ORTHOGONAL NONNEGATIVE MATRIX FACTORIZATION VIA
MINIMIZATION OVER THE NULL SPACE

XIAOJUN CHEN*, WEN LIf, AND QILUN LUO¥

Abstract. This paper gives a necessary and sufficient condition for a nonnegative matrix that
has an orthogonal nonnegative matrix factorization (ONMF') via characterization of the null space.
We propose an optimization model to minimize the Frobenius norm of the product of a given nonneg-
ative matrix and a variable matrix subject to the constraints defined by the necessary and sufficient
condition. Moreover, we present an augmented Lagrangian algorithm for solving this minimization
model, and prove the global convergence to a stationary point. Two factor matrices for the ONMF
of the given matrix can be easily obtained by the outputs of the algorithm. Preliminary numerical
results using synthetic and real-world data with applications in clustering show that our approach
outperforms some existing ONMF methods regarding accuracy and robustness.
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1. Introduction. Given a nonnegative matrix A € R7"*" with m > n and a
positive integer r < n, the minimization problem

(1.1) min ||[A — BOT||%, subject to B e RT*",C e R, CTC =1

is a popular mathematical model for Orthogonal Nonnegative Matrix Factorization
(ONMF), which aims to approximate A as the product of two matrices B, C'" in the
feasible set of (1.1). ONMF has been successfully applied in various areas including
clustering, image science, hyperspectral unmixing [12, 14, 19, 20]. However, solving
(1.1) is generally NP-hard due to the combinatorial features. In particular, for any
feasible point, each row of C has at most one positive element and each column of C
takes the unit norm. Many methods have been developed for solving (1.1) including
multiplicative update rules [7, 17], hierarchical alternating least squares (HALS) [13,

,21], and subspace exploration techniques [l]. Moreover, problem (1.1) can be
considered as a special case of optimization problems with nonnegative orthogonal
constraints [6, 12]. In this paper, we focus on problem (1.1) where the objective
function is a continuously differentiable bilinear composite function.

We say that a matrix A € R"*" has an ONMF if the optimal value of (1.1) is 0,
that is, there exists a feasible point of (1.1) such that A = BC'T. If A has an ONMF,
then AC = B and thus A = ACCT. In [19], Pan and Ng proposed the following
minimization model

(1.2) min |[A — ACCT|%, subject to C € O} ",
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where 0" = {C € R}*"|CTC = I}. Let K = CC". Then K = K", K? =
K,0<K;; <1,|K|?> =r [19, Theorem 3]. Using these properties of K, Pan and Ng
proposed an algorithm to solve the following convex optimization model

(1.3)  min||A— AK|[} +0|| K|, + B||K|l.,  subjectto K=K KeR>"

and set eigenvectors corresponding to the r largest eigenvalues of the solution K* of
(1.3) to be C. In (1.3), || K||« is the nuclear norm of K, || K||; = szzl |K; ], and 6 >
0,8 > 0. Under the assumption that A has an ONMF, some properties of the solution
of (1.3) are established in [19]. Numerical results show Pan-Ng approach is better than
some existing methods. Problem (1.3) is a nice convex approach for ONMF, but the
solution of (1.3) may fail to satisfy K* = CCT and the eigenvectors corresponding to
the r largest eigenvalues of K* may have negative elements. Moreover, such approach
arises an interesting question when A has an ONMF. To address this question and
overcome difficulties in handling the orthogonal nonnegative constraints in ONMF,
this paper presents new theoretical results in matrix analysis and an optimization
algorithm for ONMF.
The main contributions of this paper are summarized as follows.
e We prove that a matrix A € RT*" has an ONMF if and only if there is a
matrix Z € R™("=") with 0 < r < nsuchthat AZ =0,Z"2Z2=1,2Z" <.
e Based on the necessary and sufficient condition for A to have an ONMF, we
propose an optimization model

1
min f||AZ||§77
(1.4) 2

subject to Z € Q:={Z e RV | 2Tz =1, 22" <I}.

Problem (1.4) has a nonempty and bounded solution set, and its optimal
value is 0 if and only if A has an ONMF.

e We propose an augmented Lagrangian algorithm for solving (1.4) and prove
the convergence of the algorithm to a stationary point. Moreover, we de-
scribe a simple method to obtain C' and B from outputs of the algorithm
by spectral decomposition. Preliminary numerical results are presented us-
ing synthetic and real-world datasets, which show our approach substantially
improves some existing approaches in clustering.

The rest of the paper is organized as follows. In Section 2, we derive the sufficient
and necessary conditions for a nonnegative matrix A to admit an ONMF and establish
the error bound. Section 3 proposes an augmented Lagrangian (AL) algorithm to solve
the model (1.4) and prove its convergence. In Section 4, we present numerical results
to demonstrate the effectiveness of our approach and compare with other approaches.

Notation Let I represent the identity matrix of appropriate dimensions and
O™ = {C € R™" |CTC = I}. The null space of A is denoted by Null(A). We use
| - || to denote the Frobenious norm || - || for matrices.

2. Characterization of ONMF. This section delves into the theoretical frame-
work for matrices that admit ONMF. We first present Lemma 2.1, which serves as a
key tool in the proof of Theorem 2.2, where we provide the necessary and sufficient
conditions for a nonnegative matrix to admit an ONMF. At the end of this section,
we give a perturbation error bound. These results provide a solid foundation for the
development of algorithms, which are further explored in the next section.

This manuscript is for review purposes only.



79

80

81

82
83
84
85
86
87
88
89

90

91
92

93

94

95
96
97
98
99
100

111

ORTHOGONAL NONNEGATIVE MATRIX FACTORIZATION 3

LEMMA 2.1. Let Q@ € O™". If QQT € RY*™, then there exists C € Q" such
that

(2.1) ccT =QQT.

Proof. We prove this lemma by mathematical induction on n.

If n=1, then QQT =1and C = 1.

Assume that this lemma holds for each n € {1,...,k}. We will prove it for
n=k+1 Let S =QQT € REFDX(k+1) The eigenvalues of S are either 1 or 0.

Case 1: If S is irreducible, the Perron-Frobenius theorem [2] implies that 1 is a
simple eigenvalue of S with a positive eigenvector v, while all other eigenvalues are
0. Note that rank(S) = 1, which implies r = 1. Let C = - € @fﬂ)“ be the

Moll2
normalized eigenvector. Then, S can be expressed as:

S=[C U]diag(1,0,...,0)[C U]' =ccCT,

where U € Q+D*k ig the orthogonal complement of C.
Case 2: Suppose that S is reducible. By the definition of the reducible matrix,
there is a permutation matrix P such that

Ky Ki» ]

T —
(2.2) P SP_[ 0 K

where K; is an square matrix of order s; and s; + s3 = k + 1. Notice that S is
symmetric, so we have K15 = 0. Observe that S is idempotent and nonnegative, it
follows that K7 and K5 are also symmetric, idempotent and nonnegative, and thus the
eigenvalues of each K; and K5 are 1 or 0. Denote 1 =rank(K7) and ro =rank(K5)
with » = r; + ro. By the spectral decomposition, it is evident that there exist @1 €
031X Qg € 0°2%"2  such that K; = Q;Qf and Ky = Q2Q9 .

If ryrg > 0, then the induction hypothesis ensures the existence of C; € Q"™
and Cy € 0™ such that

0,0 = K1, CoCy = K.

Hence this lemma holds with

_ Ci 0 (k+1)xr
CP[ 0 02}e©+ .

