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A SMOOTHING DIRECT SEARCH METHOD FOR MONTE CARLO-BASED BOUND
CONSTRAINED COMPOSITE NONSMOOTH OPTIMIZATION
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Abstract. We propose and analyze a smoothing direct search algorithm for finding a minimizer of a nonsmooth nonconvex
function over a box constraint set, where the objective function values cannot be computed directly, but are approximated
by Monte Carlo simulation. In the algorithm, we adjust the stencil size, the sample size, and the smoothing parameter
simultaneously so that the stencil size goes to zero faster than the smoothing parameter and the square root of the sample size
goes to infinity faster than the reciprocal of the stencil size. We prove that with probability one any accumulation point of the
sequence generated by the algorithm is a Clarke stationary point. We report on numerical results from statistics and financial
applications.
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1. Introduction. Let G : R*™™ — R be a locally Lipschitz continuous function, F' : R* — R™ be a
continuously differentiable function and f : R™ — R be a composite nonsmooth function of the form

(1.1) f(z) = G(z, F(x)).
In this paper, we consider the nonsmooth minimization problem

min  f(z)

(1.2) st. zeX:={xeR"|{<z<u}

where £,u € R", —00 < {; < u; < 00, ¢ = 1,...,n and the function value F(x) is not computed exactly,
but rather approximated by a Monte Carlo simulation FV, where N is the sample size of the Monte Carlo
simulation.

We assume that the function G admits a smoothing approximation in the sense of [10]. By this we
mean that there is a family of differentiable functions G(-, ;) which converges to G' as i — 0. We make
this precise in Definition 2.3. In this paper we use the smoothing parameter u to design an algorithm which
takes gradients of G to determine descent directions and then decreases 1 as the iteration progresses.

Our use of the term nonsmooth in this context is standard [14] and refers to functions which, while not
differentiable (smooth), are locally Lipschitz continuous and the generalized derivatives are well-defined in
the sense of [14].

In [11] we considered a similar problem in the more general situation where the objective function was
not everywhere defined and capturing the domain of f was part of the problem. In this paper the objective
function is everywhere defined and can be approximated by a smoothing approach. The results in this paper
exploit the structure of that special case to simplify the analysis and improve the efficiency of the method
via smoothing.

A large class of nonsmooth functions have the form (1.1). The box constraint does not restrict appli-
cations where the objective functions have minimizers in a compact set. In other words, if the level set

*Department of Applied Mathematics, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong, China

(maxjchen@polyu.edu.hk). The work of this author was partially supported by Hong Kong Research Grant Council grant
PolyU153000/15p.

fNorth Carolina State University, Department of Mathematics, Box 8205, Raleigh, NC 27695-8205, USA
(Tim_Kelley@ncsu.edu). The work of this author was partially supported by the Consortium for Advanced Simulation of
Light Water Reactors (www.casl.gov), and Simulation of Nuclear Reactors under U.S. Department of Energy Contract No. DE-
ACO05-000R22725, Army Research Office grant #W911NF-16-1-0504 and National Science Foundation Grant DMS-1406349.

¥ School of Economics and Finance, Xi’an Jiaotong University, Xi’an, 710049, China (fengminxu@mail.xjtu.edu.cn). The
work of this author was partially supported by the Chinese Natural Science Foundation 11571271, 71331001.

$Department of Applied Mathematics, The Hong Kong Polytechnic University, Hung Hom, Kowloon, Hong Kong, China
(zaikun.zhang@polyu.edu.hk). The work of this author was supported by the start-up grant 1-ZVHT from The Hong Kong
Polytechnic University and the Early Career Scheme grant PolyU 253012/17P from RGC Hong Kong.

1



36
37

39

10

41

42

43

44

46

ot

[TV}

(=2

J

oo

ot ot ot Ot gt Ot

66

{z : f(z) < f(xo)} of f with a point 2o € R™ is bounded, then minimizing f over R™ can be equivalently
written as a box constrained optimization problem (1.2). One example (for which m = n) is the expected
value version of the stochastic variational inequality problem [12,49]: Given the induced probability space
(EC RY A, P) and a convex set Q C R™, find z* € Q such that

(1.3) (z—2")TF(z*) >0, VreQ,

where F(z) := E[¢(§,2)], and ¢ : E x R™ — R™ is continuously differentiable with respect to x for almost
all £ € E and A-measurable with respect to £. The stochastic variational inequality problem (1.3) reduces
to the stochastic complementarity problem:

(1.4) x>0, F(z)>0, zTF(z)=0,
when Q = R} = {x € R" |2 > 0}, and the system of stochastic nonsmooth equations:
F(z)=0

when 2 = R™. In this case, the approximation is via Monte Carlo simulation
1 s
F(z) = Elg(&2)] = FY(2) = 5 > 0(€", ),
i=1

where N is the sample size and &%, i = 1,..., N are observations of £ € =Z.
We can express problem (1.3) as a minimization problem [20]
(1.5) min | — Projg(z — F(x)|
TER™
where Projq is the projection onto the set €. In this formulation the optimal function value is zero.

Another example of problem (1.2) is the ¢;-norm regularized minimization problem

(1.6) min [[F(z)]x + Al
TER™
where F(z) is approximated by a Monte Carlo simulation.

If problems (1.5) and (1.6) have minimizers in a compact set, then there is a box constraint set X, which
might be difficult to determine a priori, such that problems (1.5) and (1.6) can be equivalently written as
problem (1.2) with f(z) = ||z — Projo(z — F(2))||% and f(z) = ||F(x)||1 + A||z||1, respectively.

We will exploit the composition structure by using a smoothing function for f. We will show that if f
is replaced by the outcome of Monte Carlo simulation and one has full knowledge of the nonsmoothness, we
can develop a smoothing direct search method with Monte Carlo simulation, which has global convergence

to a Clarke stationary point of problem (1.2) with probability one (w.p.1.).
For example, if f has the form (1.1), we can define the smoothing function for f as

(1.7) f@,p) = Gz, F(x), 1)

and, when F(z) is replaced by the Monte Carlo outcome FV (z), we set the smoothing Monte Carlo simulation
as

(L8) J(a.1, N) = Gla, FN (@), ).

We consider stencil-based direct search methods in this paper. By this we mean that at each step in the
optimization the function is evaluated at a set of points of the form

{z £ hoi}i, U{z}

where z is the current point and h is the stencil size. The directions v can be quite general [3,28,31,32]. In
this paper we will use the positive and negative coordinate directions, which is sufficient for our application.
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For any fixed smoothing parameter p > 0, the function f is continuously differentiable with respect to
2. The main contribution of this paper is to propose a smoothing direct search algorithm with Monte Carlo
simulation for solving problem (1.2) and prove the convergence of the algorithm when the stencil size h and
smoothing parameter u go to zero with the rate h/p — 0, and the sample size N goes to infinity with the
rate (hv/N)~! — 0.

Convergence analysis of direct search algorithms for smooth optimization problems where function values
can be computed exactly have been well studied in [15, 16, 23,28, 47]. Nonsmooth problems have been
considered in [2-4,11,28]. Theory and algorithms for problems where the function evaluations require
embedded Monte Carlo simulations have been carefully considered for optimization problems [11,29, 33,45,
46,49] and for nonlinear equations [55,58]. The new algorithm in this paper exploits the structure of the
problem and properties of smoothing methods to allow for using coordinate basis as fixed stencil search
directions, simplifying the approaches of [3,11,28] for nonsmooth problems while preserving the convergence
results.

