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Abstract In this paper, we solve a class of distributionally robust optimization (DRO) problems with Lipschitz

continuous loss functions and weakly compact ambiguity sets via sublinear expectation introduced by Peng

(2009). We reformulate the DRO problem as the minimization problem by using sublinear expectation, and

introduce a discrete approximation by grouping samples. We prove that optimal values and optimal solutions

of the discrete problem converge to those of the DRO problem with probability 1 under capacity. We show that

the discrete form is an asymptotic unbiased estimator for the sublinear expectation of the loss function, and

provide the quantification of difference between the discrete problem and the DRO problem with special moment

ambiguity set. Numerical experiments of two real life data sets are conducted. Our preliminary numerical

results show that the sublinear expectation method outperforms the existing duality method, especially from

the perspective of reliability.
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1 Introduction

In this paper, we focus on applying the sublinear expectation theory to the following distributionally

robust optimization (DRO) problem

min
u∈U

max
P∈P

EP (ℓ(u; ξ)), (1.1)

where u is the decision vector taking values from a compact set U ⊂ Rs, random vector ξ : Ω → Ξ ⊂ Rt is

defined on measurable space (Ω,F), the loss function ℓ : Rs ×Rt → R is continuous, P is the probability

distribution of ξ over Ξ equipped with Borel σ-algebra B, EP denotes the expectation with respect to

probability distribution P , P denotes a set of probability distributions. In what follows, we give some

assumptions that will be used throughout the remainder of this paper.
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Assumption 1.1. (a) For any fixed ξ ∈ Ξ, ℓ(·; ξ) is Lipschitz continuous on U with Lipschitz modulus

being bounded by κ(ξ), where max
P∈P

EP (κ(ξ)) < ∞.

(b) There exists u0 ∈ U such that max
P∈P

|EP (ℓ(u0; ξ))| < ∞.

(c) P is nonempty and weakly compact.

(d) For any u ∈ U , lim
r→∞

max
P∈P

∫
{ξ∈Ξ:|ℓ(u;ξ)|⩾r} |ℓ(u; ξ)|P (dξ) = 0.

DRO problem (1.1) is to find a decision u that minimizes the worst-case expected loss. Ambiguity set P
is a family of probability distributions characterized through certain known properties of the uncertainty,

which contains the true probability distribution. There are many types of ambiguity sets including the

moment ambiguity set [5] and Wasserstein ambiguity set [7]. DRO has been successfully applied in many

fields such as finance [1,5] and machine learning [2,12,24]. For more details on the DRO problem, readers

can refer to [13].

It is challenging to solve DRO problem (1.1) due to the minimax framework of the problem and the

involvement of the expectation. Most numerical methods for solving the DRO problem (1.1) address an

equivalent semi-infinite reformulation of (1.1) with finitely many variables and infinitely many constraints,

which is obtained by dualizing the inner worst-case expectation problem. The numerical methods for the

semi-infinite program such as the cutting-plane algorithm are usually computationally expensive. One

alternative is to transform the semi-infinite program to finite-dimensional minimization problem, which

can be achieved by invoking the results of convex analysis [13, Section 7]. Nevertheless, such reduction

has serious limitations due to the specific assumptions on loss function ℓ, ambiguity set P, support Ξ,

etc. Further, the dimension of the corresponding finite reformulation may be very large, see [5, p. 13] for

an example. Hence, it is necessary to seek a simple and efficient method for solving DRO problem (1.1).

In this paper, we solve DRO problem (1.1) via sublinear expectation theory proposed by Peng [20,21].

Basically, a sublinear expectation is a functional defined on a linear space of random variables that is

monotone, constant preserving, positively homogeneous and sub-additive. The sublinear expectation

theory includes the classic probability theory as a special case, and is used to characterize the random

variables whose distributions are uncertain, which is consistent with the distribution ambiguity in

DRO problems. There are fruitful results about sublinear expectation theory such as law of large

numbers (LLN) and central limit theorem (CLT) under sublinear expectation [21, Chapter 2]. Sublinear

expectation theory has been applied in stochastic differential equations [14,20], Brownian motion [9,20,23],

martingale [26], etc. The sublinear expectation theory has also been used extensively in many fields

including finance [6, 22] and robust statistics [10,15,22].

Another main reason for us to use sublinear expectation in this paper is that we only need the condition

that samples are independently identically distributed (i.i.d.) under sublinear expectation (see Definition

2.5). It was pointed out in [21, p. viii] that the i.i.d. condition under sublinear expectation is weaker

than the i.i.d condition in classic probability theory. We take the stock market as an example. The classic

i.i.d. condition refers to that the means and variances of daily return rates in a period must be the same,

while the i.i.d. condition under sublinear expectation refers to that the means and variances can vary

within the same range, which is obviously more reasonable.

Given DRO problem (1.1), define M(Ξ) := {φ : Ξ → R : φ is measurable over (Ξ,B) and |EP (φ(ξ))| <
∞ for P ∈ P}. For any φ ∈ M(Ξ), let

Ê(φ(ξ)) := sup
P∈P

EP (φ(ξ)). (1.2)

Later, we can show that Ê is a sublinear expectation defined on M(Ξ). Then DRO problem (1.1) can

be transformed to the following model

min
u∈U

Ê(ℓ(u; ξ)). (1.3)

Like the sample average approximation in classic probability theory [25], a discrete approximation for

sublinear expectation has been introduced in [10, 15, 22]. Let m and n be positive integers, and denote

N = mn. Given samples {ξi ∈ Rt, i = 1, · · · , N} that are i.i.d. under sublinear expectation, we divide
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these samples sequentially by index into m groups with equal size n, where, for 1 ⩽ k ⩽ m, the k-th

group of samples is {ξi+(k−1)n, i = 1, · · · , n}. Although there exist some other partition schemes such as

the partition in the triangle order [10], the partition in the sequential order is the most popular scheme

[10,15,22], which can simplify the theoretical analysis and is also more suitable for the time series analysis

in the financial applications. According to [10,15,22], a discrete approximation for Ê(ℓ(u; ξ)) is denoted

as

max
1⩽k⩽m

1

n

n∑
i=1

ℓ(u; ξi+(k−1)n). (1.4)

Therefore, in this paper, we consider investigating the discrete approximation of problem (1.1) denoted

as

min
u∈U

max
1⩽k⩽m

1

n

n∑
i=1

ℓ(u; ξi+(k−1)n). (1.5)

The discrete form (1.4) with m = 1 is exactly the sample average approximation in the form of

1
N

N∑
i=1

ℓ(u; ξi). However, the choice of m > 1 is advocated in practice. There are two advantages for the

choice of m > 1. Firstly, in real life scenarios such as the stock market [5, 22], using a large history data

set would make the assumption of i.i.d. samples somewhat unrealistic, so it is more reasonable to group

samples in sequence. Secondly, the existing numerical experiments on NASDAQ Composite Index [22,

Table 2], S&P 500 Index [22, Tables 5,6,7] and Vendors Database of China [15, Tables 16,17] indicate

that discrete form (1.4) with m > 1 achieves more reliable performances.

The main contributions of this paper are summarized as follows.

