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In this paper, we consider a well-known sparse optimization problem that aims to find a sparse solution of a
possibly noisy underdetermined system of linear equations. Mathematically, it can be modeled in a unified
manner by minimizing |||} subject to ||[Az —bl|; < o for given A€ R™*", beR™,0>0,0<p<landg>1.
We then study various properties of the optimal solutions of this problem. Specifically, without any condition
on the matrix A, we provide upper bounds in cardinality and infinity norm for the optimal solutions, and
show that all optimal solutions must be on the boundary of the feasible set when 0 < p < 1. Moreover, for
q € {1,000}, we show that the problem with 0 < p < 1 has a finite number of optimal solutions and prove
that there exists 0 < p* < 1 such that the solution set of the problem with any 0 < p < p* is contained in the
solution set of the problem with p =0 and there further exists 0 < p < p* such that the solution set of the
problem with any 0 < p < p remains unchanged. An estimation of such p* is also provided. In addition, to
solve the constrained nonconvex non-Lipschitz Ly-L1 problem (0 < p <1 and ¢ = 1), we propose a smoothing
penalty method and show that, under some mild conditions, any cluster point of the sequence generated is
a stationary point of our problem. Some numerical examples are given to implicitly illustrate the theoretical
results and show the efficiency of the proposed algorithm for the constrained L,-L; problem under different
noises.

Key words: Sparse optimization; nonconvex non-Lipschitz optimization; cardinality minimization; penalty
method; smoothing approximation.

MSC2000 subject classification: Primary: 90C26, 90C30; secondary: 65K05

OR/MS subject classification: Primary: mathematics, systems solution; secondary: programming,
algorithms

1. Introduction In this paper, we consider a class of sparse optimization problems, which
can be modeled in a unified manner as the following constrained L,-L, problem:

min el =YL el st [Az-b], <o, (1.1)
where A€ R™" beR™, 0>0,0<p<1and 1<qg<oo are given. We assume that the feasible
set of problem (1.1) is nonempty so that problem (1.1) is well-defined. With this assumption, one
can easily verify that an optimal solution for p =0 (namely, a sparsest solution) exists thanks to
the discrete and discontinuous nature of || - ||o and the closedness of the feasible set. Moreover,
for 0 <p <1, since ||z is level-bounded, then an optimal solution exists (see [33, Theorem 1.9]).
Therefore, the optimal solution set of problem (1.1), denoted by SOL(A, b, o, p,q), is nonempty for
any 0 <p<1and1<gqg<oo. We also assume that ||b||, > o so that A# 0 and 0 ¢ SOL(A,b,0,p,q).
Obviously, when p =1, (1.1) is a convex optimization problem and when 0 <p <1, (1.1) yields a
nonconvex and non-Lipschitz optimization problem.
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Problem (1.1) aims to find a sparse vector @ from the corrupted observation b = Ax + £, where
€ denotes an unknown noisy vector bounded by o (the noise level) in L,-norm, i.e., ||£]|, < o. This
problem arises in many contemporary applications and has been widely studied under different
choices of p, ¢ and o in the literature; see, for example, [3, 4, 5, 6, 7, 8, 12, 13, 15, 16, 17, 18, 20, 23,
31, 34, 35, 41, 42, 43]. Among these studies, the Ly-norm is commonly used for measuring the noise
and leads to a mathematically tractable problem when the noise exists and comes from a Gaussian
distribution [3, 5, 12, 13, 17, 20, 34, 35]. In particular, it has been known that a sparse vector can
be (approximately) recovered by the solution of the convex optimization problem (1.1) with p=1
and ¢ = 2 under some well-known recovery conditions such as the restricted isometry property
(RIP) [5], the mutual coherence condition [3, 17] and the null space property (NSP) [15, 41]. Such
convex constrained L,-L, problem can also be solved efficiently by a spectral projected gradient
L; minimization algorithm (SPGL1) proposed by Van den Berg and Friedlander [35]. On the other
hand, it is natural to find a sparse vector by solving problem (1.1) with 0 <p <1 since ||/
approaches ||x||o as p — 0. Indeed, under certain RIP conditions, Foucart and Lai [20] showed that
a sparse vector can be (approximately) recovered by the solution of the nonconvex non-Lipschitz
problem (1.1) with 0 <p <1 and g =2. Chen, Lu and Pong [12] also proposed a penalty method
for solving this constrained L,-L, problem (0 < p < 1) with promising numerical performances.
Later, this penalty method and the SPGL1 are further combined to solve (1.1) with 0 <p <1 and
g = 2 for recovering sparse signals on the sphere in [13]. However, when the noise does not come
from the Gaussian distribution but other heavy-tailed distributions (e.g., Student’s t-distribution)
or contains outliers, using || Ax — b||» as the data fitting term is no longer appropriate. In this case,
some robust loss functions such as the L;-norm [19, 36, 37] and the L.,-norm [4, 7] are used to
develop robust models. Recently, Zhao, Jiang and Luo [43] also established a fairly comprehensive
weak stability theory for problem (1.1) with p=1 and ¢ € {1,2,00} under a so-called weak range
space property (RSP) condition. The weak RSP condition can be induced by several existing
compressed sensing matrix properties and hence can be the mildest one for the sparse solution
recovery. However, it is still not easy to verify this condition in practice.

In this paper, we focus on problem (1.1) with different choices of p and ¢, and establish the
following theoretical results concerning its optimal solutions without any condition on the sensing
matrix A.

(i) For any «* € SOL(A,b,0,p,q) with 0 <p <1 and 1< g < oo, we have ||x*|, =rank(As) and
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where J = supp(x*), |J| denotes its cardinality, and )\maX(A}AJ) and )\min(A}Aj) are the
largest and smallest eigenvalues of A}A 7, respectively. Moreover, for any 1 < ¢ < oo, ||Ax* —
b||, =0 for 0 <p<1; and ||A(azx*) —b||, = 0 with some a € (0,1] for p=0.
(ii) For g € {1,00}, the solution set SOL(A, b, 0, p,q) with 0 < p < 1 has a finite number of elements.
(iii) There exists a p* € (0, 1] such that SOL(A, b,o,p,1) CSOL(A,b,0,0,1) for any p € (0, p*). An
explicit estimation of such p* € (0,1] is also given. Moreover, there exists a p € (0, p*) such
that SOL(A,b,0,p,1) =SOL(A,b,0,p,1) for any p € (0, pl.
Here, we would like to point out that the sparse solution recovery result (iii) is developed without
any aforementioned recovery condition on A. This not only complements the existing recovery
results in the literature, but also shows the potential advantage of using the L,-norm (0 <p<1)
for recovering the sparse solution over the L;-norm ball.
Note that problem (1.1) is a constrained problem, while, in statistics and computer science,
the L,-L, problem/minimization often refers to the following unconstrained regularized problem
[9, 11, 14]:

<&l <

9

min || Az — b3+ ], (1.2)



where ) is a positive regularization parameter. Indeed, when p=1 and ¢ =2, problem (1.2) is the
well-known L;-regularized least-squares problem (namely, the LASSO problem) and it is known
that, in this case, there exists a A > 0 such that, for A > ), the constrained problem (1.1) is
equivalent to the unconstrained problem (1.2) regarding solutions; see, for example, [3, Section
3.2.3]. However, Example 3.1 in [12] shows that for 0 < p < 1 and ¢ =2, there does not exist a A so
that problems (1.1) and (1.2) have a common global or local minimizer. Hence, for 0 < p < 1, one
cannot expect to solve (1.1) by solving the regularized problem (1.2) with some fixed A > 0. In view
of this, we shall consider a penalty method for solving problem (1.1) with 0 < p < 1, which basically
solves the constrained problem (1.1) by solving a sequence of unconstrained penalty problems.
Specifically, we consider the following penalty problem of (1.1):

min |zl + (| Az — b]lg - 0*) (1.3)

R +
Note that the function @+ ||Ax — b[|? is continuously differentiable for 1 < ¢ < co. Then, based
on problem (1.3), one can readily extend the penalty method proposed in [12] for solving problem
(1.1) with 0 <p <1 and ¢ =2 to solve problem (1.1) with 0 <p <1 and 1 < ¢ < co. However,
for ¢ € {1, 00}, since the function @+ ||Az — b||, is nonsmooth, then the approach in [12] cannot
be adapted directly. In view of this, in this paper, we propose an alternative smoothing penalty
method for solving

;rel%g% |z[p st [[Az—b]; <o, (1.4)

where 0 < p < 1. Notice that we omit the case of ¢ = co to save space in this paper. Nevertheless,
our approach can be extended without much difficulty to solve problem (1.1) with 0 < p <1 and
q = 00, because the L;-constrained problem and the L..-constrained problem have similar proper-
ties in the sense that both constraints ||Ax — b||; < o and ||Ax — b||, < o can be represented as
linear constraints, and the functions @+ ||Az — b||; and  +— ||Ax — b||» are piecewise linear. We
shall show that problem (1.3) with ¢ =1 is the exact penalty problem of problem (1.4) regarding
local minimizers and global minimizers. We also prove that any cluster point of a sequence gen-
erated by our smoothing penalty method is a stationary point of problem (1.4). Moreover, some
numerical results are reported to show that all computed stationary points have the properties in
our theoretical contribution (i) mentioned above. Here, we would like to emphasize that finding a
global optimal solution of (1.4) is NP-hard [11, 21]. Thus, it is interesting to see that our smoothing
penalty method can efficiently find a ‘good’ stationary point of problem (1.4), which has important
properties of a global optimal solution of problem (1.4).

The rest of this paper is organized as follows. In Section 2, we rigorously prove properties (i)-(iii)
listed above and give a concrete example to verify these properties. In Section 3, we present a
smoothing penalty method for solving problem (1.4) and show some convergence results. Some
numerical results are presented in Section 4, with some concluding remarks given in Section 5.

Notation and Preliminaries In this paper, we use the convention that é =0. For an index
set J C{1,---,n}, let |J| denote its cardinality and ¢ denote its complementarity set. We denote
by x; € RI7I the subvector formed from a vector & € R” by picking the entries indexed by J and
denote by A; € R™*I7l the submatrix formed from a matrix A € R™*" by picking the columns
indexed by J. Recall from [33, Definition 8.3] that, for a proper closed function f, the regular
(or Fréchet) subdifferential, the (limiting) subdifferential and the horizon subdifferential of f at
x € dom f are defined respectively as

>0

)

Of () := {d cR: liminf W) /(@) —(dy—z)
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Of(z):={deR":3z" Lz, d* >d with d*edf(z")},

0% f(zx):={deR":3z" Lz, N\yd" > d, \, L0 with dkeéf(mk)}.



It can be observed from the above definitions (or see [33, Proposition 8.7]) that
{deR” 32k Lz, db - d with d* € 9f (") C af(x),

1.

{dG]R” =F i>z|3, ANedF — d, N\, |0 with d” € 0f (x") s CO™f(x). (15)
When f is convex, the above (limiting) subdifferential coincides with the classical subdifferential
in convex analysis [33, Proposition 8.12]. Moreover, if f is continuously differentiable, we have
Of(x) ={Vf(x)}, where Vf(x) is the gradient of f at x [33, Exercise 8.8(b)]. For a closed set
X CR", its indicator function dy is defined by dx(x) =0 if & € X and dx(x) = +00 otherwise. In
addition, we use B(y;d) to denote the closed ball of radius § centered at y, i.e., B(y;d) :={x €
R"™: ||le — y|l» <0}, and FEA(A,b,0,q) := {x € R": ||[Ax — b||, <o} to denote the feasible set of
problem (1.1).

2. Properties of solutions of problem (1.1) In this section, we characterize the properties
of the optimal solutions of problem (1.1) with different choices of p and q. We first give a supporting
lemma.