Direct search methods have been coupled with randomized methods in [52] where the randomization was
in the sampling and the optimization problem itself was deterministic. In [48] a generalized pattern search
algorithm was applied to a problem where the objective function f was an expectation. The objective was a
function of continuous and categorical variables and was assumed to be a smooth function of the continuous
variables. Neither of these papers consider nonsmooth problems.

This paper is organized as follows. In section 2, we present a smoothing direct search algorithm for
problem (1.2) where the function values f(x) can be computed directly, and prove the convergence of the
algorithm. In section 3, we extend the algorithm and convergence analysis to a smoothing direct search
algorithm for (1.2) where the function values f(z) cannot be computed directly, but are approximated
by Monte Carlo simulation. In section 4, we present numerical experiments which include examples from
statistical learning, and portfolio selection using test problems from the OR-Library [5] and real data from
the Shanghai-Shenzhen stock market.

2. A smoothing direct search method. We begin by reviewing sampling direct search methods in
the context of the smooth optimization problem. Let the set of search directions be an orthonormal basis
V ={v1,va,...,v,}. Let h be the stencil size along those search directions. A stencil centered at @ with h
is the set of points {z £ hv;}_; U {z}. More general stencils can be used [3,28,31,32] but are not needed
for the applications in this paper.

The concept of stencil failure is important in both the algorithms and the analysis.

DEFINITION 2.1. We say that stencil failure has occurred if

(2.1) flx) < flxthv) fori=1,...,n.
For simplicity, in this paper we will use

(2.2) V = {e,ea,...,en},

for each iteration. Here e; is the i-th coordinate vector. The algorithms and convergence analysis can be
extended to an orthonormal basis.

It is easy to show [16,27,28] that if f is Lipschitz continuously differentiable in X, then (2.1) implies
that

(23) V5@ = O)
uniformly for z € X. To see this note that Lipschitz continuous differentiability of f in X and (2.1) imply
that

agg(f)mo(hQ) = f(x+he) = f(x) >0, i=1,...,n
and

_Of(x)
al‘i
uniformly in X. Hence ||V f(x)|| = O(h), uniformly in X.
3

h+O(h*) = f(x — he;) — f(z) >0, i=1,...,n
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Sampling methods evaluate the objective function at the points of the stencil. If the current point is the
best (stencil failure at the current point), then the stencil size is reduced. If the current point is not the best
on the stencil, then the new best point becomes the current point. Algorithm direct_search is a version of
the method for minimizing a continuously differentiable objective function f within a convex set X.

Algorithm direct_search (z, f, h)
for forever do

fbase:f(x)
Fmin =min{f(y)|ly=x+hv, vEV and y € X}
J€{ylf(Y) = fmin, y=a+hv, vEV and y € X}
if fmzn Z fbase then
h <« h/2
else
T
end if
end for

Algorithm direct_search generates two sequences {z} and {hy}. The convergence analysis is based
on their subsequences {Z;} and {h;}, whose generation is described in the following box with initial points
xo and hg, and t = 0.

Sequences generated by Algorithm direct_search
for k>0
g € argmin{f(y) |y =xr £ hxv, veV and y € X}
if f(9) > f(xzg) (stencil failure)
set Tx+1 = Tk, Pkr1 = hk/Q, t=t+1, 2y = Tpy1, by = hi41
else
Tht1 = s hay1 = hi
end if
end for

In Algorithm direct_search, we must choose an initial point € X. This requirement for a feasible
starting point in a box constraint set X is easy to satisfy. The worst case cost of a sweep through the stencils
for a fixed h > 0 is sampling every point on the finite set

Qp(z) ={zg+mhv | m=1,2,... andv e V}UX,

where x( is either the initial point or the first point after h has been reduced. This worst case is, in our
experience, very unlikely.

In our formulation the search is non-opportunistic. By this we mean that the minimization is done over
the entire stencil. The analysis is the same for the opportunistic version, where the first point with a smaller
function value than fpqse is used. The reason is that the stencil size is only reduced when the stencil fails.
Stencil failure can only take place if the entire stencil is sampled. Before then, it does not matter if the
search is opportunistic or not.

The convergence proof of Algorithm direct_search is based on the stencil directions such that if stencil
failure happens at the current point, then some type of approximate necessary condition holds. This idea can
be made very general with different stencils and different smoothness requirements on the objective function
f[2-4,11,28].

We consider the following first-order stationarity measure

(2.4) X@) = | max [-d"Vf@)

It is easy to check that, if x € X is a local minimizer of (1.2), then x(z) = 0.
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PROPOSITION 2.2. Assume that f is Lipschitz continuously differentiable. Let {xy} with xg € X be the
sequence generated by Algorithm direct_search. Then

(2.5) liminf x(zx) = 0.
k— o0

Moreover, stencil failure happens at infinitely many iterates, and for each limit point x of the stencil failure
iterates, it holds that

(2.6) x(x) = 0.

Proof. Let hg be the initial stencil size and

jzhO

2t

(2.7) X, = Xn {mo +
=1

——e; | ji :O,jzl,j:2,~--}7 t=0,1,2,....
Since X is bounded, X is a finite set, and it contains at least one iterate. Stencil failure occurs at 7y, the
last iterate contained in X; and the size of the stencil at that iteration is hy = ho/2¢. For each t > 1, define

IF = {i| &+ e € X,1<i<n},
(2.9) I = {i| & —he; € X,1<i<n},

and denote g; = V f(Z;). Let L be the Lipschitz constant of Vf. Then by the definition of stencil failure
and Taylor’s theorem,

- ~ L -
(2.10) 0 < f(& + heei) — f(&) < hte?gt+§hf for all i€ I,
- - L -
(2.11) 0 < f(&: — heei) — f(#) < —hselgs + §hf forall el
and consequently,
Lh

(2.12) elgr > _Tt for all i€ I,

Lhy

(2.13) eiTgt

IN

- for all i€l .

By the assumption, there exists a positive constant T such that
(2.14) |IVf(@)]| < T forall z€X.

Specifically, ||g:]| < Y. Therefore, for each d such that Z; + d € X and ||d|| < 1, it holds that

—dTth—Zd gt)i
ngt ngt ngt ngtz

ierf\I; il \If i€l NI, igIuI;

(2.15)

IN

Lhy - Lh -
nmax {Zt,"fht} —|—n7t +nYh

3nmax{L2ht,Tth} ,

where the first inequality uses the fact that for each d with #; +d € X, i ¢ I, implies d; > hy and i ¢ I
implies d; < hy, since X is a bounded box.

IA



176
177
178
179
180
181

182

183

184
185

186

187

188

189

190
191

192

Hence, we obtain

Lh; ..~
(2.16) x(Z) < 3nmax{2t7Tht} — 0 when ¢ — oo.

