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DIFFERENTIAL STOCHASTIC VARIATIONAL INEQUALITIES
WITH PARAMETRIC OPTIMIZATION*

XIAOJUN CHENT, JIAN GUOf, AND GUAN WANG §

Abstract. This paper is focused on studying the differential stochastic variational inequal-
ity with parametric convex optimization (DSVI-O), that is, an ordinary differential equation whose
right-hand side involves a stochastic variational inequality and solutions of several dynamic and
random parametric convex optimization problems. Let the involved random variable possess the
time-dependent distribution, and be measurable and integrable. We first show that the DSVI-O has
a weak solution coupled with measurable and integrable solutions of the parametric optimization
problems. Next we propose a discrete scheme of DSVI-O by using the time-stepping approxima-
tion and sample average approximation and then prove its convergence. Finally, we highlight the
superiority of our theoretical results on DSVI-O over the existing ones through applications to an
embodied intelligence system for the elderly health, using synthetic health care data generated by
Multimodal Large Language Models.

Key words. Differential variational inequality, stochastic variational inequality, parametric
optimization, weak solution, measurability, sample average approximation, time-stepping scheme.

MSC codes. 90C15, 90C33, 90C39

1. Introduction. Let X C R™ be a nonempty closed convex set. At each time
t € R, uncertainty is represented by a random vector & : Q — R’ defined on a prob-
ability space (Q, F,P;), with time-dependent distribution P; := P; 0 £~1 concentrated
on a fixed Borel set = C R, Assume that there exists a fixed o-finite Borel measure
@ on = such that P, < pu for every ¢t € Ry. We consider the following differential
stochastic variational inequality with parametric convex optimization (DSVI-O):

i(t) = Ix (z(t) — Ep, [ (¢, & x(t), y(t,€))]) — 2(t), t=0,
z(0) = o,

(1.1)

yz(t7£) ESZ(ta§7x(t)) ‘= arg min fi(t7£’x(t)7yi)a 1= 17"'ak7
(1.2) yi€Yi(t,€)

y(tvg) = (yl(t7£)v .. ayk(tvé-)) ) a.e. 5 €E.

In (1.1), @ : R, x R x R™ x R™ — R™ is a continuous function and has the form

k

(13) ¢ (t,f,x(t),y(t,g)) = (t7§7x(t)) + ZBi(tagvx(t)) yi(taf)a

i=1

where ®; : Ry xR!xR"™ — R™ is a continuous function and B; : R xR¢xR"™ — R
is a continuous matrix-valued function for each i € [k] := {1,...,k}. The operator
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2 X. CHEN, J. GUO, G. WANG

IIx : R® — X denotes the metric projection onto X. To compute the function value of
® at each time ¢ > 0 and event ¢ € E, we need to solve k convex optimization problems
in (1.2), where for each i € [k], the objective function f; : Ry x R x R™ x R™ — R is
continuous, and convex in y; for any fixed (t,&,z(t)) € Ry x R x R™, and the feasible
set is a set-valued map V; : Ry x R® = R™i taking nonempty closed-convex values
Vi(t, &) CY; CR™ for all (¢,¢) € Ry x RY. Here )); is a compact set for i € [k] and
m= Zf:l .

In many applications under dynamic and stochastic environments, the parameters
(mean, variance, etc.) of probability distributions change over time. Time-dependent
distributions are more proper for modelling non-stationary dynamic systems than
static distributions [10, 20]. In Section 5, we use the time-varying P; to study an
embodied intelligence system for elderly care with heterogeneous data streams that
exhibit temporal drift.

If f; is continuously differentiable with respect to y for each i € [k], then (1.2)
can be rewritten as the following stochastic variational inequality

(14) 0e \I/(tvga Z’(t),y(t,f)) +Ny(t,£) (y(tvg))7
where
v}’1f1<t7€7x(t)’y1(t7£))
W(t, & x(t), y(t,§)) = : ;
Vykfk(tvgvx(t)7yk(t7£))
V(&) = Wi(t,6) x ... x Wp(t,§) and Ny e)(y(t,8)) = Ny, e)(m1(t,8)) x ... x
Ny, t,e)(We(t, €)) is the normal cone of Y(t,€) at y(t,£). When the distribution P
and feasible set ) are time-independent, then the DSVI-O (1.1)-(1.2) reduces to the
DSVI [14]

i(t) = Tx (x(t) —E[® (t,§,2(t),y(t,€))]) — (t), t>0,
(DSVI) z(0) = w0,
0€ Wt &xt),yt, &) + Ny (y(t,€)), ae {€E.

The existence of a solution to the (DSVI) in the space of continuously differen-
tiable functions and in the space of measurable functions, as well as the convergence
of the sample average approximation (SAA) and the time-stepping approximation of
the (DSVI) are proved in [14]. These results are established under the assumption
that (1.4) has a unique solution yx(t,€) for any (t,x) € Ry x R™ and for a.e. £ € E.
Moreover, the function (¢, x) — E[®(t, £, X, yx(t, £))] is assumed to be locally Lipschitz
continuous at any given (¢,x) € Ry x R™.

If the (DSVI) does not involve random variables, then it reduces to the determin-
istic (DVI) [9, 15, 16, 18, 42, 43]

#(t) = Tx (a(t) — B(t,2(),y(1)) — 2(t), >0,
(DVD) 2(0) = o,
0 € W(t,x(t). y(t) + Ny (y(t)).

If the data in (DSVI) are time-independent and we seek an equilibrium point at
which 4(t) = 0, then the system reduces to the static two-stage stochastic variational
inequality (SVI) [11, 12, 13, 44]

{o e E[® (&, 2,y(€))] + Nx (),

SV 0€U(Ez,y&)) + Ny (y(§)), ae §€E.
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DIFFERENTIAL STOCHASTIC VI WITH PARAMETRIC CONVEX OPTIMIZATION 3

If X = R™, and the objective functions and constraints in (1.2) are deterministic,
then (1.1)-(1.2) reduces to the optimization-constrained ordinary differential equation

(OCODE) [37, 39

(OCODE) 2(0) = 2o,
y(t) € argmin f(t,z(t),y).
YEY(t)

The models (DSVI), (DVI), (SVI) and (OCODE) have many applications in trans-
portation sciences, atmospheric chemistry, biological systems and economics and have
been studied extensively over the last decades (e.g., [14, 43, 44]). Nowadays, Artificial
Intelligence (AI) applications leverage static, dynamic, and random data in diverse
forms, including images, text, and audio [38] in time-varying environments. How-
ever, the models (DSVI), (DVI), (SVI) and (OCODE) have limitations in handling
random data with time-dependent distributions from different sources in different
forms simultaneously. Motivated by existing research on (DSVI), (DVI), (SVI) and
(OCODE), and new applications in Al, in this paper, we study the DSVI-O (1.1)—
(1.2) where k optimization problems in (1.2) handle different learning problems with
time-dependent distributions simultaneously. The objective functions in these opti-
mization problems may include high-dimensional data and nonsmooth regularizers,
and thus are not necessarily strongly convex and differentiable. Therefore, DSVI-O
(1.1)—(1.2) cannot be written as the (DSVI), (DVI), (SVI) or (OCODE) and existing
theoretical results cannot be applied to obtain the existence of solutions of DSVI-O
(1.1)—(1.2) directly.