If 1 = r and r9 = 0, then we can justify this lemma by taking

C (k+1)xr
C:P[ 01}6@4 T,

The similar result holds for r; = 0 and r9 = r. The proof is complete. 0

THEOREM 2.2. A matriz A € RT™"™ has an ONMF if and only if there exists
Z € R 1) with 0 < r < n such that

(2.3) AZ=0, Z2'Z=1,.,, Z7Z'<I.

Proof. <: Assume there exists Z € R"*("~") such that (2.3) holds. Let Q € Q™*"
be the orthogonal complement of Z, then it yields QQT =1 —ZZ". Since ZZ " < I,
it follows that QQT € R/*™.
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Following from Lemma 2.1, there exists C' € Q1" such that CCT = QQT. Let
B = AC. Then B € R7"*". Since Z € Null(A4), we have:

BCT = ACCT = AQQ" = A(I - ZZ") = A,

which implies that A admits an ONMF.

=: If A has an ONMF, then there exist a matrix B € R}7" and a matrix
C € 07" such that A = BCT. Take Z € R"*("~7) guch that [C, Z] is orthogonal.
Then AZ =BCTZ=0,2"Z=1,_,and ZZT =1 —-CCT < 1I. 0

Remark 2.3. In Theorem 2.2, the matrix Z satisfying (2.3) may not be unique,
but ZZT is unique if rank(A) = r, as it is the orthogonal projection onto the null
space of A.

If AZ = 0 holds only for the zero matrix Z, then A € R"*" has full column rank.
It is straightforward to verify that A admits an ONMF of the form A = BC'T, where
B = A and C = I. For the remainder of this paper, we only consider r < n unless
explicitly stated otherwise.

1 1
oz
Example 2.1 Consider a matrix A = 0 0 1 |, which admits an ONMF
0 0 0
10 11 T
with B = 8 (1) andCT:[\(/)§ \65 1}.Bothvect0rSZ1=[\}§—kO]

1
2 V2
VAVAREW YA

.
and Zs = [fi —= 0} satisfy (2.3) in Theorem 2.2. Although Z; # Z,, we have

Suppose A is the ground truth matrix, and A is an observed matrix from the data
with noise. Let Z and Z be solutions of problem (1.4) with A and A, respectively.
From Theorem 2.2, AZ = 0 and AZ = 0 if and only if A and A have ONMF. The
following theorem gives the error metric AM = ZZ T —ZZ . This error metric enables
us to assess the accuracy of Z in approximating Z, thereby providing a rigorous means
to evaluate the performance of algorithms for ONMF in preserving the structural
properties of the original matrix A.

THEOREM 2.4. Let Z be a solution of problem (1.4) with Ae R, Assume
that A has an ONMF with A= BCT, B € R?*" and C € O*". Set Z € R (")
such that [C, Z] is orthogonal, and let M = ZZT, M = ZZ7. Define the difference

AA=A—A and AM = M — M. Then, the following bound holds:

(2.4) IAM] < 2v2(|CT AT|5]|AA].
In addition, if A has an ONMF, then
(2.5) |AM| < V2|CTATAAM|.

Proof. Since Z is in the feasible set Q of problem (1.4), there is C € Q7"
such that M = I — CCT by Lemma 2.1. Let U = [C,C'] and V = [C,(C"] be
n x n orthogonal matrices. Noting M = I — CCT. It is easy to see that ||AM|]? =
|AMU|? = ||AMC|]? + |AMC'||? and |AMC'|| = ||CTC’|. By CS Decomposition
Theorem [18], we have ||C"TC|| = ||CTC"||. Note that

C'TAMC =C'T(ccT —cchHe=C"Te,
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152

179

180

ORTHOGONAL NONNEGATIVE MATRIX FACTORIZATION 5

we have

IC"TC|l = ¢ AMO||.
Therefore, _
IAM|* = |AMCI]* + |C"TAMCI* < 2| AMC?,

which implies that
IAM| < V2|AMC| = V2|CTAM].

Since A has an ONMF, we have AM = AZZ = 0. Using A(I - CC") = AZZT, we
have

AAM = A(M — M) = AM.
Hence, we obtain

CTAM = BYAAM = BTAM,
which yields
(2.6) |AM]| < V2||BTAM]|.

Note that C' is column orthonormal, by the properties of Moore-Penrose inverse, we
have CT = CT, and thus AT = (CT)T Bf = CBT, which leads to B = CT AT, In view
of this and equation (2.6), we obtain

1AM < V2| CT ATANM || < V2| CT AT|5 (| AAM | + | AM])
< V2| CTAT|p(|AAl + | AZ])
< V2| CT AT (| AAl + | AZ])
= V2 CT AT||2(|AA|| + | AAZ]])

= V2|CTAT|2(|AA] + [AA]),

where the fourth inequality uses that Z is a solution of problem (1.4) with A € RIP™.
Hence the bound (2.4) is obtained.

In addition, if A has an ONMF, then AM = 0, which implies AM = (A—AA)]\;[ =
—AAM, thus it obtains the bound (2.5). This completes the proof of the theorem. O

3. An augmented Lagrangian (AL) algorithm. In contrast to previous al-
gorithms [8,20] to solve (1.1) or solve a convex approximation problem (1.3) as in [19],
our approach is to solve (1.4) grounded in Theorem 2.2. The feasible region €2 of (1.4)
guarantees that Z € Q"*("=7) and ZZT < I, as required by the conditions in Theo-
rem 2.2. Moreover, it is straightforward to verify that € is non-empty, since I, x (n—r)
is a valid point, where I, (,,—,) denotes the matrix formed by the first (n—r) columns
of the identity matrix I.

Since the feasible region is compact and the objective function is continuous,
problem (1.4) admits a global minimum by the Weierstrass extreme value theorem.
To facilitate the application of the AL algorithm, we reformulate problem (1.4) by
using auxiliary variables. Let

W= (X,Z) e RV xR F={W|X>0,2"2Z=1}

(3.1) W =X-I+27".

This manuscript is for review purposes only.
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Problem (1.4) can be reformulated as:
(3.2) in L AZ|? biect to (W) = 0
. min o , subject to ¢ =0.

For any given penalty parameter p > 0 and Lagrange multiplier A € R"*™, the
AL function for problem (3.2) is given by

1 1
(3-3) LOV, A, p) = S AZ|* + %(I\A +peW)II” = AI%).

At each outer iteration, for fixed A, p, we solve the following AL subproblem:

4 i A, p).
(3.4) min L(W, A, p)
It can be shown that the following condition is a necessary condition [10, 23] for a
local minimizer of problem (3.4).
(I-227) [ATA (I — X — %A)} Z
(3.5) HOW, A, p) = Z'Z 1 =0,
X~ (1-227 - 1)
L

where (-); = max{-,0} is the projection onto the nonnegative space. Let Wfeas
be an feasible point of problem (3.2). For instance, Wfeas = (Xxfeas 7zfeas) where
Zfeas — Iy x(n—ry is the first n — 7 columns of the n X n identity matrix I, and
Xfeas =] — Zfeas(zfeas)'l'.

Following the approach in [5], we present the AL algorithm for solving problem

(3.2), as detailed in Algorithm 3.1.

3.1. Convergence Analysis. To establish the convergence properties of Algo-
rithm 3.1, we first define a stationary point for problem (3.2). The convergence results
for Algorithm 3.1 are then presented in Theorem 3.2.

DEFINITION 3.1 (Stationary point). Let Q, = {W € F | ¢c(W) = 0} be the
feasible region of problem (3.2), we say W* € Q,, is a stationary point of (3.2) if
there exists A* € R™*"™ such that

(3.11) (- 7°(z)7) |5Vl AZ|

L + V2 (c(W), A%

4| =0

If W* is a local minimizer of (3.2), then it is a stationary point of (3.2). See [3,10].

