)EW JQ 2 Jo

where

W = {(u,p) € BV(Q) x H(Q,div), (p, Vu) = [Vul, [p| <1}

with
H(Q,div) = {p € (L2(Q)%, V- -pe L2Q)}).

We now introduce the discrete form of model (2.2) with a rectangle Q = [xo, z1] X [yo, y1]-
Let the mesh size be Az = (x1 — z9)/(n1 — 1) and Ay = (y1 — yo)/(n2 — 1). We consider
the discrete image domain Q = {(z;,y;); @i = w0+ (i — 1)Az,y; = yo + (j — 1)Ay,i =
1,---,n1, j=1,---,na} as an n; X ng grid and rearrange the intensity value of each pixel
in the discrete image into a vector u € R™ (m = ninz). In a similar way we can obtain
u’ € R” from the input image for some n. We denote a discrete operator by K € R™ ™,
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4 F. HE, X. WANG, AND X.J. CHEN

We define the variable w = (g;) with p1,p2 € R™ obtained by rearranging the discrete

forms of p. Let DM, D@ € R™*™ be the first order forward finite difference matrices with
periodic boundary condition in the horizontal and vertical direction, respectively. We define
D; € R?X™ to represent the difference matrix at i-th pixel which consists of the i-th rows
of DU and D@ . Let d; € R?™ be a vector whose first m elements are the i-th row of the
matrix DM and last m elements are the i-th row of D®). Then d;fpw is a discrete divergence
of (p1,p2) at i-th pixel. Let e; € R?™ be the vector with the i-th element being one and
others being zero and define Q; = (e;,€+4), ¢ = 1,...,m. Then we obtain the discrete form
of (2.2) as

S A
min ®(u,w), where &(u,w) = Z (a+b(d]fw)?) || Dyl + §\|Ku — ug)?

Rm
(2.3) —Rem i=1
s.t. ||Dyul| — WTQZ-(Diu) =0,
lQIwl><1,i=1,--,m,

where d?w € R and D;u € R? denote the curvature of the level line and discrete gradient of
image u at i-th pixel respectively and || - || denotes the I3 norm. In (2.3), the second term is
the discrete form of % fQ(ICu — ug)?dxdy. We omit the constant AzAy for simplicity in our
theoretical study.

For various applications, the matrix K may be different. For example, K is the identity
matrix for some image denoising problems, while for image inpainting, K is a diagonal matrix
with

[ 1, ieQ\T,
K“_{mien

where i corresponds to the i-th pixel in the domain €, and I represents the inpainting domain.

To overcome computational difficulties caused by the nonsmooth term || D;u| in (2.3),
we propose a smoothing relaxation scheme which replaces the nonsmooth term by a smooth
one and relaxes the equality constraints by inequalities. It results in the following smooth
optimization problem:

m

A
Ilelg&lrln ®.(u,w), where ®.(u,w) = Z (a+b(d} w)?) || Dsul|e + §HKu — g
(24) weRQm =1
s.t. pf(u,w) <0,

lQiwl* <1, i=1, m,
where € is a positive parameter,
|Diulle = /][ Diu|2+ €2 and  ¢S(u,w) = ||D;ulle — wl Qi(Dsu) — 2¢, i =1,...,m.

In problem (2.4), we relax the equality constraint of (2.3) into ¢§(u, w) < 0, which can guar-
antee that the feasible set of (2.3) is contained in the feasible set of problem (2.4). Moreover,
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A PENALTY RELAXATION METHOD FOR IMAGE PROCESSING USING EULER’S ELASTICA MODEL5

for any fixed w, the set {u : ¢§(u,w) < 0} is convex, which helps us to develop a block
coordinate descent algorithm. Note that the term —2e in ¢§(u, w) can be replaced by —ce for
any ¢ > 1.

To solve problem (2.4) effectively, we represent the nonconvex inequality constraints ¢ < 0
for i =1,...,m by adding a penalty term in the objective, which yields the following penalty
problem

m
min W, (u,w), where ¥V, (u,w) = & (u,w) + UZ (pi(a,w)),
(2.5) V:,‘ggzm i=1
st |QTw|P<1,i=1,---,m,
where ¢ > 0 is a penalty parameter and (z); := max{z,0}. It is worth noting that the

constraints in problem (2.5) are convex and only related to the variable w, and the objective
is bi-convex, that is, it is convex with respect to u and w for fixed w and u respectively.
This special structure inspires us to propose an efficient block coordinate descent algorithm
in section 4. At the end of this section, we observe that problems (2.3), (2.4) and (2.5)
have bounded solution sets. It is easy to see that the feasible sets of the three problems are
nonempty and bounded in the components w, since the zero vector in R®™ is their feasible
point and [|Q7 w|? = w? + w2, ;. The three objective functions are continuous and coercive in
the components u for any fixed w. Moreover, the objective function values are nonnegative.

3. Relationships between problems (2.3), (2.4) and (2.5). In this section, we first give
some necessary constraint qualifications and optimality conditions of problems (2.3), (2.4)
and (2.5). Next, the theoretical relationships between these three problems are established
regarding their optimal solutions and stationary points.

3.1. Constraint qualification and optimality conditions. In this subsection, we will study
constraint qualification and optimality conditions for nonconvex optimization problems (2.3),
(2.4) and (2.5). We use notations A;, Az and A3 to represent the feasible sets of problems
(2.3), (2.4) and (2.5), respectively, i.e.,

A1 ={(u,w):ueR"™, we R?™, |Djul| — WTQi(DZ-u) =0, ||Q%Fw||2 <1,i=1,---,m},
Ay ={(u,w):ueR", we R?™, wi(u,w) <0, ||Q;‘FWH2 <1l,i=1,---,m},
As ={(a,w):ueR"”, we R?™, ||Q1TW”2 <1l,i=1,---,m}.

Moreover, let g;(w) = [|QTw|?> — 1, I(u,w) = {i : S(u,w) =0, i =1,--- ,;m} and J(w) =
{itgiw)=0,i=1,---,m}.

Problem (2.3) is nonsmooth at (u, w) if there is i € {1,...,m} such that D;u = 0. The
following lemma gives first order optimality conditions for problem (2.3).