LEMMA 2.1. Let 1 <g<oo. For any x € R", we have
nma 0 g, < (o], < nm a2 02

Proof. We consider the following two cases.
e 1 <¢<2. In this case, it is easy to see that ||x||, > ||z||2. On the other hand, since 2/¢ > 1, it
then follows from the Hoélder’s inequality that

q
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which results in ||z, < na=3 |lz]|2-
e ¢ > 2. In this case, it is easy to see that ||x||, <||x||2. On the other hand, since ¢/2 > 1, it then
follows from the Holder’s inequality that

ﬂ
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which results in ||z, > na=s l|lz]|2-
Combing the above results, we prove this lemma. O

The following theorem is given for 0 <p <1 and 1 < ¢ < .

THEOREM 2.1. Let 1 <q<oo. For any «* € SOL(A,b,0,p,q), the following statements hold
with J :=supp(x*).
(i) For0<p<1, ||[Az* = b||,=0; and for p=0, there is a scalar o € (0,1] such that ||A(ax*) —
bll, =0 and o/w* € SOL(A,b,0,0,q) for any o' € |o, 1].
(i) For0<p<1, [|z*]o=|T| :rank(Aj).
(ili) For0<p<1,

min{1-1 max{1-1
(8l —oymmti et om0+ b
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where Apax (AL A7) and Apin (AL A ) are the largest and smallest eigenvalues of AL Az, respec-
twely. Moreover, when o =0, we have €* = (AL A7) *ALb.




Proof. Statement (i). If ||Ax* — b||, = o, the results hold trivially. Next, we assume that || Az* —
bll,<o.

Consider 0 < p <1. From ||b||, > o, we see that Ax* # 0. Then, it is easy to verify that there
exists a constant 0 < ¢ <1 such that ||A(cx*) —bl|, <o. Thus, cx* € FEA(A,b,0,q), but |lcx*||} =
cPllz* |5 < [|z*||5 for 0 <p < 1. This leads to a contradiction. Hence, we have ||Az* —b||, = 0.

Consider p = 0. Let f(t) := ||A(tx*) — b||,. Then, from the continuity of f, f(0) =|b|l, > o
and f(1) = ||[Ax* — b||, < 0, there exists a scalar a € (0,1) such that f(a)=[|A(az*)—b|,=0.
Moreover, it is easy to verify that f is convex on [0, 1]. Thus, for any o € [«, 1], there exists a
0 <A <1 such that o =Aa+ (1= X) and f(a/) <Af(a)+ (1 —XN)f(1) <o. Hence, o/x* is feasible.
This together with ||o/x*||o = ||z*||o shows that o/x* € SOL(A,b,0,0,q) for any o’ € [«, 1].

Statement (ii). Let s:=|x*|lo =|J| for simplicity. We then consider the following two cases.

Case 1, p=0. First, it is not hard to see that s <m since any set of m + 1 vectors in R™ is
linearly dependent. Thus, we have rank(A7) < min{m, s} =s. We next prove rank(A4;) = s by
contradiction. Assume that rank(A ;) < s. Then, there exists a vector h € R* such that h # 0 and
Ajh 0. Let h € R™ be a vector such that h; = h and h 7. =0. Thus, we have Ah =0. Now, let

* ZZJ‘*

._ . Li | Yig .

T:= min — b= for some 7.
hi#0,ieg | h; i,

Then, we see that & :=x* —T7h € FEA(A, b,0,q) since Az = A(x* —Th) = Ax*. Moreover, from the
definition of 7, one can verify that #;, =0 and thus ||Z|, < ||z*||¢. This leads to a contradiction.
Hence, we only have rank(A7) =s= ||z*||o.

Case 2, 0 <p < 1. We first prove s <m by contradiction. Assume that s > m. Thus, there
exists a vector h € R® such that h , # 0 and Azh =0, since rank(A;) < min{m, s} =m < s. Let
h € R™ be a vector such that h; =h and hse = 0. Thus, we have that Ah =0 and hence x* +th €
FEA(A,b,0,q) for any t € R. Moreover, we can choose a sufficiently small real positive number
to > 0 such that, for all |¢| <t,,

x’, +thy; #0, and sgn(z)) =sgn(x] +th;) for i€ J. (2.1)
Let f(t):=3,c, [sgn(z})(x} +th;)]". Then, we have

= lal ="} = min [la”+thl;
“ te[—t
i€eJ
= min sgn(x; +th; x;‘—l—thi = min t),
i, D e i f(0)
where the third equality follows because =* € SOL(A,b,0,p,q) and the last equality follows from
(2.1). However, for all |t| <t,,

() =p(p = 1) e s Isgn(a) (x] + th)]” b <.

This leads to a contradiction. Hence, we have s <m and rank(A47) < min{m, s} =s. We further
assume that rank(A7) < s. Then, there also exists a vector h € R such that h #0 and A jh =
0. Using the similar arguments as above, we can get a contradiction. Hence, we only have that
rank(As) =s.

Statement (iii). From statement (ii), A7 has full column rank and hence Ayin(A% A7) # 0. Then,
we see that

o> | Az* —b||, = | Ayas — bl >m™" a3 A a7 — b,

min 1 1 * min l—l. *
=m0 (| A gyl = [lbll) =m0 (i (AT Al 12 = (1Bl ).



where the second inequality follows from Lemma 2.1 and the last inequality follows from ||A 2% |3 >
Amin (AL Az)||2%||3. Thus, the above relation implies that

om™> {3304 4 b
Amin (AT A7)
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[ ]loo < [l2]|2 = [l ]2 <

which gives the upper bound for ||*||... On the other hand, we have
o> [[Az" = bl|, = [|[Azz; = b, = |[bll, = | 4727 4

x{1-1 fi_1
> |[b]], — mm 20 A o > [[bll, — mm > E O (AT A 2 s,

where the third inequality follows from Lemma 2.1 and the last inequality follows from ||A7x% |3 <
Amax(AL A7) ||x%||3. This results in

laylls - (bll, —o)m= {350}
VIIT™ V1T Paax(A7Ag)
which gives the lower bound for ||x*| .. Recall that ||b||, > o (our blanket assumption). Thus,

this lower bound is nontrivial. Moreover, when ¢ =0, we have Ax* = Ayx* = b and hence x* =
(AL A7) "ALb. We then complete the proof. [

12" ]|oo = ll27 [0 >

REMARK 2.1 (The sparse solution of the L,-L, problem). Theorem 2.1(ii) implies that
without any condition on the sensing matriz A, ||x*||o < min(m,n) for any x* € SOL(A,b,0,p,q)
with 0 <p <1 and 1 < q < oo, while Shen and Mousavi show in [34, Proposition 3.1] that ||z*|o >
n—m+1 for any * € SOL(A,b,0,p,2) with p>1 and n >m if every m x m submatriz of A is
invertible. Combining these results gives a formal confirmation that if n>>m, all solutions of the
L,-Ly problem with 0 <p <1 are sparse, but the L,-Ly, problem with p > 1 may not have sparse
solutions.

In the following, we shall derive more theoretical results for the optimal solution set of the L;-
constrained problem (1.4) with 0 < p < 1. But we should point out that all results established later
can be extended without much difficulty to the L.,-constrained case or other more general cases;
see Remarks 2.2 and 2.3 for more details. As we shall see later, solving problem (1.4) with an
arbitrarily sufficiently small 0 < p < 1 actually gives an optimal solution of problem (1.4) with p = 0.
This nice result is obtained based on a simple observation that the feasible set FEA(A,b,0,1) is
indeed a convex polyhedron in R™ (see Lemma C.1). Moreover, observe that R” can be represented
as a union of 2" orthants, denoted by P; for j =1,---,2", such that any two vectors  and y in
each P; have the same sign for each entry, i.e., for each P;, we have

Ve,yeP; = 4,20 for i=1,---,n. (2.2)

For example, when n =2, we have R? = Uj‘:1 P;, where Py ={x:2; > 0,2, > 0}, Py ={x: 2, >
0,22 <0}, Py={x:2, <0,2, >0} and Py = {x: x; <0,25 <0}. Then, for each j, one can see that
P, NFEA(A,b,0,1) is empty or a polyhedron that has a finite number of extreme points because
P, NFEA(A,b,0,1) contains no lines; see [32, Corollary 18.5.3] and [32, Corollary 19.1.1].

LEMMA 2.2. Let 0 <p<1. Suppose that j € {1,---,2"} is an arbitrary index such that P; N
FEA(A,b,0,1) #0, whereP; is defined in (2.2). Then, any optimal solution of the following problem

min |||/ s.t. xeP;,NFEA(A,b,0,1) (2.3)

xeR”

is an extreme point of P, NFEA(A,b,0,1).



Proof. Let «* be an optimal solution of (2.3). Suppose that there exist y, z € P; NFEA(A, b,0,1)
such that * = Ay + (1 — \)z for some 0 < A < 1. Then, we have

275 = 1Ay + (L= A7 =22 i+ (1= Azl = 3, (Ml + (1= A)]z:])”
>3 i1 Ay 7+ (=) z]7) = Alyllp + (1= All=[17 = [l=7]13,

where the third equality follows because any y, z € P; have the same sign for each entry, the first
inequality follows because f(t) =t? is strictly concave for ¢t > 0, and the last inequality follows
because x* is an optimal solution of (2.3). Note that the above relation holds if and only if y =
z=x"*. This implies that * is an extreme point of P; NFEA(A,b,0,1). O

Based on Lemma 2.2, we are able to characterize the number of the optimal solutions of problem
(1.4) with 0 < p < 1. For notational simplicity, for j =1,---,2" let

EXT (P; N FEA(A,b,0,1)) := {all extreme points of P; NFEA(A,b, o, 1)}

PROPOSITION 2.1.  For any 0 < p < 1, the optimal solution set SOL(A,b,o,p,1) of problem
(1.4) is a finite set. Moreover, the set U0<]p<1 SOL(A,b,0,p,1) is a finite set.

Proof. For a given 0 < p < 1, let * be an optimal solution of problem (1.4), ie., &* €
SOL(A,b,0,p,1). Then, there must exist a j* € {1,---,2"} such that z* € P;»x NFEA(A,b,0,1) and
x* is also an optimal solution of (2.3) with j* in place of j. Then, it follows from Lemma 2.2 that
x* is an extreme point of P;« NFEA(A,b,0,1). This implies that

SOL(A,b,0,p,1)C | J EXT(P;NFEA(A,b,0,1)). (2.4)

Je{1, 2"}

Note that, for each j, P; N FEA(A,b,0,1) is empty or a polyhedron that has a finite number
of extreme points since P; NFEA(A,b,0,1) contains no lines; see [32, Corollary 18.5.3] and [32,
Corollary 19.1.1]. This together with (2.4) implies that SOL(A,b,0,p,1) is a finite set.

Moreover, since (2.4) holds for any 0 < p < 1, then we have

J soL(4,b,0,p,1)C ) EXT(P;nFEA(A,b,0,1)),

0<p<1 je{1,--,2n}

which implies U0<p<1 SOL(A,b,0,p,1) is a finite set. This completes the proof. [

REMARK 2.2 (Comments on Proposition 2.1). Proposition 2.1 is obtained based on the
observation that the feasible set FEA(A,b,0,1) is a convex polyhedron in R™. From this observation,
we can extend Proposition 2.1 to that for any 0 <p <1, the optimal solution set SOL(A,b,0,p,q)
of (1.1) with g =00 is a finite set. However, it is not clear whether for any 0 <p <1, the optimal
solution set SOL(A,b,0,p,q) of problem (1.1) with ¢ =2 is a finite set. Thanks to Theorem 2.1,
we can claim that if A satisfies rank(A) = 2, the optimal solution set SOL(A, b, o, %,2) s a finite
set, where k > 2 is a positive integer. Indeed, in this case, by Theorem 2.1(ii), any optimal solution
x* satisfies that ||x*||o = |J| =rank(A;) <rank(A)=2 and hence has at most two nonzero entries
supported on J. Then, there are only w different choices of the support set J. Let v* be the
optimal objective value and, without loss of generality, assume that x7 >0, 25 >0, 25 =---=x; =0.
Then, {/xf + ¥xy =v*. Also, let t:= ¥/x} and x5 =v* —t. We then see from Theorem 2.1(i)
that ||Azx% — bl|3 = ||[Ax* — b||3 = 0® and this equation can be further written as a 2k-th order
polynomial equation f(t) =0, which has at most 2k real roots. This implies that, for each J sat-
isfying |J| = 2, there are only 2k different choices of x% and xi. Hence, the optimal solution set

SOL(A,b,0,+,2) is a finite set and the number of solutions is at most n(n—1)k.