THEOREM 3.2. Let {W¥} be the sequence generated by Algorithm 3.1 and assume
that {W*} is bounded '. Then, the following statements hold:

(i) c(W¥) = 0 as k — oo, where c(-) is defined in (3.1).

(i) Any accumulation point W* of {W*} is a stationary point of (3.2).

Proof. To prove statement (i), we consider the following two separate cases.
(i) Case (a): {pi} is bounded.

IThe boundness of {W*} is proved in Theorem 3.4

This manuscript is for review purposes only.
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ORTHOGONAL NONNEGATIVE MATRIX FACTORIZATION 7

Algorithm 3.1 Augmented Lagrangian Method for Model (3.2)

Input: Observed data A € RTX", rank r, pnax, tolerance €, max iteration it,,qy-
1: Choose A° = 0,,x,, € R™*" pg > 0,7 € (1,00),7 € (0,1),n € (0,1), a positive
sequence {ex} with limg_,o € = 0, and a constant

(3.6) T > max{[ AZf=s||, (Vs A0 po)}.

2: for k=0,1,--- ,ity4, do
3:  Solve problem (3.4) with A = A* and p = p;, to find an approximate stationary
point W¥ € F of (3.4) such that

(3.7) [HOWVE, AR, pi)ll < e, LOVE, AR, p) <T.
4: Set
(3.8) AFFE = AR 4 pre(WP).
5. if k>0 and
(3.9) le W9 < mlle(W 1]
then
6: Set pr+1 = pk
7. else
8: Set
(3.10) prt1 = max{ypy, [AFFHTHTY
9: end if
10:  if [[c(OWV¥)|| < € or pri1 > pmax then
11: break
12:  end if
13: end for
Output: WF

From the updating scheme in Algorithm 3.1 and v > 1, we can see that {px} is
updated by (3.10) only for finite times. It thus implies that there is kg > 0 such that
(3.9) holds for all k£ > ko, that is,

le VI < nlleVEDIL Yk > ko
Together with n € (0,1), we obtain

(3.12) lim [lc(WH)|| =0,
k—o0

which clearly implies that statement (i) holds.

Case (b): {px} is unbounded.

By the updating scheme in Algorithm 3.1, we can observe that {p;} must be
updated by (3.10) for infinite times. Let {p;,, p;,, -} denote all elements in {p}
that are updated by (3.10) and J = {j1,j2,...} is arranged in increasing order. It
then follows that p;, — 0o as £ — oo and

(3.13) Pi = Pje,  Je <0 <jeg1, £2>1,
(3.14) pj, = max{ypj,_1, [A*|*F7}, £>1.

This manuscript is for review purposes only.
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Let j(k) := max{j € J| k > j} for every k > j;.
Next we claim that for every k > ji,

—j(k
[A¥] IIA”’“)II - ki
(3.15) 7 Z cW

In fact, & > j(k) by the definition of j(k). Clearly, (3.15) holds with equality when
k= J(k) Now suppose k > j(k), we have pp_; = py for 1 <i <k —j(k). In view of
this and (3.8), it follows

[AF]] _ (1A% < AR
Pk Pk—1 —  Pk—1

J

||Aj(k)\| - f—

<. < c(WF™H)
Pj(k) g

+ e W)
(3.16)

which proves (3.15).
We then show that for every k > jy,

[ el
< +

3.17 <
(8:17) Pk Pj(k) 1—n

le(WVL).

Indeed, it follows from the definition of j(k) and the updating scheme of {p,} that
[eOVE=I < mlleVE )|, for 1< i < k— j(k),

which leads to

(3.18) leOVEH)| < P20 eWEE)|, - for 1 <i <k — ().

Then inequality (3.17) follows from (3.15) and the fact that

In the following, we will show that

~ G|/ —

(3.19) i [[AZE /ey = 0,

(3.20) lim [eWZR)| = 0.
k—o00

Indeed, recall that p;, — oo as £ — oo. It thus follows that Pj(k) — o0 as k — oo. By
(3.10) and the definition of j(k), one has

(3:21) piy = max {pz00-1, [MPIHT} k> i,
This yields
JAL® ] < o7,
which implies that
IAZB /psy < (pjy) ™7, k> i

This manuscript is for review purposes only.
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ORTHOGONAL NONNEGATIVE MATRIX FACTORIZATION 9

The relations (3.19) then follows from this and p;(x) — o0 as k — co. Further, by the
second inequality in (3.7) and the definition of the AL function (3.3), one has

[AZ®) + 1y e (WD) |2 — || ALR) | 2 _
2pj(k) B

1 ,
SIAZEV| 4

which leads to

Ad(k
Pj(k)

1 ||A ||2
< 20 — [|AZZ®)|12] +
Pj(k) P,(k)

(3.22) Wity 4 —

Using this, (3.19), the boundedness of {W*} and p;x) — o0 as k — oo, one can see
that -

AR

(3.23) lim
Pj(k)

k—o0

C(Wi(k)) + =0,

which together with (3.19) implies that the relation (3.20) holds. In view of (3.17),
(3.19) and (3.20), we conclude that

(3.24) lim ||A¥||/px = 0.
k— o0
By the same argument used to establish (3.22) for any k, we obtain

A¥|)?

k|12
(3.25) o)+ 2|7 < Lo - jazryy + 121
Pk Pk Pl

Together with (3.24), the boundedness of {W*}, and pi, — oo as k — 0o, we conclude
that ¢(W*) — 0 as k — co. This completes the proof of statement (3).

(i1) Since W* is an accumulation point and by the continuity of ¢(-), we have
c(W*) = 0. Moreover, given that {W*} C F and is bounded, the closedness of F
ensures that W* € F, which implies that W* is a feasible point.

Let {W*}x — W* for some subsequence K. To show that W* is a stationary
point, we first establish that

(3.26) [T —Z*(Z*) T (ATA+ 20" ZF| -0 as k — oo, k€ K.

Recall that the first relation in (3.7) holds for any positive sequence {¢j}. Letting
er — 0 as k — oo, it follows that {e;}x — 0 as well. Since {W¥} C F , one has
(I —Z*(Z¥)T)Z* = 0. From (3.8), we have

(I — Z4(Z5) TJ[AT A — 204(1 — X* ﬁknz
k
gor)  =l-7%z >T][ATA+2pk<ﬁ+Xk I+ 252572

=[I — ZF(Z*)TI{AT A+ 2[A* + pre(W*)]} 2%
:[I— Zk(Zk)T](ATA+2Ak+1)Zk

Then, we obtain (3.26) by the first inequality in (3.7).

This manuscript is for review purposes only.
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Equation (3.26) implies that
(3.28) [I—Z¥(ZF)T)(ATA+ 2028 50, ask e K — .