Lemma 3.1. Let (u*,w*) be a solution of problem (2.3), L ={i: D;u* =0,i=1,...,m},
and U = ;¢ ker(D;). Then there exist multipliers § € R,i € L, (; € R2,5 € L and n € R,
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such that the following conditions hold,

(3.1)
i + Diu
> (a+b(dfw)?+&) Df D ||+)\KT(Ku — ug) Z &DIQIw*+> DI =0,
1=1,4¢L = 11§§L ieL
(3.2) > 2b||Din| - dy(d] Z &Q;D;u* +2ZnZQZQTW =0,
i=1,4¢L i=1,4¢L
(3.3) |Diu*|| - w'Q;Diu* =0, i =1,....m,

min{n;, 1 — |QTw*|?} =0, i=1,...,m

Proof. Let ®(u,w) = doitiigr (a+b(dfw)?) || Diul| + 5[ Ku — ug||?. By the optimality
of (u*,w*) for problem (2.3) and the definition of L, we have

d(u', w*) = d(u*, w*) = min{P(u,w) : (u,w) € A;}
=min{®(u* +h,w): (u"+h w) € A}
<min{®(u*+h,w): (v +h,w)e A, hell}
= min{®(u* +h,w) : (u* +h,w) € Ay, h € U}.
Hence (0, w™) is a solution of the optimization problem
hnel]liél" d(u* 4 h,w)
weR2™
(3.5) s.t. || Di(u* +h)|| —wlQ;D;(u* +h) =0,i ¢ L,
Dih=0,icl,

lQfw|*<1,i=1,...,m.
Notice that there exists a neighborhood B(0,w*) such that for any feasible point (h,w) €
B(0,w*), D;(u* +h) #0,i¢ L and QFw # 0, i € J(w*). Hence problem (3.5) is smooth at
any feasible point in B(0, w*).

Denote S by the set consisting of the gradients of equality constraints and active inequality
constraints for problem (3.5), namely

S=85USUS;3

TM ToT
s {(TEERL ) e s (Do)

{0}

where
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A PENALTY RELAXATION METHOD FOR IMAGE PROCESSING USING EULER’S ELASTICA MODEL7

Since || D;(w*+h)||—wT Qi Di(u* +h) = 0, Di(u*+h) # 0 and [|QTwl|? < 1imply 5 atph =

QI'w, we have D;TF% — DIQTw =0 for i ¢ L. Moreover, || D;u*| — (w*)TQ;D;u* =0
and || D;u*|| # 0 imply that ¢ € J(w™*). Hence we obtain

51 =i+ migrw) 1 # 1 < { (i + migiorw) 1 €700}

Noticing D;(u* +h) #0, |Qfw| =1,i ¢ L and QF'w # 0, i € J(w*), it yields that the rank
of §1 U S3 equals that of Sg for any (h,w) € B(0,w*). Therefore, as the rank of Sy is fixed,
for any subset S C S, S has the same rank in the neighborhood B(0, w*), which means that
the constant rank constraint qualification (CRCQ)' holds at point (0, w*). Since d and all
constraint functions are continuously differentiable, the KKT conditions hold at the solution
(0,w*) of problem (3.5) [17]. Therefore, there exist multipliers &, ¢ L, (;,4 € L and n € R'?,
such that conditions (3.1)-(3.4) for problem (2.3) hold at (u*, w*). [ ]

We call (u*, w*) a stationary point of (2.3), if it satisfies conditions (3.1)-(3.4).

We say that the Mangasarian-Fromovitz constraint qualification (MFCQ) holds at a fea-

sible point (u, w) of problem (2.4) if there exist vectors z; € R™,zy € R?™ such that for any
i€ I(u,w) and j € J(w), it holds

<Vu90z€‘(u7w)>T <z1> <0, (Fugsw))Tza <0

Vwei(u,w)/) \z2

Lemma 3.2. The MFCQ holds at any feasible point of problem (2./). Let (u*, w*) be a local
minimizer of problem (2.4). Then there exist multipliers £, € R, such that the following
KKT conditions hold,

(36) D (a+bd'w)?+ gi)D;fm +AKT(Ku® —wg) - Y &DFQTw* =0,
i=1 P2 lle i=1
(3.7) > 2Dl - di(d w*) = ) &EQiDut + 2 miQiQf w* =0,
i=1 i=1 =1

min{£i7 _Sog(u*7W*)} =0,1=1,...,m,

min{n;, 1 — [|QTw*||*} =0, i=1,...,m.

Proof. Let (u,w) be a feasible point of problem (2.4). For simplicity, we abbreviate
I(u,w) and J(w) to I and J, respectively. To show MFCQ holds at (u, w), we first introduce

a vector (_t“:v), where t is a constant satisfying

. [ (2¢ — [ Diul|o) || Diul|
3.10 t < )
(3.10) 2%1?{ 2¢|| Diul] — €2

"We say that the CRCQ holds at a feasible point of a smooth constrained optimization problem, if for each
subset of the gradients of equality constraints and active inequality constraints, the rank at a neighborhood of
this feasible point is constant [17].
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8 F. HE, X. WANG, AND X.J. CHEN

where 2¢||D;ul|. — €2 > €2 > 0. Thus, for any i € I, we have

(et (1) = (P P Ay (1)

— H 3@'1:"'6 — QTw)TD;(tu) + wTQ;D;u
- (|”\g2111‘|||i —w'QiDyu) + w'QiD;u
=D — u+20) + Dol 26
= 2P 4 (1. - 29

<0,

where the forth equality is from ¢f(u,w) = ||D;ulle — w''Q;D;u — 2¢ = 0 for i € I, and
the last inequality is from (3.10) and 2¢||D;u||. — €2 > 0. Moreover, for any j € J, we have
||wa”2 =1 and

(Vwg; (W) (—=w) = 2Q;(Qj w))" (~w) = =2 Q] w]|* < 0.

Therefore, MFCQ holds at (u, w).

All functions in problem (2.4) are continuously differentiable. Hence, at any local mini-
mizer of (2.4), under MFCQ there exist multipliers §,7 € R such that the KKT conditions
(3.6)-(3.9) hold. [ |

We call (u*, w*) a stationary point of (2.4), if it satisfies conditions (3.6)-(3.9).

The objective function of problem (2.5) is Lipschitz continuous, but not differentiable. To
derive the first order optimality condition of problem (2.5), we use the Clarke subdifferential.
For any €,0 > 0, it follows from Proposition 2.3.3 and Corollary 1 in [12] that

8\11670(11’ w) =V (u,w)+ J@Z (¢ (u, W))+ .
i=1

Since ¢§(u,w), ¢ = 1,...,m, are continuously differentiable, and the plus function (-) is
convex, by Proposition 2.3.6(b) and Theorem 2.3.9(iii) in [12], we have that (¢§); is regular
[12, Definition 2.3.4] and

8(905 (u7 W)-‘r) = Ti(uv W)V(Pg(uv W),

where
1, if pf(u, w) >0,
(3.11) ri(a,w) = [0,1], if ¢§(u,w) =0,
0, if o§(u,w) <0,

This manuscript is for review purposes only.