We next give two supporting lemmas and relegate the proofs to Appendices A and B, respectively.

LEMMA 2.3. Suppose that a = (a1, ,a,)" €R" and b= (by,---,b,)" € R" satisfy

n k n k
alSQQS"'San, b1§b2§§bn7 Zj:la’jzzj':lbj7 k:]-a"'vna

then a =0b.

LEMMA 2.4. Given a, b€ R™ with ||allo = ||bllo =s. Let {ai,, -+ ,a;,} and {by,--- b, } be the
nonzero entries in a and b, respectively, and, without loss of generality, assume that |a; | <--- <
la;,| and by, | <---<|b|. For k=1,---,s, define

Ar(a,b) =31, ((nay, ) — (b, )*) . (2.5)

Then, the following statements hold.

(i) If Ax(a,b)=0 for allk=1,--- s, then ||a||? = ||b||} holds for any p > 0.

(ii) Otherwise, there exists a sufficiently small p’ such that either ||al|l? < ||b[[? or [la|? > ||b]|
holds for any p € (0, p'].

Now, we are ready to present our results concerning the optimal solution set SOL(A,b,0,p,1)
with different choices of p.

THEOREM 2.2. There exists a p* € (0, 1] such that SOL(A,b,0,p,1) CSOL(A,b, 0,0,1) for any
p € (0, p*). Moreover, there exists a D € (0, p*) such that SOL(A,b, o,p,1) = SOL(A,b,0,p,1) for
any p € (0, D).

Proof. We prove the first result by contradiction. Assume that there does not exist a number p* €
(0, 1] such that, for any p € (0, p*), SOL(A,b,0,p,1) CSOL(A,b,0,0,1). Consider a sequence {py}
with 0 < pr <1 and p; — 0 as k — oo. Thus, from the hypothesis, for each p, there exists a point
x" such that z* € SOL(A4,b,0,px,1) and x* ¢ SOL(A,b,0,0,1). Now, we consider the sequence
{z*}. Note that all elements in {z*} come from the set [ J,_,., SOL(A,b,0,p,1) but they are not
contained in SOL(A, b,0,0,1). Since there are only finitely many points in U0<p<1 SOL(A,b,0,p,1)
(by Proposition 2.1), then there exists at least one point & € U0<p<1 SOL(A,b,0,p,1) such that
{x*} contains infinitely many &, i.e., there exists a subsequence {x"i} so that ¥/ =& for all
k;. Moreover, let «* € SOL(A,b,0,0,1). Then, for all k;, we have ||zc’“d|]iz]: < ||:c*||Z:] since x*i €
SOL(A,b,0,px,,1). Then, we see that ’ ’

I llo= Jim_fla ] > lim (2 = T (1] = 2]

which implies that & € SOL(A, b, 0,0, 1). This leads to a contradiction and completes the proof for
the first result.

Next, we prove the second result. For notational simplicity, let Sp,+ :=J, <p<p* SOL(A,b,0,p,1)
and s:= ||x*||o, where * € SOL(A,b,0,0,1). For any « € Sy.,+, we have ||x|o = s (by the first
result) and define a set as C(x) := {z € Soupr : Ap(,2) =0,Vk=1,--- s}, where Ay(-,-) is defined
as (2.5). Then, given x € Sp.» and y € Spp \ C(x), it follows from Lemma 2.4(ii) that there
exists a sufficiently small p®¥ € (0, p*) such that either [|x|2 < ||y|[z or |lz|2 > [ly||2 holds for
any p € (0, p®¥]. Since Sy.,+ is contained in U0<p<1 SOL(A,b,0,p,1), then the number of such
a pair (x, y) is finite. Therefore, we must have a sufficiently small p € (0, p*) such that, for any
x € Spmp and y € Sop+ \ C(), either ||z||2 < ||y or [|z]|? > |ly|% holds for any p € (0, p]. Now, for
such p, consider any p’ € (0, p] and let ' € SOL(A, b, 0,p’,1). We must have ||:B/H§: < Hy||§; for any
Y € Sop+ \C(x'). This together with Lemma 2.4(ii) implies that for any 0 <p <p/, ||2'||Z < [[y|| for
any y € So~p+ \ C(x'). Moreover, from Lemma 2.4(i), for any p >0, ||='||> = [|y||? for any y € C(x’).



These two facts show that for any 0 <p <p/, [|2'||} < [Jy||} for any y € So~,+. Hence, we have
' € SOL(A,b,0,p,1) for any 0 < p < p’ <p. Since p’ is arbitrary and ' € SOL(A, b,0,p’,1) is also
arbitrary, we can conclude that SOL(A,b,o,p’,1) CSOL(A,b,o0,p”,1) for any 0 < p” <p’ <p.

We now prove by contradiction that there must exist a p € (0, p] such that SOL(A,b,o,p,1) =
SOL(A,b,0,p,1) for any p € (0, p|]. Assume this is not true. Then, for any p’ € (0, p], there exists
a p” € (0, p') such that SOL(A,b,o,p"”,1) # SOL(A,b,0,p’,1). This together with the conclusion
obtained above implies that SOL(A,b,0,p’,1) must be strictly contained in SOL(A, b,o,p",1), i.e.,
SOL(A,b, o,p',1) C SOL(A,b,0,p"”,1). With this fact, we generate a sequence {p*} as follows.
Let p° = p. Then, there exists a p; € (0, po) such that SOL(A,b,,p, 1) C SOL(A,b,0,p;,1). For
such p;, there exists a py € (0, p;) such that SOL(A,b,0,p;,1) C SOL(A,b,0,p2,1). Repeating this
procedure, we can obtain a sequence {p*} such that py > p; >--- >0 and SOL(A,b,0,py,1) C
SOL(A,b,0,p1,1) C--- C SOL(A4,b,0,0,1). Thus, along such sequence {p*}, the number of elements
of SOL(A,b,0,p,1) will strictly increase and hence U{pk} SOL(A,b,0,p,1) must have infinitely
many elements. This leads to a contradiction and completes the proof. ]

REMARK 2.3 (Comments on Theorem 2.2). Theorem 2.2 is established based on the obser-
vation that the feasible set FEA(A,b,0,1) of problem (1.4) is a polyhedron, and then, for each j,
P; NFEA(A,b,0,1) has at most a finite number of extreme points. Thus, one can also consider
minimizing ||x||o under many other polyhedral constraints, for example, {x € R": ||Ax — bl <o}
and {x e R": ||Az — b||; <o, l <x <u} withl e R"U{—00}", u € R"U{o0}" and l < u, to fit
different scenarios in practice. Following the similar arguments presented in this paper, one can
obtain the similar results in Theorem 2.2 as well as Theorem 2.3 under these polyhedral constraints.
Moreover, it is also possible to extend our smoothing penalty method presented in the next section
to solve problems in these cases. Here, we will omit more details to avoid overcomplicating the
presentation. In addition, we are aware that the first result in Theorem 2.2 has also been discussed
in [40]. However, the analysis there is much more tedious.

Based on Theorem 2.2, it is easy to give the following corollary for 0 =0 (namely, the noiseless
case), which has also been discussed in [31, Theorem 1].

COROLLARY 2.1. There exists a p* € (0, 1] such that, for any p € (0, p*), every optimal solution
of problem min {||z||2: Az =b} is an optimal solution of problem min {|x||o: Az =b}.

Theorem 2.2 says that there exists a p* € (0, 1] such that solving problem (1.4) with any p €
(0, p*) also solves problem (1.4) with p = 0. Therefore, the constant p* is obviously the key for
such nice relation and we are interested in estimating such p* in the next theorem. Our analysis
is motivated by that of [31, Theorem 1], but makes use of results developed in Theorem 2.1 and
Lemma 2.2 for the more general feasible set. Before proceeding, we define two constants as follows:

b
roi= LM, where \* is the smallest nonzero eigenvalue of A" A, (2.6)

A /)\*
- min{ @] : @€ Ujeqn.. o EXT (B, NFEA(4,b,0,1)), |2, #0, 1<i< n} .
Note that for any subset Z C {1,---,n} such that Az has full column rank, A; Az is a principal
submatrix of AT A. Then, it follows from [27, Theorem 1.4.10] that A, (A7 A7) > 0 is an eigenvalue
of ATA and hence A\, (AJ A7) > A*. This together with Theorem 2.1(iii) implies that
|lz*||c <7, for any &* € SOL(A,b,0,p,1) with 0 <p < 1. (2.8)

From (2.7), (2.8) and Lemma 2.2, one can also see that r > 7.
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THEOREM 2.3. Let s be the optimal objective value of problem (1.4) with p=0 and

p*::min{l, W} (2.9)
Then, for any p € (0, p*), SOL(A,b,0,p,1) CSOL(A,b,0,0,1).
Proof. First, we show that ,
r
(%) s<s+1 (2.10)

holds for any p € (0, p*). Since £ > 1 and (2.10) holds trivially when £ =1, then we only consider
Z>1 in the following two cases.

o L < =H In this case, p* =1. Since £ >1, then (f)p <L <=t for any p € (0, 1).

¢ > 3“ . In this case, p* = % Since % > 1, then (%)p < (%)p = Sil for any p € (0, p*).
Hence, (2. 10) holds for any p € (0, p*).

Next, let * be an arbitrary optimal solution of problem (1.4) with p € (0, p*), i.e., x* €
SOL(A,b,o,p,1). It then follows from Lemma 2.2 that «* is an extreme point of P;« "FEA (A, b,0,1)

for some j*€{1,---,2"}. Thus, we have ! l > 1 for any |x}| # 0. Moreover, we see that

/
2 (e
s < ||z Ho_hmZpU ]p—llw (7; <> () =l
=1

~P min Hw”pz \Aw—b”lga D p min {||z||? : || Az — b||, < 0, 2] <7
P P

p
min {||r 2|} : Az — bl <o, 2]« <7}

min{HT71:1:||0 Az —b||; <o, ||2]| < r}

N— —
S 3

STl 3 3

min {[|zflo : Az = blls <o, [[z[lo <7}

p
) min {||z|o : | Az — b]l; <o} = (;) s<s+1,

IE
/
< 3

where the second inequality follows because for any ¢ > 1, the function p+ t? is non-decreasing on
[0,1), the equality (i) follows from (2.8), the third inequality follows because for any 0 <t <1, the
function p+— 7 is non-increasing on [0,1), the equality (ii) follows again from (2.8), and the last
inequality follows from (2.10). Then, from the above relation, we have that ||z*||o = s and hence
x* is an optimal solution of problem (1.4) with p=0. This completes the proof. [

Before closing this section, we present a simple example to illustrate our previous theoretical
results.

EXAMPLE 2.1. Let A= B 1 _ﬂ , b= [g] and o =1. Then, we consider

min [|z|P st Az —b|, <1 (2.11)
zER3

with 0 <p <1 and q=1, 2, co. Next, for each q, we discuss the optimal solution sets of problem
(2.11) with different choices of p.
For q=1, the feasible set of (2.11) is

Sl ::{mGRB:|x1+x2+x3—3|+\$1+x2—x3—3|§1}.
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Then,

7
2
Argmin{[lz[}} ={(5,0,0)", (0, 5,07} for any 0<p<1, (2.12)
reS]
Arg Hélsn{HwHI} = {<x17‘r270)T X+ T = ga T 2 07 T2 Z 0}
TESY

For q=2, the feasible set of (2.11) is

Sy={zeR*: /(21 + 22+ 23— 3)2+ (21 + a2 — 73 — 3)2 < 1}.
Then,
Arg min{llefo} = {(@.0,0)7:3— Z <o <34+ LU {(0,22.0) 13- L <ar <34 2},
Arg min {7} = {(3—%, 0,0)7, (0,3— %2, O)T} for any 0 < p< 1,

Argm%sn{Hle} = {(acl,xg,O)T 1T+ xy =3 — ?, x>0, 25 > 0}-
xedy

For q= oo, the feasible set of (2.11) is
Soo i= {a: €R® :max{|z, + x5+ 35— 3|, |v1 + 25 — 23 — 3|} < 1}.
Then,
Arg rg;n{]\w\\o} ={(21,0,0) " :2< 2, <4} U{(0,25,0) " :2< 2, <4},
Arg min {[lz[7} = {(2,0,0)", (0,2,0)"} for any 0<p<1,
Arg Helén {llz]|:} = {($1,$270)T xtxe=2,2,>0, 29> O}.