Note that rank(Z*) = n — r. Let Q¥ € O™ " be the orthogonal complement of Z,
then I — Z¥(Z*F)T = QF(Q*)T. Substituting this into equation (3.28), we obtain

(3.29) QF QM T(ATA + 2AM Y ZF = QF(QF)TAT AZ* + 2Q%A* — 0,

as k — oo, k € K, where AF = (QF)TAF+1 2%,

Given that Q¥ and ZF are column orthonormal, it follows that Q¥ and Z* are
bounded. Multiplying (Q*) T to the left of (3.29) shows the boundedness of A*. Thus
there exists K1 C K such that {Q*}xc, — Q*,{Z*}x, — Z* and {A¥}, — A*, where
Q*, Z* are column orthonormal. Observe that

Q*Q)HT= lm Q*Q"HT= lim ([I-z¢zM")=1-2z"2")".
ke —o0 oo

ke —
It follows that
(Jm QMQNTATAZY 420 A
=Q*(Q*)TATAZ +2Q*A*
(3.30) — Q" (Q)TATAZ" +20Q*(Q")TQ* A (24T Z*
= Q" Q)T (ATA+2A")Z*
= (I-2*(2")") (ATA+2A") 27,

where A* = Q*A*(Z*)T. Hence [Vz{c(W),A*)],. = 2A*Z*. We prove that W* is a
stationary point. 0

3.2. A block coordinate descent algorithm for subproblem (3.4). In this
subsection, we propose a block coordinate descent (BCD) algorithm for solving the
subproblem (3.4) with fixed A = A¥ and p = p;. The goal is to find an approximate
stationary point W* € F that satisfies the conditions in (3.7).

For simplicity, we use W, for the iterations W} of the BCD algorithm. To guar-
antee the validity of the second relation in (3.7), one can select the initial point of the
BCD method as follows:

_ [ owfeas if k=0or LOWFTL A p) >T
(3.31) Wo = { WkE=1 " otherwise,
where W¥as denotes a feasible point for problem (3.2). For instance, let Z = I (n—r)
represent the first n — r columns of the identity matrix I. Then, set X =1 — ZZ .

The subproblems for Z and X are solved alternately by fixing the other variable
at each step. Specifically, during the ¢-th iteration of the BCD algorithm, the updates
for Z and X are carried out as follows:

Zy41 €argmin L( Xy, Z, A, p)

ZT Z=I
(3.32) A
=argmin tr {Z—r {ATA —2p(1 — X; — )} Z} ,
ZT Z=I p
Xip1 =argmin L(X, Zi11, A, p)
X>0
(3.33)

1 A
=argmin - | X — I + Z 1 Z/),, + —|*
X>0 2 P

This manuscript is for review purposes only.
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ORTHOGONAL NONNEGATIVE MATRIX FACTORIZATION 11

To find a solution of problem (3.32), we introduce the following lemma.

LEMMA 3.3 (Corollary 4.3.39 in [11]). Let S € R™*"™ be symmetric, and suppose
1</<n. Then

3.34 A1(S) 4 -+ M(8) = i tr(Z27SZ
(3.34) 1(8) + -+ Ae(S) pern B, r( )s

where A1 (S) < ---X(S) < -+ < Ay (S) are eigenvalues of S, and the minimum is
achieved at a matrix Z whose columns are orthonormal eigenvectors associated with
)\la Tty )\f'

Lemma 3.3 gives a closed form solution of (3.32) by setting S = AT A—2p(] — X; — %)
That is, Z;4+1 can be constructed by the orthonormal eigenvectors associated with the
n — r smallest eigenvalues of S.

The subproblem (3.33) also has a closed-form solution, which are given by:

A
(335) XtJrl :max{I - Zt+1Z1I|_1 - ;, 0}

The BCD algorithm for subproblem (3.4) is summarized in Algorithm 3.2.

Algorithm 3.2 BCD algorithm to solve subproblem (3.4)

Input: Result from the (k — 1), step of Algorithm 3.1 WF=1 A = Ay, p = py
1: Set tolerance €, max iteration it,,qz.
2: Choose the initial point Wy by (3.31).
3 for t = 0,1, - ,ityae do

4 Update Zy11 by Lemma 3.3 with § = ATA = 2p(I — X, — ).
5. Update X;41 by using (3.35).

6: if |[HWit1, A, p)|| < €, then

7 break

8  end if

9: end for

Output: W* = (X411, Z114).

To ensure the boundedness of W¥ and that the conditions in (3.7) are satisfied
within Algorithm 3.1, we demonstrate that these claims are achieved through the
BCD algorithm outlined in Algorithm 3.2, as formalized in Theorem 3.4.

THEOREM 3.4. Let {W;} be a sequence generated by Algorithm 3.2. Then, the
following statements hold:

(1) The sequence {W;} is bounded.

(i) For any ey > 0, there is a positive integer t, such that for any t > t, we have

(336) ||H(WtaAap)H < €k, ‘C(WtaAap) <T,

where I' is defined in (3.6) within Algorithm 3.1.
Proof. (i) We first show A = A* > 0, for any k. By using the update scheme of
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A* in (3.8) and X, in (3.35), respectively, one has:

Ak
Ak+1 =pp (Xk _I+Zk(Zk)T 4 )

Pk
k k
(3.37) =pi (max{[— VA A770} — T+ 2527 + A)
Pk Pk

Ak
=pp max{—T + Z¥(Z")" + p—,O} >0,
k

where the third equality follows max(a, 0) — a = max(—a,0). Thus A¥ > 0, for any .
Notice that Z;; is updated over the feasible set in (3.32), i.e., Z;ErthH = I, which
implies {Z;41} is bounded.

Since % > 0, one can obtain

A
(3.38) 0< Xyp1 =max{] — Zy41Z, 4 — > 0} < max{I — Z117,,,,0},

which implies {X;} is bounded. Consequently, we conclude that {W;} is bounded.
Furthermore, since [|Wi||F = [|Z¢]|% + || X¢|%, we obtain

IWellE < (n—7) +2(2n —1)?,

where the bound is independent of both ¢ and k. Noting that WF = lim;_, o, WF, it
follows that the sequence {W*} generated by Algorithm 3.1 is uniformly bounded.

(ii) From the scheme of Algorithm 3.2, it is easy to verify that for any ¢t > 0,
(3.39)

A 2

- ||2p| S E(Wt+l7A7p> S E(Zt+17Xt7A7p) S E(Wt7A7p) S E(WO7A7p) S F
This shows that £ is bounded with respect to W;.

Now we prove the first inequality in (3.36). From the structure of Algorithm 3.2,
we have

(I—Zis1 2] ) [ATA (I — X, — %)} Zi
(3.40) ARV | =0.
X1 — (1 — Zy1 Z) o — %)+

Hence, we have
[H Wi, A o)l < 2p]| Xt — KXo |-

Since L is strongly convex with respect to X, there is a constant « such that
[ Xt — X || < @[L(Zit1, Xi, Ay p) = LOWVis1, A, p)]
<a [E(Wh A7 P) - ‘C(Wt+17 Aa p)] .
Since LWy, A, p) is decreasing and bounded below, one has L(W;, A, p) converges.

Thus LWy, A, p) — LOWs11, A, p) | 0, we can claim that there is £ > 0, such that for
t > t, the first inequality in (3.36) holds. O

Now, one can see L(W¥, A, p) = lim;_,oo LONVF™1 A, p) < T which ensures that
the second condition in (3.7) holds at every iteration.

This manuscript is for review purposes only.
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ORTHOGONAL NONNEGATIVE MATRIX FACTORIZATION 13

3.3. Deriving B and C from output Z. From Theorem 3.2, an output Z of
Algorithm 3.1 isin Q = {Z e R | 2T Z =[,ZZT < I}. We can use Z € Q to
obtain B € RT"" and C' € Q" for ONMF of A. This can be achieved using the
adjacency graph G that constructed from K = I — ZZ" with r strongly connected
components. The complete procedure is detailed in Algorithm 3.3, and its main ideas
are outlined below:

(a) Since the adjacency graph G is sensitive to small perturbations in K = I —
ZZ7, even negligible entries can connect otherwise disjoint subgraphs. To
eliminate these artifacts, we use the bisection method [22] to threshold K
by setting entries with absolute values below § to zero, ensuring that the
resulting graph G consists of exactly r strongly connected components, as
described in lines 3-15 of Algorithm 3.3.