We call a pair (z*:[0,7] = R™,y*:[0,T] x £ = R™) a weak solution of (1.1)-
(1.2) if 2* is absolutely continuous in [0, 7] and

(15) w0 =+ [ (M@ () ~Er, B0 ()" (R E)) = a'(r)) dr.

and y* is jointly measurable in (¢, ) and satisfies

T
/0 Ep, [y (t, )] dt < oo,

with y¥(¢,€) € Si(¢t,&, 2*(t)) for i € [k], for a.e. t € [0,7] and a.e. &.
The main contributions of this paper are summarized as follows.

1. We prove the existence of a weak solution of (1.1)-(1.2) for any 7' > 0 without
assuming the differentiability of the objective functions f;(¢,&,z(t), ) and
uniqueness of solutions y;(t,£) for i € [k]. When f; is strongly convex in y,
we show that (1.1)-(1.2) has a classical solution (z*,y*) with * € C1[0,T)
and y*(+,€) is continuous in [0,7T] for a.e. & € E. Moreover, for any weak
solution (z*(¢), y*(¢,£)), we show that z*(¢t) € X for any ¢ € [0,T] if zp € X.

2. We propose a discrete approximation scheme for (1.1)-(1.2), which first uses the
time-stepping method based on the forward Euler scheme over a uniform time
grid to the ordinary differential equation (ODE) in (1.1) and then uses the
SAA to approximate the expectation value at each discrete time point. We
give convergence theorems of the discrete approximation scheme to a weak
solution of (1.1)-(1.2).

This manuscript is for review purposes only.
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3. We generate synthetic health care data by Multimodal Large Language Mod-
els, and test (1.1)-(1.2) with the proposed discrete approximation scheme for
problems in the embodied intelligence system for the elderly health. Prelim-
inary results show the efficiency and effectiveness of the DSVI-O model.

1.1. Preliminaries. In this subsection, we introduce the notation and basic
definitions used throughout the paper.

Notation. Let || - || denote the Euclidean norm of a vector or a matrix. Let
R, denote the set of all nonnegative real numbers. Given a convex set X C R"
and z € R7”, dist(z,X) := mingex |[|x — z|| denotes the distance from z to X.

Given two sets A,C C R”, D(A,C) = sup,¢ 4 dist(x,C) denotes the deviation of
the set A from the set C. The Hausdorff distance between A and C' is defined
by H(A,C) = max {D(A,C), D(C,A)}. Given an x € X, Nx(x) = {v € R" :
vi(z —x) <0, Vz € X} denotes the normal cone of X at x, and Tx(x) = {y €
R™ : liminfy_,o4 A~ ! dist(x+ Ay, X) = 0} denotes the contingent cone to X at x. Let
Cy(X) denote the set of real-valued bounded continuous functions on X, and conv(C)
denote the convex hull of a set C.

DEFINITION 1.1 (Upper/lower semicontinuous [2]). We say that a set-valued map
G : R® = R™ is upper semicontinuous (u.s.c.) if for any xo € R"™, for any open
set D containing G(xo), there exists a meighborhood Ny, of xo such that for any
x € Ny,, G(x) C D. Similarly, we say that G is lower semicontinuous (l.s.c.) if for
any xo € R", for any yo € G(xo) and any neighborhood Ny, of yo, there exists a
neighborhood Ny, of xo such that for any x € Ny,, G(x) NNy, # 0. Moreover, G is
said to be continuous if and only if it is both u.s.c. and l.s.c.

DEFINITION 1.2 (Measurability [3]). Consider a measurable space (R™, B(R™))
and a set-valued map G : R™ = R™ with closed images. The map G is called mea-
surable if for every open subset O C R™, we have G=1(O) == {w e R™ : G(w) N O #
0} € B(R™).

DEFINITION 1.3 (Random closed set [41]). For a probability space (0, F,P), a
set-valued map ¢ : Q = R™ with closed values is called a random closed set if, for
every compact set O CR", {w € Q: {(w)NO # 0} € F.

DEFINITION 1.4 (Integrably bounded [41]). A random closed set ¢ is said to
be integrably bounded if ||C|| := sup{||<|| : < € {} has a finite expectation, i.e.,
E[li¢ll} < oo

DEFINITION 1.5 (Integrable selections [41]). Let ¢ : @ = R™ be a random closed
set. The family of integrable selections of ¢ is defined as L*(¢) := L°(¢) N LY(R™),
where L°(C) denotes the family of all measurable selections of ¢, and L*(R™) is the
space of measurable random elements & with E[||¢]|]] < oo.

The rest of this paper is organized as follows. In Section 2, we prove the existence
of a weak solution of (1.1)-(1.2) and the feasibility of any weak solution of (1.1)-(1.2).
In Section 3, we study the discrete scheme for (1.1)-(1.2) and prove its convergence. In
Section 4, we illustrate the theoretical results on the existence of solutions and discrete
scheme with numerical examples. In Section 5, we study applications of DSVI-O in
the embodied intelligence system for the elderly health by synthetic health care data
generated by Multimodal Large Language Models. In Section 6, we present concluding
remarks.

2. Existence of weak solutions of (1.1)—(1.2). The right-hand side of the
ODE in (1.1) involves k solutions y;(t,€),i € [k] of the k optimization problems in

This manuscript is for review purposes only.
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DIFFERENTIAL STOCHASTIC VI WITH PARAMETRIC CONVEX OPTIMIZATION 5

(1.2) for t > 0 and a.e. £ € Z. Denote the joint solution set of the optimization
problems by

S(tafvx(t)) - Sl(t,f,l’(t)) x SQ(tvgvx(t)) X X Sk(t7§7x(t))'
For T > 0, define a set-valued map F : [0,7] x R® = R"™ as

(2.1) F(t,z(t)) =Ep, { ®(t,&, z(t),y(t,€)) : y(t,€) € S(t,& (1)) }.

Then (1.1) can be rewritten as:

(2.2) i(t) € H(t,a(t) = {nx(m) — @) —a(t) s p € F(t,z(t)) }

In this section, we show that the linear combination structure of y; in (1.3) pre-
serves the convexity of the set-valued map F', which is commonly used in differential
variational inequality (DVI) and control works (e.g., [4, 22, 43]). If ® depends on y
in a general nonlinear structure, F' may become nonconvex-valued, and existence re-
sults need additional structural conditions (see, e.g., [7]) or conditions on S(¢, &, x(t))
[14, A.2]. These additional conditions are too strong for some applications, when
stochastic optimization problems for data fitting in (1.2) have multiple solutions.