From this example, one can easily see that every optimal solution x* of (2.11) is at the boundary
of the feasible set for 0 < p <1 and there is a « € (0,1] such that ax* is at the boundary of the
feasible set for p =0, as claimed in Theorem 2.1(i). Moreover, every optimal solution of (2.11)
with 0 < p <1 is exactly a sparsest solution over {x € R*: ||Ax —b||, <1} for ¢ =1, 2, co, while an
optimal solution of (2.11) with p =1 may not be a sparest one. This shows the potential advantage
of using the L,-norm (0 < p < 1) to approximate the Ly-norm. In particular, when ¢ =1, one can
further estimate p* by (2.9) for this example. Indeed, it is easy to see that s = 1. Then, from (2.6),

we compute that r = % Moreover, one can verify that
(3:0,3), (0,5, %), (5,0, =3), (0, 5, —3)
U EXT@NS)=4 (3.0.5), (05 1) (3:0.-1). (0.3.-1)
st (0.0 (01,0 (0.0 (0,30

Thus, it follows from (2.7) that 7 = 1. Now, using (2.9), since £ =6+ /2> =L =2 we have

_In(s+1)—Ins  In2
Inr —In7w In(6 + \/i)

*

~ 0.346.

Recalling Theorem 2.3, we know that every optimal solution of (2.11) with p € (0, ﬁ) shall
be an optimal solution of (2.11) with p = 0. This is clearly evident in (2.12). In fact, for this
example, every optimal solution of (2.11) with 0 < p < 1 is an optimal solution of (2.11) with
p = 0. This shows that p* given in (2.9) may not be the optimal upper bound of p such that
SOL(A,b,0,p,1) C SOL(A,b,0,0,1) for any p € (0, p*). In addition, our current estimate p* in
(2.9) depends on the knowledge on the optimal value s, which may be unknown or difficult to
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find in practice. Fortunately, we observe that p*, viewed as a function of s, is actually decreasing
when lstb=lns 9 Thus, one may estimate a proper upper bound § for the true optimal value s
(i.e., § > s) and compute p* = % satisfying p* < p*. It then follows from Theorem 2.3 that
SOL(A,b,0,p,1) CSOL(A,b,0,0,1) for any p € (0, p*). But it should be noticed that such p* can
be more conservative. Improving estimations of p* and p* will be an interesting research topic in
the future.

Inr—Invw

3. A smoothing penalty method In this section, we propose a smoothing penalty method
for solving the L;-constrained problem (1.4) with 0 < p < 1. Before proceeding, we would like to
point out that the smoothing penalty method presented in this paper can be extended without much
difficulty to solve the L.,-constrained problem, namely, problem (1.1) with 0 <p <1 and g = cc.
Because the L.,-constrained problem is similar to the L;-constrained problem in the sense that
both constraints ||[Ax — b||; <o and ||Ax — b|| < o are polyhedral constraints, and the functions
x> ||[Ax — b||; and x — ||Ax — b||, are piecewise linear. On the other hand, for 1 < ¢ < oo, the
function x > || Az — b||? is continuously differentiable. Then, one can readily extend the smoothing
penalty method proposed in [12] to solve problem (1.1) with 0 <p <1 and 1 < ¢ < co. However, the
approach in [12] cannot be directly adapted for g € {1, 00} due to the nonsmoothness of the function
x — ||Ax — b||, in these two cases. In view of the above, in this paper, we consider an alternative
smoothing penalty method for solving the L-constrained problem and omit the discussions on
solving the L..-constrained problem to save space.

We first study the first-order optimality conditions for problem (1.4) with 0 < p < 1. For simplic-
ity, from now on, let ®(x) := [z|[?. Then, problem (1.4) with 0 <p <1 can be equivalently written
as follows:

min q)(IB) + 5FEA(A,b,a,1) (w) (31)

xR

It is known from the generalized Fermat’s rule [33, Theorem 10.1] that, at any local minimizer &
of (3.1) (hence (1.4)), the following first-order necessary condition holds:

0€d(®+ drpa(ab.on) (Z). (3.2)

This motivates the following definition.

DEFINITION 3.1 (Stationary point of problem (1.4) with 0 <p<1). A pointx* is said to
be a stationary point of problem (1.4) with 0 <p <1 if &* € FEA(A,b,0,1) and (3.2) is satisfied
with «* in place of .

Note that finding an optimal solution of problem (1.4) with 0 < p < 1 is NP-hard [11, 21].
Therefore, we shall focus on finding a stationary point of this problem. To this end, we introduce
the following auxiliary penalty problem:

min Fy(z):= () + A(||Az — bl — o)., (3.3)
where A > 0 is the penalty parameter and (), := max{-, 0}. This problem is indeed an exact penalty
problem for problem (1.4) with 0 < p < 1. The detailed analysis for the exact penalization results
regarding global and local minimizers is given in Appendix C. However, problem (3.3) is still not
conceivably solvable because both parts in (3.3) are nonsmooth, and moreover, ® is nonconvex and
non-Lipschitz. We then consider a partially smoothing problem of (3.3) as follows:

min F\ ,,(x):=®(x)+ fr..(T), (3.4)

xR

where p, v > 0 are smoothing parameters and

S (@) :=Xg, (H,(Ax —b) — 0)
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with

(S)+, if ‘S‘ZE’ - ’t’a if ’t’zz,
9u(s) :={ 2 H(2) =) hu(z), hu(t)i= :
27 R

2 . 2 .
Tt if sl < — Eoprif ] <

Note that g,(s) and h,(t) are the smoothing functions of (s), and [¢|, respectively (see Figure 1),
and they have the following nice properties:

0<gu(s) = (s)+ <§, VseR, (3.5)
0<h(t)-l|<¥ VieR,
0<H,(Ax—b)—||Ax - bl < Fv, VxcR" (3.6)

More details on these smoothing functions can be found in [10, Section 3] and references therein.
Thus, the composite function f, ,,(x) is indeed obtained by applying the smoothing technique
twice. Hence, it is continuously differentiable and can be viewed as a smoothing function of \(||Ax —
b|l; — o). It is worth mentioning that when o =0, the auxiliary penalty problem (3.3) reduces to
361%{1711 {®(x) + A||Az — b||;}. Then, the smoothing function g, of (-); is no longer needed and the

subsequent analysis can also be simplified in this special case. Now, based on (3.4), we are ready
to present a smoothing penalty method as Algorithm 1 for solving problem (1.4) with 0 <p < 1.
We call it SPeLil for short in the rest of this paper.

g h
v
0.6 . : — ! ! 0.8 . .
——pn=20.9 v=0.9
05—_M:0'6 | 071 v=0.6
T ——p=03 v=0.3
w= 0.6 v=0
0.4 F 1
05
03F 1 0.4
03F
02F
0.2F
0.1
0.1F
0 . . . 0 . . . . . .
-0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 08 06 04 -02 0 0.2 0.4 0.6 0.8

FIGURE 1. Graphs of the smoothing functions g, and h, with different values of p and v.

The reader may have observed that, since problem (3.3) is a penalty counterpart of problem
(1.4) and problem (3.4) is a partially smoothing counterpart of problem (3.3), our method actually
adapts the penalty strategy and the smoothing strategy at the same time for solving the nonconvex
nonsmooth non-Lipschitz constrained problem (1.4) with 0 < p < 1. Specifically, in our method,
at each iteration, we solve problem (3.4) approximately with given (A, u,v), and then update x
and (A, u,v). The cooperation of these two strategies indeed provides an efficient practical way to
solve problem (1.4) with 0 < p < 1. This circumvents the potential disadvantages of the traditional
penalty approach that directly solves the penalty problem (3.3) with an exact penalty parameter
A*, because (i) it is still not easy to solve problem (3.3) efficiently; (ii) it is, in general, hard to
estimate the exact penalty parameter \* and the overestimation may make the penalty problem
(3.3) ill-conditioned. The convergence result that characterizes a cluster point of the sequence
generated by the SPel.1 in Algorithm 1 is shown in the next theorem. We should note that, though
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Algorithm 1 A smoothing penalty method for solving (1.4) with 0 <p <1 (SPeL1)
Input: a feasible point ' € FEA(A,b,0,1), \g >0, 110 >0, >0, ¢ >0, p>1and 0 <6 < 1.
Set k=0 and z° = x>,
while a termination criterion is not met, do
Step 1. If F), i, v, (%) <F\, o, (£%), set €0 = x; otherwise, set &0 = gfos.
Step 2. Apply certain method with £*° as the initial point to find an approximate first-order
stationary point "% of (3.4) with (A, jx, %) such that

dist (0, 0D ("' *1) + V fr, i (®71%)) < e, (3.7)
Hmk,zkﬂ _ gkl H2 < e, (3.8
FAkv“ka”k (mk’lk) - F)‘kvﬂkvyk (mkvo) S 0

Step 3. Set xh = 33]”’% Akt1 = Pk, M1 = Opig, Vi1 = 0vy, and €41 = Oe,.
Step 4. Set k=k+ 1 and go to Step 1.

end while

Output: =*

the proofs are motivated by those in [12, Theorem 4.2] and [29, Theorem 2], the technical details
become much more involved since our smoothing function fy ,, is obtained by a composition of
two smoothing functions g, and H,.

For the ease of future reference, we write down the gradients of f\,, and H, as well as the
derivatives of g, and h, as follows:

Vfauw(@) = Ag, (H,(Az —b) —0) ATVH,(Az — b), (3.10)

g,(s) = min{max{i+%, 0}, 1}, (3.11)
VH,(z) = (h,(z1),+ b (zm)

h,(t) = min {max {2¢, -1}, 1}. (3.12)

Moreover, we claim that ® is regular at any « € R" as follows. Let ¢(t) = |¢t|” for any t € R. It is
easy to see that ¢(t) is regular at any t # 0, because ¢(t) is smooth in a neighborhood of any ¢ # 0;
see [33, Exercise 8.8] and [33, Corollary 8.11]. For t =0, it follows from [12, Lemma 2.5] and its
proof that 9¢(0) = d¢(0) = 9<¢(0) = R. Moreover, from the definition of the horizon cone (see [33,
Definition 3.3]), we have that 0¢(0)> =R. Using these facts and [33, Corollary 8.11], we see that
¢(t) is also regular at ¢t = 0. Therefore, it follows from [33, Proposition 10.5] that ® is regular at
any x € R".

THEOREM 3.1. Let {x"}°, be the sequence generated by the SPeL1 in Algorithm 1. Then, the
following statements hold.
(i) {x*} is bounded.
(ii) Any cluster point * of {x*} is a feasible point of problem (1.4) with 0 <p<1.
(iii) Suppose that x* is a cluster point of {x*} and it holds at x* that

— 800(1)(113*) N NFEA(A,b,o,l) (:I}*> = {O} (313)

Then, x* is a stationary point of problem (1.4) with 0 <p < 1.
Proof. Statement (i). First, we see that

@(mknLl) S F)\k,uk,uk(mk+1) :F)\k,uk,uk(wklk) S FAk,uk,Vk (ZDk’O) S F)\k7pk71/k (mfeas) — @(wfeas)7
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where the first inequality follows from the nonnegativity of fx, ., ., (€*T) (since g,(s) >0 for all
s), the second inequality follows from (3.9), and the last inequality follows from Step 1 in Algorithm
1. This together with the level-boundedness of ® (recall that ®(x):= ||«||?) implies that {x*} is
bounded.