(i) We reformulate DRO problem (1.1) as the minimization problem (1.3) via sublinear expectation,

and introduce the discrete problem (1.5).

(ii) We prove that the optimal values and optimal solutions of the problem (1.5) converge to those of

the problem (1.1) with probability 1 under capacity if the samples are i.i.d. under sublinear expectation.

(iii) We prove that the discrete form (1.4) is an asymptotic unbiased estimator for objective function

Ê(ℓ(u; ξ)), and provide the quantification of difference between the problem (1.5) and the problem (1.1)

with special moment ambiguity set.

The rest of this paper is organized as follows. In Section 2, the knowledge about the sublinear

expectation and capacity is introduced. In Section 3, the convergence properties of the problem (1.5)

are studied. In Section 4, the statistical properties of the discrete form (1.4) are exhibited. In Section

5, the quantification of difference between the problem (1.5) and the problem (1.1) with special moment

ambiguity set is presented. In Section 6, the numerical experiments are conducted. In Section 7, we

conclude the paper.

Notations: Let L0(Rk) denote the space of Borel measurable functions on Rk, C(Rk) denote the space

of continuous functions on Rk, and CLip(Rk) denote the space of Lipschitz continuous functions on Rk.

Let ∥ · ∥ denote the Euclidean norm. Denote dist(x,B) = inf
y∈B

∥x − y∥ and D(A,B) = sup
x∈A

dist(x,A),

for A,B ⊂ Rk. Denote A\B = {x : x ∈ A, x /∈ B}, for A,B ⊂ Rk. Let N (µ, σ) denote the normal

distribution with mean µ and standard deviation σ. Denote (v)+ = max(0, v) and (v)− = (−v)+ for

v ∈ R. For v1, v2 ∈ Rk, (|v1|)i = |(v1)i|, i = 1, · · · , k, and v1 ⩽ v2 is equivalent to v2 − v1 ∈ Rk
+.

2 Preliminaries

2.1 Sublinear expectation

The following background knowledge can be found in [21]. Let Ω̃ be a given set and H be a linear space

of real-valued functions defined on Ω̃. Suppose that H satisfies that constant function Xc ∈ H with

Xc : ω ∈ Ω̃ 7→ c for any given constant c ∈ R and |X| ∈ H if X ∈ H.
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Definition 2.1. ([21]) A sublinear expectation Ê : H → R is a functional satisfying the following

conditions.

(i) Monotonicity: Ê(X) ⩾ Ê(Y ) if X ⩾ Y .

(ii) Constant preserving: Ê(c) = c for any constant c ∈ R.
(iii) Sub-additivity: Ê(X + Y ) ⩽ Ê(X) + Ê(Y ) for X,Y ∈ H.

(iv) Positive homogeneity: Ê(λX) = λÊ(X) for λ ⩾ 0.

The triple (Ω̃,H, Ê) is called a sublinear expectation space.

If (Ω̃,H, Ê) is a sublinear expectation space, then X ∈ H is called a random variable, and Y =

(X1, · · · , Xk) with Xi ∈ H, for i = 1, · · · , k, is called an k-dimensional random vector in Hk.

Remark 2.2. The sublinear expectation is closely related to coherent risk measure. Let (Ω̃, F̃) be a

measurable space, and H be a linear space of F̃-measurable functions defined on Ω̃. Assume that Ê is a

sublinear expectation over H. For any X ∈ H, denote ρ(X) := Ê(−X). Then, from [21, Section 1.6], ρ

is a coherent risk measure over H, and the converse conclusion also holds.

Definition 2.3. ([21]) Let X and Y be two k–dimensional random vectors defined on a sublinear

expectation space (Ω̃,H, Ê). They are called identically distributed if for any φ ∈ L0(Rk), Ê(φ(X)) =

Ê(φ(Y )), which is denoted by X
d
= Y .

Definition 2.4. ([21]) Let (Ω̃,H, Ê) be a sublinear expectation space. Random vector Y ∈ Hi is

said to be independent of another random vector X ∈ Hj under Ê if for any φ ∈ L0(Ri+j), we have

Ê(φ(X,Y )) = Ê(Ê(φ(x, Y ))|x=X).

Definition 2.5. ([4]) Let {Y i}∞i=1 be a sequence of k-dimensional random vectors on a sublinear

expectation space (Ω̃,H, Ê). We say that {Y i}∞i=1 is i.i.d. under sublinear expectation Ê if Y i+1 d
= Y i

and Y i+1 is independent from {Y 1, · · · , Y i} for i = 1, 2, · · · .
Remark 2.6. It is claimed in [21, p. viii] that the i.i.d. condition under sublinear expectation is

weaker than the i.i.d. condition in the classic probability theory. Firstly, random vectors X and Y may

be identically distributed under sublinear expectation even when the true probability distributions of X

and Y are different. Secondly, random vector Y can be independent of random vector X even when the

true probability distribution of Y is related to the realizations of X.

On the other hand, in DRO problem (1.1), let ξ1, · · · , ξN be i.i.d. samples of ξ generated by the true

probability distribution. Note that the ambiguity set P in (1.1) is not related to the realization of ξ in

general. From Definition 2.5, we can see that ξ1, · · · , ξN also satisfy the i.i.d. assumption under sublinear

expectation Ê in (1.2).

2.2 Capacity

The following definition of capacity can be found in [18].

Definition 2.7. ([18]) Let Ω̃ ⊂ Rk be equipped with σ-algebra F̃ . A capacity on F̃ is a set function

µ : F̃ → [0, 1] such that (i) µ(Ω̃) = 1 and µ(∅) = 0 and (ii) µ(A) ⩽ µ(B), for any A ⊂ B and A,B ∈ F̃ .

Consider sublinear expectation space (Ω̃,H, Ê), where Ω̃ ⊂ Rk is equipped with Borel σ-algebra F̃ ,

and there exists a weakly compact set P̃ of probability measures on Ω̃ such that

Ê(X) := sup
P∈P̃

EP (X), for X ∈ H. (2.1)

For any A ∈ F̃ , denote

Ṽ(A) = sup
P∈P̃

P (A). (2.2)

From [4, Lemma 2.4], we have the following proposition.

Proposition 2.8. ([4]) Let Ṽ be defined in (2.2). Then Ṽ is a capacity on F̃ , and satisfies that

Ṽ(A ∪B) ⩽ Ṽ(A) + Ṽ(B), for any A,B ∈ F̃ .
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We have the following definition related to capacity.

Definition 2.9. ([4, 21]) Consider capacity Ṽ defined in (2.2). Let {Xi}∞i=1 and X be F̃-measurable

functions.

(i) We say that {Xi}∞i=1 converges to X with probability 1 (w.p.1) under capacity Ṽ if there exists

Ω1 ⊂ Ω̃ such that Ṽ(Ω1) = 1 and lim
i→∞

Xi(ω) = X(ω) for any ω ∈ Ω1.

(ii) We say that {Xi}∞i=1 converges to X quasi-surely (q.s.) if there exists Ω2 ⊂ Ω̃ such that Ṽ(Ω2) = 0

and lim
i→∞

Xi(ω) = X(ω) for any ω ∈ Ω̃\Ω2.