Since {Z;} is a subsequence of {z;} and X is bounded, we conclude that

(2.17) liminf x(zx) = 0.
k—o0

If x is an accumulation point of the stencil failure iterates {Z;}, then continuity of x implies that y(z) = 0.0

2.1. Nonsmooth f. In this subsection, we consider problem (1.1) where F can be computed exactly.
We will use smoothing methods which approximate f by a parameterized family of smoothing functions

f(, 1) given by (1.7), where p > 0 is the smoothing parameter.
We formally give a definition of smoothing functions used in this paper.

DEFINITION 2.3. [10] Let f : R® — R be a locally Lipschitz continuous function. We call f : R™ %
(0,00) = R a smoothing function of f, if f(-,u) is continuously differentiable and V f(-, ) is Lipschitz
continuous in R™ for any fized p € (0,00), and
(2.18) lim f(z, 1) = f(#).

r—T,10

The limit in (2.18) is simultaneous in = and p for all sequences xy — & and pr — 0 (ug > 0).
Throughout this subsection we let V f denote the gradient f with respect to z.

ASSUMPTION 2.1. (i) There are constants c1,ce > 0 such that for any x € R™, p € (0,1],

(2.19) |f(z) = f@,p)] < plex + col f()]).
(ii) f satisfies the gradient consistency condition,
(2.20) df(x) = con{v| Vf(xr, ux) — v, for zp =z, pp L0},

where “con” denotes the convex hull and Of(x) is the Clarke subgradient at x.
(#ii) There are Y >0, T' > 0 and p— > 0 such that ||V f(z,p)|| <Y and

. A r
(2.21) IV Sz, ) =V Iy, p)l < ;IIZE —yll

uniformly in z, y € X, and p € (0, pu_).

In Assumption 2.1, ¢1,co, T, I' and pu_ are fixed constants which are independent of x. Since X is
bounded and f is continuous, Assumption 2.1 (i) implies that there is a constant C' such that

[f(@) = fe,m)| < uC, for weX, pe(0,1]

which means that f converges to f uniformly as p — 0.

In section 4, we use examples to illustrate the definition of smoothing functions and Assumption 2.1.

Note that X is bounded and hence there are only finitely many points in the stencil for each h. Therefore
the stencil will fail infinitely often.

In the case where f is known exactly and there is no embedded Monte Carlo simulation, we propose
a smoothing direct search algorithm, Algorithm smoothing search that decreases p and h simultaneously,
but in a way that ensures h/u — 0 as g — 0, which will be important in the convergence analysis.

Algorithm smoothing_search generates three sequences {x}, {hx} and {ur}. The convergence analysis
is based on their subsequences {Z:}, {h:} and and {/:}, whose generation is described in the following box
with initial points xg, hg, and pg, and t = 0.
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Algorithm smoothing_search (z, f,h, j1, 7)
for forever do

Jibase = f(.’l?,/{)
Smin =min{f(y,p)|[y=xz+hv, veVandy € X}
ge{y|fy, 1) = fmin, y=x+hv, veV and y € X}
if fmin > fbase then
h<+ h/2; p+ p/27
else
T
end if
end for

Sequences generated by Algorithm smoothing search
for k>0
§ € argmin{f(y, u) |y = xx £ hpv, v €V and y € X}
if f(g, k) > f(xr, k) (Stencil failure)
set Tpt1 = Tk, M1 = Ai/2, ey = p/27, t =t + 1, & = Tpq1, he = hig1, fle = ot
else
Th1 =Yy M1 = hie, progr = pg, K=k +1
end if
end for

In Algorithm smoothing search, 7 € (0,1) is an input parameter. We must choose an initial point
x € X, the initial stencil size h > 0 and the initial smoothing parameter u > 0.
As an extension of (2.4), we use

2.22 () = min max —d"v

( ) Xz) v€df(z) z+deX,|d| <1 )

to measure the first-order sationarity of z with respect to problem (1.2) when f is locally Lipschitz continuous
but not necessarily differentiable, where 0 f(z) is the Clarke subdifferential of f at x [14,41]. If f is smooth,
then x(-) is the same as x(-). Moreover, if = is a local minimizer of problem (1.2), then there exists a
v € df (x) such that

max  [-dTv] =0,
z+de X, ||d||<1
that is, x(z) = 0.
The convergence result follows the same argument as in the proof of Proposition 2.2 and Assumption
2.1 on the smoothing function of f.

THEOREM 2.4. Assume that Assumption 2.1 holds. Let {xy, p} with xo € X and po > 0 be the iterates
generated by Algorithm smoothing search, and

2.23 = —dT'v .
(2.23) Xk () Hdgg}fd”g[ [, )]
Then
(2.24) liminf x(2x) = 0.

k—o0

Moreover, stencil failure happens at infinitely many iterates, and for each limit point x of the stencil failure
iterates, it holds that

(2.25) X(z) = o.
7
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Proof. Define X; by (2.7). As in the proof of Proposition 2.2, we denote the last iterate in X, where
stencil failur occurs by &, the corresponding stencil size by he = ho /2!, and the corresponding smoothing
parameter by fi; = h]. For each t > 1, define I, and I, in the same way as in the proof of Proposition 2.2,
and denote §; = Vf(&, fir). According to the definition of stencil failure and Taylor expansion, noticing
part (iii) of Assumption 2.1, we have

(2.26) 0 < f(&@s+ heei, fir) — f(@e, i) < heel G + ;;tﬁf for all ie I,
(2.27) 0 < f(@r — heei, fir) — f(Ze, ) < —heel go + ZEtﬁf for all i€,
and consequently,

(2.28) el gy > —gg: for all i€ I,

(2.29) elg < gz: forall i€l .

By Assumption 2.1, there exists a positive constant YT such that ||g:]] < Y. Using similar argument to
those for (2.15) and (2.16), we have

Thy -
(2.30) max  —d' g < 3nmax{f, Tht}.
Fr4deX,|d)| <1 2

Noticing the fact that hy /fis — 0, we have

(2.31) —d g, — 0 when t— oo,

max
FordeX,flal<1
which implies (2.24).

Let x be a limit point of {Z;}, and {Z+, } be a subsequence that converges to z. Since {§:} is bounded, we
may suppose that {g;,} converges to a point v (if not, replace {t;} by an appropriately chosen subsequence).
Let

(2.32) d*(v) € argmax [—dTv],
z+deX,||d]|<1
and
— Iy, +d*
(2.33) P S T )

vl 13

Z+, + i lies on the line segment between 24,

max{||z — Z¢, + d*(
Then |ly;|| <1, and Z;, + y; € X due to the convexity of X (
and x + d*). Hence

0 < —d"v = — (d*(v))Tw

max
z+deX,||d|| <1
_ . T ~
(230 = lim —y; g,
lim max —d"g,,
i—00 F4+deX,||d|<1

=0.

A

Notice that v € 8f(z) according to the gradient consistency of f. By the definition (2.22) of X(-), we have

2.35 0 < x(x) < max —d'v =0,
0 < X(z) < e+deX, |d] <1

which completes the proof. 0
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3. Smoothing direct search method with Monte Carlo simulations. In this section we extend
the algorithms and analysis from § 2 to the case where f is nonsmooth and approximated by a Monte Carlo
simulation. Deterministic direct search methods for nonsmooth optimization problems have been studied
n [2-4,11,23,28,42).