Statement (ii). Since {x"*} is bounded, there exists at least one cluster point. Suppose that x*
is a cluster point of {x*} and let {x*i} be a convergent subsequence such that lim x* = x*. Note

71— 00
that

Ak—1 (”Awk - le - 0)+ < f)‘kfhﬂkflxl’kfl (:Bk) < FAkflxﬂk—lekfl(mk) < F)‘kfhﬂkflxl’kfl (:chas) = (I)(wfcas)’

where the first inequality follows from (3.5), (3.6) and the fact that g, is non-decreasing. Then,

P wfeas
("~ bl — o), < HE).
k-1
Taking limit in above inequality along {@*i} and recalling that Ay, — oo (see Step 3 in Algorithm
1), we see that ||Ax* — b||; <o. Hence, x* is a feasible point of (1.4) with 0 <p < 1.

Statement (i1i). We next show that x* is a stationary point of problem (1.4) with 0 <p < 1.
For simplicity, let a; € R* (j =1,---,m) be the column vector formed from the jth row of A4, i.e.,
A=lay, - ,a,]" € R™*". Moreover, let y*™! := g+ Then, lim y* = x* thanks to " — z*

11— 00
and (3.8) with €, — 0. Thus, from (3.7) and (3.10), we see that for any k£ > 1, there exists a
&8 € 09 (y*) such that

‘ £k + Vf)‘k—lvl‘k—la”k—l(mk)u
= ’Ek—i_/\k_lgitkq (HVk—l (A:I}k—b) - )ATVHV]C 1 Am - H
= HEk + Ak—lng_l (Hukfl(Amk - b) - U)Z] 1 Vk 1( Aw - J)a’]H

< €p_1.

(3.14)

In the following, we consider two cases: ||Ax* — b||; <o and ||Az* — b, =0.

Case 1. In this case, we suppose that |[Az* —b||; < 0. Since ||Az* —b||; — || Az* — b||;, then,
for any 0 <y <o — HAa: — b||1, there exists a sufficiently large K, >0 such that |||Az* — b, —
|Az* —b||;| < for all k; > K.,. Note that

Hl/k__l(Am 7L_b)_o- 1 HAQZ 1—bH1—O'+ T VE -1 1
i +:< +=
ko —1 2~ 2
:||Am’“i—b||1—0' m vy 7_||A:c —b[\1—0+7+@@+ <0,
Mi;—1 4po 2 Mk, —1 4 po 2
where the first inequality follows from (3.6), the equality follows from Z—i = Z:Zj == ;—g, the

second inequality holds for all k; > K., and the last inequality follows whenever k; > I?v for some
K., > K., because py; — 0 and [[Ax* — b|l; — o + v < 0. This together with (3.11) implies that
g;krl (chi—1 (Az*i —b) — o) =0 for all sufficiently large k;. Hence, (3.14) reduces to [|€¥i[| < e,y
for all sufficiently large k;. Then, we have from (1.5) that 0 = &* € 9®(x*). This together with
Nrea(ap,o1) (@) ={0} (since ||[Az* —b||; <o) implies that

0 € 0®(x") + Nrpa(apon) ().

Moreover, since ® and 0pga(a,b,0,1) are regular, then it follows from [33, Corollary 8.11] and [33,
Exercise 814] that 8@(91:*) = 8<I>(ac*) and NFEA(A,b,a,l) (CC*) = 85FEA(A,b,a,1)(m*) = 85FEA(A’,,’J,1)($*).
Using these facts and recalling [33, Theorem 8.6], [33, Corollary 10.9], we have

0e Q\CI)(:I:*) + Nrpa(abo1) () = 5‘1’(52*) + 55FEA(A,b,o,1)<w*>
CO(P+brpacapen) (&) CO(P+ drpacapen) (),
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which implies that x* is a stationary point of problem (1.4) with 0 <p < 1.
Case 2. In this case, we suppose that ||Az* —b||; = 0. For such x*, one can follow [25, Theorem
1.3.5 in Section D] to compute that

Nega(apon (@) ={cATd: ded|-|(Az" ~b), c >0}
m zj=c, if [Ax*—b]; >0
’ 1
= sz 1c>0, zj€[-c, ], if [Az*—0b];=0, for j=1,---,m (3:15)
j=1 zj=—c, if [Az*—b]; <0,

For simplicity, let #;, := Ak-1d,,  (Hy,_ (Az"—b)—0) and t = fkh;k_l ([Az*—b];) forj=1,--- ,m
Also, let J°:={j:[Ax* —b]; =0}, T :={j: [Azx*—b]; >0} and J~ :={j: [Ax* — b]; <0}. Then,
(3.14) is equivalent to

|&" + >0 thay|| < exr. (3.16)

Since z* — x* and vy, — 0, there exists a sufficiently large K > 0 such that for all k; > K,
we have [Az* —b]; >0 and - [A:L' i —bl; >1 for all j € JT, and have [Az* — b]; <0 and
[Aa: i —b]; <—1 for all j e j Thus, it follows from (3.12) that for all k; > K, we have

h]7 ([Az¥ —b];)=1forall j€ J* and k],  ([Az* —b];) = —1 for all j € J~. Moreover, for all
k; > 1 we see from (3.11) and (3.12) that guk (H,,ki_l(Am’“' b)—o0) >0 and h’ _ ([Azri —b];) €
[—1,1] for all j. Then, for all k; > K, we have that t, =ty >0 forall je JT, tk = —1;, <0 for all
jedg" andtJ € [~ty,, t N]foralljejo

We next prove by contradiction that {&%} is bounded. Suppose that {£€"} is unbounded. Without
loss of generality, we assume that [|£% || — co and that &ri — ¢ for some &*. Then, it follows
from (3.16) that

H&’“i I

eki—l

~ Ikl

(3.17)

1 LS
&M+ - a
|| [[ €% ; [E3a

Moreover, from the discussions in the last paragraph, for all k; > K, we have that ] JN1€R ] =
b, /€] = 0 for all j e J%, 4 /€% = ~&),/|[€"]| <0 for all j € J and # Jlles] €
(=t /I1€7], t, /|| €"]|] for all j € jo Then, it follows from (3.15) that

Z ||€]:Z|| a; € Nvea(apon)(T”)
j=1

for all k; > K. Then, passing to the limit in (3.17) along {z"'}, together with — 0 and the

closeness of Nrga(a,p,0,1)(T*), it is not hard to see that

H&k H

ﬁ* S 8°°<I>(m*) and — 5* ENFEA(A7(,7U71)(w*).

Since &€* # 0 due to ||€*|| =1, this is in contradiction to (3.13). Hence, {£€"} is bounded. Without
loss of generality, assume that € — £*. Then, passing to the limit in (3.16) along {z*i} and {y*},
making use of (3.15) and the closeness of Npga(ap,0,1)(€*), recalling (1.5), we obtain that

0€ 0P(x") + Nrea(apo) ().

Thus, following the similar arguments in Case 1, one can show that &* is a stationary point of
problem (1.4) with 0 <p < 1. This completes the proof. [
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REMARK 3.1 (Comments on condition (3.13)). Condition (3.13) used for Theorem 3.1 (iii)
is actually a classic constraint qualification for nonconvexr nonsmooth optimization problems; see
[33, Theorem 8.15]. Note that, for any x* € FEA(A,b,0,1), we have

IV (") = {cATd : d€d|-|,(Ax* —b),c>0} #£{0}, if [|[Az"—b|,=0,
FEA(4.b,0,1) N {0}, if ||[Az*—b|; <o.

Moreover, recall from [12, Lemma 2.5(i1)] that
9@ (x*)={veR":v; =0 for i € supp(z*) }.

Thus, condition (3.13) obuviously holds at a point x* satisfying ||Ax* —b||; < o. For a point x* satis-
fying ||[Ax* — b||, = o, one sufficient condition for (3.13) is that, for some i € supp(x*), [ATd]; #0
holds for any d € 3|| - ||, (Axz* —b), i.e., Diag(xz*)ATd #0 for any d € 9| - ||, (Az* —b).

To end this section, we briefly discuss the method for approximately solving the smoothing
penalty problem (3.4) such that conditions (3.7)—(3.9) hold. Note that, for any given (A, pu,v),
F} .. is a continuous function that consists of a nonconvex nonsmooth non-Lipschitz function ®
and a smooth function fy ,,. It is also not hard to verify that the gradient of f ,, is Lipschitz
continuous. Moreover, F) , , is level-bounded because @ is level-bounded and f, ,, is nonnegative
since g, is nonnegative. Hence, the well-known proximal gradient method and its variants are
suitably applied for solving (3.4) with convergence guarantee; see, for example, [1, 2, 12, 39]. In
our numerical experiments, we follow [12] to adapt the nonmonotone proximal gradient (NPG)
method. The NPG method is basically the proximal gradient method with a non-monotone line
search technique and allows the occasional increases in objective. By incorporating this technique,
the NPG has been shown to have more favorable numerical performance over the monotone version
in many applications; see, for example, [22, 38, 39]. The iterative scheme of the NPG for solving
(3.4) with (A, i, i) is given as follows:

Choose LP®* > L™ > (), 7 > 1, ¢ >0, and an integer N > 0. At the [-th (I > 0) iteration, choose
LY, € [Lp™, L] and find the smallest nonnegative integer é; such that

TilLO
wEarg iy {0@)+ (V2. 00+ 55 o=t}
ki c k,l )
F/\k)/‘kﬂ’k (w) - [l—J{fI]lf}S(igl FAk)U’k)l’k (m ) S _§”w -z ||2

Then, set z*!*+1

— 7. — 0
=w and Ly; =7"Ly,.

One can also show that, for any given (A, s, %) and €, a point ! satisfying conditions (3.7)—
(3.9) can be found by the NPG within a finite number of iterations. Indeed, it follows from [12,
Proposition A.1(i)] that (3.9) holds for all I > 0. Moreover, from the optimality condition of (3.18),

we see that _
0c aq)(mk,l-&-l) + vf}\k,uk,l/k (mk,l) + Lk,l(mk’l—i_l _ mk,l)’

— — Ek’l(mk’l+1 — $k’l) € 3@(33’”“) + vf}‘k’/‘l’k’uk (mk’l),

which implies that
dist (0, 0P (™) + V fr, g (&) < Lyy|J™ T — ). (3.19)

This together with the boundedness of { Ly };>0 (see [12, Proposition A.1(ii)]) and ||z*!*! — z®!|| —
0 as [ — oo (see [12, Theorem A.1]) implies that (3.7) and (3.8) hold when [ is sufficiently large. In
view of the above, the sequence {x*} generated by the SPeL1 in Algorithm 1 is well-defined.
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4. Numerical simulations In this section, we conduct some numerical experiments for prob-
lem (1.4) with 0 <p < 1 on finding sparse solutions to implicitly illustrate the theoretical results
established in Section 2 and show the efficiency of our SPelLl in Algorithm 1. All experiments are
run in MATLAB R2016a on a workstation with Intel(R) Xeon(R) Processor E-2176G@3.70GHz and
64GB of RAM, equipped with 64-bit Windows 10 OS.

For the SPelLl, we set Ao = jo = o = 1 and x° = x'* = ATb, where the computation of A'b is
not counted in the CPU time below. At the kth outer iteration, we compute
e R —e(h)]

xr
Tie s BT ey 0 = max{lAet—bli—o 0f (1)

Hmk-‘rl _

ny =

Then, based on these quantities, we set

1.2, if max{nf, n§, n5} <1072,

0=1/p and p= { 2,  otherwise.

The initial tolerance for the subproblem is set to g =102 and €, is updated as max{fe;, 1073}
(instead of fe;) in our implementation. Finally, we terminate the SPel.1 when

max {n}, n}, 5} <107%.

Once the SPelL1 is terminated and returns an approximate solution x*, we also perform a refinement
step by setting 27 =0 if |z}|/||*||« < 1078 to improve the quality of the approximate solution.
For solving each subproblem (3.4) with (Ag, pk, ) in the SPeLl, we adapt the NPG described
in (3.18) with Ln =1075, L = (ﬁ + %k))\kHAHQ, 7=2,¢=10"* and N =2. Moreover, we set
L} =1 and, for any [ > 1,

L), =min {max {max {&k, O.5f,kﬂl,1} , Lzﬂn} , LGax}

with &%~ = 2*° where

A, = Ap (Pt a1 + Ay (! b 12) 4 Ay (ah i1 b =2)
o )

3
<y_'g7 vf)\kukI/k(y)_vf/\kukvk(g)> . ~
. Hh - Ph , if ,
Av(y.4) = ly— 3T ury
0, otherwise.