Remark 2.10. From [4, Lemma 2.4], if Ṽ(Ω2) = 0, then Ṽ(Ω̃\Ω2) = 1, so the concept of “quasi-surely”

is stronger than the concept of “with probability 1 under capacity Ṽ”. In addition, both concepts are

equivalent when P̃ is a singleton set. The definition of “with probability 1 under capacity Ṽ” can be

found in [4, 17], while the definition of “quasi-surely” can be found in [21, Section 6.1].

On the other hand, the concept of convergence w.p.1 under capacity is also a natural extension of that

of convergence w.p.1 in stochastic programming (see [25, Section 7.2.1]) due to the probability ambiguity.

When P̃ is a singleton set, both concepts are identical.

2.3 LLN under sublinear expectation

In this subsection, we exhibit some LLNs under sublinear expectation, which will be used in our paper.

The following theorem is [21, Theorem 2.4.1].

Theorem 2.11. (Weak LLN, [21]) Let {Y i}∞i=1 be a sequence of i.i.d. k-dimensional random vectors on

a sublinear expectation space (Ω̃,H, Ê). Assume that there exists some α > 0 such that Ê(|Y 1|1+α) < ∞.

Then

lim
n→∞

Ê

(
φ

(
Y 1 + · · ·+ Y n

n

))
= max

θ∈Θ
φ(θ),

for all functions φ ∈ C(Rk) satisfying linear growth condition (|φ(x)| ⩽ C(1+ |x|)), where Θ is the unique

bounded closed convex subset of Rn satisfying max
θ∈Θ

⟨p, θ⟩ = Ê(⟨p, Y1⟩), for p ∈ Rk. Here ⟨·, ·⟩ denotes the

Euclidean inner product.

Remark 2.12. If n = 1 in Theorem 2.11, then Θ = [v, v], where v = −Ê(−Y 1) and v = Ê(Y 1).

Definition 2.13. ([21]) Let Ṽ be defined in (2.2). A mapping X : Ω̃ → R is said to be quasi-continuous

if for any ϵ > 0, there exists open set Ω1 ⊂ Ω̃ with Ṽ(Ω1) = 0 such that X is continuous over Ω̃\Ω1.

Consider sublinear expectation space (Ω̃,H, Ê) with Ê defined in (2.1). For p ⩾ 1, denote Lp =

{X ∈ H : Ê(|X|p) < ∞}, Lp
b = {X ∈ Lp : lim

i→∞
Ê(|X|pI{|X|>i}) = 0}, and Lp

c = {X ∈ Lp
b :

X is quasi-continuous}, where I{|X|>i} is the indicator function of set {|X| > i} with I{|X|>i}(ω) = 1 if

ω ∈ {|X| > i} and I{|X|>i}(ω) = 0 if ω /∈ {|X| > i}. The following theorem is [28, Theorem 3.6].

Theorem 2.14. (Strong LLN, [28]) Let {Y i ∈ L1+α
c }∞i=1 for some α > 0 be a sequence of i.i.d. random

variables on sublinear expectation space (Ω̃,H, Ê), where Ê is defined in (2.1) and Ṽ is defined in (2.2).

Then there exists P̂ ∈ P̃ such that

P̂

(
lim

n→∞

Y 1 + · · ·+ Y n

n
= Ê(Y 1)

)
= 1, (2.3)

i.e.,

Ṽ
(

lim
n→∞

Y 1 + · · ·+ Y n

n
= Ê(Y 1)

)
= 1.

Remark 2.15. There exist other strong LLNs under sublinear expectation, see [4] and references

therein. Let assumptions of Theorem 2.14 hold. Denote γ = Ê(Y 1), γ = −Ê(−Y 1). In [4, Theorem 3.1],

it is proved that

P

(
γ ⩽ lim inf

n→∞

Y 1 + · · ·+ Y n

n
⩽ lim sup

n→∞

Y 1 + · · ·+ Y n

n
⩽ γ

)
= 1, for P ∈ P̃. (2.4)
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One of the major differences between (2.3) and (2.4) is that (2.3) holds for some P̂ ∈ P̃, whereas (2.4)

holds for all P ∈ P̃.

Consider a sublinear space (Ω̃,H, Ê). Let {Xi}∞i=1 be a sequence of i.i.d. samples with Xi d
= X.

For integers m,n > 0, define v̂ = max
1⩽k⩽m

1
n

n∑
i=1

Xi+n(k−1). Let v = Ê(X), v = −Ê(−X) and σ̄2 =

sup
P∈P

EP ((X − EP (X))2). The following proposition is [8, Proposition 2.1].

Proposition 2.16. ([8]) Let X be a random variable on sublinear space (Ω̃,H, Ê). Let {Xi}∞i=1 be a

sequence of i.i.d. samples with Xi d
= X. Assume that Ê((X)2) < ∞. There exists constant C > 0 such

that

Ê(((v̂ − v)+)
2) ⩽

Cm

n
and Ê(((v̂ − v)−)

2) ⩽
Cm

n
, (2.5)

for integers m,n > 0, where C = 2(σ̄2 + (v − v)2).

Remark 2.17. In [8, Proposition 2.1], v̂ in the second inequality of (2.5) is min
1⩽k⩽m

1
n

n∑
i=1

Xi+n(k−1).

Nonetheless, since v̂ ⩾ min
1⩽k⩽m

1
n

n∑
i=1

Xi+n(k−1), (2.5) holds obviously. This minor modification is aimed

at focusing on discrete form (1.4).

The following proposition is [27, Theorem 5.1].

Proposition 2.18. ([27]) Let X be a random variable on sublinear space (Ω̃,H, Ê). Let {Xi}∞i=1 be a

sequence of i.i.d. samples with Xi d
= X. Assume that Ê((X)2) < ∞. Then there exists constant Ĉ > 0

only depending on Ê((X)2) such that∣∣∣∣Ê (ϕ(X1 + · · ·+Xn

n

))
− max

θ∈[v,v]
ϕ(θ)

∣∣∣∣ ⩽ Ĉn− 1
2 , (2.6)

for integers n > 0, where ϕ : R → R is Lipschitz continuous with Lipschitz constant not greater than 1.

3 Convergence properties of the discrete problem (1.5)

3.1 Reformulation of DRO problem (1.1) via sublinear expectation

Firstly, we show that functional Ê defined in (1.2) is a sublinear expectation over M(Ξ).

Theorem 3.1. Define Ê in (1.2). Then Ê is a sublinear expectation defined on M(Ξ), and

(Ξ,M(Ξ), Ê) is a sublinear expectation space.

Proof. Obviously, for any constant c, we have c ∈ M(Ξ), which also implies the nonemptiness of M(Ξ).

Moreover, if |EP (φ(ξ))| < ∞, then |EP (|φ(ξ)|)| < ∞, which indicates that |φ| ∈ M(Ξ).