(b) Identify the r strongly connected components Gi,...,G,. of G [9], with the
corresponding adjacency matrices by Ki,...,K,, where K; € R%*% and
> i_1 8; = n. These components can be computed using the conncomp func-
tion in MATLARB, see line 16 of Algorithm 3.3.

(¢) Since G; is strongly connected, its adjacency matrix K; is irreducible [4].
Combined with the symmetry and idempotence of K;, there exists a positive
vector u; such that K; = uiu;r, i=1,--- 7

(d) Let m; be the vertex set of G;, we have K; = K (m;, m;), where m; C {1,--- ,n},
Ui_ym = {1,---,n}, and m; Nmw; = O for ¢ # j. The i-th column of C is
obtained by normalizing the first column of K;: C(m;,i) = H;W’ and setting

C(r¢,i) = 0, where 7¢ is the complement of m; [19]. This ensures that

C € 07" Set B = AC € R["™", we then obtain both factors B and C, as
implemented in lines 17-20 of Algorithm 3.3.

4. Numerical Experiments. In this section, we evaluate the performance of
our approach on both synthetic and real-world datasets. We denote the proposed
model in Algorithm 3.1 as NS-ONMEF. To ensure completeness and reproducibility, we
specify the parameter initialization strategy for NS-ONMF as follows. In particular,
the factor Z is set as Z = I, x(n—r), i-e., the first (n —r) columns of the identity
matrix I,,. The penalty parameter py is selected from {10719, 107¢,10~#} depending
on the dataset type, where smaller values are used for near-ONMF synthetic data
to allow gradual constraint enforcement, while larger values are used for real data
to promote faster convergence under noise. The decay factor 7, which controls the
growth of the penalty, is chosen from {0.99,0.995,0.999} to ensure stable updates.
The update factor ~ is chosen from the interval (1,2), with a typical value of 1.2;
the parameter 7 is taken from (0,1) with 7 = 0.1. In Algorithm 3.2, the maximum
number of inner iterations is set to 10 for synthetic data to allow more accurate
subproblem solutions, while for large-scale or noisy real datasets, a single inexact
update is used to reduce computational cost without compromising performance. We
further let I' = max{||AZfas||, L(Was A% pg)} and e, = 1/k. All experiments were
conducted in MATLAB 2023b on an Intel(R) Xeon(R) Gold 5320 CPU @ 2.20GHz
with 512GB of RAM, and the complete source code is publicly available on GitHub
at https://github.com/Qilun-Luo/ONMEF.

4.1. Synthetic Data. We will first test our approach with synthetic data.

4.1.1. A has an ONMPF. Given a matrix A, our approach aims to minimize
|AZ||? over the set Q. We compare the performance with other ONMF methods,
including BiIOR-NM3F [8] (Bi-Orthogonal 3-Factor NMF), MU-ONMF [7] (Multi-
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Algorithm 3.3 ONMF of A for deriving B € R]"*" and C € O}*"

Input: Null space Z € R"*("~") obtained from Algorithm 3.1, factor r.
1: Initialize 0ynin = 10710, 610 = 1071, ity = 100.
2 Set K=1—22",5= (Omin + Omaz)/2-
3: for k=1, - ,ityq. do
4. Set K = K ,and let K(abs(K) < §) = 0.
5. Set G =K, and let G(G #0) = 1.
6:  Construct the graph G from G, and determine its number of strongly connected
components n,. using the MATLAB function ‘conncomp’.

7. if n. == r then

8: break

9: elseif n. > r then

10: Omaz = 0

11:  else

12: 6min =0

13:  end if

14:  Compute 0 = (dmin + Omaz)/2-

15: end for

16: Find the irreducible components Ki,..., K, and the corresponding vertex sets
7, ..., of the graph G using the ‘conncomp’ function.

17: fori=1,--- ,r do

18 Set C(mi, i) = g and C(r¢,i) = 0, where u; is the first column of K;.
19: end for

20: Compute B = AC.

Output: Factor matrices B € R"*", C' € Q"

plicative Updates on Stiefel Manifolds), EM-ONMF [20] (EM-like alternating algo-
rithm), ONPMF [20] (Orthogonal Nonnegatively Penalized Matrix Factorization),
SN-ONMF [19] (Sparsity and Nuclear norm minimization for ONMF). To ensure a
fair comparison, the parameters for competing methods are set following their orig-
inal recommendations. Particularly, the maximum number of iterations of the pro-
posed method is 1000, and the stopping criteria are as follows: for BiOR-NM3F,
MU-ONMF, HALS, and EM-ONMF, ||C* —C*~1|| < ¢, where € = 10~8; for ONPMF,
|| min(C*,0)||/||C*|| < 1073; for SN-ONMF, max([| K* — K*=1||, | X* — K¥||, || 2% —
K*||]) < €, where K, X,Z are defined in model (13) of [19]; and for NS-ONMF,
HC(Wk)” < €0 P41 > Pmax-

We generate a matrix A € Rioonoo for three distinct cases. In Case 1, A is
constructed as A = BC'", where C € (O)}FOO“O has a block diagonal structure, and
B e Rioomo is a random matrix. In Case 2, A is generated similarly to Case 1, but
the orthogonal factor C' does not possess the block diagonal structure. In Case 3,
A = BCT + R, where B and C are generated in the same manner as in Case 1, and
the noise R = 0.01 x rand(300, 100).

To assess the performance of the comparison methods, we use the following eval-
uation metrics:

_ [ 4g = BCT||

(4.1) er(C) = |CCT = CCT|,0orth(C) = |CTC — I|]?,res(B, C) = AL
gt

where B, C are the factors computed by the algorithms and Age = BC'T denotes the
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ground-truth orthogonal nonnegative decomposable matrix. All methods are run 10
times, and the average results are reported in Table 1.

TABLE 1

Results of different methods for finding C

Case # ‘ Method ‘ CPU ‘ err(C) ‘ orth(C) ‘ res(B,C)
BiOR-NMSF [3] | 3.3850 | 9.6405 x 107! 9.6405 x 107! 7.2555 x 1072
MU-ONMF [7] 0.6624 | 4.6774 x 1072 4.6074 x 1072 1.2026 x 107°

Case 1 EM-ONMF [20] | 0.2079 | 4.2426 x 107! 4.5142 x 10716 4.3893 x 102

i ONPMF | 0.9867 | 1.5283 x 10~3 5.9523 x 10~ 1.8239 x 1077
SN-ONMF [19] | 0.3765 | 2.2225 x 10~% 3.6828 x 10~ 2.6307 x 107°
NS-ONMF 0.0144 | 2.0297 x 10~ 12 | 3.5108 x 10~ | 4.6018 x 10~ 13
BiOR-NM3F [5] | 3.8633 | 9.6695 x 101 | 9.6695 x 10~ | 7.3526 x 102
MU-ONMF [7] 0.6414 | 4.6894 x 101 4.6123 x 1071 1.5922 x 10—°

Case 2 EM-ONMF [20] | 0.0947 | 1.4142 x 107! 3.7551 x 10716 | 1.5074 x 1072
ONPMF | 0.9535 1.5661 x 1073 4.6853 x 10~1° 1.9442 x 10~%
SN-ONMF [19] | 0.3541 | 2.5372 x 107° 5.5830 x 10~ 2.9005 x 107©
NS-ONMF 0.0049 | 4.5946 x 10~12 | 4.0030 x 10~ 1° 1.0189 x 10~ 12
BiOR-NMSF [5] | 3.4080 | 9.8347 x 10" | 9.8256 x 10! | 8.0480 x 102
MU-ONMF [7] 0.6570 | 2.6336 x 102 6.3920 x 103 2.7990 x 102