The NPG method is terminated when the number of iterations exceeds 1000 or

Z‘U’~c7l||5'3k7l—i_1 - :Bk’l’ F)‘kvﬂkv’/k (mk’“—l) - FAk:Hka (mk’l”

1+ ||kttt 1+ ‘F)\k,#k,yk(wk,l—&-l)}

1.2
<€,

< €

Note from (3.19) that if the first inequality above holds, condition (3.7) is then approximately
satisfied.

In the following experiments, we consider randomly generated instances. Given a dimensional
triple (m,n, s), we randomly generate an instance as follows. First, we generate a matrix A € R™*"
with i.i.d. standard Gaussian entries and then normalize A so that each column of A has unit norm.
We next choose a subset S C {1,---,n} of size s uniformly at random and generate an s-sparse
vector & € R™, which has i.i.d. standard Gaussian entries on S and zeros on S¢. Then, we generate
the vector b € R™ by setting b = Az + 0€, where § > 0 is a scaling parameter and & € R™ is the
noisy vector with each entry &; independently following certain distribution. We shall consider two
cases:
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e Case 1. We use the standard Gaussian distribution via the MATLAB command: xi

randn(m,1).

e Case 2. We use the Student’s ¢(2) distribution via the MATLAB command: xi

trnd(2,m,1).
Finally, we set o = 0||&||; so that & € FEA(A,b,o,1). In particular, for such o, we have observed
from our simulations that all random instances satisfy ||b]|; > ¢ and hence 0 ¢ FEA(A,b,0,1).

Table 1 presents the numerical results of the SPeLl for solving problem (1.4) with 0 <p <1,
where we use § = 1072 and consider different choices of (m,n,s) and p under different noisy cases.
In this table, “nnz” denotes the number of nonzero entries in the refined terminating solution x*;
“rank” denotes the rank of A; with 7 = supp(z*); err; := max {||@*||o — (/\min(A}AJ))*%(a +
16]]2), (|J|Amax(A}Aj))_%(||b|]1 —0)—||Z*|| 0o, 0}; and err, := o — || Ax* — b||;. All results presented
are the average of 10 independent instances for each (m,n, s) and we display the rounding numbers
for “nnz” and “rank”. From Table 1, one can see that nnz = rank, err; =0 and err, ~ 0 always
hold, clearly matching Theorem 2.1 established for an optimal solution of problem (1.4) with
0 < p < 1. This implies that our SPeL.1 is able to find a ‘good’ stationary point of problem (1.4)
with 0 < p <1, which has important properties of an optimal solution.

We further generate one random instance for each (m,n, s) under different noisy cases, and then
apply our SPeLl to solve problem (1.4) with different p. The number of nonzero entries in the
approximate solution obtained for different p are presented in Figure 2. From this figure, we see
that solving problem (1.4) with a smaller p always gives a sparser approximate solution, and the
sparsity is almost unchanged and is close to the sparsity of & when p is smaller than a certain
threshold. This observation implicitly matches Theorem 2.2, which says that SOL(A,b,0,p,1) C
SOL(A,b,0,0,1) and SOL(A,b,o,p,1) remains unchanged for any sufficiently small p, and shows
the potential advantage of solving problem (1.4) with a small p for finding a sparse solution.
Moreover, in practice, such p may not be necessarily too small. From our experiments, we observe
that p=0.5 is small enough for problem (1.4) to give a sparse solution.

TABLE 1. Numerical results of the SPeL1 for solving (1.4) with 0 <p < 1.

Gaussian noise Student’s ¢(2) noise
m n s | p |nnz rank err; erry |nnz rank err; err;
09| 92 92 0 2.54e-7| 163 163 0 1.82e-7
0.7| 53 53 0 1.15e-7| 87 87 0 6.65e-8
500 2500 50 |0.5| 50 50 0 2.24e-7| 50 50 0 2.17e-7
0.3| 50 50 0 4.02e-7| 50 50 0 2.47e-7
0.1| 50 50 0 3.43e-7| 50 50 0  3.00e-7
09 164 164 0 4.7le-7| 366 366 0  3.69e-7
0.7 | 105 105 0 1.87e-7| 210 210 0 1.35e-7
1000 5000 100 |0.5| 99 99 0 3.53e-7| 100 100 0 4.00e-7
03| 99 99 0 4.08-7| 99 99 0 4.43e-7
0.1| 99 99 0 6.97e-7| 99 99 0 5.11e-7
0.9 337 337 0 8.03e-7| 706 706 0  6.04e-7
0.7] 214 214 0 3.72-7| 426 426 0 2.34e-7
2000 10000 200 |0.5| 199 199 0 4.90e-7| 199 199 0 3.97e7
0.3 | 198 198 0 6.10e-7 | 198 198 0 6.7le-7
0.1 198 198 0 7.0le-7| 198 198 0 6.86e-7
0.9 | 703 703 0 1.0le-6 | 1611 1611 0  9.52e-7
0.7 | 433 433 0 5.24e-7| 873 873 0  3.34e-7
4000 20000 400 |0.5| 398 398 0 6.72e-7| 418 418 0 6.52e-7
0.3 | 397 397 0 6.79-7| 396 396 0 1.16e-6
0.1|396 396 0 8.68e-7| 396 396 0 1.16e-6
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Gaussian noise Student's t(2) noise
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FIGURE 2. The number of nonzero entries in the approximate solution for different p.

Next, we consider using model (1.4) to recover a sparse solution of an underdetermined linear
system from noisy measurements, and compare its performance with that of using the widely-
studied L,-constrained problem (see, for example, [3, 12, 13, 35]):

32%%% |z]p st [[Az—b|; <o (4.2)
We will solve problem (4.2) with 0 < p < 1 by the smoothing penalty method! proposed in [12] and
call it SPel.2 for short. All parameters in the SPel.2 are chosen as the default settings, except that
we terminate its subroutine NPG when the inner iteration number exceeds 1000 to save the cost
for solving the subproblem, while maintaining the quality of the eventual solution. Moreover, we
initialize the SPel.2 at the same point as the SPelL1 and terminate the SPel.2 at the kth iteration
when max {n{, n§, n§} < 1078, where 0}, n5 are defined in (4.1) and 7} := max {||Az**' — b||, —
o, O}. We also adapt the refinement step for the approximate solution obtained by the SPeL2 to
improve the quality of the approximate solution.

In comparisons below, we use p = 0.5 and consider different (m,n,s) and § under different noisy
cases. For each (m,n,s) and ¢, we randomly generate A, @, b, & as described above, but set o =
||&||1 for (1.4) and set o =4|€]|| for (4.2) so that both resulting feasible sets of (1.4) and (4.2) will
contain the sparse vector & as a boundary point. The computational results are reported in Table 2,
where ‘nnz” denotes the number of nonzero entries in the refined terminating solution «*; “feas”
denotes the deviation of x* from the constraint, which is given by 7% for (1.4) and n¥ for (4.2);
“recerr” denotes the relative recovery error ||x* — &||o/||€||2; “time” denotes the computational
time (in seconds). All results reported are the average of 10 independent instances for each (m,n, s)
and 0. One can observe from this table that for the Gaussian noisy case, the performance of our
SPelL1 is comparable with that of the SPel.2 with respect to the relative recovery error, while
for the Student’s ¢(2) noisy case, our SPeL1 gives sparse solutions with smaller relative recovery
errors for all instances. It is worth noting that, for the problem of recovering sparse solutions, even
marginal improvements on recovery error could be very hard. Moreover, all approximate solutions
obtained by the SPel.l are exactly the feasible points of (1.4) and the sparsity of each solution is
closer to that of the true sparse vector for most cases.

To better visualize the recovery performances of SPelL1 and SPel.2, we generate more instances
to test and plot the “frequency of success” for each method with different p. Specifically, we fix

! The MATLAB codes implemented by the authors in [12] are available at http://www.mypolyuweb.hk/~tkpong/
Exact_lp_codes/


http://www.mypolyuweb.hk/~tkpong/Exact_lp_codes/
http://www.mypolyuweb.hk/~tkpong/Exact_lp_codes/
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TABLE 2. Comparisons between SPelL1 and SPel.2.

Problem Setting SPel.1 SPel.2
noise m n s 1 nnz feas recerr time | nnz feas recerr time
1071 | 44 0 2.29-1 0.41 37  1.07e-9 2.13e-1 1.88
500 2500 50 |1072| 49 0 1.86e-2 0.61 48  2.47e-9 1.82e-2  1.41
1073 | 50 0 1.79-3 0.71 50  3.22e-9 1.79e-3  0.99
107t ] 91 0 2.1le-1 2.79 73 7.02e-10 1.89e-1 16.31
1000 5000 100 (1072 | 97 0 1.59e-2 4.08 94  2.53e-9 1.51e-2 10.35
Gaussian 1073 | 99 0 1523 5.11 99  3.32¢-9 1.54e-3  10.30
1071 | 184 0 1.94e-1 11.41 | 150 4.65e-10 1.73e-1  79.54
2000 10000 200 | 1072 | 196 0 1.49e-2 16.46 | 190 2.46e-9 1.43e-2 51.62
1073 | 199 0 1.44e-3 21.82 | 198 5.58e-9 1.43e-3 26.58
1071 | 374 0 2.03e-1 46.68 | 294 7.15e-10 1.81e-1 438.38
4000 20000 400 | 1072 | 398 0 1.54e-2 60.79 | 382 2.16e-9 1.47e-2 213.82
1073 | 399 0 1.49e-3 99.13 | 397 5.24e-9 1.48e-3 140.70
107 45 0 3.6lel 0.41 22  8.63e-10 6.5le-1  5.02
500 2500 50 [1072| 51 0 289%-2 0.71 45  9.02e-10 5.74e-2  2.12
1073 | 50 0 243e-3 1.18 50 2.89e-9 5.42e-3 1.11
1071 | 93 0 3.45e-1 2.64 44  4.02e-10 6.49e-1  31.04
1000 5000 100 [ 1072 | 104 0 2.59%-2 5.05 88 8.77e-10 5.23e-2  15.53
Student’s £(2) 1073 | 99 0 213e3 9.24 97 2.67e-9 5.03e-3 11.38
1071 | 196 0 3.33e-1 11.65 | 87 2.41e-10 6.68e-1 175.28
2000 10000 200 | 1072 | 219 0 2.63e-2 22.64 | 178 3.65e-9 5.55e-2  50.26
1073 | 206 0 2.23e-3 45.44 | 195 3.55e-9 5.47e-3 36.93
1071 | 383 0 3.40e-1 48.74 | 179 3.53e-10 7.06e-1 1404.59
4000 20000 400 | 1072 | 474 0 3.05e-2 84.90 | 351 2.57e-9 6.21e-2 384.40
1072 | 410 0 227e-3 22596 | 390 5.17e-9 5.93e-3 177.51

m =128, n =512 and vary s from 20 to 70. The noisy level is set to § =107%. For each (m,n,s),
we generate 500 independent instances, and for each instance, we run each method to obtain an
approximate solution * and consider the recovery successful if ||z* — &||2/||@||» < 5 x 1073. The
results of the experiments are presented in Figure 3. Note that when the number of measurements
is fixed, a larger s generally leads to a more difficult recovery problem and thus the successful rate
would be decayed, as shown in the figure. Moreover, one can see that for the Gaussian noisy case,
the successful rate of our SPeL1 is comparable with that of the SPeL2, while for the Student’s t(2)
noisy case, our SPel.1 can give better successful rates especially when p is small. This highlights
the potential advantage of our approach for recovering a sparse solution under non-Gaussian noisy
cases. One may also observe that when s becomes larger and p < 0.5, the successful rates of both
methods appear to become lower as p becomes smaller. The possible reason is that when s is large
and p is too small, finding a solution of problem (1.4) or (4.2) can be rather difficult and hence
it is less likely for a stationary point to be a good candidate. Therefore, both SPelLl and SPel.2
may still need some improvements for the hard cases (p is small and s is large). We will leave this
interesting research topic in the future.