In this section, we assume that for any x € X, p > 0, we can estimate the value of f(x 1) by Monte
Carlo simulation f(z,pu, N) with N realizations. The value of f(z,u, N) is random and the sample of N
realizations is independently identically distributed (iid). We can view f (z,p, N) as defined on a common
probability space (see [49, pp. 156] for details).

The following is an assumption on the effectiveness of f (-,-,N) as an approximation of f ().

ASSUMPTION 3.1. For each p € (0,1/2), there exist constants § € (0,1), ¢y >0, N >0, and ji > 0 such
that

(3.1) Prob sup ) fon, V) 2 ££) <

rzeX NP

for each N > N and p € (0, fi].

Consider the composite nonsmooth function in the form (1.1) with

(3.2) F(z) = E[¢(§,z)], z€X,

where ¢ is a random vector. Let

N
(3:3) Z $(&i,x)

&1, &a, ..., & being iid samples of §. Assume that ¢(&, z) is sub-ezponential for each x € X (see Appendix B
for the definition of sub-exponential random variables/vectors), and that ¢(¢,-) is L-Lipschitz continuous
with respect to x € X for a constant L independent of £. Then, as we show in Appendix B, for any
p € (0,1/2), there exist constants 6 € (0,1), ¢y > 0 and N > 0 such that

(3.4) Prob (sup |F(z) — FN(z)| > CF) <0
reX NP

for each N > N. If G is Lipschitz continuous with respect to F(x) and G satisfies Assumption 2.1, then
there exists a constant Lp independent of N and p such that

|G, F(x), ) = Gla, FN (2), )| < Lp||F(x) = FN ()],
This, together with (3.4), implies that function

fla, 1, N) = G, FN (x), p)

fulfills Assumption 3.1 with ¢y = Lpcp.

Algorithm mc_smoothing_search for the embedded Monte Carlo case is a simple extension of Algorithm
smoothing_search.

In Algorithm mc_smoothing search, 7 € (0,1) and v > 1 are input parameters. The objective function
f is evaluated through f(x, 1, N), the Monte Carlo simulation of f(x, w) with sample size N, where f(gm 1)
is a smoothing function of f that is defined in Definition 2.3 and satisfies Assumption 2.1.

Algorithm mc_smoothing search generates four sequences {zy}, {hr}, {p} and { Ny }. The convergence
analysis is based on their subsequences {Z;}, {h:}, {fiz} and {N;}, whose generation is described in the
following box with initial points xg, hg, po and Ny, and ¢t = 0.

9
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Algorithm mc_smoothing search (z, f h,pu N, T, v)
for forever do
f~base = f(l‘,/{, N)
Jmin =min{f(y,u, N) |y=2F+ hv,v €V and y € X}
ge{y|f(y>ﬂaN):fmina y =+ hv, vGVandyEX}
if f~mzn > fbase then
h<+h/2; p+ p/27; N+ 4'N
else
T 9
end if
end for

Sequences generated by Algorithm mc_smoothing search
for k>0
g € argmin{f(y, 4, N) |y = 2, £ hpv, v € V and y € X}
if f(4, p, Ni) > fx, pix, Ni)  (Stencil failure)
set Tp1 = Tn, M1 = hi/2, g1 = e /27, Ney1 = 47 Ni,,
t=1t+1, &t = 41, he = hiyr, it = pp1, Ne = Niga
else
Tht1 = Y5 hip1 = hogy pre1 = pgs N1 = N, b=k + 1
end if
end for

As in Proposition 2.2 and Theorem 2.4, the boundedness of X ensures the convergence of the algorithm.
Let xg € X denote the initial point of Algorithm mc_smoothing search, hy > 0 the initial stencil size, pg > 0
the initial smoothing parameter, and Ny > 0 the initial sample size.

The main result of the paper is Theorem 3.1, which states that w.p.1. the iteration has an accumulation
point which is a Clarke stationary point.

THEOREM 3.1. Suppose that the Monte Carlo simulations in Algorithm mc_smoothing search are mu-
tually independent for different N. Assume that Assumptions 2.1 and 3.1 hold. Let {xy, g, Ny} be the
sequence generated by Algorithm mc_smoothing search. Then

(3.5) Prob <lim inf xr(z) = 0) =1,
k—o0
where xy, is defined in (2.23), and

(3.6) Prob({zy} has an accumulation point x such that x(z) =0) = 1.

Proof. Define X; by (2.7). As before we denote the last iterate in X;, where stencil failure occurs by Z,
the corresponding stencil size by he = ho /2, and the corresponding smoothing parameter by fi; = po/2'".
The sample size at this point in the algorithm is N; = 47 Ny. Define index sets I} and I; in the same way
as in the proof of Proposition 2.2. Since stencil failure happens at Z;, we have

0
(3.8) 0 <

IN

(Zy, fig, Ny) forall i€ I,
(l’ft,ﬂt,Nt) forall i€ I;

f(';i;t + Bteiap/ta Nt) - f
f(@ — hees, i, Ny) — f
Let p be a constant such that

(3.9) —<p< .



308 Then hyNP — 0o as t — co. Set § € (0,1) and ¢y > 0 to be the constants that fulfill Assumption 3.1, and
309 consider the event

510 (3.10) E, = {Sup \f(a, i) — fla, i, Ny)| < cf} .
veX Ny

311 By assumption, {E;}$2; are mutually independent, and

312 Prob(E;) > 1-§>0

313 for each ¢ sufficiently large so that N, > N and fi; < ji. Therefore,

314 (3.11) Prob(E; happens for infinitely many t) = 1.

315 When E; happens, according to (3.7) and (3.8), we have

2% - . - r -

316 (3.12) L < f o+ huen i) — f(@0 i) < heel g+ 5B forall i€ I
Nt 2:ut

o 2cy . = - Bra o~ 7 Ta I 2y ; —

317 (3.13) -—= < f@ — hees, i) — (@, i) < —hee; e+ =—h; forall i€l

318 Ny 2t

319 where g, = Vf (Z¢, fir) and T is the constant in item (iii) of Assumption 2.1. Subsequently, it holds that

Th, 2
520 (3.14) eTg > ——t Y gorall qelf,
! 2/’(‘1‘, htth
Thy 2
321 (3.15) elgy < —L 4= Y forall ie 1.
322 2(it  hyNF

323 By Assumption 2.1, there exists a positive constant T such that ||gx|| < Y. Using similar argument as (2.15)
324 and (2.16), we obtain from (3.14) and (3.15) that

325 (3.16)

Th 2 -
max —dTgt < Snmax{ Ly ° Tht} .
Te+deX,|d|<1

o 2/:1t th th ’

326  Hence, by (3.11) and the fact that hy — 0, lNLt//]t — 0, and ﬁth — 00, we have

327 (3.17) Prob({xx(xr)} has a subsequence that converges to zero) = 1,

328 which implies (3.5).

329 When liminfy_,o xx(xr) = 0, let {k;} be the index sequence such that xy,(xr,) — 0. Since {zy,} is
330 bounded (guaranteed the boundedness of X), it has an accumulation point . By the same argument that
331 leads to the second part of Theorem 2.4, we have that y(z) = 0. Thus (3.6) holds. d
332 4. Numerical experiments. In this section, we test Algorithm mc_smoothing search on two prob-

333 lems: a stochastic optimization problem arising from censored regression and a two-stage optimization
334 problem arising from portfolio management. The problems in § 4.1 and 4.2.1 are derived from applications,
335 but use synthetic data to enable us to control the sample size.