246
247

249
250
251

[\]
Ut
w

DNDO
[S5]
SN

265
266
267

268

A PENALTY RELAXATION METHOD FOR IMAGE PROCESSING USING EULER’S ELASTICA MODEL9

fori=1,---,m. From the regularity of (¢$)+ and Corollary 3 of Proposition 2.3.3 in [12], it
indicates

(3.12) 0 (piu,w)) =Y 0(pi(u,w)) =Y ri(u,w)Vei(u,w).
i=1 i=1 i=1

Lemma 3.3. Assume that (a,w) is a local minimizer of problem (2.5). Then there exist
Lagrangian multipliers p; > 0 and coefficients k; € ri(a,w), ¢ = 1,...,m, with r; defined in
(5.11), such that

(3.13)
a+bd'w)?) DI —— + AKT(Ku—wy)+0 > k(D! — —DIQTw) =0,
Zz;( ( 7 ) ) % ||DzuHe ( 0) Zz; Z( % ||DzuHe i Qz )
m m m
(3.14) > 2| Dia|e - di(d] W) — 0 Y miQiDiu+2)  piQiQ] W =0,
=1 =1 =1
(3.15) min (p;, 1 — |QFw|?) =0, i=1,...,m.

Proof. By the definition of Q;, Vg;(w) = 2Q;QTw,i € J(w) are linearly independent at
any feasible point of problem (2.5). Hence the linear independence constraint qualification
(LICQ) holds at a local minimizer (u, w) of problem (2.5). Therefore, there exist p; > 0 for
i=1,...,m such that

m

0€0(Veo(a,w)+ > pillQFw|* 1))

i=1
and (3.15) hold. Since @, and ||Qfw/|? are continuously differentiable, and (5) is regular,
by (3.12), we find that the first order necessary conditions (3.13)-(3.15) hold at (u,w). M
We call (u, w) a stationary point of (2.5) if conditions (3.13)-(3.15) hold at (a, w).
3.2. Relationships between (2.3), (2.4) and (2.5). In this subsection, we will focus on

relationships between problems (2.3), (2.4) and (2.5). First, we consider problems (2.3) and
(2.4) regarding global minimizers.

Theorem 3.4. For any given € > 0, assume that (u., wW¢) is an optimal solution of problem
(2.4). Let (u*,w*) be an arbitrary accumulation point of {(uc,w¢)} as € | 0. Then (u*, w*)
is an optimal solution of problem (2.3).

Proof. From
| Dl — w7 QiDiu < Dyl — wTQiDyu+ ¢ = e,

at any feasible point (u, w) of problem (2.3), we have that the feasible set A; of problem (2.3)
is contained in the feasible set As of problem (2.4). Hence from the optimality of (u., we), it
yields that

O (u,,we) < @ (u,w), forany (u,w) € A;.
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Then taking limitation on both sides of the above inequality as € | 0, we have

O(u*,w") < ®(u,w), for any (u,w) € Aj.
Moreover, from

2e > HDiueHe - WeQi(Diue)
> || Diuclle = 1Q wel|| Diuc|
(3.16) 2 | Diuclle — || Diuel| = 0,

we know (u*, w*) is feasible for problem (2.3), which completes the proof. |
The following theorem considers problems (2.3) and (2.4) regarding stationary points.

Theorem 3.5. Let (ue, we) be a stationary point of (2.4) with multiplers £¢,n° € R, If
{uc, &} is bounded for all sufficiently small €. Then as € decreases to zero, there exists an
accumulation point (u*, w*) that is a stationary point of (2.3).

Proof. Following from the feasibility of w. and (3.9), it implies { = 0 for i ¢ J(w,). Then
by (3.7) we obtain

m 1 m
> 5QiQ W = =Y b Dl di(dlwo) + 5 Y €QiDu,
=1 =1

i€J(we)

which is bounded from the boundedness of {u, £} for all sufficiently small e. Furthermore,
due to the structure of Q; = (e;, emti), [|QiQT we| = |QFw,| =1 and 5§ > 0 for i € J(w,),
we know

(3.17) I > Qi wel = D nllQiQTwell= > .
ieJ(we) ieJ(we) ieJ(we)

Hence, n¢,i € J(w¢) is bounded. Therefore, {1} is bounded for all sufficiently small e.
By the boundedness of {u.,w,, &, n°}, there are a subsequence ¢, of {e€ : ¢ — 0},
u*, w* £ >0,n7>0and m,i € L:={i: D;u* =0} such that

u, —»u', wg - w, =L oy

and ”Dp+e’|“| — m;,i € L. Then taking limit on both sides of (3.6) as ¢ — 0, we have
k3 Ek €k
i D;u* -
0= Y (a+b(dw")>+&)D] IIDZ-u*H +AKT(Ku™ —ug) - > &D QT w
i=1,igL ‘ i=1
+ ) (a+b(d] w*)* + &) D] m;.
€L

Then by denoting ¢; = (a+ b(d} w*)? + &)m; for i € L, we obtain that (3.1) holds at (u*, w*).
Similarly, we can derive (3.2) from (3.7). Moreover the feasibility of (u., w¢) for (2.4) together
with (3.16) yields that (u*,w*) is a feasible point of (2.3), which leads to (3.3)-(3.4). This
proof is completed. |
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The following theorem considers problems (2.4) and (2.5) regarding local minimizers,
which is a direct application of Lemma 3.2 in this paper and Theorems 4.4 and 4.6 in [16].

Theorem 3.6. If (u*,w*) is a strict local minimizer of problem (2.4), then (u*,w*) is a
local minimizer of problem (2.5) for all 0 > maxi<ij<m &, where & € Rl is the corresponding
multiplier vector in (3.7).

Proof. By Lemma 3.2, MFCQ holds for problem (2.4) at (u*, w*). Then there exists a ¢*
such for all ¢ > ¢*, (u*,w") is a local minimizer of problem (2.5) according to Theorem 4.4
n [16]. In addition, we have ¢* = maxj<j<m, & by Theorem 4.6 in [16]. |

Now we consider problems (2.4) and (2.5) regarding their stationary points and optimal
solutions.

Theorem 3.7. Assume that (u*, w*) is a stationary point of problem (2.5) for all o greater
than a certain threshold 6 > 0. Then (u*,w*) is a stationary point of problem (2./).