Due to the selection of solutions from stochastic optimization problems in (1.2),
we cannot expect that (1.1) has a differentiable solution z for any T > 0 without
strong reasonable conditions. One may ask if we can select the least-norm solution

_ . 2

yt,o) =arg  min -yl
Since the solution set is convex, there is a unique ¥(t,£) for any ¢t € [0,7], a.e.
¢ € E. However, even if S(t,&,x) is Lipschitz continuous as a set-valued map in
Hausdorff distance, the least-norm solution (, £) may fail to be Lipschitz continuous
in (t,x) € [0,7] x R™, as illustrated by [2, Counterexample, pp. 70-72]. Moreover,
the solution set S(t,&,x) is rarely Lipschitz continuous in general. Under typical
assumptions, one can at most expect upper semicontinuity, which may not even admit
a continuous selection [2, pp. 39].

In this section, we focus on the existence of a weak solution of the DSVI-O
(1.1)—(1.2), which allows us to work with integrable and measurable selections while
preserving the meaningful evolution of the system state x(t).

For zp € X and T > 0, we make the following assumptions.

(A1) Py(-) : [0,7] x F — [0,1] is a probability kernel from [0,T] to €, that is,
for each A € F, the mapping t + P;(A) is By, 1) measurable, and for each
t € 10,71, P.(-) is a probability measure on (2, F) [35].

(A2) There exist measurable functions kg,,xp, : [0,T] x E — Ry, ¢ € [k], such
that their expectations ke, (1) := Ep,[ks, (t,€)] and kp,(t) := Ep,[kp, (t,£)]
are finite for every ¢t € [0,T] and integrable over [0, 7], and for all x,x’ € R,

||(I)1(tv€7x) - (I)l(t7§7x/)|| < Ko, (t,§)||X - X/”a

and
1Bi(t, €, %) — Bi(t, §,x')|| < kg, (t,&)Ix — x|
(A3) There exists a constant 3 > 0 such that, for i € [k],

sup max {Ep, [[|®1(t, & zo) . Ep [ Bi(t, &, zo) ]} < B, i€ [K].
te[0,T]

This manuscript is for review purposes only.
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6 X. CHEN, J. GUO, G. WANG

(A4) The set-valued map Y : [0,T| x E= Y := DY) x --- x Yp C R™ is continuous.

Remark 2.1. Assumption (A1) requires only that P; is a probability kernel from
[0,T] to 2, without imposing any continuity or smoothness in time. This condition
ensures that the random environment is in a measurably well-defined way, and enables
us to prove the measurability of the set-valued map F' in the right-hand side of (2.2)
at t € [0,7]. Assumptions (A2)-(A3) impose Lipschitz continuity conditions on the
mappings ®; and B; in x, with integrable expected Lipschitz moduli, supporting the
boundedness and linear-growth of the right-hand side of (2.2). Finally, Assumption
(A4) guarantees that the solution set map S is u.s.c. and takes nonempty and
compact values.

Let M := max;c[y) supycy, ly|]. Before establishing the existence of weak solu-
tions, we first present properties of the set-valued maps S and F'.

LEMMA 2.2. Under Assumptions (A1)—-(A4), the following statements hold.
(i) S(t,&,x) is nonempty, convex and compact for any fixredt > 0, £ € Z and x € R",
and S is u.s.c. ;
(ii) F(t,x) is nonempty, convex and compact for any fized t > 0 and x € R™, F(t,-)
is u.s.c. for anyt >0 and F(-,x) is measurable for any fized x € R™.

Proof. (i) For fixed t € Ry, £ € E, and x € R, since the feasible set Y;(t, &)
is closed and contained in a compact set );, and the objective f; is continuous in
yi, by the Weierstrass theorem, one knows that each set-valued map S; is nonempty-
valued and compact-valued, and so is the joint map S. Also, noting Assumption
(A4), it then from f; is continuous on Ry x = x R™ x R™i f;(¢,&,x,+) is convex on
R™: and [50, Theorem 3.1] that the set-valued map S; is convex-valued and u.s.c.
on Ry x 2 x X. Hence, it follows from [45, Exercise 2.20] that S is convex-valued.
Noticing the compactness of S, we conclude from [2, Proposition 4 pp.64 and Theorem
2 pp.62] that S is u.s.c.

(ii) For any (¢,x) € Ry x R™ and a given realization £ € =, define the set-valued
map

(2.3) G(t,&,x)={®(t,&xy) : yeS(tEx) )

Since S is u.s.c. with nonempty closed values, it is measurable by [3, Proposition
8.2.1]. Moreover, since ® is continuous, it follows from [3, Lemma 8.2.8] that G is
measurable. In addition, for each fixed (t,¢,x), the set S(¢,&,x) is compact and
®(t,&,x%,-) is continuous, which implies that G(t,&,x) is compact. Thus, it follows
from the u.s.c. property of S, the continuity of ®, and [3, Proposition 1.4.14] that G
is w.s.c.

We now study the properties of F. For fixed (¢,x) € Ry x R™ F(t,x) is defined
as the Aumann integral of the random set G(t, £, x) with respect to the time-varying
probability measure P,

F(t.) = [ 6t.6.x)dP(O) = {Enlo(€)]: 9O € L(Glt.6.x) .

By Assumptions (A2) and (A3) and recalling Definition 1.4, for fixed (¢, x), it follows

This manuscript is for review purposes only.
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DIFFERENTIAL STOCHASTIC VI WITH PARAMETRIC CONVEX OPTIMIZATION 7

L (8 €, x +ZB (t,€,x)

gl

EH[ sup HZH]:]EP{ sup
z2€G(t,€,%) yES(t,E,x)

<Ep[[[®1(t, & zo)[l] + [[x — w0l Fa, (t)

(2.4) k
+ MY (B I1Bilt. € 20} ) + 1 — woll s, (1))

i=1

< (kM +1)B + (Ra, (t +MZI€B )Ix — o < o0,

which implies G(¢, &, x) is integrably bounded. Hence, given its measurability as es-
tablished, [3, Theorem 8.1.3] ensures that L!(G(¢,&,x)) # 0 for fixed (¢,x), and thus
F(t,x) is nonempty. In addition, since ®(t,§,x,-) is affine and S is convex-valued,
the mapping G is convex-valued. Thus, Since G takes values in the finite-dimensional
space R™, it follows from [41, Theorems 2.1.30 and 2.1.37] that the set-valued map F
takes convex and closed values. Hence, F'(t,-) is compact-valued.

Moreover, since for each fixed (¢,x) € Ry x R™, G(t,-,x) is measurable, by [3,
Theorem 8.1.4], G(t,-,x) : £ = R™ has a measurable graph. Therefore, noting that
G is us.c., [52, Theorem 3.1 and Remark 3.1] ensures that for fixed ¢ € Ry, the
map F(,-) is u.s.c. Now, we fix x € R™. Note that G(-,-,x) is a measurable set-
valued map on [0, 7] x Z with compact values in R", and (2.4) gives the P;-integrable
boundedness of G(¢,-,x) for each ¢t € [0,T]. Hence, by [1, Corollary 4.7], the map
F(-,x) is measurable. |

THEOREM 2.3 (Existence of a weak solution). Under Assumptions (A1)-(A4),
ifn=1o0r X ={xeR": Ax = b} for some given A € R™*™ and b € R™, then for
any T > 0, the DSVI-O (1.1)-(1.2) has at least one weak solution (z*,y*).