Then we verify (i)-(iv) in Definition 2.1. For any φ1, φ2 ∈ M(Ξ), if φ1 ⩾ φ2 for any P ∈ P, we have

Ê(φ1(ξ)) = sup
P∈P

EP (φ1(ξ)) ⩾ sup
P∈P

EP (φ2(ξ)) = Ê(φ2(ξ)),

so (i) holds. In addition, for any constant c, we have Ê(c) = sup
P∈P

EP (c) = c, which indicates (ii). Besides,

for any φ1, φ2 ∈ M(Ξ), we can deduce that

Ê(φ1(ξ) + φ2(ξ)) = sup
P∈P

EP (φ1(ξ) + φ2(ξ))

= sup
P∈P

(EP (φ1(ξ)) + EP (φ2(ξ)))

⩽ sup
P∈P

EP (φ1(ξ)) + sup
P∈P

EP (φ2(ξ))

= Ê(φ1(ξ)) + Ê(φ2(ξ)).
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Thus (iii) holds. Finally, for any φ ∈ M(Ξ) and λ ⩾ 0, we have

Ê(λφ(ξ)) = sup
P∈P

EP (λφ(ξ)) = sup
P∈P

λEP (φ(ξ)) = λ sup
P∈P

EP (φ(ξ)) = λÊ(φ(ξ)),

which indicates (iv). So we have proved the conclusion.

Let Φ(u) = max
P∈P

EP (ℓ(u; ξ)). Then we have the following proposition.

Proposition 3.2. Let Assumption 1.1 hold. Then ℓ(u; ·) ∈ M(Ξ) for any u ∈ U , and DRO problem

(1.1) is equivalent to problem (1.3).

Proof. According to [29, Proposition 2], we have |Φ(u)| < ∞ for u ∈ U , which indicates the conclusion.

In addition, we also know that Φ is Lipschitz continuous over U and the solution set for inner problem

of (1.1) is nonempty from [29, Proposition 2], which justifies the well definedness of inner problem of

(1.1).

Remark 3.3. It is often the case that Assumption 1.1(c)(d) hold under moderate conditions. For

example, consider the moment ambiguity set in [5] and Wasserstein ambiguity set in [7]. If Ξ is compact

and ℓ(u; ·) is continuous over Ξ for any u ∈ U , then Assumption 1.1(c)(d) hold for the above ambiguity

sets (see [29, Remark 3 and Proposition 7]).

3.2 Convergence properties

In this subsection, we will show the convergence properties of discrete problem (1.5) under capacity.

Consider Ê in (1.2). For any A ∈ B, denote

V(A) = sup
P∈P

P (A). (3.1)

The following assumption is added.

Assumption 3.4. Consider capacity V defined in (3.1). For a finite number of sets Aj ⊂ Ξ with

V(Aj) = 1, j = 1, · · · , J , V(
⋂J

j=1 Aj) = 1.

Remark 3.5. The above assumption holds under various settings of ambiguity set P. When ambiguity

set P is a singleton set, Assumption 3.4 holds obviously. In addition, denote PN = {N (µ, σ) : µ ∈
[µ1, µ2], σ ∈ [σ1, σ2]}, where µ1, µ2, σ1, σ2 ∈ R. Note that the sets of measure 0 with respect to different

probability distributions in PN are same, so Assumption 3.4 is satisfied automatically.

Denote

Φk,n(u) :=
1

n

n∑
i=1

ℓ(u; ξi+(k−1)n), Φn(u) := max
1⩽k⩽m

Φk,n(u).

Then problems (1.1) and (1.5) can be respectively recast as

min
u∈U

Φ(u) (3.2)

and

min
u∈U

Φn(u). (3.3)

Let v∗ and vn denote the optimal values of problems (3.2) and (3.3) respectively, and S∗ and Sn denote

the optimal solution sets of problems (3.2) and (3.3) respectively. We say that Φk,n(u) converges to Φ(u)

w.p.1 under capacity V (3.1) uniformly on U as n → ∞ if for any ϵ > 0 and ξ ∈ Ξ̃ with Ξ̃ ⊂ Ξ and

V(Ξ̃) = 1, there exists n̄(ϵ, ξ) such that for all n ⩾ n̄(ϵ, ξ), max
u∈U

|Φk,n(u)− Φ(u)| < ϵ.

Based on Theorem 2.14, we have the following lemma.

Lemma 3.6. Let ξ1, · · · , ξN be i.i.d. samples of ξ under sublinear expectation Ê in (1.2). Let

Assumptions 1.1 and 3.4 hold. Assume that there exists α > 0 such that Ê(|ℓ(u; ξ)|1+α) < ∞ for any
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u ∈ U . Then given any 1 ⩽ k ⩽ m, Φk,n(u) converges to Φ(u) w.p.1 under capacity V (3.1) uniformly

on U as n → ∞, where m > 0 is fixed.

Proof. Given ū ∈ U and a sequence ϵs of positive numbers converging to 0, define

Vs = {u ∈ U : ∥u− ū∥ ⩽ ϵs}, δs(ξ) = max
u∈Vs

|ℓ(u; ξ)− ℓ(ū; ξ)|.

Because of Assumption 1.1(a), we have 0 ⩽ δs(ξ) ⩽ κ(ξ)ϵs for ξ ∈ Ξ, which implies that

lim
s→∞

Ê(δs(ξ)) = 0. (3.4)

Obviously, we have

max
u∈Vs

|Φk,n(u)− Φk,n(ū)| ⩽
1

n

n∑
i=1

δs(ξ
i+(k−1)n). (3.5)

By virtue of Assumption 1.1 and Theorem 2.14, we know that the right-hand side of (3.5) converges to

Ê(δs(ξ)) as n → ∞ w.p.1 under capacity. Together with (3.4), we can find that for any ϵ > 0, there

exists a neighborhood W of ū such that for sufficiently large n, and ξ ∈ Ξ̃ with Ξ̃ ⊂ Ξ and V(Ξ̃) = 1,

max
u∈W

⋂
U
|Φk,n(u) − Φk,n(ū)| < ϵ. Since U is compact, there exists a finite number of points u1, · · · , um̄

and corresponding neighborhoods W 1, · · · ,W m̄ covering U such that

max
u∈W j

⋂
U
|Φk,n(u)− Φk,n(u

j)| < ϵ, j = 1, · · · , m̄, (3.6)

for sufficiently large n, and ξ ∈ Ξj with V(Ξj) = 1 respectively. According to the proof of Proposition

3.2, Φ is continuous on U , so these neighborhoods can be chosen such that

max
u∈W j

⋂
U
|Φ(u)− Φ(uj)| < ϵ, j = 1, · · · , m̄. (3.7)

Again by Theorem 2.14 and the hypothesis that Ê(|ℓ(u; ξ)|1+α) < ∞ for any u ∈ U , we have, for n large

enough and ξ ∈ Ξ̂j with V(Ξ̂j) = 1 repectively,

|Φk,n(u)− Φ(u)| < ϵ, j = 1, · · · , m̄. (3.8)

Denote Ξ̂ =
⋂m̄

j=1(Ξj

⋂
Ξ̂j). Based on Assumption 3.4, we have V(Ξ̂) = 1. Combining (3.6), (3.7) and

(3.8), for any given ϵ > 0, we can prove that, for n large enough and ξ ∈ Ξ̂, max
u∈U

|Φk,n(u) − Φ(u)| < 3ϵ.

So we have completed the proof.