Proof. For simplicity, we introduce the following notations:

o = pf(ut,wh), gl i=gi(wh), i=1,...,m,

m

= 2b||Diu||c - dy(d] ).
=1

Suppose to the contrary that (u*,w*) is not a feasible point of problem (2.4). Then there
exists some 4 such that ¢f(u*, w*) > 0. By the definition (3.13)-(3.15) of a stationary point
of (2.5), there are p,k € R™, which depend on o, such that

m
v = QZpiQiQiTW* -0 Z QiDiu* — o Z kiQi Dyu™,

i=1 15" >0 i:p5* <0

for any o > 6. Therefore, for any 3 > a > 1 and o1 > 7, by lettlng oo = aoy and o3 = fBoy,
there exist corresponding coefficients {7}, {p!}, j = 1,2,3 with &/ € [0,1] and p/ > 0 such
that

(3.18) v* —2Zp7QZQ w'—0; Y QiDu*—o; Y KQDu", j=123

15" >0 'chl*<0

Then performing the subtraction of equality (3.18) with different j and division by o9 — o1
and o3 — 01, respectively, we have

2 _
pz pz T Ry Z,
(3.19) 0=2 E 01 )Q’LQ wh— E Qi D; u* — § o — QiD; u”
i:g; = i:p5* >0 1:p5* =0
and

P? - pzl T . * * fBK: 7,
i:g7=0

15" >0 15 =0
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Whereweusep—Olfg >0 and x; = 0 if p§* < 0.
Since Q; = (ej, €m+i), (3.19) indicates that {i : ¢f* > 0} C {¢ : ¢f = 0}. Thus for
i € {i: ¢ > 0}, we have Q;(aQTw* — D;u*) = 0, which implies aQ7w* = D;u* by

2(p;—p;)
o1(a=1) "

| Diu*|| = |a] and ¢* = Va2 + €2 — & — 2¢ > 0, which further imply & < 0 by contradiction.
It follows that p? < p!. Subtracting (3.19) from (3.20), we obtain

i = (ei,em+i), where a@ = oreover, from gf = iW — 1 = 0, we have
Q h A M f ;“ Qiw*||? — 1 0 h

1

3 3
2 pl PP — T cm — K PR} —
21) 0=2 — i i D
200 Zgz:o ‘710‘_1 o1(8 — ))QQW+z;0 a—1 p-1 )Q v

As the vector group {Q;QFw*, i € J(w*)} is linearly independent, the coefficients of Q; Q7 w*
in (3.21) for ¢ € {i : ¢§* > 0} must be zero, i.e.,

which derives

6—1
=" (0 = pi) +pi.
As pZ >0, for i € {i: ¢5* > 0}, which is non-empty by assumption, [ is upper bounded by

oL
ﬁg 1 : 2(0‘_1)"’_1’
P — P

which contradicts the arbitrariness of 5. Therefore, (u*, w*) is a feasible point of problem
(24), 1€, ¢f* <0and gf <O0fori=1,---,m.
As (u*, w") is a stationary point of problem (2.5), conditions (3.13)-(3.15) hold at (u*, w*).

Then it is equivalent to that there exist coefficients x} € [0,1],4 = 1,...,m such that
- D;u* D;u*

a+b(dfw))) DI = 4 KT (Ku*—ug) + o DI —— __prQrw*) =o,
2 (o WA ) D e AR o) 0 3, (D g = D@0

inHDiU*HE' (d w') —o Z K ;QiDju* +QZP1Q1Q w* =0,
=1

15" =0
min{p;, 1 — |QTw*|*} =0, i=1,...,m

Taking n; = p; for ¢ = 1,...,m, & = ok} if ¢i* = 0 and & = 0 if ¢ < 0 ensures that
conditions (3.6)-(3.9) hold at (u*,w™*). Therefore, (u*,w™) satisfies the KKT conditions for
problem (2.4) which completes the proof. [ |

Corollary 3.8. Assume that (u*, w*) is an optimal point of problem (2.5) for all o greater
than a certain threshold 6 > 0. Then it is also an optimal solution of problem (2.]).
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Proof. By Theorem 3.7, (u*, w*) is feasible for problem (2.4). Then for any feasible point
(u,w) of problem (2.4), we have

O (u, W) =V ,(u", W) < VU, (u,w) = D(u,w),
which implies (u*, w*) is an optimal solution of problem (2.4). [ |

Remark 3.9. In this section, we establish the theoretical relationships between the discrete
Euler’s elastica model (2.3), the smoothing relaxation problem (2.4) and the penalty problem
(2.5) regarding their optimal solutions and stationary points. From these theoretical results,
optimal solutions and stationary points of problem (2.5) with a large penalty parameter o
and a sufficiently small smoothing parameter € are good approximate optimal solutions and
stationary points of the discrete Euler’s elastica model (2.3), respectively. Moreover, when e
decreases to zero, any accumulation point of optimal solutions or stationary points of problem
(2.5) is that of (2.3) under certain conditions. According to the relationships, the discrete
Euler’s elastica model (2.3) can be solved via problem (2.5). Compared with (2.3), problem
(2.5) is easier to solve, since the feasible set of (2.5) is convex and the functions ®. and ¢
in the objective are continuously differentiable. Moreover, problem (2.5) is convex in the u-
subspace and w-subspace. Inspired by this special structure, efficient optimization algorithms
can be developed.

4. Smoothing BCD method and convergence analysis. In this section, we will present
a smoothing block coordinate descent (BCD) method for solving problem (2.5). Considering
that W, ,(u, w) is locally Lipschitz continuous but nondifferentiable, we first give a definition
of its smoothing function.

Definition 4.1. We call \PE,U : R™ x R?™ x Rt — R a smoothing function of Vo, if
\ile,o(-, -, 1) s continuously differentiable in R™ x R?™ for any fived p > 0, and satisfies the
following two conditions for any (u,w) € R™ x R?™,

e function value consistency

1:%1 e o(i, W, 1) = U o (1, w),
(@,w)—(u,w)
e gradient consistency
co{lim VU, (@, W, ) : (2, W) — (0, w), 1 | 0} = 0¥, ,(u, w),
where “co” denotes the convex hull.
To obtain a smoothing function of ¥, ,, we use the smoothing function
W oz = { O if |2] > &,

L4822 < &

to approximate the plus function (z)4. For other smoothing functions in image processing,
interested readers are referred to [10, 11]. Let

m
Ve o(u,w,p) = @c(u, w) + O’Z o5 (u, w, p),

=1
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where 35(u, w, 1) := ¢(pf(u,w),u) for i =1,...,m. Since P, is continuously differentiable,
and (¢§)4 is regular, ¥, , is a smoothing function of ¥, by Theorem 1 in [9].

4.1. Algorithms. By replacing the objective function ¥, in (2.5) with its smoothing
approximation ¥, ,, we obtain the following problem

m
(42) min \i/w(u, w, 1), where \i/w(u, w, 1) = P (u,w) + o Z &5 (u, w, )
2 oW i=1

st. |QFw|?<1,i=1,---,m.

Recall that fori =1,...,m, Q; = (€, €mn+i), SO QZTW = (Wi, W) € R? where w; and w1
are the i-th and (m + i)-th element of w, respectively. By defining w; = Q' w, we obtain a
partition of w: (wi,...,w,,). By taking advantage of the problem structure, we now present
a smoothing block coordinate descent algorithm for solving (4.2).