Proof. We now investigate the differential equation (1.1). Note that (1.1) with
yi(t, &) € Si(t,&,x(t)) for i € [k], can be rewritten using F'(¢,z(t)) as (2.2). Recall
the set-valued map H(t,x) := {IIx(x —p) —x : p € F(t,x)}. We next verify the
assumptions of [21, Theorem 5.2].

Compact convez-valuedness of H. Since F(t,x) takes nonempty and compact
values and, for each (¢,x), the map ¢ — Ilx(x — ) — x is continuous, it follows that
H(t,x) is nonempty and compact. If X = {x: Ax = b} with A € R™*" (and X # (),
using the explicit formula IIx(z) = z — AT(Az — b), where A denotes the Moore-
Penrose pseudoinverse of A, we get Iy (x — ¢) —x = —AT(Ax —b) — (I — ATA)y,
which is affine in ¢ and therefore maps the convex set F'(t,x) to a convex set. If n = 1,
then both X and F(t,x) are intervals, and since the one-dimensional projection ITx
maps intervals to intervals, H(¢,x) is an interval and therefore convex.

Measurability of H(-,x) and upper semicontinuity of H(t,-). By Lemma 2.2(ii),
we have F(-,x) is measurable for each fixed x. Noting that the IIx(-) is Lipschitz
continuous, it follows that H (-, x) is measurable. By [3, Proposition 1.4.14], the upper
semicontinuity of H(t,x) in x for each fixed ¢ follows from the upper semicontinuity
of F(t,x) and the continuity of the map (x,¢) — IIx(x — ¢) — x.

Linear growth of H. In addition, for any 7" > 0, by the non-expansiveness of IIx
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8 X. CHEN, J. GUO, G. WANG

and noting (2.4) and zo € X, it follows

sup |[[v[[= sup [IIx(x—¢)—x|
vEH (t,x) PEF(t,x)
= sup Ix(x— ) — Ix (%) + Hx(x) — ]
WEF(tvx)
(2.5) < sup el + |]x — Ox (x)|]
pEF(t,x)

< (KM + 1)B + (Ra, (t) + M S5 R, (1) + 1) x — a0
< Ly (t)|x]| + La(2),

where L1 (t) := ko, (t)+ M Zle Rp,(t)+1 and Ly(t) := (kM+1)5+L1( )||zo]|- Since
ke, and Rp, are integrable over the interval [0,T], so are Ly and L. Thus H(t,x)
satisfies the linear-growth condition.

Tangency condition. Finally, for fixed (¢,x) € [0,T] x X, pick ¢ € F(t,x) and set
v =1Ix(x —¢) —x € H(t,x). Since IIx(x — ¢) € X and X is convex, the segment
x+Av = (1 = A)x + AMlx(x — ) lies in X for every A € (0,1]. Hence, XtA¥=X — v,
which means v is in the tangent cone to X at x, and thus v € H(t,x) N Tx(x) # 0
for any (¢,x) € [0,7] x X.

Therefore, according to [21, Theorem 5.2], for any given initial state x(0) = z¢ €
X, there exists at least one absolutely continuous trajectory z*(¢) to (2.2) on [0,T]
such that 2*(0) = z.

At last, we construct a jointly measurable selection y* for the optimization prob-
lems in (1.2) that is compatible with the trajectory x*. Let v* be a measurable
version of *, and, for a.e. t € [0,7], define Q(t) := {p € F(t,x*(t)) : v*(t) =
IIx (x*(t) — ) —x*(t)}. Since x* satisfies the differential inclusion, Q(¢) is nonempty
for a.e. t € [0,7]. The set-valued map (¢,§) — G(¢t, & z*(t)) is jointly measur-
able. Applying the parametrized-integral measurability result [1] to this set-valued
map shows that ¢ — F(t,2*(¢)) is measurable. Consequently, Q has a measurable
graph and compact values. Thus, by [3, Theorem 8 1 3} there exists a measur-
able selection ¢*(t) € Q(t). Since p*(t) € F(t,z* = J2G(t. & a*(t) P(dE),
it follows from [1, Corollary 4.7] that there ex1sts a Jomtly measurable selection
g*(t,€) € G(t,& a*(t)) such that ¢*(t) = [5g*(t,§) P(d€) for a.e. ¢ € [0,T]. De-
fine R(t,&) = {y € S(t,§,2*(t)) : (t &2 (t),y) = g*(t,€)}. By the definition of
G, R has nonempty compact values and a measurable graph. Hence, by [3, Theo-
rem 8.1.3], there exists a jointly measurable selection y*(¢,£) € R(t,£). Therefore,
(1) = Ep,[0(t,€, 27 (1), " (1,€))] for ae. ¢ € [0,T]. Moreover, (1 €)] < VEM,
and hence fOT Ep, [ly*(t,€)|]dt < VEMT < oo. Together with the state trajectory
x*, the selection y* satisfies, for every t € [0, T,

x*(t) = xo —l—/o (T (2*(1) = Ep, [®(7,& 2" (1), y"(7,€))]) — " (7)) dr.

We complete the proof.

Remark 2.4. The additional condition on X in Theorem 2.3 is used to keep the
induced set-valued map H in (2.2) convex-valued. Without this condition, the pro-
jection ITx () cannot preserve convexity for a convex set-valued map, and [21, The-
orem 5.2] is invalid. For nonconvex differential inclusions, existence results require
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DIFFERENTIAL STOCHASTIC VI WITH PARAMETRIC CONVEX OPTIMIZATION 9

additional structural conditions (see, e.g., [7]), which are hard to verify here since the
induced map is governed by the parametric second-stage problem (1.2).

To relax this condition to a general convex set X, following [14], we can use
an alternative assumption that for any given (¢,x) there exists a measurable se-
lection yx(t,&) € S(t,&,x) such that the induced right-hand-side term G(t,x) :=
Ep, [@(t,g,x,yx(t,g))] is (locally) Lipschitz continuous at (¢,x). If f;(¢,€,x, ) is uni-
formly strongly convex and V,, f;(¢,£,x,y;) is uniformly Lipschitz continuous with
respect to (¢,x), then there exists such measurable selection.

Now we consider a special case of the DSVI-O (1.1)-(1.2) where the objective
function f; is uniformly strongly convex in y; for ¢ € [k] in the sense that there is
n; > 0 such that for any X € (0,1),

(26) fi(t7£uxa )\y+(1_>‘)z) < )\fi(t7£axa y)+(1_>‘)fi(t7£ﬂsz)_ni)\(l_A)Hy_ZHQ

holds for every (¢,£,x) € [0,7] x 2 x R™ and all y,z € R™.