Lemma 3.7. Let assumptions of Lemma 3.6 hold. Then for any fixed m > 0, Φn(u) converges to Φ(u)

w.p.1 under capacity V (3.1) uniformly on U as n → ∞.

Proof. According to Lemma 3.6, for any ϵ > 0 and 1 ⩽ k ⩽ m, we have max
u∈U

|Φk,n(u) − Φ(u)| < ϵ

for n large enough and ξ ∈ Ξk with V(Ξk) = 1 respectively, which implies that, for n large enough and

ξ ∈
⋂m

k=1 Ξk,

max
u∈U

|Φn(u)− Φ(u)| ⩽max
u∈U

| max
1⩽k⩽m

Φk,n(u)− Φ(u)|

⩽max
u∈U

max
1⩽k⩽m

|Φk,n(u)− Φ(u)|

= max
1⩽k⩽m

max
u∈U

|Φk,n(u)− Φ(u)|

<ϵ.

So we have derived the conclusion.

Theorem 3.8. Let assumptions of Lemma 3.6 hold. Then for any fixed m > 0, vn → v∗ and

D(Sn, S
∗) → 0 w.p.1 under capacity V (3.1) as n → ∞.
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Proof. Via Lemma 3.7, we know that Φn(u) converges to Φ(u) w.p.1 under capacity V uniformly on

U . That is, for any given ϵ > 0, we have max
u∈U

|Φn(u) − Φ(u)| < ϵ for n large enough and ξ ∈ Ξ̂ with

V(Ξ̂) = 1. It follows that |vn − v∗| ⩽ ϵ for n large enough and ξ ∈ Ξ̂, which indicates that vn → v∗ w.p.1

under capacity V as n → ∞.

We prove the other conclusion by contradiction. Suppose that D(Sn, S
∗) does not converge to 0 w.p.1

under capacity as n → ∞. Since U is compact, for some given ϵ > 0, we can find a sequence of points

un ∈ Sn such that dist(un, S∗) ⩾ ϵ for n ⩾ 1 and un tends to a point u∗ ∈ U . We do not take a

subsequence for the ease of statement. Due to the hypothesis, u∗ /∈ S∗, so we have Φ(u∗) > v∗. Via [25,

Proposition 5.1], we have lim
n→∞

Φn(u
n) = Φ(u∗) > v∗. This is a contradiction since vn → v w.p.1 under

capacity V as n → ∞ and Φn(u
n) = vn. So we have proved the conclusion.

4 Statistical properties of the discrete problem (1.5)

In this section, we will explore the statistical properties of the discrete form (1.5). Let µ = Ê(ℓ(u; ξ))

and µ = −Ê(−ℓ(u; ξ)). The following proposition appeared in [10] without a proof. Here we attempt to

prove the conclusion.

Proposition 4.1. Let ξ1, · · · , ξN be i.i.d. samples of ξ under sublinear expectation in (1.2). Suppose

that Assumption 1.1 holds. Assume that Ê((ℓ(u; ξ))2) < ∞ for any u ∈ U . Then for any fixed m > 0

and u ∈ U , we have

lim
n→∞

Ê

(
max

1⩽k⩽m

1

n

n∑
i=1

ℓ(u; ξi+(k−1)n)

)
= Ê(ℓ(u; ξ)). (4.1)

Proof. The case that m = 1 follows from Theorem 2.11 readily, so we focus on the case where m ⩾ 2.

Denote φ̃ : R → R with φ̃(v) = max(µ, v) for v ∈ R. We firstly prove that

lim
n→∞

Ê

(
φ̃

(
max

1⩽k⩽m
Φk,n (u)

))
= µ. (4.2)

Let m = 2. Then∣∣∣∣Ê (φ̃( max
1⩽k⩽2

Φk,n (u)

))
− µ

∣∣∣∣
=
∣∣∣Ê (Ê (φ̃ (max (x,Φ2,n (u)))) |x=Φ1,n(u)

)
− µ

∣∣∣
⩽

∣∣∣∣∣Ê (Ê (φ̃ (max (x,Φ2,n (u)))) |x=Φ1,n(u)

)
− Ê

(
max

θ∈[µ,µ]
(φ̃ (max (x, θ))) |x=Φ1,n(u)

)∣∣∣∣∣
+

∣∣∣∣∣Ê
(

max
θ∈[µ,µ]

(φ̃ (max (x, θ))) |x=Φ1,n(u)

)
− µ

∣∣∣∣∣
⩽Ê

∣∣∣∣∣Ê (φ̃ (max (x,Φ2,n (u))))− max
θ∈[µ,µ]

(φ̃ (max (x, θ)))

∣∣∣∣∣
x=Φ1,n(u)

+
∣∣∣Ê (φ̃ (Φ1,n (u)))− µ

∣∣∣
⩽Ê

(∣∣∣C1n
− 1

2

∣∣∣
x=Φ1,n1

(u)

)
+ C2n

− 1
2

=(C1 + C2)n
− 1

2 ,

where the first equality is due to Definition 2.4, the second inequality is due to Definition 2.1, the third

inequality is due to Proposition 2.18, and C1, C2 are constants depending only on Ê((ℓ(u; ξ))2). So (4.2)
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holds for m = 2. Now we assume that (4.2) holds for m− 1. Then∣∣∣∣Ê (φ̃( max
1⩽k⩽m

Φk,n (u)

))
− µ

∣∣∣∣
⩽Ê

∣∣∣∣∣Ê (φ̃ (max (x,Φm,n (u))))− max
θ∈[µ,µ]

(φ̃ (max (x, θ)))

∣∣∣∣∣
x= max

1⩽k⩽m−1
Φk,n(u)


+

∣∣∣∣∣Ê
(

max
θ∈[µ,µ]

(φ̃ (max (x, θ))) |x= max
1⩽k⩽m−1

Φk,n(u)

)
− µ

∣∣∣∣∣
=C3n

− 1
2 +

∣∣∣∣Ê (φ̃( max
1⩽k⩽m−1

Φk,n (u)

))
− µ

∣∣∣∣ ,
where C3 is a constant depending only on Ê((ℓ(u; ξ))2). From the inductive assumption, (4.2) holds.

Similar to above deductions, we have∣∣∣∣Ê ( max
1⩽k⩽m

Φk,n (u)

)
− µ

∣∣∣∣
=

∣∣∣∣∣Ê
(
Ê (max (x,Φm,n (u))) |x= max

1⩽k⩽m−1
Φk,n(u)

)
− Ê

(
max

θ∈[µ,µ]
(max (x, θ)) |x= max

1⩽k⩽m−1
Φk,n(u)

)

+Ê

(
max

θ∈[µ,µ]
(max (x, θ)) |x= max

1⩽k⩽m−1
Φk,n(u)

)
− µ

∣∣∣∣∣
⩽Ê

∣∣∣∣∣Ê (max (x,Φm,n (u)))− max
θ∈[µ,µ]

(max (x, θ))

∣∣∣∣∣
x= max

1⩽k⩽m−1
Φk,n(u)


+

∣∣∣∣Ê (φ̃( max
1⩽k⩽m−1

Φk,n (u)

))
− µ

∣∣∣∣
=C4n

− 1
2 +

∣∣∣∣Ê (φ̃( max
1⩽k⩽m−1

Φk,n (u)

))
− µ

∣∣∣∣ ,
where C4 is a constant depending only on Ê((ℓ(u; ξ))2). Together with (4.2), we can prove the desirable

results.