Case 3 EM-ONMF [20] | 0.0126 | 2.3252 x 10° 4.1919 x 10~1° 2.5274 x 1071
ONPMF | 0.9625 | 3.0425 x 1072 6.3940 x 10~ 2.7678 x 102
SN-ONMF [19] 0.6528 | 2.3917 x 1072 4.3275 x 1071° 2.8026 x 102
NS-ONMF 2.3704 | 1.9531 x 102 2.2204 x 10~ 1® | 2.5906 x 102

Table 1 reports the results of different methods for recovering the factor C' across
three synthetic cases. Both NS-ONMF and EM-ONMF achieve orthogonality up to
machine precision (on the order of 1071¢), confirming the correctness of their formula-
tions. Beyond orthogonality, NS-ONMF consistently attains the best reconstruction
error and relative residual across all cases. In the noise-free settings (Cases 1 and 2),
NS-ONMEF is also the fastest method, converging within milliseconds while simultane-
ously achieving superior accuracy. This efficiency arises because the output produced
by Algorithm 3.2 already yields factors close to the optimal solution of model (1.4),
allowing Algorithm 3.1 to converge within only a few iterations. Moreover, Algo-
rithm 3.2 employs closed-form updates for both subproblems and typically converges
within ten iterations, further reducing runtime in clean data regimes. In the noisy
setting (Case 3), NS-ONMF requires more runtime than some competitors, yet it still
produces the lowest reconstruction error and residual, demonstrating greater robust-
ness to noise. By contrast, methods such as EM-ONMF converge faster in noisy cases
but at the expense of substantially larger reconstruction errors and residuals. These
results highlight a clear trade-off: while several algorithms enforce orthogonality ef-
fectively, NS-ONMF achieves the most accurate and stable overall decomposition,
offering both efficiency in noise-free regimes and robustness under noise.

In the following, we analyze the relationship between the noise level ¢ and the
relative residual res(B,C). Similar to Case 3, where A = BC'T + R, we set R = ¢ x
rand (300, 100), with ¢ = logspace(—38, 0, 20), meaning ¢ is generated between 10~ and
1 on a logarithmic scale with 20 points. Figure 1(a) shows that the proposed method
outperforms the competitors, especially for small noise levels. This also explains why,
in Case 1 and Case 2 (noise-free cases), the method NS-ONMF requires less CPU
time, as lower noise leads to higher accuracy and fewer iterations.

This manuscript is for review purposes only.



16

Le)
ws 103
z
10 F
10° —o— BioRNM3F | ] —e— BIOR-NM3F
—e— MU-ONMF 105 F |~ Mu-owmE
, 4 EM-ONMF Ent-ONMIF
10 ; o —o— ONPMF \
g —&— SN-ONMF o sh-onmp \
NS-ONMF - NSONMF R
108 . . . . L B S N T R R S S R
10° 107 10° 10° 107 10? 107 107 10° 12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Noise Level £ factor r
(a) Residuals vs. noise level & (b) Residuals vs. factor r

FIG. 1. Residual res(C) comparisons across noise levels (a) and factor values (b).
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Fic. 2. Relative residual error vs. CPU time

Next, we examine the impact of the factor r on the residual res(f?,é). Let
A€ Rimxloo be generated as in Case 3, where the true rank of A is 10. However, we
do not assume the rank of A is known and instead vary the factor r from 1 to 20 to
evaluate how the methods handle different values of r. From Figure 1(b), we observe
that for r < rank(A), all methods perform similarly, with the residual near 1. When
r = rank(A) = 10, most methods improve their performance, with the proposed NS-
ONMEF achieving the best outcome, reaching a residual of 107°. For r > rank(A4),
the performance of the methods slightly deteriorates, but NS-ONMF still maintains
a residual of 107°. This result further demonstrates that our model does not require
the rank of A to be known, in accordance with Theorem 2.2.

In this part, we examine the efficiency and convergence behavior of the compared
methods, we construct the synthetic matrix A = BC'T + R using Case 3 with noise
level 1078, Figure 2 plots the relative residual error res(B,C) against CPU time for
all algorithms. This runtime-based comparison provides a more direct illustration of
convergence efficiency. The results show that NS-ONMF rapidly decreases the residual
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- |AM||p
—-Bound: 2v/2||CTAl||,||AA| F

Runs

Fic. 3. Error bounds computed by Theorem 2.4

error, reaching nearly 10~8 within a fraction of a second. Although MU-ONMF also
decreases steadily, it requires more runtime and does not achieve the same accuracy.
ONPMF and SN-ONMF stagnate at higher error levels, while BIOR-NM3F maintains
a relatively large error throughout. EM-ONMEF is the fastest method though it attains
a higher residual compared with NS-ONMF. These observations confirm that NS-
ONMEF is both effective and efficient: it converges quickly in terms of CPU time and
consistently attains the smallest residual error among all tested methods.

To further validate Theorem 2.4, we construct a ground-truth orthogonal non-
negative matrix decomposition A = BC'T, where C € 0}°*!* and B € R3"'%. We
then perturb A by defining A = A + R, with R = 10~* x rand (300, 100). Applying
the proposed method to A yields the factors B , C,Z. We evaluate the deviation

AM=22"-2ZT =ccT —-CCT,

and compare the theoretical bound in (2.4) with the empirical value |AM | r. This
experiment is repeated 30 times to ensure robustness. The results, shown in Figure 3,
confirm that the empirical deviations are consistent with the theoretical bounds es-
tablished in Theorem 2.4.

4.1.2. Synthetic clustering data. In this part, we generate the synthetic clus-
tering data similar to [20]. Each dataset consists of six clusters, denoted as {m; }{_,
with each cluster containing 100 — (¢ — 1) x 10 data points, for a total of 450 data
points. Each cluster centroid u; € R'%%0 for 1 < i < 6 is generated uniformly at
random within the unit cube [0, 1]1%°°. Each data point m; for 1 < 7 <450 is a scalar
multiple of its corresponding cluster centroid, given by m; = auy, where « is chosen
uniformly at random from the interval [0.2,1]. The data points are then perturbed
by adding noise drawn from a normal distribution with mean zero and standard devi-
ation € (negative entries are set to zero). Finally, A is constructed by collecting these
data points into a matrix of size 1000 x 450.

To obtain the clusters using ONMF methods, we utilize the nonnegative orthonor-
mal factor C to determine the cluster assignments. Each row of C serves as a feature
vector for a sample, and the column index of the positive entry in each row indicates
the cluster to which the sample belongs. However, since some methods may yield
multiple positive entries in a row, we assign the cluster based on the index of the
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maximum entry. To evaluate the clustering results of the compared algorithms, we
use accuracy as the performance metric. We examine the clustering performance of the
proposed NS-ONMF method against six existing ONMF methods: BiOR-NM3F [g],
MU-ONMEF [7], HALS [21], EM-ONMF [20], ONPMF [20], and SN-ONMF [19].

The noise level ¢ is selected from the interval [1072,1] with a total of 50 points.
Figure 4 presents the average accuracy of each method across different noise levels
over 10 runs. The results indicate that the proposed NS-ONMF method and ONPMF
consistently achieve the best performance. Both methods successfully identify the
true clusters across a wide range of noise levels, demonstrating their robustness and
effectiveness in clustering tasks.

0.8

Accuracy
I
~
o

I
<

—¥— BiOR-NM3F

0.65 —8- MU-ONMF T
HALS

—6— EM-ONMF

0.6 —&~ ONPMF =
SN-ONMF

—B— NS-ONMF

0.55
1072 101 10°
Noise level =

Fic. 4. Comparison of ONMF methods on synthetic clustering data with varying notise levels.