336 4.1. Censored regression. We consider the following regularized censored regression problem [1, 6,
337 34,35,51,53]

min f(z)
338 (4.1) meRt oo
st. —e<z<e,
11
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where e € R" is the vector with all its entries being one and

n

(4.2) f(z) = Eeyl(max(c",0) — y)’] + 1) _log(1+ [(z)s]).

=1

Here the random variable pair (c,y) represents a data set of interest (¢ € R™", y € R), and A > 0 is a
regularization parameter.
The regularization term

A_Zlog(l + |(2)il)

in the objective function is used to enforce sparsity.

We assume that ¢ ~ N(0,1), and y = max(c”z* +¢,0) for some underlying ground truth feature z* and
unobservable noise € ~ N (0, 02). Moreover, we assume z* is sparse, that is, * has few nonzero entries. Using
the concave regularized model (4.1), we want to recover a sparse feature = to approximate x* as accurate as
possible given that z* € {z | ||z]jco < 1} = [—e,€].

The functions (max(c?x,0) — y)? and log(1 + |(x);|) are not differentiable but do admit smoothing
functions (see Appendix A). Using the smoothing functions, we can define a smoothing function fAc,y(gv7 1)
for (max(c?'x,0) —y)? which satisfies Assumption 2.1. From the convexity of (max(c’x,0) — )2, the Clarke
subdifferential and the expectation can be exchanged, that is,

OBy [(max(cz,0) — y)°] = Be,y[0(max(c"z,0) — )]

(see [14]). Moreover, Ecyy[fgy(x,u)} is a smoothing function for E.,[(max(c’z,0) — y)?], and satisfies
Assumption 2.1 (see [8]). Problem (4.1) is a constrained nonsmooth nonconvex optimization problem where
the objective function values cannot be computed directly.

In practice the data in these problems are limited. To mimic the finite size of the data we will pose
an approximation to problem (4.1) that replaces the expectation with the sample average of a finite, but
large, data set. We will manage the sampling in the algorithm by randomly sampling from that data set.
To this end, we consider X = {z|||z]s < 1} = [~e,¢], and we randomly generate a true feature z* € R?°
whose 5 nonzero entries are from uniform distribution on [—1,1]. Independently, we generate samples ¢;
from ¢ ~ N(0,I) and ¢; from € ~ N(0,0.01) with a sample size 107. Let y; = max(c! z* + ¢;,0). The new
problem is an approximation to (4.1) with a finite data set. We have

107 n
(1.3 Pl 107) = 15 S l(max(el,0) = i) + X Y log(1 + (@)l

We used the regularization parameter A = 10~2. This is large enough to capture the sparsity exactly and
small enough to allow us to observe several iterations before the iteration stagnates.

We configure the optimization as follows:

e The algorithmic parameters are ¢ = 2, v = 1.5, and 7 = 0.5.
e We begin with h = 0.5 and terminate when h < 1073,
e N =100 and p = 0.1 at the beginning of the iteration.

Given N, for each evaluation of f, we independently and randomly sample vectors (¢;,y;),i =1,...,N
from the data set (c;,1;),i = 1,...,107 generated above. Note that we sample with replacement, following
the bootstrapping technique in statistics [19]. This allows the sample size to be larger than 107. Then we
compute smoothing approximation f (z, p, N) of the following function

N n
(4.4) flz,N) = % > l(max(ef 2,0) = y)*] + A ) log(1 +|(2)i])

i=1 i=1

by using smoothing functions for max(.,0) and | - |.
For the initial point zg = (0,...,0)T we performed 20 runs of Algorithm mc_smoothing search. In
Figure 4.1, we show histories of the distance ||zx — «*|| and the value f(xy).
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Fic. 4.1. Histories of the distance ||z — x*|
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and the value f(xy)
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Figure 4.1 illustrates several properties of the algorithm and the problem. At the end of the iteration,
all of the iteration histories are very similar. The theory would lead one to expect similar histories if N
is large. On the other hand, the initial value of N is large enough to cause considerable variation in f
early in the iteration. This variation accounts for the differences in the histories. Finally, the iteration
stagnates in the terminal phase when the differences from the iterates and z* are roughly at the level of the
regularization parameter. The reason for this is that the regularization term would dominate the error term
when z is near x*. While a smaller regularization would defer the stagnation, it would make it harder to
capture the sparsity. Our choice of A = 1072 captures the sparsity exactly. At each final iterate x;,, we have
(xg); = (x*); =0 for all ¢ € S¢, where S = {i|(2*); #0,i =1,...,n}, the support set of z*.

Figure 4.2 plots ||z — z*|| and f(zx) against the number of Effective Data Passes performed until the
k-th iteration (EDPy), which is defined as the number of samples made during the first & iterations divided
by the data size 107. Note that EDP}, increases with respect to k, but not strictly. The number of Effective
Data Passes may stay unchanged during several successive iterations because the former changes only after
a stencil failure, which happens only once in a few iterations. Consequently, a single number of Effective
Data Passes can correspond to several values of ||z, — z*| or f(zx). That is why we observe vertical lines in
Figure 4.2.

Figure 4.2 shows that the algorithm is capable of achieving considerable progress using very few Effective
Data Passes. Both ||z — 2*|| and f(x)) are reduced significantly even before one single Effective Data Pass
is made. This shows the effectiveness of our sampling strategy, which increases the sample size steadily in
course of the iterations. The stagnations in the final stage of the plots are seemingly more visible than in
Figure 4.1. This is because the sample size increases rapidly, and hence the variations in ||z — z*|| or f(z*)
are less visible when plotted against EDPj than plotted against k.

Note that we begin with A = 0.5 and terminate when h < 1073. By the structure of Algorithm
mc_smoothing search, the algorithmic parameters 7 = 0.5, v = 1.5 and the initial values Ny = 100,
o = 0.1, we know that after t = 9 iterations, hg < 1073, and hence jig = 110/2'" = 0.1/29%%5 = 0.044 and
Ny = 417Ny = 49%1-5100 ~ 1.34E10.

4.2. Portfolio management. Consider v assets. Let u € R denote the random returns of them, and
(4.5) r = Elul, C=E[u—r)(u—rT7].

Here r is the vector of expected returns of the different assets, and C is the covariance matrix of the return
on the assets in the portfolio. When r and C' are known, as discussed in [44], the Markowitz mean-variance

13
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model [36,37] for portfolio selection can be formulated as

1
min —w? Cw — prlfw
w2

(4.6) st. eTw =1

a < w <b,
where w denotes the weights of the assets in the portfolio, a € R and b € R” (a < b) are lower and upper
bounds enforced on w, and 7 is a nonnegative parameter (called the risk aversion factor) to balance the
conflicting aspects of minimizing the risk measured by w? Cw and maximizing the expected return measured
by rTw. The Markowitz mean-variance model [36,37] was first proposed and solved when the total return
is known. The model captures the essence of two conflicting aspects in portfolio management; namely, the
risk and the return.