COROLLARY 2.5 (Existence of a classical solution). Suppose that f; satisfy (2.6)
for i € [k], and that ®1(¢,&,z0), Bi(t,€,x0), ke, (t,€), and kg, (t,€) have uniformly
bounded p-th moments under P; on [0,T] for somep > 1 and i € [k]. Assume also that
P, is a Feller kernel [6], i.e., the function t — Ep,[t(§)] is continuous and bounded
in [0, T] whenever ¢ € Cy(E). Then under Assumptions (A1)-(A4), the DSVI-O
(1.1)-(1.2) has at least one classical solution (x*,y*) for any T > 0 in the sense that
(x*,y*) is a weak solution of (1.1)-(1.2) with x* being continuously differentiable and
y*(+, &) being continuous for every £ € E.

Proof. For each i € [k], since f;, i € [k] is strongly convex (2.6), there exists a
unique solution g, (t, &, x) of (1.2) for any (¢,£,x) € Ry x=Ex X. Moreover, by following
the proof of Lemma 2.2, we obtain that the joint solution map & is u.s.c. Since it is
single-valued, we conclude that (¢, &, x) := (1 (¢, &, %), ..., Jx(t, &, X)) is continuous on
Ry x Zx X. From Lemma 2.2, the function F(t,x) = Ep, [®(¢,,x, §(t, &, x))] is well-
defined. Now we prove the continuity of F. Let (¢,,x,) — (¢,x) be any convergent
sequence in [0, 7] x X. For each v € N, define ¢, (§) := ®(t,,&, %, §(t,, €, %)) and
¢(€) = ‘I)(t’ £ x, Z)(tv 13 X))

Since P; is a Feller kernel, we have P,, = P, as v — oco. Moreover, the joint
continuity of ® and 7 implies that lim,_, ., ¢ ¥, (£') = ¥(§), £ € E. By (2.4), the
boundedness of {x,},>1 U {x}, and the uniformly bounded p-th moments, we have

supEp, [0 (OIF] +Ep, [I9(€)]7] < oo.

Since p > 1, the sequence {¢, } is uniformly integrable with respect to {P;, }. There-
fore, by the Lebesgue’s dominated convergence theorem for weakly converging mea-
sures, applied componentwise,

F(tl,,xl,) = EPt,, ['l/}u] — Ep, W] = F(t,x).

Thus, F is continuous on [0,7] x X.
Moreover, since IIx(-) is Lipschitz continuous with Lipschitz constant one, the
right-hand side of the ODE

(2.7) (t) = Mx (2(t) — F(t,x(t))) — x(t)

is continuous in [0,7] x X. Thus, the linear growth condition (2.5) and the classical
Peano and extension theorem (e.g. [29, Theorems 1.1 and 2.1]) imply that the ODE
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(2.7) has at least a solution z* € CY([0,T]). Set y*(t,&) = §(t,& 2*(t)) for any
t € [0,T] and € € Z. Since 7 is continuous and z* € C*([0,71)), it follows that the
mapping t — y*(t, &) is continuous for every £ € =. Moreover, as §(t, £, x) is bounded,
we have Ep,[||y*(t,&)|]] < oo for all ¢t € [0,T]. Therefore, the pair (z*,y*) forms a
classical solution on [0, 7], which completes the proof. 0

Remark 2.6. Corollary 2.5 establishes the existence of a classical solution to the
DSVI-O (1.1)—(1.2). However, uniqueness is not guaranteed in general, as it typically
requires Lipschitz continuity of the right-hand side of the ODE in (2.7). Below, we
provide a special example in which uniqueness holds. Suppose that for each i € [k],
the objective function is given by

(2.8) filt, &%, y3) = gi(t, &%, y4) + halyi),

where g;: [0,T] x 2 x X x R™ — R is twice continuously differentiable with respect
to y, and h;: R™ — R U {+oo} is proper, ls.c., and convex (possibly nonsmooth).
The feasible set is unconstrained, i.e., Y;(¢,&) = R™: for all (¢,£) € [0,T] x = and
i € [k]. Moreover, assume that g;(t,&,x, ) is strongly convex for every (t,&,x), i.e.,
the Hessian V3 o gi(t, €, %, ;) is positive definite.

Under these conditions, the unique solution §;(t,£,x) of (1.2) exists, and the
solution mapping p := (¢,£,x) — ¢;(p) is Lipschitz continuous by [25, Corollary
2B.10]. Indeed, for any fixed y; € S;(p), define the set-valued mapping

\II(Z) = Vylgl(]iy) + vilylgl(li y)(Z - y) + ahi<z)?

which is the subgradient of the strongly convex function

¥(2) = 9i(p,¥) + (2= ¥) Vy.0: (P ¥) + %(z =¥) V3 0P Y)(z = ¥) + hi(2).

It is easy to see that 0 € 9y (y;) = ¥(y;). The strong convexity of ¢ implies that
its Fenchel conjugate ¢* is differentiable with Lipschitz continuous gradient (cf. [45,
Proposition 12.60]). In particular, ¥ ! = V1)* is single-valued and Lipschitz continu-
ous around 0. Therefore, the solution map S; is Lipschitz continuous by [25, Corollary
2B.10].

Recall that H(t,x) =IIx (x — Ep, [®(t,£,%,§(t,£,%x))]) — x. Since ®(t,&,x,y) is
Lipschitz continuous in x and y, the projection IIx is Lipschitz continuous, and the
solution map §(t, £, x) = S;(t, £, x) is Lipschitz continuous in x, H is Lipschitz contin-
uous in x. Moreover, if P; is a Feller kernel, H is also continuous in ¢. In particular,
the Lipschitz property further implies a linear growth property. Consequently, by
the Picard-Lindel6f theorem [29, Theorem 3.1], the associated differential equation
admits a unique C! solution z*(-) on the entire interval [0, T]. This result partially
extends [14, Lemma 2.1] to the unconstrained setting.

We next establish the feasibility of the solution to the system (1.1)—(1.2). Specif-
ically, we show that if the initial condition belongs to the closed convex set X, then
the entire trajectory remains within X over a finite time horizon.

LEMMA 2.7. For any T > 0, if g € X, then any weak solution (x*,y*) of (1.1)-
(1.2) satisfies z*(t) € X for all t € [0,T].