To examine the convergence behavior of Algorithm 3.1, we set the noise level
e = 0.1 and generate synthetic clustering data as previously described. We plot
c(WF) and LOWF, A, pi) in Figure 5. The first plot, Figure 5(a), shows that c(OVF)
steadily decreases and converges to zero, consistent with the results presented in
Theorem 3.2. This convergence indicates that the algorithm is progressively satisfying
the constraints. The second plot, Figure 5(b), shows that LOV* A*, p.) remains
bounded throughout the process. We note that in this experiment the noise level
is relatively large (¢ = 0.1), which explains the higher iteration counts compared
with the small-noise cases (e.g., ¢ = 1078). For small-noise settings, the Figure 2
demonstrates that Algorithm 3.1 converges within only a few iterations and rapidly
reduces the residual error to the order of 10~7. By contrast, Figure 5 highlights that
even under larger noise Algorithm 3.1 still converges in the sense that c(W*) — 0,
confirming robustness. We further emphasize that the augmented Lagrangian does not
exhibit a monotone convergence trend because the penalty parameter p* is adaptively
increased (see Algorithm 3.1, line 8 and Eq. (3.10)), which may cause L(W¥, A¥, p*)
to increase even when the iterates approach a stationary point. Nevertheless, the
stopping criterion ||[c(WF)|| < € is theoretically justified, since ||c(WF)|| — 0 implies
that WF¥ converges to a stationary point of problem (3.2) by Theorem 3.2. This
bounded behavior confirms the algorithm’s stability under the given conditions, and
the overall results support the effectiveness of Algorithm 3.1 in converging to a solution
that satisfies the imposed constraints while maintaining stability in the objective
function.
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F1G. 5. Convergence analysis of Algorithm 3.1

4.2. Real-world Data. In this section, we will apply the proposed NS-ONMF
method to real-world datasets, focusing on clustering. We compare the performance
of NS-ONMF with six other ONMF methods: BIOR-NMS3F [3], MU-ONMF [7], HALS
[21], EM-ONMEF [20], ONPMF [20], and SN-ONMEF [19]. To evaluate the effectiveness
of each method, we also use four metrics [16]: Purity, NMI, MIhat, and Accuracy.
These metrics provide a comprehensive assessment of the clustering quality. To ensure
comparisons focus on problem (1.1), clustering results are derived from the orthogonal
nonnegative factor C, the computed solution of (1.1). Hard clustering is applied across
all methods, assigning each sample to the cluster with the highest probability given
by the factor matrix C.

We will evaluate the ONMF methods on real-world data clustering tasks, which
include face clustering, document clustering, and object clustering. Each category
comprises three well-known datasets, resulting in a total of nine datasets. The sum-
mary of these datasets is provided in Table 2.

TABLE 2
Summary of clustering datasets

Dataset Type Features (m) | Samples (n) | Classes (K)
PIE _pose27 Face 1024 2856 68
Yale Face 1024 165 15
ORL Face 1024 400 40
bbesport Document 4613 737 5
tril Document 6429 414 9
tri2 Document 5804 313 8
seeds Object 7 210 3
wine Object 13 173 3
glass Object 9 214 6

Table 3 reports the performance of several ONMF methods on the PIE_pose27,
Yale, and ORL face-clustering datasets. Across all three datasets, NS-ONMF con-
sistently achieves the best clustering quality, attaining the highest Purity, NMI, MI-
hat, and Accuracy. In particular, on the challenging PIE_pose27 dataset, NS-ONMF
reaches a Purity of 0.8207 and an Accuracy of 0.7990, outperforming all competing
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methods by a clear margin. Similar improvements are observed on Yale and ORL,
where NS-ONMF delivers better NMI and MIhat values, indicating more coherent
and informative cluster structures. Figure 6, which displays the basis images for the
PIE _pose27 dataset, further supports these findings. The basis images generated by
NS-ONMF are significantly clearer and more distinguishable than those produced by
other methods, indicating NS-ONMEF’s superior ability to capture essential clustering
features. Although NS-ONMEF incurs a higher computational cost, this is offset by its
substantial improvements in clustering accuracy and the quality of the basis images.

TABLE 3
Results of different methods for face clustering

Dataset Method CPU Purity | NMI MTIhat | Accuracy
BiOR-NM3F [8] | 58.6085 | 0.3442 | 0.5843 | 0.5580 | 0.2773
MU-ONMF [7] 15.9989 | 0.2868 | 0.4616 | 0.3919 | 0.2202
HALS [21] 15.8625 | 0.1299 | 0.3239 | 0.2617 | 0.1278
PIE _pose27 | EM-ONMF [20] | 2.6473 0.2721 0.5401 0.5322 0.2465
ONPMEF [20] 57.2348 | 0.1635 | 0.3228 | 0.2979 | 0.1488
SN-ONMF [19] | 156.2487 | 0.7122 | 0.8911 | 0.8672 | 0.6835
NS-ONMF 422.0823 | 0.8207 | 0.8785 | 0.8704 | 0.7990
BiOR-NM3F [3] | 0.6950 0.3818 | 0.4291 | 0.4120 | 0.3697
MU-ONMF [7] 0.4034 0.3576 | 0.4154 | 0.3844 | 0.3091
HALS [21] 0.7649 0.2606 | 0.3069 | 0.3110 | 0.2364
Yale EM-ONMEF [20] | 0.1460 0.3455 | 0.4375 | 0.4195 | 0.3394
ONPMEF [20] 2.7489 0.3091 | 0.3386 | 0.2962 | 0.3030
SN-ONMF [19] | 0.6933 0.3455 | 0.4028 | 0.3950 | 0.3333
NS-ONMF 2.4502 0.4909 | 0.5305 | 0.5253 | 0.4848
BiOR-NM3F [8] | 1.8026 0.4775 | 0.6495 | 0.6058 | 0.4225
MU-ONMF [7] 1.0387 0.5350 | 0.7188 | 0.6773 | 0.4725
HALS [21] 3.8143 0.1475 | 0.3815 | 0.3030 | 0.1425
ORL EM-ONMF [20] | 0.4160 0.5275 | 0.7040 | 0.6770 | 0.4675
ONPMF [20] 8.3403 0.1375 | 0.3167 | 0.2240 | 0.1325
SN-ONMF [19] | 2.9851 0.5200 | 0.6841 | 0.6801 | 0.4800
NS-ONMF 8.2375 0.7000 | 0.8048 | 0.7878 | 0.6500

Table 4 compares the performance of ONMF methods on document clustering
across the bbesport, tril, and tr12 datasets. In the bbcsport dataset, NS-ONMF
achieves the highest Purity (0.9457), NMI (0.8485), MIhat (0.8473), and Accuracy
(0.9457), slightly outperforming ONPMF, which also attains competitive clustering
quality. Figure 7 illustrating the bbcsport clustering results reinforces these met-
rics, showing that NS-ONMF produces well-separated clusters that closely reflect the
ground truth. NS-ONMF consistently delivers superior separation and clarity, par-
ticularly in more challenging datasets like ¢r11 and ¢r12, making it the most robust
method for document clustering among those evaluated.