5. Concluding remarks In this paper, we consider a unified L,-L, sparse optimization prob-
lem (1.1) and study various properties of its optimal solutions. Specifically, without any condition
on the sensing matrix A, we provide upper bounds in cardinality and infinity norm for the optimal
solutions, and show that all optimal solutions must be at the boundary of the feasible set when
0 < p <1; see Theorem 2.1. Moreover, for ¢ € {1,00}, we show that the L,-constrained problem
with 0 < p < 1 has finitely many optimal solutions; see Proposition 2.1 and Remark 2.2. We further
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FiGurE 3. Comparisons between SPel.1 and SPel.2 with m =128, n =512 and different s.

show that, for ¢ € {1,000}, there exists 0 < p* < 1 such that the solution set of the problem with any
0 < p < p* is contained in the solution set of the problem with p = 0 and there also exists 0 <p < p*
such that the solution set of the problem with any 0 < p <P remains unchanged; see Theorem 2.2
and Remark 2.3. An estimation of such p* is also provided in Theorem 2.3. A convergent smoothing
penalty method is also proposed to solve the Li-constrained problem with 0 < p < 1. Some numer-
ical examples are presented to implicitly illustrate the theoretical results and show the efficiency
of the proposed method for solving the constrained L,-L; problem under different noises.

Appendix A: Proof of Lemma 2.3 First, for £k =1,---,n, we define pi(a):= Z?Zla;?,
pr(b) := E;’L:Ib?7

Ak(a) = Z ailaiz cee aik and Ak(b) = Z bilbiz e blk

1<i1<ig<-<ip<n 1<i1 <ip < <ip<n
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Then, from Viete’s formula [24], we see that ay,---,a, and by,---,b, are the roots of ¢,(t) and
r,(t), respectively, where
4 () :=1" = A (@)t" T + Ag(a@)t" P 4+ (1) A (@ ) +(=1)"An(a )
T () —t" AT+ Ap(b)t" 2 4 (1) A, (D)t + (—1)" A (b) =
Moreover, from [30, Eq. (2.11")] and the discussions that follow, we have that, for k = -,n,
FAk(a) =37, (1) 'pj(@)Asj(a), kA(b) = Zle(—l)j_lpj(b)/\k—j(b) (A1)

with Ag(a) = Ao(b) = 1. Notice that A;(a) = A;1(b) = pi(a) = pi(b) and pr(a) = pr(b) for k =
1,--+,n. Thus, from (A.1), it is not hard to show by induction that Aj(a) = Ax(b) holds for
k=2,--- n. This implies that ¢, (¢) and r,(t) have the same roots and hence a=5b. O

Appendix B: Proof of Lemma 2.4 First, from the Taylor expansion (with Lagrange
remainder), for any 0 <p<1, ¢>0 and k>0, we have

(Inc)? 2_i_'“_i_(lnc)k o eert(Ine)ktt

p__ plnc __
’=e =14plnc+ i P+ e+ 1)! P,

where £, is a number between 0 and plnec. Then, for any 0 <p <1 and k>0, we have

>, 111\@ D, Y et (Ina, |)H+
_ _ J 1 i l j=1¢ ) k+1
Jall = Ej\az \p—s+§j ey
B.1
ln’bt ) ZS_ ent] k+1 (1n|bt|)k,‘+1
bllP = b, J 1 1 1 J k+1’
Il J}_lil : s+2 vt Gror 7
where, for j=1,---,s, § k41 is a number between 0 and pln |ai]. |, and Ni; k+1 1S @ number between

0 and pln b, |. In the following, we consider two cases.

Case 1: Ag(a,b)=0forall k=1,--- s, where Ax(a,b) is defined as (2.5). In this case, we have
>oimi(nfag ) =377 (In b, |)* for all k=1,---,s. This together with Lemma 2.3 further implies
that (nfag |+, InJa, ) = (o], [, ]) and hence (Ja ], |as|) = (b ], ,|bi,|). Then,
we have ||al|? = [|b||> for any p > 0. This proves statement (i).

Case 2: Case 1 does not hold. In this case, there must exist some 1 < k < s so that A; i(a,b)#0
and Ay(a,b) =0 for k=1,--- ,k — 1. Then, we have from (B.1) and (2.5) that
p* P
— N =P
Jall 10 =" (Asta.)+ 222 (@), (B.2)

EF . (ab):= S (ng K41 (In |a;, )R+t —"F 1 (In 2% ])’5“) Note also that Aj(a,b)# 0 and

P
p .
L-=  (a,b) -0 as p— 0. Thus, there must exist a sufﬁmently small p’ such that

|Ai(a,b)], Vpe(0,p]. (B.3)

N =

=5 (ajb)\ <

k+1 " k+1

We now consider the following two cases.
e Aji(a,b)<0:in this case, using (B.2) and (B.3), we obtain that
p* 1 p* /
Jall; - 1ol < % (Acta0) + ylas(a.b)]) = L@ <0, vpe 0,5

This implies that ||a||? < [|b||? for any p € (0, p'].
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e Aji(a,b)>0: in this case, using (B.2) and (B.3), we obtain that
k k

D 1 D /
lally — b} > i (A;;(a,b) - 2|A;;(a,b)l) = %Ag(a,b) >0, Vpe(0,p]

This implies that ||la[/? > [|b][% for any p € (0, p'].
Combing the above results, we complete the proof for statement (ii). O

Appendix C: Exact penalization In this section, we show that problem (3.3) is actually
an exact penalization for problem (1.4) with 0 < p < 1. For notational simplicity, we define a set U
and a matrix U as follows:

Uu:= {ul,--- ,UQm} and U :=[uy, -, uym|’ e R¥" X (C.1)

where u; € {—1, 1} and u; # u; for any ¢ # j. Since each entry of w; is either 1 or —1 and the
dimension of w; is m, then one can have 2™ different choices of w; and hence such U and U are
well-defined. Moreover, it is easy to see that if u; €U, then —u; € U. A simple example is given as
follows: let m = 2, then

o ([ L) = o-fn

We next present some auxiliary lemmas, which will be useful in our analysis.

LEMMA C.1. Let AcR™ "™ beR™ and o >0. Then, FEA(A,b,0,1) can be equivalently rewrit-
ten as {x €R": UAx <Ub+ o1}, where U is defined in (C.1) and 1:=(1,---,1)T € R?".

Proof. Observe that
{xeR": Az —b|, <o} ={x€R": max (u, Az —b) <o}

llufloo <1

:{wER”:meaL){<<u, Aw—b)SU}:{wER”:uI(Aa:—b)Sa, u; €U, izl,---,Zm}
={zeR":U(Az—b)<ol}={x eR":UAz <Ub+ol},

where the first equality follows from || Az — b||; = nax 1(u, Ax —b), the second equality follows

because the maximizer of | nH1a>§ (u, Az — b) must be an extreme point of {w: ||ul|. <1} (see [32,
Ul|co<1

Corollary 32.3.4]) and U is the set of all extreme points of {w: ||u|l« < 1}. This completes the
proof. I

From Lemma C.1, it is easy to see that the feasible set FEA(A,b,0,1) is a convex polyhedron.
This together with the Hoffman error bound theorem [26] gives the following lemma.

LEMMA C.2.  There exists a constant ¢ >0 such that
dist (z, FEA(A, b,0,1)) <é|(Az — b), |1
holds for any x € R, where A=UA, b=Ub+0c1 and U is defined in (C.1).

Based on this error bound result, we further give the following lemma.

LEMMA C.3. There exists a constant ¢ >0 such that, for any £ € R", we have

dist (xz, FEA(A,b,0,1)) <c(||Ax —b||; — o).
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Proof. We first show that, for any & € R", it holds that
2'"|(Az = b) |1 < (| Az — bl — o) < [[(Az — ) 4|, (C2)

where A and b are defined in Lemma C.2. Indeed, for any & € R", there exists some @ € {-=1,1}™
such that ||Az —b|; =" (Az —b). Then, we have

I(Az —b)., tl =[(UAz —Ub—o1) [, = |[(U(Az —b) — o1 ) ||,
=Y ueulw (Az—b) —0), > (@' (Ax —b) — o), = ([|[Az — b], — o).

On the other hand, from ||Az — bl|; = ‘IIHIaX (u, Az — b), we have

|Az —b|, >u/ (Az —b), Yu, €U, i=1,---,2™. (C.3)
Then, we see that
2m IKj=2mt
I(Az =b), | =) (u](Az—b)—0)y= > (uj(Az—b)-0);
=1 jeKc{l,..-,2m}
|K|=2mt

< S (Az—bli—o); =27 (| Az — ], — 0);.

JEKC{L,-,2m}

where the second equahty follows because if u; €Y and u; (Ax —b) — 0 >0 , then —u; €4 and
u/ (Az—b)— — (u (Az —b) — 0) <0, and the 1nequahty follows from (C.3). From the above,
we obtain (C.2). This together with Lemma C.2 completes the proof.  [J

Now, we are ready to present our exact penalization results. Our first theorem concerns local
minimizers of problems (1.4) and (3.3). The other two theorems concern e-minimizers of problems
(1.4) and (3.3) (see definitions later).

THEOREM C.1. Suppose that x* is a local minimizer of (1.4). Then, there exists a A\* >0 such
that x* is a local minimizer of (3.3) whenever A > A*.

Proof. We first assume that * = 0 and consider any bounded neighborhood A of 0 and A > 0. Let
L denote a Lipschitz constant of the function @ +— A(||Ax — b||; — o), on N. For this L, one can
verify that there exists a neighborhood N'C A of 0 such that ||» > Lf|x|| for all € N Then,

for any « € N, we have
Fx(z) =[] + A([ Az = bl|y — o)+ = L[| + A(| Az — bl[s — o) = A([|bl[s — o)+ = F2(0),

where the last inequality follows from the definition of L being a Lipschitz constant. This shows
that * =0 is a local minimizer of (3.3) for any A > 0.

From now on, we assume that x* # 0. Let J := supp(x*) for simplicity. Then, J # () since x* # 0.
Since x* is a local minimizer of (1.4), one can verify that ¥ is a local minimizer of the following
problem:

Hml;n H.’L’juz s.t. .’BJGQJI:{.'BJI”Ajilfj—legU}. (C4>

Let € = ; min { |zf| i e j} > 0. Thus, there exists a small > 0 such that x*; is a local minimizer of
(C.4) and min {|z;| :i € J } > € for all &7 € B(x%;§). Moreover, note that 7 — || 7|2 is Lipschitz
continuous on B(x?;0) and there exists a constant ¢’ > 0 such that dist(xs, Qs) < ([[Agzs —
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bl|, —o)4 for all x5 € B(x¥;;9) (see Lemma C.3). Then, from [12, Lemma 3.1] (or [28, Proposition
4]), there exists a A* > 0 such that, for any A > \*, 27 is a local minimizer of the following problem:

Iggn Fl(xs):=|lzs |2+ A|[Agzs —blly — o)+,

i.e., there exists a neighborhood N7 of 0 with Nz C B(0; ) such that
F{(z% +vs) > FY(x%), VYvseNy. (C.5)

We now show that x* is a local minimizer of (3.3) for any A > A\*. Fix any € >0 and any A > \*.
Consider the bounded neighborhood V: =Nz x (—¢, €)" "I of 0 and let L be a Lipschitz constant
of the function gy(x) := A(||Ax — by — o), on x* + V. For this L, there exists an € € (0,¢) such

that [|vge|[2 > L||vge|| for all vze € (—€, )"V, Then, for any v € V:i=Ny x (=& &)" V! we have

(2" + ) = |2 4+ 0]l2 + gy (@ +0) = |5 + v |2+ [07¢][2 + g2 (2 + v)
x;t+vg
0
> |5 +vsllh+ Livge| + A ([[As (25 +vs) =blli =), — Lljvge]

=F{ (x}; +vy) > F{ (z) = FA(z3),

> |25 +vglly +llvgell; + 95 — Lz +vgell

where the first inequality follows from the Lipschitz continuity of g, with Lipschtiz constant L and
the last inequality follows from (C.5). This shows that x* is a local minimizer of (3.3) for any
A > A* and completes the proof. [

We next study e-minimizers of (1.4) and (3.3), which are defined as follows.