Proof. Define the Lyapunov map V(z) = 1 dist®(z, X) = 3|z — ILx(2)||*. Since
X is nonempty, convex and closed, x € X iff V(x) = 0 and V is continuously differen-
tiable with VV(x) =  — IIx(z) [27, Theorem 3.2]. Since (z*,y*) is a weak solution
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DIFFERENTIAL STOCHASTIC VI WITH PARAMETRIC CONVEX OPTIMIZATION 11

of (1.1)-(1.2), z*(¢) satisfies
i*(t) € H(t,z*(t)) := {Ix(2*(t) — @) —a*(t) : ¢ € F(t,z*(t))}, a.e. t €[0,T],

where F(t,z*(t)) is defined in (2.1). By the chain rule [49, Theorem 2.2], for almost
every t € [0,

(2.9) %V(z*(t)) e {wv(e®) v ve Hta" 1)}

Now fix such a time ¢ and pick any v € H (¢,2*(t)). Then there exists ¢ € F(t,z*(t))
with v = Ix(z*(t) — ¢) — *(t). Since X is convex, by the first-order optimality
condition of minkex ||z*(t) — z||?, we have (z*(t) — Ix(z*(t)), ILx (z*(t) — ¢) —
ILx (z*(t))) < 0. Consequently,

v=(2"(t) — Ix (2" (1), Ux (27 (t) — ) — 2" (1))

(o (), T (5(8) — ) — (2" (1)) — (1) — T (2 (1))
B~ Tx (2" ()| < o.

vV (2 ()"
= (z*(t

< "

Because the right-hand side of (2.9) consists entirely of nonpositive values, we conclude
that £V (z*(t)) < 0 for almost every ¢ € [0,7]. Since V(zo) =0 (as zg € X) and V is
non-increasing along the trajectory x*, it follows that V(z*(¢)) = 0 for all ¢t € [0, T].
Hence, z*(t) € X for all ¢ € [0,T]. O

3. Discrete approximation and convergence analysis. In this section, we
propose a discrete approximation scheme to compute numerical solutions of DSVI-
O (1.1)—(1.2). We first apply a time-stepping method based on the forward Euler
scheme over a uniform time grid to the ODE in (1.1). Next we apply the SAA to
compute approximate values of the expectation at each discrete time. Finally, we
define piecewise linear continuous-time functions by linear interpolation using these
discrete points and prove the convergence to the x part of a weak solution of DSVI-
O (1.1)—(1.2) as the step size in the time-stepping method goes to zero and the sample
size of the SAA goes to infinity. Throughout Section 3, we assume that the conditions
of Theorem 2.3 hold, so that a weak solution exists.

Throughout Section 3, we assume that the conditions of Theorem 2.3 hold. In
addition, we assume that H is jointly upper semicontinuous on [0,7] x X, and that
Ro, and Rp,, i € [k], are uniformly bounded on [0, T].

3.1. Discrete approximation. We describe the time-stepping method for the
ODE in (1.1). For a fixed T' > 0, we define the time step size h := T/N with
a fixed N € N. Consider the uniform partition of the interval [0,7] with nodes
t, = vh for v = 0,...,N. Given the initial condition x} = z(0) = zo € X,
we recursively construct a discrete trajectory {x}Y , C R" along with measurable
selections {y[;(€)})_y C R™ for i € [k] as follows.

Forward Euler scheme

x)i1 = x4+ h (I () —Er,, [0t &) 5 (9)]) —x))

yos(€) €arg  min  fi(t, &,x),yi), i€ [k],
Vi€Vi(ty,€)

(3.1)

where yN (¢) = (y%(f)v e »yivk(g)) :
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The forward Euler scheme (3.1) involves an intractable expectation with respect
to the distribution P;, at each time ¢,. To approximate this expectation, we apply
the SAA method.

At each node t,, we draw a batch of i.i.d. samples {¢] }']=1 from P; , where the
batch size J € N is independent of v. Replacing the expectation by the empirical
mean leads to the following SAA-Euler scheme:

SA A-Euler scheme

J
N7J k) 9 j 9 9 j b
X2 = x0T (T (2 = 430 Bt € (6) — ).
(3.2) J=1
o (&) €arg  min  fi(t, &, x)yi), i€k, jelJ],
Vi€Yi(ty &)

j N,J (¢j N,J (¢j

where "7 (&) == (4,,1" (&), - vk (€D))-
We define the piecewise linear interpolations ™V, 2™/ : [0, T] — R"™, respectively,

as follows

tyy1 — 1 t—1,
(3.3) xN(t):%xfj+ - xN, te [ty tyn], v=0,...,N —1.

(34) 2NV () = %xﬁ“ 4! ht” X070, t€ [ty typ], v=0,...,N — L.

3.2. Convergence analysis. By the proof of Theorem 2.3, we know that the
set-valued map H(t,x) = {IIx(x —¢) —x: ¢ € F(¢t,x)} with F(¢,x) defined in (2.1)
satisfies that H(-,x) is measurable and H(t,-) is u.s.c. However, H may fail to be
jointly u.s.c. in (¢,x), which prevents a direct application of classical convergence
results for difference inclusions [23]. In some special cases, for instance when P; is
Feller together with suitable uniform integrability conditions, the map H(t,x) can
be jointly u.s.c. in (¢,x). To address the lack of joint u.s.c. only under Assumptions
(A1)—(A4), we construct an auxiliary set-valued map H. that is jointly u.s.c. and
satisfies the same linear growth condition. Moreover, H.(t,x) C H(t,x), and both
inclusions admit the same set of solutions on a large subset of [0, T']. The key properties
of this approximating inclusion are summarized in the following lemma.

3.3. Convergence analysis. By the proof of Theorem 2.3, we know that the
set-valued map H(t,x) = {IIx(x —¢) —x: ¢ € F(t,x)} with F(¢,x) defined in (2.1)
satisfies that H(-,x) is measurable and H(t,-) is u.s.c. However, H may fail to be
jointly w.s.c. in (¢,x), which prevents a direct application of classical convergence
results for difference inclusions [23]. In some special cases, for instance when P; is
Feller together with suitable uniform integrability conditions, the map H (¢,x) can be
jointly u.s.c. in (¢,x). To address the lack of joint u.s.c., we construct an auxiliary
set-valued map H. that is jointly u.s.c. and satisfies the same linear growth condition.
Moreover, H(t,x) C H.(t,x), and the two maps coincide outside a finite set of times.
Consequently, they define the same differential inclusion a.e. on [0,7]. The key
properties of this approximating inclusion are summarized in the following lemma.

LEMMA 3.1. Suppose that there exists a finite set E C [0,T] such that H is jointly
u.s.c. on ([0,T]\ E) x X, and that ke, and Rp,, i € [k], are uniformly bounded on
[0,T]. For any € > 0, there exists a closed set T, C [0,T) satisfying A([0,T]\ Tc) < ¢
with A(+) being the Lebesgue measure on [0,T], and a jointly u.s.c. set-valued map
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H, : [0,T] x X = R™ with closed conver values such that H. satisfies the linear
growth condition and any sequence {x™N} nen generated by the time-stepping scheme
(3.1) and (3.3) satisfies, for all sufficiently large N, ™ (t) € H.(t,,zN(t)) for a.e.
t € [0, T) with N (t) == x fort € (t,,ty41), v=0,...,N — 1.