Table 5 presents a comparison of various ONMF methods applied to object clus-
tering tasks, specifically for the seeds, wine, and glass datasets. NS-ONMF emerges as
the most effective method, delivering the highest values in Purity, NMI, MIhat, and
Accuracy across all datasets. In the seeds dataset, for example, NS-ONMF achieves
a standout Purity of 0.8810 and an NMI of 0.6518, demonstrating its robustness in
differentiating between object classes. Figure 8 depicting the seeds dataset clustering
further illustrates NS-ONMF’s capability to delineate distinct and coherent clusters,
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Fic. 6. Basis images generated by different ONMF methods for the PIE_pose27 Dataset.
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F1G. 7. Document clustering by ONMF methods for the bbcsport Dataset.

closely mirroring the ground truth distribution.

For these real-world datasets, it is unlikely that the data exhibit a near-ONMF
structure; instead, they are more accurately modeled as A = BC'T + R, where R rep-
resents a substantial noise component. Under such conditions, NS-ONMF generally
requires more iterations to converge, and the increased runtime should not be inter-
preted as the sole reason for its improved clustering performance. As illustrated in
Figure 2, several competing methods (e.g., BIOR-NM3F, MU-ONMF, and ONPMF)
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TABLE 4
Results of different methods for document clustering

Dataset | Method CPU Purity | NMI MIhat | Accuracy
BiOR-NMS3F [3] | 6.7560 | 0.9199 | 0.7901 | 0.7847 | 0.9199
MU-ONMEF (7] 6.1448 | 0.8412 | 0.7034 | 0.6966 | 0.8412
HALS [21] 3.8879 | 0.8602 | 0.6834 | 0.6771 | 0.8602

bbesport | EM-ONMF [20] | 0.9328 | 0.8100 | 0.7226 | 0.6896 | 0.7788
ONPMF [20] 12.6639 | 0.9444 | 0.8424 | 0.8421 | 0.9444
SN-ONMF [19] | 10.3098 | 0.6418 | 0.4667 | 0.4653 | 0.6418
NS-ONMF 29.1887 | 0.9457 | 0.8485 | 0.8473 | 0.9457
BiOR-NMS3F [8] | 7.9396 | 0.7029 | 0.5655 | 0.5273 | 0.5097
MU-ONMF [7] 9.6800 | 0.6957 | 0.5267 | 0.4946 | 0.4638
HALS [21] 7.6255 | 0.6184 | 0.4841 | 0.4780 | 0.5072

tri1 EM-ONMF [20] | 0.6722 | 0.7343 | 0.5848 | 0.5430 | 0.4783
ONPMF [20] 23.6050 | 0.7367 | 0.5762 | 0.5410 | 0.4734
SN-ONMF [19] | 3.8672 | 0.4324 | 0.2928 | 0.2783 | 0.3478
NS-ONMF 9.1732 | 0.7488 | 0.6173 | 0.5812 | 0.6256
BiOR-NMS3F [3] | 5.2975 | 0.6869 | 0.5247 | 0.5106 | 0.5495
MU-ONMF [7] 5.7893 | 0.7125 | 0.5576 | 0.5463 | 0.6070
HALS [21] 5.1425 | 0.4984 | 0.3510 | 0.3268 | 0.4153

tri2 EM-ONMF [20] | 1.3501 | 0.5623 | 0.4556 | 0.4246 | 0.4505
ONPMEF [20)] 13.7598 | 0.6454 | 0.5304 | 0.5219 | 0.5495
SN-ONMF [19] | 2.2722 | 0.3834 | 0.2040 | 0.2029 | 0.3259
NS-ONMF 4.8724 | 0.7157 | 0.6106 | 0.6006 | 0.6134

consume comparable or even greater CPU times, yet their residual errors stagnate
at much higher levels, resulting in weaker clustering outcomes. This confirms that
clustering quality is determined by the quality of the feasible solution rather than by
runtime alone. Moreover, subproblem (3.32) requires the computation of n — r eigen-
pairs, which becomes computationally expensive for large n (as in document and face
datasets). This further contributes to the higher CPU times observed in Tables 3-5.
From another perspective, the computed matrix Z € R™*("=") captures additional
informative structure by including a larger set of basis directions. Furthermore, Al-
gorithm 3.3 guarantees that C is both nonnegative and orthogonal, a property not
strictly enforced in some competing methods (e.g., SN-ONMF). These structural ad-
vantages enhance the quality of both Z and C, which in turn explain the consistently
superior clustering performance of NS-ONMF. The additional runtime observed in
noisy or large-scale datasets should therefore be regarded as a reasonable trade-off for
obtaining more accurate and reliable clustering results.

5. Conclusions. This paper advances the theoretical framework of ONMF by
characterizing properties of the null space of a nonnegative matrix A € R™*" for
the existence of ONMF. We prove that A has an ONMF if and only if there is a
matrix Z € R"*("=7) such that AZ =0, Z"Z =1 and ZZ" < I. The new necessary
and sufficient condition provides solid mathematical foundation to study optimization
model (1.4) for ONMF. We propose an augmented Lagrangian algorithm for solving
(1.4) and prove the convergence of the algorithm. Numerical evaluations on both
synthetic and real-world datasets demonstrate the efficacy of the proposed methods,
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TABLE 5
Results of different methods for object clustering

Dataset | Method CPU Purity | NMI MIhat | Accuracy
BiOR-NMS3F [3] | 0.1996 | 0.7429 | 0.4272 | 0.4252 | 0.7429
MU-ONMF [7] 0.0445 | 0.6190 | 0.3396 | 0.3112 | 0.6190
HALS [21] 0.0463 | 0.6667 | 0.5543 | 0.4420 | 0.6667

seeds EM-ONMF [20] | 0.0043 | 0.8000 | 0.5095 | 0.5082 | 0.8000
ONPMF [20] 0.1725 | 0.4571 | 0.0437 | 0.0430 | 0.4571
SN-ONMF [19] | 0.7741 | 0.5571 | 0.1499 | 0.1495 | 0.5571
NS-ONMF 0.7995 | 0.8810 | 0.6518 | 0.6508 | 0.8810
BiOR-NMS3F [3] | 0.1719 | 0.6348 | 0.3791 | 0.3764 | 0.5843
MU-ONMF [7] 0.0518 | 0.6348 | 0.3711 | 0.3488 | 0.6348
HALS [21] 0.0581 | 0.4045 | 0.0081 | 0.0142 | 0.4045

wine EM-ONMF [20] | 0.0103 | 0.6966 | 0.3823 | 0.3762 | 0.6966
ONPMF [20] 0.2531 | 0.4607 | 0.0352 | 0.0340 | 0.4045
SN-ONMF [19] | 0.6889 | 0.4775 | 0.0771 | 0.0771 | 0.4775
NS-ONMF 0.8507 | 0.7022 | 0.3857 | 0.3803 | 0.7022
BiOR-NMS3F [3] | 0.2234 | 0.4907 | 0.1895 | 0.1805 | 0.3692
MU-ONMF [7] 0.0683 | 0.5374 | 0.2804 | 0.2736 | 0.4252
HALS [21] 0.0859 | 0.3598 | 0.0111 | 0.0293 | 0.3131

glass EM-ONMF [20] | 0.0109 | 0.5467 | 0.3096 | 0.3055 | 0.4673
ONPMEF [20)] 0.2499 | 0.3598 | 0.0308 | 0.0245 | 0.3084
SN-ONMF [19] | 0.7417 | 0.4579 | 0.2652 | 0.2538 | 0.4252
NS-ONMF 2.2538 | 0.5701 | 0.3976 | 0.3615 | 0.5374

Ground Truth BiOR-NM3F MU-ONMF HALS

Fic. 8. Object clustering by ONMF methods for the seeds Dataset.

showcasing substantial improvements in clustering. These findings not only validate
the robustness and accuracy of our approach but also underscore its utility in enhanc-
ing interpretability in practical applications.
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