The use of mean variance analysis in portfolio selection normally requires the knowledge of means,
variances, and covariances of returns of all securities under consideration. However, in general, these data
are not known exactly. Treating their estimates as if they were the exact parameters can lead to suboptimal
portfolio choices.

The experiments reported in [22,25,30] show that, influenced by the sampling error, portfolios selected
with the mean-variance model by Markowitz are not as efficient as an equally weighted portfolio. Other
results [13,39] show that the mean-variance model tends to magnify the errors associated with the estimates.
In this section, we consider an optimal parameter selection model based on the Markowitz mean-variance
model to find optimal parameters for portfolio selection.

For simplicity, here we only consider the case where C' is positive definite and the feasible set {w |eTw =
1,a < w < b} is nonempty. Given a, b, and 7, problem (4.6) has a unique solution w. In other words, w is
uniquely defined by a, b, and 7, the values of which will determine the quality of the portfolio selected by
solving problem (4.6). A common measure for the quality is the Sharpe ratio [50]

TTIU

VuTCw
The Sharpe ratio characterizes how well the return of an asset compensates the investor for the risk taken.

In general, a strategy is better than others if its Sharpe ratio is higher.
14
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In practice, a, b, and n are usually set by investors empirically according to their preferences. We
consider selecting them by solving the two-stage optimization problem

rTw(a,b,n)
max

(abme /w(a,b,n)TCw(a,b,n)

1
(4.7 where w(a, b,n) = argmin inCw —nrTw

st. eTw =1

a < w <b,

where the feasible set B
Q=la,a] x [b,b] x [n,7] with 5 <7

is given. The number of variables of the first level problem is
#{ila, <@, i=1,...,v}+#{ilb, <bi,i=1,...,v}+ 1.
For example, if we choose
(4.8) a;=a;=0,fori#1, a;=0,a =1 and b,=b;=1,fori#2, b, =0, by =1,

then the number of variables of the first level problem is 3.

Finding optimal parameters a, b, 7 is a challenging problem. Since C' is positive definite, the second level
optimization problem has a unique solution. Hence w(a,b,n) is well defined, and it is Lipschitz continuous
with respect to (a,b,n). However, w(a, b,n) is not differentiable, and the covariance matrix C' and the vector
of expected return r cannot be computed directly in general. We will use the barrier method [43, Chapter
19] to solve the second stage problem of (4.7) and define a smoothing function w,,(a,b,n) [43]. In particular,
we use Algorithm mc_smoothing search to solve

TTw,u (a7 bv 77)

max
(@bme /w,(a,b,n)TCw,(a,b,n)

1 v v
(4.9) where w,(a,b,n) = argmin inCw —nrTw — MZ log(s;) — Z log(t;)
. i=1 i=1
st efw =1
w—a—s=0

b—w—t=0.

In this section, we report numerical results that we obtained with Algorithm mc_smoothing search for
five standard data sets from the OR-Library [5], the SSE50 index, the CSI 100 index, and the CSI 300 index
from Shanghai-Shenzhen stock market. The data are the weekly or daily prices of the component stocks for
the eight stock market indices drawn from different countries. See Table 4.1 for the description of the data
sets. The v and T columns are the number of the component assets included in the index and the number
of the observations for the assets, respectively.

We report on two experiments: randomly generated problems in §4.2.1, which use the mean and the
covariance matrix generated from the real data in Table 4.1 and rolling window procedures for out-of-sample
comparison in §4.2.2, which use the stock prices to generate the returns of assets and the covariance matrix
by Monte Carlo simulation.

4.2.1. Randomly generated problems. We choose the following parameters as input data of Algo-
rithm mc_smoothing search:

h=05 p=01 N=100, =05 ~=1L15.

We choose the feasible set X as in (4.8).
15
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TABLE 4.1
Description of the eight real data sets

Data set | v Location Index T Description

data 1 31 Hong Kong Hang Seng 291  weekly prices from 1992 to 1997
data 2 85 Germany DAX 100 291 weekly prices from 1992 to 1997
data 3 89 UK FTSE 100 291 weekly prices from 1992 to 1997
data 4 98 USA S&P 100 291  weekly prices from 1992 to 1997
data 5 | 225 Japan Nikkei 225 291  weekly prices from 1992 to 1997
SSE50 50 China SSE50 501 daily prices from 2013 to 2015
CSI100 | 100 China CSI 100 501 daily prices from 2013 to 2015
CSI300 | 300 China CSI 300 401 daily prices from 2011 to 2013

For all tests, we terminated the algorithm if the stencil size is less than 1072.

For each data set in Table 4.1, we first calculate the average # € R” and the covariance matrix C e RV
for the returns of the assets. Given a sample size IV, we generate i.i.d. random vectors u; € RV, i=1,..., N
normally distributed with mean 7 and covariance matrix C , that is

u; =7+ CA'%randn(u7 1), 1=1,2,..,N

) 9

and then take VV to be the sample average of u;,i = 1,2,..., N, and CV to be the sample covariance matrix

1 & 1 &
TN:N;W and CN:N;(W—TN)(W—TN)T.

Then we compute the smoothing approximation for the problem of minimizing the negative Sharpe ratio
which is given by (4.9) with r =™, C = CV, and = = (ay, bz, 7).

For each data set in Table 4.1, we use Algorithm mc_smoothing search to solve problem (4.7) with the
starting point (ag,ba,n) = (0,1,0.5). Table 4.2 presents the results. From Table 4.2, we can see the optimal
value of objective function (Opt. sharpe ratio) at the final iteration is bigger than the value of objective
function at the point w = e/v, which is a feasible point of problem (4.6) with a =0 and b =e.

TABLE 4.2
Numerical results for the portfolio management problem with randomly generated data

data set datal data2 data3 data4 datab SSE50 | CSI100 | CSI300
lower bound a; | 4.69E-1 | 4.22E-1 | 6.56E-1 | 1.25E-1 | 1.00E00 | 2.00E-2 | 1.00E-2 | 7.50E-1
upper bound by | 8.13E-1 | 8.75E-1 | 9.69E-1 | 9.69E-1 | 7.12E-1 | 1.14E-1 | 3.85E-1 | 7.50E-1
risk aversion | 9.69E-1 | 5.31E-1 | 3.43E-1 | 4.38E-1 | 8.59E-1 | 1.25E-1 | 6.25E-1 | 6.41E-1
opt. sharpe ratio | 1.57E-1 | 2.85E-1 | 2.51E-1 | 2.47E-1 | 9.76E-2 | 3.92E-1 | 2.74E-1 | 7.98E-2
sharpe ratio e/v | 1.04E-1 | 9.15E-2 | 1.53E-1 | 1.99E-1 | -4.90E-2 | 2.36E-1 | 2.65E-1 | -9.05E-2

4.2.2. Problems with rolling window procedures. For a given data set, assuming that the obser-
vations of the stock prices are {P;; : 1 <i <w, 1 <t < T}, we can compute the (logarithmic) returns of

the stocks:

P.
ris = log g“,i:Luwmt:L”qT—L
it

For the purpose of numerical comparisons, we partition the data set into two subsets: a training set and a
testing set. The training set, called in-sample set, consists of the first half of the data set and is used to
compute an optimal parameter z* and the corresponding optimal portfolio selection w(x*). The testing set,
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called out-of-sample, consists of the second half of the data set and is used to test how well the optimal
parameter z* and the corresponding optimal portfolio selection w(z*).