The following proposition follows from Proposition 2.16.

Proposition 4.2. Let ξ1, · · · , ξN be i.i.d. samples of ξ under sublinear expectation Ê in (1.2). Let

Assumption 1.1 hold. Assume that Ξ is compact. Then there exists constant C̃ > 0 not related to u such

that

Ê(((Φn(u)− µ)+)
2) ⩽

C̃m

n
, Ê(((Φn(u)− µ)−)

2) ⩽
C̃m

n
, (4.3)

for any u ∈ U and n > 0.

Proof. Let σ̃2 = max
P∈P

EP ((ℓ(u; ξ) − EP (ℓ(u; ξ)))
2). Now we prove that µ, µ and σ̃ are bounded for

u ∈ U . Actually, according to [29, Proposition 2], we can obtain that Ê(−ℓ(·; ξ)) and Ê((ℓ(·; ξ))2) are

continuous over U . Noting that U is compact, we know that Ê(ℓ(u; ξ)), Ê(−ℓ(u; ξ)) and Ê((ℓ(u; ξ))2)

are bounded for u ∈ U . Furthermore, since

max
P∈P

EP ((ℓ(u; ξ)− EP (ℓ(u; ξ)))
2) = max

P∈P

(
EP ((ℓ(u; ξ))

2)− (EP (ℓ(u; ξ)))
2
)

⩽ max
P∈P

EP ((ℓ(u; ξ))
2) + max

P∈P
(EP (ℓ(u; ξ)))

2

= Ê((ℓ(u; ξ))2) + (Ê(ℓ(u; ξ)))2,
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we know that σ̃ is bounded for u ∈ U . Let C̃ be a positive constant such that C̃ ⩾ max
u∈U

2(σ̃2 + (µ−µ)2).

Due to Proposition 2.16, we know that (4.3) holds.

From Proposition 4.2, it is very likely that estimator Φn(u) is concentrated inside [µ, µ] if lim
n→∞

m
n = 0,

where m > 0 is fixed.

5 Quantification of difference between the problems (1.5) and (1.1)

In this section, we investigate the quantification of difference between the problem (1.5) and the problem

(1.1) with special moment ambiguity set. Let P(Ξ) be the set of probability distributions over Ξ. In

the following, ambiguity set P is assumed to be P = {P ∈ P(Ξ) : |EPΨ(ξ)| ⩽ γ}, where Ψ : Ξ → Rν

is B-measurable, and γ ∈ Rν is a positive vector. The following assumption is needed, where the third

assumption is the Slater type assumption (see [11,29]).

Assumption 5.1. (i) Ψ is Lipschitz continuous.

(ii) Ξ is a compact set.

(iii) There exists P0 ∈ P(Ξ) and α > 0 such that |EP0(Ψ(ξ))+αb| ⩽ γ, where b ∈ B with B ⊂ Rν being

the closed unit ball.

We consider the following problem:

min
u∈U

max
1⩽k⩽m,q∈Pk,n

n∑
i=1

qiℓ(u; ξ
i+(k−1)n), (5.1)

where Pk,n :=

{
q ∈ Rn : q ⩾ 0,

n∑
i=1

qi = 1,

∣∣∣∣ n∑
i=1

qiΨ(ξi+(k−1)n)

∣∣∣∣ ⩽ γ

}
, k = 1, · · · ,m. Problem (5.1) is

extended from problem (1.5) by considering more discrete probability distributions.

Denote

PN
m :=

{
p ∈ RN : p ⩾ 0,

N∑
i=1

pi = 1,

∣∣∣∣∣
N∑
i=1

piΨ(ξi)

∣∣∣∣∣ ⩽ γ, there is k so that

n∑
i=1

pi+(k−1)n = 1

}
.

Then we have the following proposition.

Proposition 5.2. For any u ∈ Rs, we have

max
1⩽k⩽m,q∈Pk,n

n∑
i=1

qiℓ(u; ξ
i+(k−1)n) = max

p∈PN
m

N∑
i=1

piℓ(u; ξ
i).

Proof. Given q ∈ Pk,n, let p be an N -dimensional vector with pi+(k−1)n = qi for i = 1, · · · , n and the

other components being 0. Obviously, p ∈ PN
m . So, for any fixed u, max

1⩽k⩽m,q∈Pk,n

n∑
i=1

qiℓ(u; ξ
i+(k−1)n) ⩽

max
P∈PN

m

N∑
i=1

piℓ(u; ξ
i).On the other hand, given p ∈ PN

m , there must exist k such that (p1+(k−1)n, · · · , pkn)⊤ ∈

Pk,n, which indicates max
1⩽k⩽m,q∈Pk,n

n∑
i=1

qiℓ(u; ξ
i+(k−1)n) ⩾ max

P∈PN
m

N∑
i=1

piℓ(u; ξ
i), for any fixed u. Thus the

conclusion can be obtained from above two inequalities.

From above proposition, problem (5.1) can be recast as the following problem:

min
u∈U

max
p∈PN

m

Ep(ℓ(u; ξ)), (5.2)

where Ep(ℓ(u; ξ)) =
N∑
i=1

piℓ(u; ξ
i). Now we investigate the quantification of difference between P and PN

m .



12 Cui X, Chen X et al. Sci China Math

Let Ĥ = {h : Ξ → R : |h(ξ1) − h(ξ2)| ⩽ ∥ξ1 − ξ2∥}. For Q1, Q2 ∈ P, denote the Wasserstein

metric by DW (Q1, Q2) = sup
h∈Ĥ

|EQ1(h(ξ))− EQ2(h(ξ))| . For two sets Q1,Q2 ⊂ P, denote DW (Q1,Q2) =

sup
Q1∈Q1

inf
Q2∈Q2

DW (Q1, Q2). More infomation about the Wasserstein metric between probability measures

can be found in [11]. Let βk,n := max
ξ∈Ξ

min
1⩽i⩽n

∥ξ − ξi+(k−1)n∥, k = 1, · · · ,m, where βk,n is indeed

the Hausdorff distance between Ξ and discrete sample space {ξi+(k−1)n, i = 1, · · · , n}. The following

proposition is [11, Proposition 2].

Proposition 5.3. ([11]) Let m > 0 be fixed. Suppose that Assumptions 1.1 and 5.1 hold and βk,n → 0

when n → ∞ for k = 1, · · · ,m. Then, for sufficiently large n, we have

DW (P,Pk,n) ⩽ Lkβk,n, (5.3)

for some Lk > 0, k = 1, · · · ,m.

Remark 5.4. The assumption that βk,n → 0 when n → ∞ can be found in [11, 16, 29], which holds

in many cases. For example, it is shown in [16, Proposition 9] that the above assumption holds true if

Ξ is bounded, the true probability distribution of ξ denoted by P is continuous, and there exist positive

constants τ , ν, and δ0 such that P (∥ξ − ξ0∥ ⩽ δ) > τδν , for any fixed point ξ0 ∈ Ξ and δ ∈ (0, δ0).