Algorithm 1

Choose positive parameters ¢, § € (0,1) and initial variables u® = uy € R™, w® = 0 € R?™,

u® > 0.
For k > 0:
e STEP 1 Solve
(4.3) min ¥ o (w, w¥, 1) + 5 Ju - o2

to obtain uFt!.

e STEP 2 Fori=1,...,m, solve

(4.4) ||Wr?|li2n§1 \Ile’g(uk—‘rl’ W]f;lﬂ" Wi, Wf<j§m7 luk)
to obtain whl =" Q,w;.
e STEP 3 If the stopping criteria are satisfied, terminate the algorithm. Otherwise, let
prtl =0k, k =k + 1 and go to Step 1.
The stopping criteria in Step 3 depend on optimality conditions for (4.3) and (4.4). More
details will be given in section 5. In the following, we will first study u-subproblem in (4.3) and
then propose Algorithm 2 to solve it. Secondly, we will consider solutions to w;-subproblem
(4.4). We will show that each w;-subproblem has a unique solution which is easy to obtain.
e u-subproblem.The objective function in (4.3) has the form

m
c -
Slu—ub>+ o> 3 (u,wh, ub).

(4.5) ®(u, wh) + 5 I
=1

By the definition of the smoothing function in (4.1), @$(u, wF, u) = i((pg(u,wk) +
£)2 if [pf(u,wF)| < L. To solve (4.3) efficiently by a fixed point method, we split
@g(u,wk,uk) into two parts for |<p§(u,wk)| < &, namely, we write

(4.6) <I>e<u,w’f>+9||u—u’fu2+a§j¢;<u,wk,u’“>:hk<u>+% S

2 :
i=1 irlps|< s

This manuscript is for review purposes only.
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where

(&
Slu-w e 3 i wh)

i|ps|>&
o
+3 (IDal — (e = Dol + ((wh) QoD + 2~ £)?)
K
it pf|<h
and fF(u) = —((wF)TQ;D;u)||D;u||c. Here we use ¢S to denote 5 (u, w¥) for simplic-

ity.
As (4.6) is strictly convex, its optimal solution also solves the following nonlinear
equations:

(4.7)
0 =Vh*(u +— > Vif(u
i:p§|<5
i D;
= (a + b(dTwh)? )DT”D “H FAKT (Ku — ug) + c(u — ub)
i=1 €
o Y (DZ’ Diu —D;-‘FQZTWk)
A=, 7 Dl
7 2
o T T Diju T T AT k
lps|<5

+7 % (e, uDTH;; - ||Diur|eDiTQiTw’f).
e ‘ |

We next present an iterative algorithm to solve (4.7).
Algorithm 2
Set positive parameters: d¥,e;o; > 0. Initialize variables: uf = u® with t = 0.
For t > 0:
— STEP 1 Solve the following equation with respect to u

(4.8) 0= Vh*(u +f > V@) +df(u—u)
it of|<§
obtaining u*!.
— STEP 2 If the residual of (4.7) at u‘*! is no more than e, terminate the
algorithm and return u**! = u**!. Otherwise, let t = ¢+ 1 and go to Step 1.
In Algorithm 2, we choose

F_oe 4 Z adk

i:lps| <5
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where € is a positive constant and df is an upper bound of Lipschitz constant of V fl-k
for i such that |¢§| < §. Thus, for each ¢ > 0, problem (4.8) is an approximation to
(4.7) at u'. Moreover, it is easy to check that (4.8) is equivalent to minimize FF(u),
where

o dk
Ffw)=h"w+= Y (fF)+ (V) (a-u)) + S llu= (|,

ilosl<4

Thus VEF(u*t!) = 0 at the minimizer u'*!. Function F} will play a key role in
proving the convergence of Algorithm 2, as shown in Lemma 4.2.
In the following numerical experiments, we apply the lagged diffusivity fixed point
method to solve (4.8). The lagged diffusivity approach was firstly proposed for solving
TV functional minimization in [28] with theoretical convergence analyzed in [8].
w;-subproblem. Notice that for each w;-subproblem, ¢ = 1,...,m, (4.4) can be
reformulated as a two-dimensional ball constrained optimization problem as below:

- T pk k\T

I k. \ ,

(4.9) pmin - wi Biwi+ (a7)" wi,
where w; = Q7w and Pik is a symmetric and positive definite matrix. For illustrations
we present here a special case of w;-subproblem with the i-th pixel point not on the
boundary of Q and @§ = ﬁ(@g(u, w) + 4)2. In this case the w;-subproblem is of the
form:

) 2
min b”DiukHHE((l 1)-wi— (warl + wfn+i+n1>)
[lw:]|2<1

k k k k 2
+ b|[Di—1u +1||e((1 0)-w; — (wijll + wmtrli—l - wm+n1+i—1))

(4.10) 2
+ bHDi—mukHHe((o 1) C Wi — (wz]'c—nl + wfn-ﬁ-i—nl - wf—m-ﬁ-l))

o uF 2
+ ﬁ ((DiukJrl)TWi — HDiukJrlHe + 2¢ — 2) .
Then we can reformulate (4.10) into the form of (4.9) where
11 | Di_ b+ 0
k k1 i—1 €
oot (4 ) o e,
+ QLM(Diuk—&-l)(Diuk—i—l)T

k
which is symmetric and positive definite and qf = (Z}Cg;) with

1) = = DDA e+ whirin,) TP 20 Bk
— 2b|| D yu" | (wi ] + wsmtrliq - wﬁwnlﬂ'ﬂ)a

d4(2) = 2D ks + i)~ S IDRE 2 B
- QbHDi—mukJrlHE(wfj—r}l +wfntrli—m - wfj_nlyrl)-
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Here ufﬁ Land uf;l correspond to the first and second elements of D;u

By optimality conditions for (4.9) it has a unique solution

k+1 respectively.

(4.11) w; = —(2P! +2rf D) df,

where Iy € R?*? is the identity matrix and 7F is zero if ||(2PF)"1q¥||? < 1 and a
positive number satisfying ||(2PF + 27F1,)71q¥||? = 1 otherwise, where the equation
is quartic with respect to Tf and has a unique positive root.

4.2. Convergence analysis. The following lemma establishes the convergence of Algo-

rithm 2.

Lemma 4.2. Let the sequence {u'} be generated by Algorithm 2. Then it converges to the

solution of problem (/.5).

Proof. Recall that problem (4.5) is strictly convex, thus it has a unique solution. As u’*

1

minimizes Ff, we have FF(u'*l) < FF(u'). Recall that d¥ was introduced in Algorithm 2
to denote the upper bound of Lipschitz constant of V fik. Then by Taylor’s theorem we have
that for every i,

7

P < )+ (T )T (0 — ) + D = |2

By the definition of Ftk and above inequality, we can derive that

Fliy () 4 g™t —uf|?