More exactly, for stock ¢ with ¢ = 1,...,v, we can use the training set to compute the in-sample
expectation and the standard deviation by

1 ¥ 1
= E riy and 0y = i E (rie — fi)?,
t=1 t=1

respectively, where M = (T — 1)/2. As is standard in finance [24], we simulate the out-of-sample prices as

follows. Let N be the sample size. Then at the j-th simulation (1 < j < N),for M +1 <t < T —1,if

)

the price S(j) 1,0 of stock i at an out-of-sample time ¢ — 1 is known, the price S ¢ of this stock at time ¢ is

generated by
Si(Jt) = Si(]t)q exp(fi + 6i2),

where S(JM = Py forall 1 < j < N and Z is randomly produced by the standard normal distribution
N(0,1). In a similar way, we can calculate the (logarithmic) returns by this simulation

S(J)
r) = log ”“, t=M+1,...,T—1.
=)

it

Fort =M +1,...,T — 1, denote the column vector %) with its i-th component being rfjt) and its average

vector 7y = Zj 1T ] ) , the sample mean r" and the sample variance CV of the out-of-sample can be

computed by
T-1 T-1

1 1
TN:M Z 7 and CON = — Z (Ft—rN)(thrN)T.

t=M+1 t=M+1

Then we solve problem (4.9) with the sample mean N and the sample variance CN to obtain the optimal
parameter z* and the corresponding optimal portfolio selection w(x*) by Algorithm mc_smoothing _search.
We choose the following parameters as input data of Algorithm mc_smoothing search:

h=05 p=01 N=10, 7=05 ~=L15.

We choose the feasible set X as in (4.8). For all tests, we choose the starting point (ai,b2,n) = (0,1,0.5)
and terminated the algorithm when the sample size N gets larger than 10°.

To evaluate the quality of the optimal portfolio selection w(x*), we shall make use of the real out-of-
sample data. We denote by r°“ and C°* the mean and variance of the real returns of the out-of-sample
set; namely,

1 T-1 1 T-1
out __ Z out __ out out\T
rot = — ry and C°% = — Z Ty —T Ty —T
t=M+1 t=M+1

where 7, is the vector formed by the stock prices r; (i = 1,...,n) for t = M +1,...,T — 1. Then we can
calculate the Sharpe ratio of the optimal solution w(z*) by using r°“* and C°“ as

(TOUt)T’U)(l‘*)

SR* = .
\/w(x*)TC’outw(x*)

In Table 4.3, for all the eight data sets, we list the optimal values of a;, ba, n achieved by Algorithm
mc_smoothing search, and the corresponding SR*. For comparison, we also list the Sharpe ratio of the
average strategy (namely, taking 1/v portion of each portfolio) using r°“* and C°“!. From Table 4.3, we can
see that using Algorithm mc_smoothing search to solve problem (4.7) can provide a portfolio strategy with
higher Sharpe ratio than the average strategy for all data sets.
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TABLE 4.3
Numerical results for the portfolio management problem with rolling window procedures

data set datal data2 data3 datad datab SSE50 | CSI100 | CSI300
lower bound a4 1.00E-3 | 1.18E-2 | 1.12E-2 | 1.02E-1 | 4.40E-2 | 2.00E-2 | 1.00E-2 | 3.33E-3
upper bound by | 3.14E-1 | 2.31E-1 | 6.36E-1 | 4.15E-2 | 1.29E-2 | 5.83E-1 | 2.60E-1 | 2.53E-1
risk aversion n 2.81E-1 | 9.38E-1 | 6.25E-1 | 6.25E-2 | 1.00E00 | 7.19E-1 | 2.50E-1 | 7.50E-1
sharpe ratio SR* | 3.35E-1 | 2.36E-1 | 3.72E-1 | 5.12E-1 | 2.19E-1 | 2.71E-1 | 4.33E-1 | 2.19E-1
sharpe ratio e/y 1.57E-1 | 2.10E-1 | 2.79E-1 | 3.44E-1 | -3.85E-2 | 2.36E-1 | 2.65E-1 | 3.18E-3

5. Conclusions. In this paper we propose a smoothing direct search algorithm with Monte Carlo sim-
ulation Algorithm mc_smoothing search for the constrained nonsmooth nonconvex optimization problem
(1.2), where the objective function value f(x) cannot be computed directly, but are approximated by Monte
Carlo simulation. This algorithm updates the stencil size h, smoothing parameter p and the sample size N
simultaneously with the rate h/u — 0, and (hv/N)~' — 0. We prove that any accumulation point of the
sequence generated by the algorithm satisfies the first order optimality condition ¥ (z) = 0 with probability
one, where x(z) is defined by (2.22). We report on a set of numerical experiments which illustrate the analysis
and show that Algorithm mc_smoothing search is an effective method for minimizing nonsmooth functions
whose function values cannot be computed directly but are approximated by Monte Carlo simulation.

Appendix A. Smoothing functions.
We give an example of smoothing functions to explain Assumption 2.1. Let f(z) = 2max(0, p(z)), where
p: R™ — R is twice continuously differentiable with

IVp(z)Vp(a)"|| < T.
We use the smoothing function
(A1) fla, 1) = p(x) + /p(2)? + 412,

and V = {ey,...,e,}, the unit coordinate directions in R".
Clearly part (i) of Assumption 2.1 holds with ¢; = 2 and ¢ = 0, since

f(z) — fla, )| < 2p.

Now we consider part (ii) of Assumption 2.1. The Clarke subgradient has the form

Vp(z) if p(x) >0
(A.2) of(x)=24¢ 0 if p(x) <0
0,1]Vp(x) if p(x) =0

and the gradient of the smoothing function is

l‘)Q + 4/112

Vf(x,p) = <1 + p(z)) Vp(z).
Pl

Hence, we have X
IV f(z, wl < 2(Vp(z)]-

If p is Lipschitz continuously differentiable on a convex and compact set {2, then there is an T such that
IV F (. m)]| < T on Q.
It is easy to see that for p(z) # 0, f is differentiable at 2 and

Of(x) =V f(x) = con{v|Vf(:vk,,uk) —w, for xp — x, ur L0}
18
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492

For p(z) =0, since 0 < 1+ ) B 2, we have

Vp(z)2+4p?
conf{v |V f(xy, ur) = v, for ap — x, pp L 0} C df(x).

Now, let u3 = (1 — h?)p(zk)?/(4h?) for some h € (0,1]. Then for x — x with p(zy) | 0, we have yy | 0 and

Vf(@r pe) = (1+h)Vp(zr) = (14 h)Vp(),
and for x, — x with p(zx) 10, we have py | 0 and
Vf(zr, pe) = (1 — h)Vp(z) — (1 — h)Vp(x).

Moreover, if we take pr = +/|p(zk)|, then for xp — x, we have p(xg) — 0, ux 4 0 and

p(ry)
Y @ + )

Vi (@, ) = < > Vp(zr) = Vp(x).