Via Proposition 5.3, we have the following theorem.

Theorem 5.5. Let assumptions of Proposition 5.3 hold. Then, for sufficiently large n, we have

DW (P,PN
m ) ⩽ L min

1⩽k⩽m
βk,n, (5.4)

for some L > 0.

Proof. Given p̃ ∈ P and p ∈ PN
m , there exists k such that q = (p1+(k−1)n, · · · , pkn)⊤ ∈ Pk,n. Then

DW (p̃, p) = sup
h∈H

|Ep̃(h(ξ))− Ep(h(ξ))|

= sup
h∈H

|Ep̃(h(ξ))−
N∑
i=1

pih(ξ
i)|

= sup
h∈H

|Ep̃(h(ξ))−
n∑

i=1

pi+n(k−1)h(ξ
i+n(k−1))|

= sup
h∈H

|Ep̃(h(ξ))−
n∑

i=1

qih(ξ
i+n(k−1))|

= sup
h∈H

|Ep̃(h(ξ))− Eq(h(ξ))|

= DW (p̃, q).

Hence, we have
DW (P,PN

m ) = sup
p1∈P

inf
p2∈PN

m

DW (p1, p2)

= sup
p1∈P

min
1⩽k⩽m

inf
q∈Pk,n

DW (p1, q)

⩽ min
1⩽k⩽m

sup
p1∈P

inf
q∈Pk,n

DW (p1, q)

⩽ min
1⩽k⩽m

DW (P,Pk,n)

⩽ L min
1⩽k⩽m

βk,n,

where the second equality can be proved via the same way in the proof of Proposition 5.2, and the last
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inequality follows from Proposition 5.3 with L := max
1⩽k⩽m

Lk.

Let v and ṽn denote the optimal value of the problems (1.1) and (5.1) respectively, and S∗ and S̃n

denote the optimal solution set of the problems (1.1) and (5.1) respectively. The following theorem follows

from [11, Theorem 4]. The proof is similar and thus is omitted.

Theorem 5.6. Let assumptions of Proposition 5.3 hold. Then there exists constant L̃ > 0 such

that |v − ṽn| ⩽ L̃DW (P,PN
m ) and D(S̃n, S

∗) ⩽ T (2L̃DW (P,PN
m )), where function T : R+ → R+

is defined as T (t) = sup{τ ∈ R+ : R(τ) ⩽ t} with R : R+ → R+ defined as R(τ) =

min
{
Ê(ℓ(u; ξ))− v : dist(u, S∗) ⩾ τ, u ∈ U

}
.

6 Numerical Experiments

In this section, we apply sublinear expectation method to solve DRO problem (1.1) with two real life

data sets involving portfolio optimization and recurrent neural networks (RNNs), and the results will be

compared with those obtained via duality methods in [5]. The numerical results are obtained by using

Matlab R2021b on a desktop (Windows 11 with 2.30 GHz Inter Core i7-12700H CPU and 16GB RAM).

6.1 DRO in portfolio optimization

Given that s investment options are available, ξ ∈ Rs is a random vector of return rates for the different

options, a portfolio is encoded by a vector of weights u ∈ Rs ranging over the simplex U = {u ∈ Rs
+ :

e⊤s u = 1} with all elements of es ∈ Rs equal to 1. Following [5, Section 4.1], the utility of portfolio can

be denoted as h(u⊤ξ), where h(x) = min
1⩽k⩽K

akv + bk with ak ⩾ 0, k = 1, · · · ,K, for v ∈ R. Let µ̂ and

Σ̂ be estimates of the true mean and variance of ξ, respectively. Then the DRO problem for portfolio

optimization can be formulated as

min
u∈U

max
P∈P

EP (−h(u⊤ξ)), (6.1)

where

P =

{
P ∈ P(Ξ) :

EP (ξ − µ̂)⊤Σ̂−1EP (ξ − µ̂) ⩽ γ1,

EP ((ξ − µ̂)(ξ − µ̂)⊤) ⪯ γ2Σ̂

}
, (6.2)

with γ1, γ2 ⩾ 0 and Ξ = {ξ : ∥ξ∥2 ⩽ 1}. From the structures of U and h, it is not difficult to see that

Assumption 1.1(a)(b) hold. Furthermore, note that Ξ is compact and h is continuous with respect to ξ

for any fixed u ∈ U . According to [29, Remark 3 and Proposition 7], Assumption 1.1(c)(d) are satisfied.

Thus the sublinear expectation can be empolyed to solve problem (6.1). The corresponding discrete form

under sublinear expectation is

min
u∈U

max
1⩽k⩽m

1

n

n∑
i=1

−h(u⊤ξi+n(k−1)). (6.3)

As a further example, we consider the 30 assets composing the Dow Jones Industrial Average

Index (DJI) and collect 280 historical daily return rate scenarios from August 22, 2023 to October 1,

2024. Based on the experimental procedure in [5], we divide the entire data into investing periods

of length 5 days. That is, we have 56 periods of data, and each period of data is denoted as

Gt = {ξ1+5(t−1), ξ2+5(t−1), · · · , ξ5t}, t = 1, · · · , 56. At any given period, we use 6 periods of data (30

days) from the most recent history to assign the portfolio. Specifically, to obtain a portfolio for given

period of data Gt, we solve problem (6.1) via data from Gt−5 ∪ Gt−4 ∪ Gt−3 ∪ Gt−2 ∪ Gt−1. Then the

average utility for data Gt is
1
5

5∑
i=1

−h(u⊤ξi+5(t−1)). Since the sample size is 280, we can obtain utilities

for 50 periods of data.

From [19, Table 4.1], we set K = 10 in utility function h, and denote the parameters as follows:
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Table 1 Parameters of the utility function

k 1 2 3 4 5

ak 1.3521 1.1070 0.8848 0.6891 0.5367

bk 0.0002 0 0 0.0002 0.0006

k 6 7 8 9 10

ak 0.4179 0.3178 0.2355 0.1626 0.1037

bk 0.0011 0.0016 0.0021 0.0027 0.0033

For ambiguity set defined as in (6.2), we let γ1 = 0.1 and γ2 = 1.1, and let µ̂ and Σ̂ be the mean and

covariance matrix calculated through historical data. In discrete approximation (6.3), we consider four

combinations of m and n: m = 1, n = 30; m = 2, n = 15; m = 3, n = 10; m = 6, n = 5. We use CVX

solver to solve problem (6.3). We compare our approach to the one proposed in [5] (denoted by “DY

Model”).

We conduct two types of experiments which differ in the number of assets.

• We consider all 30 assets in DJI. The numerical results are presented in Fig. 1 and Table 2.

• We consider 10 assets in DJI, which include BA, CAT, JNJ, MMM, MRK, MSFT, PG, SHW, TRV,

UNH. The numerical results are presented in Fig. 2 and Table 3.