Proof. By (2.5) and the uniform boundedness assumptions, there exist constants
a,b > 0 such that supycp 5 IV < alx][ +b on [0,T] x X. For every € > 0, choose
a closed set T, C [0,7] \ FE satisfying A([0,T] \ Tc) < e. Define H.(t,x) := H(t,x)
ift ¢ E, and H(t,x) := B(0,al||x|| +b) if t € E. Then H, has nonempty compact
convex values, contains H, and satisfies the same linear-growth bound. Moreover,
H. = H on ([0,T]\ E) x X, and hence on T, x X. Since E is finite, H, is jointly
u.s.c. at every (¢,x) with ¢t ¢ E. At a point (¢,x) with ¢ € E, upper semicontinuity
follows from H,(s,z) C B(0,a||z|| + b) and the continuity of z + al|z|| +b. Thus H,
is jointly u.s.c. on [0,7] x X. When 0 < h < 1, the convexity of X and (3.1) imply
that x) € X. Therefore,

N (t) € H(t,,zV(t)) C H.(t,,zV ()

for a.e. ¢t € (t,,t,+1). This completes the proof. |
The following theorem shows the uniform convergence of {2} yen.

THEOREM 3.2. Let {2V} nen be the sequence generated by (3.3). Then, under
Assumptions (A1)-(A4) and the assumption of Lemma 3.1, every sequence {x™¥ } yen
has a uniformly convergent subsequence {x™""},cn and a limit x such that

sup ||z (t) —z(t)|] =0 as T — oo,
te[0,T)

and the limit x is the x-part of a weak solution of (1.1)-(1.2).

Proof. Let ¢; | 0 as i — oo. For each i, by Lemma 3.1 and [23, Theorem 2.2], we
have a closed set T,, C [0,T], a jointly u.s.c. set-valued map H.,, and a subsequence
{2V ()} ven, cn of {zV(-)}nen that converges uniformly on [0,7] to an absolutely
continuous limit z; : [0,7] — R™ satisfies that @;(t) € He, (t,z;(t)) for a.e. t € [0,T]
and, since H,, = H outside the finite set F, z;(t) € H(t, z;(t)) for a.e. t € [0,T].
Moreover, z;(0) = zp and z;(t) € X for all t € [0,T].

In addition, by [21, Theorem. 7.1], we can extract a uniformly convergent sub-
sequence {z; (-)}ren converging to an absolutely continuous limit z : [0,7] — R"
satisfying #(t) € H(t,z(t)) a.e. on [0,T]. For each 7, choose K(7) € N, large
enough to satisfy sup,co z |z (t) — z; (t)|| < L for any N € N, N[K(7),00). In
particular, choose K (7) to be strictly increasing in 7 € N. Define N, := K(7). The
subsequence {zV7}, oy satisfies

1
sup ||z (t) —z(t)|| < =+ sup |l (t) —z(t)] =0 as T — oo
t€[0,T7] T telo,1]

Finally, by the measurable selection argument in the proof of Theorem 2.3, = is the
z-part of a weak solution of (1.1)—(1.2). This completes the proof. O

Remark 3.3. A notable property of the coupled time-stepping scheme (3.1) is that
the sequence of first-stage trajectories {™V} yeny admits a uniformly convergent sub-
sequence for any selections {y™ }nyen. This indicates that the first-stage dynamics
can remain stable with respect to fluctuations in the second-stage variables. To illus-
trate this, we give the following example. Let £ ~ U(0, 1), P denote the corresponding
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probability distributionon 2= 1[0,1], X =R, k=1, Y(t,§) = {y € RL : y1+y2 =1}
and

f(t,f,X, y) = (1 + x” + 5) (Y1 + Y2), (I)(t,f,X, y) =X+ Sin(27T§) + (Y1 - Y2)

Then the optimal set satisfies S(¢,&,x) = Y(t,€) for all (¢,&,x).
Define a function r,(§) := (—1)L2V+15J and let y (&) = (H'TT”(E),FTT”@) for
each v € N. Then yi\’(g) € S(tV7£aX1]/V)7 Ep[yzi\,[l(f) - yu,Z(f)} = EP[TV] = 0 and

Ep[sin(2m€)] = 0. Thus the Euler update reduces to
x) =% +h(x) —Ep[®] - x)) = (1-h)x),

which implies x) = (1 — h)x(. After interpolation, the first-stage trajectories con-
verge uniformly to x(t) = xoe~t. However, define y~ (¢,€) := y (&), t € [ty,tu41)-
For M > 2N, we have [jy" — yMHiz([O,T]x[O,l]) =T — & > Z. Thus no subsequence
is strongly convergent in this space. This example illustrates that the sequence {z'}
may still admit a uniformly convergent subsequence, even when the second-stage se-
lections {yV} do not admit any convergent subsequence.

Moreover, this example also shows that the selection rule plays a critical role in the
joint convergence of (zV,y™). For instance, employing the constant selector y(t,¢) =
(1,0) yields convergent subsequences for both stages. Note that the function f is
continuously differentiable and convex with respect to y, and thus the minimization
problem ming ey ¢) f(2,€,X,y) is equivalent to a variational inequality problem. For
continuous selection of solutions to parametric variational inequalities, see [17, 31].

Theorem 3.2 establishes the subsequential uniform convergence of the continuous-
time interpolants {z™'} generated by the Euler scheme, and shows that any uniform
limit is the z-part of a weak solution to (1.1)—(1.2). We next strengthen this result
by deriving an error bound analysis on [0, T].

Throughout the analysis, we additionally assume the Riemann integrability of
R, (t) and kg, (t), i € [k]. Set M; = sup,cpop Li(t), i = 1,2, R := e (|lzo] +
TMs), and D := X NB(0, R), where Ly(-) and Ly(-) are given by (2.5). Then any
solution z(-) of (2.2) on [0,T] satisfies ||z(¢)|| < R for all ¢ € [0,T] by Gronwall’s
inequality. Moreover, we assume the support set = is compact. We then give the
following assumption.

Assumption 3.4.  (a) For each i € [k] and for £ € Z, there exists a measurable
function a; : £ — (0,00) and a constant ap > 0 such that a;(§) > g for all
e, and forallt € [0,T],x € X, and y € ),

fi(t7£7x7y) - Ui(t7§7x) Z al(&) diSt(Y7Si(t7€7X))a

with v;(t, €, x) 1= minyey, .¢) fi(t,§,%,y).

(b) For each i € [k] and for £ € =, the map f;(-,&,-,-) is Lipschitz continuous
in (t,x,y) on [0,7] x X x YV;, Vi(+,&) is Hausdorff-Lipschitz continuous on
[0,T], and ®y(+,&,) and B;(+,&, ) are Lipschitz continuous in (¢,x) on [0, 7] X
X, with measurable and bounded moduli r¢,(§), ky,(§), Ra, (§), and Ap,(§),
respectively.

(¢) There exists Lp > 0 such that for all ¢,¢ € [0, 7],

P, — Pyllrv < Lplt — 1],

where || - |7y denotes the total variation distance; see [51, Definition 2.4].
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Remark 3.5. Under the standing assumptions of this section, the existence of a
weak solution follows from Theorem 2.3. Moreover, Assumption 3.4(a) is the weak
sharp minima property in the sense of Burke—Ferris [8]. It allows S;(¢,&,x) to be
multi-valued, and together with the remaining parts of Assumption 3.4, it yields the
Hausdorff-Lipschitz continuity of the map (¢,x) — H(t,x).

We further illustrate that Assumption 3.4(c) holds for several standard classes of
probability measures by three examples.