Hence we find that for p(x) = 0,
df(x) = [0,2]Vp(z) = con{v| Vf(x, ur) — v, for zx — x, . L 0}
Finally, we consider part (iii) of Assumption 2.1. Since

2

v2f<x,u>=<1+p(”““)> Vip(a) + —— p(a)Vp(a)T,

p(w)? + 4p? (p(x)? + 4p2)%
we have

. 1 r
IV2f(, )] < EHVP(LB)VP(@TH +2|[V2p(z)|| < TR 2[V2p(a)],
which implies that part (iii) of Assumption 2.1 holds.

A smoothing function of |p(z)| can be defined by using the relation |p(z)| = max(0, p(z))+max(0, —p(z))
and a smoothing function of max(0,p(x)). For example, using (A.1), we can have a smoothing function

V(p(x)? + 4p?) for [p(x)].

There is a detailed discussion of smoothing functions in [10].

Appendix B. The proof of (3.4).

In this appendix, we will show the existence of 6 € (0,1), ¢ > 0, and N > 0 that fulfill (3.4). To this
end, we have to study the uniform convergence rate of the empirical mean (3.3), which has been investigated
in [26,59] under certain conditions. In particular, if ¢(€,z) = 1(§ < z), where £, =z € R, and 1(F) is
the indicator function of an event E, then inequality (3.4) is indeed satisfiable with p = 1/2 (see [18, 38]).
However, in general, one can only achieve (3.4) for p < 1/2. Our argument here is essentially an extension
of the discussions in [59, Section 3].

Before the proof, we recall that ¢(£, x) is sub-exponential for each € X. As defined in [56, Definition
5.13], a real-value random variable ¢ is called a sub-exponential ! random variable if

(B.1) supp ' E(|¢]P)V? < 0.
p>1

The quantity on the left-hand side of (B.1), often denoted by ||¢]|y,, is called the sub-exponential norm
of ¢. According to [17, Theorem 3.14], ¢ is sub-exponential as per (B.1) if and only if its moment generating

I Note that there is another widely used but completely different concept of sub-exponentiality in probability theory, which

refers to a certain heavy-tail behavior of distributions as detailed in [21,54]. The sub-exponentiality defined by (B.1) is commonly
found in areas like machine learning and data analysis (see [17, Section 3.1.2] and [57, Chapter 2]), and is a slight generalization
of the pre-Gaussianity defined in |7, Chapter 1].
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function G(t) = E(e‘?) is finite in a neighbourhood of zero (see also [56, inequality (5.16)] and [57, Theorem
2.2]). As elaborated in [56, inequality (5.14)] and [57, Theorem 2.2], assuming sub-exponentiality is also
equivalent to requiring that the tail probability P(|¢| > t) decays exponentially or faster, which is certainly
not a trivial condition. However, it encompasses a large class of distributions that are interesting in practice,
including all the distributions with bounded support sets, the normal distribution, Gamma distribution,
Weibull distribution, Poisson distribution, geometric distribution, and any Lipschitz continuous functions of
random variables following such distributions (see standard statistics textbooks like [40] for the definitions
and moment generating functions of the named distributions).

An important property of sub-exponential random variables is a Bernstein-type inequality presented
in [56, Proposition 5.16]: if ¢y, (2, ..., {y are independent sub-exponential random variables with zero
mean, and 0 = maxi<;<n ||Gi||y,, then

al 2t
ZQ 2t>§2exp<—cNmin{2,}) for each t >0,
o2’ o

i=1
where c is an absolute constant. Therefore,

N

Nt2
ZQ >t><26xp(—c ) when 0<t<o.
i=1

o2
More general forms of inequalities (B.2) and (B.3) can be found in [9, Theorem 1.2.7] and [17, Corollary
3.17]. Note that (B.2) still holds if we replace ¢ with any number larger than maxi<;<n [|(l|y,, for the
right-hand side of (B.2) is decreasing with respect to o. Consequently, inequality (B.3) is valid as long as

1
(B.2) Prob <N

1
(B.3) Prob (N

o2 max [|Gilly,.
In Section 3, by saying that the m-dimensional random vector ¢(&, z) is sub-exponential, we mean that
each entry of ¢(&, x) is a sub-exponential random variable (not necessarily independent of each other). Then,
according to [56, Remark 5.18], each entry of F(x) — ¢(&, x) is a sub-exponential random variable with zero
mean, since F(z) = E[¢(£, x)] as stated in (3.2).
Now we give the proof of (3.4).

Proof. Consider an arbitrary point y € X. Let (F(y) —¢(&, y)) ~be the i-th entry of the random vector
F(y) — ¢(&,y), and

o(y) = 1+ max | (F(y) - o(&.v)

1<i<m

1111.

%

, we can invoke the Bernstein-type bound (B.3)

For each i € {1,2,...,m}, since o(y) > H (F(y)—¢(§,y)) "

to obtain

i

(B.4) Prob( \ (F(y) - FN(y))

> (Fo) - o(e.w)

¢ =1

1
>t) = Prob | —
1) m<N

whenever ¢ € [0,1] C [0,0(y)]. Hence

€
> —] < 2mexp |—
> ) < e |
for each € € [0,1]. This gives us the point-wise convergence rate of FN_ In the following, we will extend this
to obtain an estimation for the uniform convergence rate. The key is to exploit the Lipschitz continuity of
¢ and the boundedness of X.

(B:5) Prob(|[F(y) — F¥(y)] > ¢) < Prob( max |(Fy) - F¥(y))

1<i<m

i
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Since ¢(&, ) is L-Lipschitz with respect to x for a constant L independent of £, both F' and FN are
L-Lipschitz continuous. Let D be the diameter of X, which is finite since X is bounded. Then there exits a
set {y;}/<, C X such that

n K
v/nD €
B.6 K < d XC B(z,—).
(B-6) = L/(4L) an cUB gz
Jj=1
For each z € X, let j, be an integer in {1,2,..., K} such that = € B(y;,,€¢/(4L)). Then

1F () = FN (@)l < 1F(2) = Flyz )|+ 1FY () = F¥ (g5, |+ 11F (yz,) = F¥ (93,
< Ll = ys |l + Llle — . [l + max [1F(y;) — F¥ (y;)]

€ oN
< 5+ max |1 (;) — FY ).

This, together with (B.5) and (B.6), tells us that

)

[NCN e

Prob <sup |F(z) — FN(z)| > e) < Prob ( max |F(y;) — FN(y;)|| >
reX <5<

<3 {fame [}
< mexp |———5—
— 4ma?(y;)

/D
=2 L/@L)

—‘ exp (fc' Ne2)

for each € € [0, 1], where
r_ . C
¢ = 5%k dmo?(y;) >0

Setting € = 1/NP, we obtain
. 1 "
(B.7) Prob <sup |F(z) — FN(2)| > NP> < 2m [2y/RLDNP]" exp (—c/'N'7?P) .
zeX

Given p € (0,1/2), we can choose N large enough (depending on m, n, L, D, ¢, and p) such that the
right-hand side of (B.7) is at most 1/2 for each N > N. Consequently,

~ 1 1
B.8 Prob Fz)-FN@)|>—) < =
®:3) rob (sup [F(o) - F¥ (0] > 377 ) < 3
for each N > N. In other words, this N fulfills (3.4) together with § = 1/2 and cr = 1. |
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