A A A A SR L a0
2 2p f ’

ipfl<h it pf|<h
k K
< hk(ut—I—l) + % _ Z 02& ||ut+1 _ ut||2
ilprl<e “H
o dk
£ 0S(( + (T)T —)  — w?)
’LL | A€ 122
i|ps| <G
dk
_ pF ) + ?Hut-&-l _ o + % 3 (fik(ut) 4 (VfE )T (! — ut)>
G

:Ftk(ut—l-l) < Ftk(ut).

Therefore, { Ff(u')} is a monotonically decreasing sequence and lower bounded, then it con-

verges and
. ~11..t+1 t12 : k(. .t k t+1\
Jim ! - w2 < lim Ff(u) — B (ut) = 0,
which implies lim;_o0 [u’*! — u’|| = 0. Furthermore, since Ff(u) is level bounded, the

sequence {u'} is bounded and there is a subsequence {u‘} converging to u* and satisfying
VFtlj (uft1) = 0 by the optimality condition for minimizing Ftlj. Then we obtain

This manuscript is for review purposes only.
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0=VEF;(u"™) = lim VE](u"*)

= lim | VAF(u"tY) +% S ikt + dFuhtt —ut)

l—o0
alefl<h
(4.12) =Vh*(u Z VfE(u
itlpf|<h
where uft! — u* is from lim;_,o [[ut! — u?|| = 0. Consequently, (4.12) indicates that u*
the solution of problem (4.5), which completes the proof. [ ]

Lemma 4.3. Let {(u*,w*)} be generated by Algorithm 1. Then {(u*, w*)} is bounded and

(4.13) Jim[|(ut W) — (uf, wh)|| = 0.

Proof. Following the framework in Algorithm 1, the sequence {(u*, w")} satisfies

(4.14) o (W, i) 4 [t — b < B (ot wh ).
Fori=1,...,m, as wi-”l is the solution of problem (4.9), by (4.11) it also solves the problem
(4.15) min - w} Pfw; + (af) wi + 7 (||wil* = 1).
w; ER2
Note that the objective function in (4.15) is strongly convex, 7F(|[w |2 — 1) = 0 and

Plk + 7'!“[2 > Pf = bely for i = 1,...,m, where A = B means that A — B is positive
semidefinite for symmetric matrices A and B with the same dimension. Then we obtain

(W) PPwi +apwi > (wi) Prwl + apwf + o ([wf|* - 1)

be
2( k+1)TPk k+1+qT k+1+7_ (||Wk+1||2 ) EHW,];*WerlHQ,

be
( f+1)TPk kJrl_'_qT k+1_|_ 5 |’W?_Wl§+1|’2’
which implies
~ ~ be
k k
\I’e,a(uk+1 Wllcijl<wwi'€§j§mauk) > \IIG,U(uk+1 W1—<'—jl<z7wi'€<j§m7/’tk) 7”‘7‘7’5C _W'+1||2'

Thus we have
~ be ~
(416) \11670(11k+1, warl’ ,U/k) + Sl‘wk _ WkJrlHQ < \11570(11k+1, Wk, /J'k)

Moreover, as for fixed z the smoothing function ¢(z, 1) is nondecreasing with respect to p > 0,
by pF*t! = 0u* with 6 € (0,1) we obtain

(417) \ie,a(uk+17wk+1aﬂk+1) < \i]e,a(uk+lawk+l7ﬂk)-

This manuscript is for review purposes only.
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By inequalities (4.14), (4.16) and (4.17), we know

be
Enwk _ Wk+1||2 +

Cc

\ife,g(uk+1,wk+l,uk+1) + 5

||uk - uk+1||2 < ‘ijﬁya(ukﬂwka Mk)v
which implies that the sequence {¥.,(u*, w*, 1)} is monotonically decreasing. Then as
U, ,(u,w, u) is coercive, it is level bounded, i.e., the sequence set

{(ukywka,uk)} c {(u,w,u) : ﬁjE,o(uaWaU) < \1/6,0(1107“’0:,“0)}

is bounded, which yields the boundedness of {(u*, w"*)}. Moreover, {¥. ,(u*, w* 1)} con-
verges due to its lower boundedness. Therefore, we obtain that

b . .
lim EHukH . uk||2 + jHWk _Wk+1||2 < lim \Pw(uk’wk’ﬂk) . WEJ(uk+17wk+17uk+1) — 0,
k—oo 2 2 k—o0 ’ ’

which yields (4.13). This completes the proof. [ |

Theorem 4.4. Let {(u*,w")} be generated by Algorithm 1. Then any accumulation point
(u*, w*) is a stationary point of problem (2.5).

Proof. By Lemma 4.3 there exists a subsequence {(u*, w*)} converging to (u*, w*). Since
uF 1 and w1 are obtained by solving their first order conditions, we have

(4.18) Vu\ilg,o'(ukl+17wkl7 Mkl) + C(uk1+1 _ ukz) =0,
T, k k k ki k .
(4.19) Vo e o (@ Wil witth wit k) +orfiwit = 0,i= 1, m,

where Tikl is the corresponding multiplier defined in (4.11) for i = 1,...,m. And (4.19) implies

¥ k;j+1 k;+1 k k k .
(4.20) ||Vwi\11€70(ukl+1,ngd,wiﬁ_ ,Wiijgm,/ﬁkl)H =27, l||WZ-’+1||,Z =1,...,m.

Considering that 7/ (||w*+1]| — 1) = 0, we obtain from (4.20) that

1 ~ kbl kil k ki
(4.21) §||VW¢‘I’E,U(UIW+17Wll§—2<i>wil+ 7wiéj§ma ,Ukl)H =T Li=1,...,m.

According to the definition of smoothing function [9], Vwi\i/w is bounded, then there exists a

k41 ki+1 ki+1 k k .
uht Wi Wi Wil ). Without loss of gen-

convergent subsequence of Vwi\ile,g(
erality, we still label this subsequence by k;. Accordingly, there exists a point 7* such that 7
converges to 7.

As it follows from [[u**! — u*| — 0, |[w**! — wF|| — 0 and ||pF*! — u¥|| — 0 that
{ubrt 1Y — u*, {whth) — w* {pFH1} — 0, taking limits on both sides of (4.18) as k; — oo
yields
(4.22) lim VoW, (u" ™ wh k) =o.

k;—o00

Besides, since (4.19) is equivalent to

k41 k41 ki+1 kg ~erki+1l kil K ki ki1
vwiq)e(u Wi W aWi<j§m)+0VWi90i(u » W » )+2Ti Wi =0,
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for ¢ = 1,...,m. Taking limits on the above equation, we have

kj—o0

(4.23) — (Vi ®c(u*, w*) + 277 w)) ECO{ lim oV, @5 (u ’flﬂ,wfl“,ukg}, i=1,...,m.