In the tables, we list the mean, 25% quantile, 75% quantile and the median over utilities of 50 periods

of data for each setting. In the figures, we exhibit the means and the quantiles respectively. Moreover, in

the right figures of Fig. 1 and 2, the central mark indicates the median, and the bottom and top edges

of the box indicate the 25% and 75% quantiles, respectively.
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Figure 1 (Color online) Numerical results for 30 assets

Table 2 Numerical results for 30 assets

(m,n) (1,30) (2,15) (3,10) (6,5) DY Model

mean 0.7222 0.7348 0.7391 0.7504 0.6371

25% quantile 0.6333 0.6330 0.6488 0.6965 0.4537

median 0.7495 0.7680 0.7446 0.7565 0.6904

75% quantile 0.8467 0.8569 0.8477 0.8420 0.8333

Compared with DY model in [5], the sublinear expectation method with m > 1 achieves the largest

utility and most reliable numerical performances.

6.2 DRO for training RNNs

Denote a series of inputs by {xt, t = 1, · · · , T} ⊂ RN0 and outputs by {yt, t = 1, · · · , T} ⊂ RN1 . Let

W ∈ RN2×N2 , U ∈ RN2×N0 , V ∈ RN1×N2 , b ∈ RN2 and c ∈ RN1 . Denote x = ((x1)
⊤, · · · , (xT )

⊤)⊤, y =
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Figure 2 (Color online) Numerical results for 10 assets

Table 3 Numerical results for 10 assets

(m,n) (1,30) (2,15) (3,10) (6,5) DY Model

mean 0.7480 0.7710 0.7649 0.7648 0.6974

25% quantile 0.6684 0.7184 0.7039 0.7114 0.5839

median 0.7925 0.7933 0.7981 0.7932 0.7290

75% quantile 0.8692 0.8756 0.8609 0.8504 0.8416

((y1)
⊤, · · · , (yT )⊤)⊤, ξ = (x⊤, y⊤)⊤, u = (vec(W )T , vec(U)T , vec(V )T , b⊤, c⊤)⊤, where vec denotes the

column expansion of the corresponding matrix. Then the loss function for training RNNs is denoted as

follows:

l(u; ξ) =
1

T

T∑
t=1

∥yt − (V σ (W (· · ·σ (Ux1 + b) · · · ) + Uxt + b) + c)∥2 , (6.4)

where σ : R → R is a continuously differentiable activation function.

Motivated by [2,24], we employ the DRO problem to train RNNs. Consider the ambiguity set proposed

in [7] via the Wasserstein metric, which is defined as P = {P ∈ P(Ξ) : DW (P, P̃ ) ⩽ ϵ}. Here P̃ is the

nominal probability distribution. Let s = N2
2 +N0N2 +N1N2 +N1 +N2, r = T (N0 +N1), and U ⊂ Rs

and Ξ ⊂ Rr be compact sets.

The DRO problem for training RNNs can be formulated as

min
u∈U

max
P∈P

EP (ℓ(u; ξ)). (6.5)

Note that U,Ξ are compact and ℓ(u; ·) is continuous for any fixed u ∈ U . Using same arguments in the

last subsection, we can show that Assumption 1.1 also holds for problem (6.5). Then the corresponding

discrete form under sublinear expectation is

min
u∈U

max
1⩽k⩽m

1

nT

n∑
i=1

T∑
t=1

∥yi+n(k−1)
t −

(
V σ
(
W
(
· · ·σ

(
Ux

i+n(k−1)
1 + b

)
· · ·
)
+ Ux

i+n(k−1)
t + b

)
+ c
)
∥2,

(6.6)

where xi
t, y

i
t denote the t-th input and output in the i-th scenario respectively.

Consider the real life data like Volatility of S&P Index [30]. We collect 435 scenarios in this data set

from February 1973 to April 2009, where the monthly realized volatility of S&P index is appointed as

the output variable, and 11 exogenous variables are input variables. For training the RNNs, we first

standardize the dataset as zero mean and unit variance. We let N0 = 11, N1 = 1 and N2 = 20. We also

set T = 3, so there are 145 groups of scenarios, where we allocate 120 groups as the training set, and the

remaining 25 groups are allocated as the test set. The tanh function is set as the activation function,

that is, σ(w) = ew−e−w

ew+e−w , for w ∈ R. We set U = [−103 ∗ es, 10
3 ∗ es] and Ξ = {ξ : ∥ξ∥2 ⩽ 100}. The
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training error is denoted as

TrainErr :=
1

360

120∑
i=1

3∑
t=1

∥yit −
(
V σ
(
W
(
· · ·σ

(
Uxi

1 + b
)
· · ·
)
+ Uxi

t + b
)
+ c
)
∥2.

The testing error is denoted as

TestErr :=
1

75

145∑
i=121

3∑
t=1

∥yit −
(
V σ
(
W
(
· · ·σ

(
Uxi

1 + b
)
· · ·
)
+ Uxi

t + b
)
+ c
)
∥2.

Note that Φk,n(·) = 1
n

n∑
i=1

ℓ(·; ξi+(k−1)n), k = 1, · · · ,m, is continuously differentiable, whereas Φn(·) =

max
1⩽k⩽m

Φk,n(·) is nonsmooth when m ⩾ 2. Thus we employ the exponential smoothing function proposed

in [3] for Φn, which is defined as Φn(u, µ) = µ ln

(
m∑

k=1

eΦk,n(u)/µ

)
, for µ > 0. Via smoothing function

Φn(·, µ), problem (6.6) can be solved via smoothing projected gradient method in [31]. As far as we

know, problem (6.5) has not been investigated before, so we only present the numerical results of our

method based on (6.6).

For the smoothing projected gradient method, the initial points are generated 100 times from the

uniform distribution over [0, 1], and the numerical results are exhibited as follows.
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Figure 3 (Color online) Numerical results

Table 4 Numerical results

(m,n) (1,120) (2,60) (3,40) (6,20)

TrainErr

mean 0.0039 0.0037 0.0035 0.0034

25% quantile 0.0028 0.0029 0.0028 0.0028

median 0.0032 0.0031 0.0031 0.0030

75% quantile 0.0039 0.0035 0.0034 0.0033

TestErr

mean 0.0362 0.0352 0.0355 0.0343

25% quantile 0.0219 0.0233 0.0240 0.0221

median 0.0314 0.0299 0.0302 0.0298

75% quantile 0.0447 0.0430 0.0403 0.0368

From the numerical results, we can see that the sublinear expectation method based on (6.6) with

m = 6 achieves the lowest average training error and testing error, as well as the most reliable numerical

performances.
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7 Conclusion

Sublinear expectation theory proposed by Peng [20, 21] is aimed to deal with the probability model

uncertainty, and has been proved to be very effective in finance and statistics. Considering the serious

limitations of the existing methods for solving DRO problem (1.1), we attempt to employ the sublinear

expectation to solve DRO problems. In particular, the DRO problem is recast as a minimization problem

using the sublinear expectation, and a discrete approximation based on grouped samples is introduced.

We have shown that optimal values and optimal solutions of the discrete problem converge to those of the

DRO problem w.p.1 under capacity (3.1). We have also proved that the discrete form is an asymptotic

unbiased estimator for Ê(ℓ(u; ξ)), and presented the quantification of difference between problem (1.5)

and problem (1.1) with special moment ambiguity set. From the numerical results of two real life data

sets, the sublinear expectation method performs better than the existing duality method in [5], especially

in terms of reliability.
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