DEFINITION C.1 (e-minimizer). Lete> 0.
(i) @ is said to be an e-minimizer of problem (1.4) if x. € FEA(A,b,0,1) and ||z||2 < min {||z[2:
@ € FEA(A,b,0,1)} +e.

(ii) x. is said to be an e-minimizer of problem (3.3) if F)\(x.) < Hel%gyll F\(x)+e.

We also introduce the following function:

(@)= () with (1) = {‘t" 1= 1 (C.6)

2 .
— = i £,  otherwise,
1=

where 1> 0 is a constant. Note that ¥, is continuously differentiable. Moreover, from the discus-
sions in [12, Section 3.3], we have that

0< W, (x) = [|lolf) < n(p/2)", (C.7)
V() = T (y)] < Vnpp" ™l — y. (C.8)

Then, we characterize the relation between the global minimizer of problem (1.4) and the e-
minimizer of problem (3.3) in the next theorem.

THEOREM C.2. Suppose that * is a global minimizer of problem (1.4). Then, for any € >0,
there exists a \* >0 such that x* is an e-minimizer of problem (3.3) whenever A > A*.

Proof. First, for any € > 0, we consider p =2 (e/n)% and U, defined in (C.6). Then, we see from

(C.7) and (C.8) that )
OS\IIu(m)—HmHgSn(%) —¢, VzeR", (C.9)
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and U, is globally Lipschitz continuous with Lipschitz constant L, := /npu?~'. Now, let \* :=cL,,,
where ¢ > 0 is chosen as in Lemma C.3. For any « € R™, we also use PFEA(A,b,UJ)(a:) to denote the
projection of & on FEA(A,b,0,1). Then, for A > \* and any « € R",

Fx(x) = [z} ;\r A(|Az —bl[y —0)+ 2 V() —e+ A Az — b1 — o)+
>V, (x)—e+ - dist (x, FEA(A,b,0,1)) > VU, (x) + L, || — Preaap,e1) ()| —€
>V, (Preaabon(®) — € [Preap.on (@) — €2 |7 —e = Fi(x") — ¢,
where the first inequality follows from (C.9), the second inequality follows from Lemma C.3, the
third inequality follows from A > A\! = cL,,, the fourth inequality follows the Lipschitz continuity of
U, with Lipschtiz constant L, and the last two inequalities follows from (C.9) and the definition

of * as a minimizer of problem (1.4). This shows that * is an e-minimizer of problem (3.3) and
completes the proof. [

From Theorems C.1 and C.2, we see that if &* is a local minimizer or global minimizer of
problem (1.4), then it is also a local minimizer or e-minimizer of problem (3.3). Conversely, it is
easy to see that if #* is a local minimizer or e-minimizer of problem (3.3) for some A > 0 and
x* € FEA(A,b,0,1), then it is also a local minimizer or e-minimizer of problem (1.4). Finally,
we shall study the case when x* is a global minimizer of problem (3.3) for some A >0 but x* ¢
FEA(A,b,0,1).

THEOREM C.3. Suppose that & is an arbitrary feasible ploz'nt of problem (1.4), ie., & €
FEA(A,b,0,1). Take any € >0 and consider any A >c (n~te) ? |&[|2, where ¢ >0 is chosen as in
Lemma C.3. Then, for any global minimizer = of problem (3.3), the projection Prra(ap,o,1)(€3)
is an e-minimizer of problem (1.4).

Proof. First, from the definition of F and the global optimality of 3, we have
|23 [Ih < Fx(x}) < Fa(z) = [|z]|}, VxeFEA(Ab,0,1), (C.10)
([Az5 = blls — o)+ < AT Fa(®}) < AT FA(®) = A7 |2} (C.11)
Then, for any x € FEA(A, b,0,1), we have
1Preacapen (@) = l2ll) < 1Preacas.en (@)} =X}
< HPFEA(A,b,o,U(CUT\) - a’f\”i =n- % 2?21 (‘ EPFEA(A,b,a,l)(x;)]i - [w;]zf)
< (£ | Peoncasen @l ~ @3 ) T =018 [ Pesacann (@) - a3

=n'"% [dist (2}, FEA(A,b,0,1))]" <n'~%[c(|| Az} — ], —0)4]"
<n'"E [eAT & |]" <e,

(VS|

2

where the first inequality follows from (C.10), the second inequality follows from [12, Lemma 2.4],
the third inequality follows from the concavity of the function ¢ — t? for nonnegative ¢, the fourth
inequality follows from Lemma C.3 and the last two inequality follows from (C.11) and the choice
of A. This implies that Prga(a,p,0,1)(2}) is an e-minimizer of (1.4) and completes the proof. O

Acknowledgments The authors are grateful to the editor and the anonymous referees for
their valuable suggestions and comments, which have helped to improve the quality of this paper.
The authors would also like to thank the CAS AMSS-PolyU Joint Laboratory of Applied Mathe-
matics for its support while this research was being conducted. The research of Shuhuang Xiang
was supported in part by the National Natural Science Foundation of China (Grant No. 11771454).



28

References

Attouch H, Bolte J, Svaiter B (2013) Convergence of descent methods for semi-algebraic and tame prob-
lems: proximal algorithms, forward-backward splitting, and regularized Gauss—Seidel methods. Math.
Program. 137(1):91-129.

Beck A (2017) First-Order Methods in Optimization, volume 25 (STAM).

Bruckstein A, Donoho D, Elad M (2009) From sparse solutions of systems of equations to sparse modeling
of signals and images. STAM Rev. 51(1):34-81.

Cai T, Liu W, Luo X (2011) A constrained ¢; minimization approach to sparse precision matrix esti-
mation. J. Am. Stat. Assoc. 106(494):594-607.

Candes E, Romberg J, Tao T (2006) Stable signal recovery from incomplete and inaccurate measure-
ments. Commun. Pure Appl. Math. 59(8):1207-1223.

Candes E, Tao T (2005) Decoding by linear programming. IEEE Trans. Inf. Theory 51(12):4203-4215.

Candes E, Tao T (2007) The Dantzig selector: Statistical estimation when p is much larger than n. Ann.
Stat. 35(6):2313-2351.

Chartrand R (2007) Exact reconstruction of sparse signals via nonconvex minimization. IEEE Signal
Process. Lett. 14(10):707-710.

Chen S, Donoho D, Saunders M (2001) Atomic decomposition by basis pursuit. SIAM Rev. 43(1):129—
159.

Chen X (2012) Smoothing methods for nonsmooth, nonconvex minimization. Math. Program. 134(1):71-
99.

Chen X, Ge D, Wang Z, Ye Y (2014) Complexity of unconstrained Lo-L, minimization. Math. Program.
143(1-2):371-383.

Chen X, Lu Z, Pong T (2016) Penalty methods for a class of non-Lipschitz optimization problems.
SIAM J. Optim. 26(3):1465-1492.

Chen X, Womersley R (2018) Spherical designs and nonconvex minimization for recovery of sparse
signals on the sphere. STAM J. Imaging Seci. 11(2):1390-1415.

Chen X, Xu F, Ye Y (2010) Lower bound theory of nonzero entries in solutions of £2-£, minimization.
SIAM J. Sci. Comput. 32(5):2832-2852.

Cohen A, Dahmen W, DeVore R (2009) Compressed sensing and best k-term approximation. J. Am.
Math. Soc. 22(1):211-231.

Donoho D (2006) Compressed sensing. IEEE Trans. Inf. Theory 52(4):1289-1306.

Donoho D, Elad M, Temlyakov V (2005) Stable recovery of sparse overcomplete representations in the
presence of noise. IEEE Trans. Inf. Theory 52(1):6-18.

Donoho D, Huo X (2001) Uncertainty principles and ideal atomic decomposition. IEEE Trans. Inf.
Theory 47(7):2845-2862.

Fan J, Li R (2001) Variable selection via nonconcave penalized likelihood and its oracle properties. J.
Am. Stat. Assoc. 96(456):1348-1360.

Foucart S, Lai MJ (2009) Sparsest solutions of underdetermined linear systems via £,-minimization for
0<gq<1. Appl. Comput. Harmon. Anal. 26(3):395-407.

Ge D, Jiang X, Ye Y (2011) A note on the complexity of L, minimization. Math. Program. 129(2):285-
299.

Gong P, Zhang C, Lu Z, Huang J, Ye J (2013) A general iterative shinkage and thresholding algorithm
for non-convex regularized optimization problems. Proceedings of ICML, volume 28, 37-45.

Hastie T, Tibshirani R, Wainwright M (2015) Statistical Learning with Sparsity: The Lasso and Gen-
eralizations (Chapman and Hall/CRC).

Hazewinkel M (2013) Viéte theorem. Encyclopedia of Mathematics (Springer).
Hiriart-Urruty JB, Lemaréchal C (2001) Fundamentals of Convex Analysis (Springer).



29

[26] Hoffman A (1952) On approximate solutions of systems of linear inequalities. J. Res. Natl. Bur. Stand.
49(4):263-265.

[27] Horn R, Johnson C (2012) Matriz Analysis (Second Edition) (Cambridge University Press).

[28] Le Thi H, Dinh T, Ngai H (2012) Exact penalty and error bounds in dc programming. J. Glob. Optim.
52(3):509-535.

[29] Liu T, Pong T, Takeda A (2019) A successive difference-of-convex approximation method for a class of
nonconvex nonsmooth optimization problems. Math. Program. 176(1-2):339-367.

[30] Macdonald I (1995) Symmetric Functions and Hall Polynomials (Oxford University Press).

[31] Peng J, Yue S, Li H (2015) NP/CM P equivalence: A phenomenon hidden among sparsity models £
minimization and ¢, minimization for information processing. IEEE Trans. Inf. Theory 61(7):4028-4033.

2] Rockafellar R (1970) Convexr Analysis (Princeton: Princeton University Press).
3] Rockafellar R, Wets RB (1998) Variational Analysis (Springer).

4] Shen J, Mousavi S (2018) Least sparsity of p-norm based optimization problems with p > 1. STAM J.
Optim. 28(3):2721-2751.

[35] Van Den Berg E, Friedlander M (2008) Probing the Pareto frontier for basis pursuit solutions. SIAM

J. Sci. Comput. 31(2):890-912.

[36) Wang H, Li G, Jiang G (2007) Robust regression shrinkage and consistent variable selection through
the LAD-Lasso. J. Bus. Econ. Stat. 25(3):347-355.

[37) Wang L (2013) The L; penalized LAD estimator for high dimensional linear regression. J. Multivar.
Anal. 120:135-151.

[38] Wright S, Nowak R, Figueiredo M (2009) Sparse reconstruction by separable approximation. I[EEE
Trans. Signal Process. 57(7):2479-2493.

[39] Yang L (2017) Proximal gradient method with extrapolation and line search for a class of nonconvex
and nonsmooth problems. arXiv preprint arXiv:1711.06831 .

[40] You G, Huang ZH, Wang Y (2019) The sparsest solution of the union of finite polytopes via its nonconvex
relaxation. Math. Methods Oper. Res. 89:485-507.

[41] Zhang Y (2013) Theory of compressive sensing via ¢;-minimization: A non-RIP analysis and extensions.
J. Oper. Res. Soc. China 1(1):79-105.

[42] Zhao YB (2013) RSP-based analysis for sparsest and least ¢;-norm solutions to underdetermined linear
systems. IEEE Trans. Signal Process. 61(22):5777-5788.

[43] Zhao YB, Jiang H, Luo ZQ (2018) Weak stability of ¢;-minimization methods in sparse data recon-
struction. Math. Oper. Res. 44(1):173-195.



	Introduction
	Properties of solutions of problem (1.1)
	A smoothing penalty method
	Numerical simulations
	Concluding remarks
	Proof of Lemma 2.3
	Proof of Lemma 2.4
	Exact penalization