Since Q;(Qfw*) = w7, then we obtain

(4.24) — (Va@(u*,w") + ZQTi*Qi(Q?W*)) € co { lim JZVW@Z kl“,wklﬂ,,ukl)} .

. l*}OO
=1

Hence, from the gradient consistency for the smoothing function in Definition 4.1, (4.22)
and (4.24), it follows that (u*, w*) satisfies conditions (3.13) and (3.14) in Theorem 3.3, and
(17, w*) satisfies condition (3.15) for ¢ = 1,...,m. Consequently, (u*,w") is a stationary
point of problem (2.5) which completes the proof. [ |

5. Numerical Experiments. In this section, we report numerical experiments using our
Algorithm 1 with Algorithm 2 for image inpainting and image denoising by Euler’s elastica
model. The experiments were performed in MATLAB version R2016b on a laptop of 8GB
RAM and Intel Core 15-8350 CPU: @1.70GHz 1.90GHz.

All the stopping criteria in the algorithms are based on optimality conditions. Based
on Theorem 4.4 with (4.22) and (4.24), we set the termination criterion in Algorithm 1 as
Resy = max{ry, 2,73} < 107* where

1 = [|Vy ‘I’eo(u w ul‘k)Hom
T2 = |V ea(u w v/ljk)""Zz 1 zQZ(QT k)HOOa

r3 = maxi<i<p |min(rf, 1 — [|QTw*|?)].

For Algorithm 2 we adopt the stopping criterion e;,; < 10~* with w* at u’™! outer iteration.

5.1. Choice of parameters. For model parameters, a and b are positive constant weights
associated with the TV term and the curvature term, respectively. The parameter A\ balances
the weight of the fidelity term relative to the regularization term, ¢ makes the objective
function well defined everywhere in the domain 2 and o is the penalty parameter for the
constraint ¢f(u,w) < 0,4 =1,...,m in (2.4). Besides, there are three parameters u, ¢ and
0 for Algorithm 1. Although a big penalty penalty parameter o can ensure the feasibility of
(u,w) for the constraint ¢§(u, w) < 0, we experimentally found that a large ¢ may lead to
unsatisfactory numerical results and o € [1, 10] can have good numerical performance in image
inpainting. Parameter € (0,1) is the reduction factor of p* in the iteration as p**! = gu*
and c is the proximal coefficient in the u-subproblem. We set ¢ = 0.01 in all experiments. In
image inpainting, we set a = 5, b = 10, 0 = 1, A = 1000, ¢ = 0.1, § = 0.9 and p® = 0.7 in
Figures 1-2, and a = 1, b =5, 0 = 1, A = 1000, € = 0.001, # = 0.999 and u° = 0.5 in Figure
3. Here we use a large A to ensure that the known information in input data is properly
preserved. In image denoising, parameters are set asa =1, b=5, 0 =5, A = 2.4, ¢ = 0.0001,
6 =0.9 and pu° = 0.1.
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(a) (b) (c)

Figure 1. (a) Input Image. Red region is inpainting domain. (b) Result by TV model. (c) Result by Euler’s
elastica model.

5.2. Image inpainting. In this subsection, we apply the proposed algorithms to image
inpainting problems. The matrix K is an diagonal matrix as mentioned in section 2.

We first report in Figure 1 the comparison between Algorithm 1 for Euler’s elastica model
and the lagged diffusion fixed method method [28] for Total Variation (TV) model (b = 0 in
(1.1)). The red region in Figure 1(a) is the inpainting domain. Figure 1(b) is the inpainting
result by using the lagged diffusion fixed point method in [28] for TV model and while Figure
1(c) is the result by using Algorithm 1 for Euler’s elastica model. Although the edge obtained
by our proposed method is blurry, we can see that Algorithm 1 for Euler’s elastica model
performs superior in connecting the disconnected edges.

We also report some results for synthetic images in Figure 2. The red regions in Figures
2(a)-2(c) all represent unknown regions while Figures 2(d)-2(f) are inpainting results. These
examples display that our proposed method is effective as the obtained results are visually
reasonable and correct. Moreover, we can observe that although the edges are a little bit
blurry, Algorithm 1 for Euler’s elastica model shows a quality of extending connectivity and
connecting the missing region smoothly along the curves of images in inpainting domains.

In Figure 3, we test Algorithm 1 with some real images downloaded from world wide web?.
The missing pixels shown in red region of Figure 3(a) are chosen randomly and the portion is
50% of image size. The type of inpainting region in Figure 3(a) often appears in archaeological
artifacts which cannot be recovered manually. The red lines in Figure 3(c) are made randomly
and can simulate the distorted area in some old photos. We can see from Figures 3(b) and
3(d) that features of recovery results are restored well, which can demonstrate that Algorithm
1 for Fuler’s elastica model can be used in some practical image inpainting problems.

In Table 1, we present the comparison results between Algorithm 1, THC method [26],
vanilla Stochastic Gradient Descent (SGD) method [18, 21] and Adaptive Moment Estimation
(ADAM) method [19] for Euler’s elastica model. THC method is a fast and efficient numerical
algorithm by using an augmented Lagrangian approach to solve problem (2.2). However, as
discussed in [13], one drawback of THC method is that it is sensitive to some parameters.
In recent years, SGD method and ADAM method have been widely recognized as efficient
methods for finite-sum nonconvex optimization and used in Matlab, Python Optimization
Toolbox for solving unconstrained general finite-sum nonconvex optimization problems [18].

?Datasets were downloaded at: http://www.robots.ox.ac.uk/~vgg/data.
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(b) ()
)

(a)
(d) () (f

Figure 2. Input images with red inpainting regions in the first row, results by Algorithm 1 in the second row.

Table 1
Relative error comparison on images.

RelErr Fig. 2(a) | Fig. 2(b) | Fig. 2(c) | Fig. 3(a) | Fig. 3(c)
Algorithm 1 0.0524 0.1316 0.2270 0.0732 0.0360
THC 0.0947 0.1799 0.2539 0.0918 0.0503
SGD 0.2093 0.1637 0.2956 0.0936 0.0450
ADAM 0.2086 0.1368 0.2563 0.0927 0.0528

608  We apply these two methods to solve an unconstrained problem that is obtained by penalizing
609 all constraints in problem (4.2) to the objective function in a quadratic term o2 >t [|QF w||?.
610 For THC method, the parameters are set same as in [26] and [30]. For SGD method and ADAM
611 method, the sample size is 100, the stepsize is 0.001, the penalty parameter for penalizing
612 constraints in problem (4.2) is o9 = 100, and other parameters are same as ours. Moreover,
613 for ADAM method, the exponential rates for first- and second-moment estimates are set as 0.9
614 and 0.999, respectively, and the constant for numerical stability is set as 10~%. We implement
615 SGD method and ADAM method by calling solvers sgd( ) and adam( ) in a SGDLibrary
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(d)

Figure 3. The input images with red missing region are shown in left column, while the corresponding
results are displayed in right column.
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Figure 4. Performances of Algorithm 1 with different € for Figure 3(a).
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Figure 5. Performances of Algorithm 1 with @ = 0.999 and different u° for Figure 3(a).
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Figure 6. Values of r1, 2, r3 and Res1 for Figure 3(a).
[18] in MATLAB. Relative error is defined by

k _
RelErr := —Hu Horg I

||uorg” ’

where u,,4 is the original image without any inpainting domain and u” is the output image.
In order to achieve a small relative error, our proposed method is more stable than THC
method, SGD method and ADAM method, which are sensitive with some parameters in
numerical computation. In Figures 4 and 5, we report performances of Algorithm 1 for
Figure 3(a) on relative error as well as function values with respect to different smoothing
parameters € and the reduction factor § and initial smoothing parameter pu° for p*+1 = 6",
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(d) Noisy image (e) TV (f) Elastica

Figure 7. The images in first row are moisy image, result of TV model by FTVd method and result of
Euler’s elastica model by Algorithm 1, respectively. The corresponding contour maps are shown in the second
row.

Results show that the numerical performance is slightly different when varying parameters.
But overall speaking, Algorithm 1 is stable and insensitive to smoothing parameters €, x° and
0. Convergence behavior of residuals 71, re, r3 and Res; = max(ry,r9,73) are presented in
Figure 6. We can see that the optimality residual is reduced to a small number eventually
which verifies the theoretical analysis in previous sections.

5.3. Image denoising. In this subsection, the matrix K is an identity matrix. We use
Algorithm 1 to denoise the optical coherence tomography (OCT) images. OCT is a high-
resolution imaging technology mainly used in clinical medicine and can yield good effects
in diagnosis of retinal diseases especially. However, the high-resolution of OCT means high
demanding for environment and collection process of signal data. OCT images are always
damaged by speckle noise, which has an adverse impact on observation and estimation of
OCT images [14]. Thus pre-processing is necessary and often the first step in OCT image
analysis. According to statistical optics, speckle noise in OCT images is multiplicative noise
and can be converted into additive noise by logarithmic compression [24]. Therefore we can
apply Algorithm 1 for Euler’s elastica model to denoise the corrupted OCT images. The
variance of speckle noise is 0.02. The peak signal-to-noise ratio (PSNR) is defined by
m - (max u”)?

PSNR =10 x 10g10 m
org

In Figure 7, we use a Gaussian function [15] to generate a synthetic OCT image to compare
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(c) Elastica

(a) Noisy image A

(f) Elastica

(d) Noisy image B

Figure 8. Two experiments in real OCT images. The parameters associated with the fidelity term in FTVd
for (b) and (e) are set as A = 8 and 5, respectively.

(e) () () (h)

Figure 9. The first row are contour maps of original OCT image A without noise and Figures 8(a)-8(c).
The second row are contour maps of original OCT image B without noise and Figures 8(d)-8(f).

Algorithm 1 for Euler’s elastica model and fast total variation deconvolution (FTVd) method

630
631 for the TV model in [29] to denoise OCT images. Figure 7(a) is the input noisy image,
632 Figures 7(b) and 7(c) are results by FTVd method for the TV model and Algorithm 1 for
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Figure 10. The first row are noisy images. The second row are corresponding results of Fuler’s elastica
model by Algorithm 1, the values of PSNR from left to right are: 27.9292, 26.7305,26.6660, 26.5482.

Euler’s elastica model, respectively. Figures 7(d)-7(f) are corresponding contour maps given
for visual comparison. It can be found that Algorithm 1 for Euler’s elastica model yields a more
pleasant and smoothing restoration in layers which is important for subsequent processing such
as layer segmentation.

We report two more experiments on real OCT images in Figure 8. Noisy OCT images
are shown in the left column and the denoising results by FTVd method for TV model and
Algorithm 1 for Euler’s elastica model are shown in middle and right columns, respectively. To
give a more vivid description, we draw the corresponding contour maps in Figure 9. It can be
observed visually that Algorithm 1 for Euler’s elastica model significantly eliminates the noise
in OCT images and preserves the continuity and integrity of choroid layer. Although it looks
more smoothing in the results of FTVd method for the TV model, the tiny features easily
confused with noise are vanished which may seriously affect the segmentation of choroid layer
and detection of disease. Moreover, staircase effect appears in the results by FTVd method for
the TV model. For the results of Algorithm 1 for Euler’s elastica model, details of physiological
tissue in images are kept without over-smoothing and staircase effect, which means Figures
8(c) and 8(f) are better than Figures 8(b) and 8(e) in OCT image analysis. Four more OCT
denoising results using Algorithm 1 for Euler’s elastica model are given in Figure 10.

Remark 5.1 The operator splitting method in [13] is a new and efficient method for the
Euler elastica model for image smoothing. However, the operator splitting method needs a
unique solution of a strongly convex problem at each step (see section 3.6 in [13]) and does
not have convergence guarantees. Note that the objective function in the Euler elastica model
(1.1) for inpainting problem is not strongly convex due to the singularity of the linear operator
K. It is worth noting that Algorithm 1 has convergence guarantees for Euler’s elastica model
with K being an identity operator for image smoothing.
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6. Conclusion. In this paper, we propose a penalty relaxation method to solve the discrete
Euler’s elastica model (2.3), which has wide applications in image processing. To deal with the
nonsmoothness of problem (2.3), we introduce a smoothing relaxation problem (2.4) and es-
tablish the relationship between solutions and stationary points of problem (2.3) and problem
(2.4) in Theorems 3.4-3.5. Moreover, we propose the penalty problem (2.5) to overcome the
difficulties caused by the nonconvex constraints in problem (2.4). We derive the relationship
between problem (2.4) and problem (2.5) regarding their local minimizers, stationary points
and optimal solutions in Theorems 3.6-3.7 and Corollary 3.8. Using the special structure of
problem (2.5), we propose a smoothing block coordinate descent algorithm (Algorithm 1).
In the algorithm, we split problem (2.5) into an unconstrained strictly convex subproblem
in variable u and m two-dimensional ball constrained subproblems with a unique solution in
variable w;. We prove that any accumulation point of the sequence generated by Algorithm
1 is a stationary point of problem (2.5). Finally, we present some numerical results in image
inpainting and OCT image denoising to show the effectiveness of the proposed method.
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viding real OCT images for numerical experiments in this paper. The authors also thank
Professor Xuecheng Tai for providing references and codes for Euler’s elastica model. The
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