(i) Let E={z,...,2n}and P, = Z;ﬂ:l p;(t)d,. If each p; is a Lipschitz continuous
function on [0, 7] with a constant L; > 0, then

1 & , 1 & ,
1P, = Pelbry = 532 Ips) = a0 < 3 3 Lole =1

j=1

Hence Assumption 3.4(c) holds with Lp = 1 Z;ﬂ:l L;.

(i) Let P = Unif([a(t),b(t)]*) on R with a(t) = ag — tcg, b(t) = by + tco, where
ap < by and co > 0. Set I; = [a(t),b(t)]* and r(t) = b(t) — a(t) = by — ag + 2tcy. For
t > ¢/, one has Iy C I;. Since the density of P; is r(t)~1;,, by [51, Lemma 2.1], we

obtain
1

| Pe = Pylrv = 5/
RE

2€Co(t — t/) < 2660
— by —ag +2tcyg — by — ag

Ti)ellt(z) — ﬁhu (2)| dz

The case t < t’ is analogous. Thus Assumption 3.4(c) holds with Lp = 2£c/(by —ag).
(iii) Let P, = N (m(t),%) on R, where ¥ is a symmetric positive definite matrix and
m is a Lipschitz continuous function with a constant L,, > 0. By Pinsker’s inequality
[561, Lemma 2.5] and the Kullback-Leibler divergence between Gaussian distributions
with the same covariance matrix [19, Chapter 9, Section 5],

1P~ Pllav < 5 ((n(0) = m(e) TS (m(e) — (')
Ly, p
———
2 Amin(z)

Therefore Assumption 3.4(c) holds with Lp = L, /(24/Amin(X))-

LEMMA 3.6 (Hausdorff-Lipschitz continuity of H). Under Assumption 3.4, there
exists a constant Ly > 0 such that for all t,t' € [0,T] and all x,x' € D,

H(H(t,x),H(t',x")) < Lg ([t —¢|+|x—x]).

Proof. Fix t,t' € [0,T] and x,x’ € D, and set A := [t —t/| 4+ ||x —x'||. Fix i € [k]
and & € 2. Take any y’ € S;(¥/,&,x’) C V;(¥',€). By Assumption 3.4(b),

filt;&x,¥') < filt, &X' y") + 5 (A = it §,x") + g, (HA.

Let y € Si(t,&,x). Since Y;(+, &) is Hausdorff-Lipschitz with modulus xy, (§), there
exists y € Vi(¥/, &) such that ||y —y|| < xy, (&)|t —¢'|. Using Assumption 3.4(b) again,

vi(t',&x) < f;(H,6,x,y) < filt, &, x,y) + v (Ot =+ Ix =X + Iy — ¥l
<wi(t,&,x) + (1 + Ky, (§))ry, (EA.
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Combining the above inequalities yields f; (¢, &, x,y") < vi(t, &, x)+(2+ky, (€))rf, () A,
and Assumption 3.4(a) implies dist(y',Si(t,f,x)) < @iy, () £s,(6) A Swapping
(t,x) and (t',x’) gives

o

(35) (S, (1, €.%), S,(t, €. x)) < CHNHRE) 5

(&%)

Recalling G in (2.3), using translation invariance and subadditivity of H, we have

H(G(t,€,%),G(t', &) < [ @1(t,€,%) — P1(t, &, X))

k
(36) + Z H(BZ (ta 67 X)SZ (t7 fa X)7 BZ (t/a 67 X/)Si (t/a 57 X,)) .
i=1

Fix i € [k]. By Assumption 3.4(b) and the compactness of =Z, it follows that for any
tel0,T],xe€ D,and £ € 2

1Bi(t, &%) < 1Bi(0,&, wo) |l + i, () (T + 2R) < 0.

Moreover, S;(t,&,x) C Y; implies the boundedness of S;(t,£,x). Combining (3.5)
with the Lipschitz continuity of ®4(-,&,-) and B;(-,&,) in Assumption 3.4(b) and
using (3.6), we obtain

H(G(t, &%), G(t', €, x')) < Cg(€) A,

where Cg (&) = fa, () + X1y ((1Bi(0, &, o) | + i, ()(T + 2R)) EH2LD i)

kg, (&) M) with M := max;cp) supycy, [yl Since the moduli in Assumption 3.4(b)

are bounded on =, there exists a constant Lg > 0 such that Cg(§) < Lg for all £ € Z,
and hence

H(G(t,€,%),G(t',£,x")) < Lg A.

Next, by the definition of the Aumann integral under the fixed measure P;, we
have

(37) H(Ept [Q(t,f,x)], ]EPt [Q(t’,g,x’)]) < ]Ept[H((](t,f,x), g(tlvfaxl))} < Lg A.

For the fixed x’ € D and ¢’ € [0,T] and for any |u| < 1, define hg ¢ x)(u) :=
SUPgeg (v ¢,x7) u'g. By (2.3) and Assumption 3.4(b) and the compactness of =, there

hgpig)(u) = Ep[hg(u)] and [26, Proposition D.2.4], we obtain

exists a constant T'r > 0 such that ||hg( . x)(u)]ec < Tg for all [ul| < 1. Using

H(ERG(t,& X)), Er, [G(F,&X)])
= sup Ep, [hgw ¢ x)(w)] = Ep, [hgw ¢x) (U)]‘
< ”ilulgl Ihg,.xy(W)]loo |1Pe = Pillrv < Tr||Pr = Pyl
(3.8) ngip [t—t| <TgrLpA.
Recalling F(t,x) = Ep,[G(t,&,%)], by (3.7) and (3.8), we have

H(F(t,x), F(t',x")) < (Lg + TrLp) A.
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Finally, by nonexpansiveness of IIx and the definition of H, it follows
H(H(t,x), H(t',x')) < 2|x = x|| + H(F(t,x), F(t',x")) < (2+ Lg + TrLp)A.

Thus, the proof is completed with Ly := 2+ Lg + 'rLp. 0

THEOREM 3.7 (Euler discretization error). Under Assumption 3.4, for any x-
part x() of a weak solution to (1.1)-(1.2) on [0,T], there exists an Fuler sequence
{xNIN_ ) such that

onax, |2(ty X,IJVH = O(h).

Proof. By Lemma 3.6 and (2.5), the set-valued map (¢,x) — H(t, x) is Hausdorff-
Lipschitz continuous and bounded on [0,7] x D. Hence, applying [24, Proposition,
p. 350] completes the proof. O

Using Theorem 3.7, the next corollary shows that, along an Euler sequence {x.\ }
generated by (3.1), there exists a selection of second-stage solutions {/;} that inherits
the convergence of {x)'}.

COROLLARY 3.8. Fiz i € [k] and £ € 2. Define, for each t € [0,T], y;(t,&) =

s, (t,e,2(1))(0), and for each t,, yfyy(g) = 1Ils, 1, e .xM) (yi(t,,, {)), v=20,...,N. Then,
under Assumption 3.4, we have

(39) O<V<N Hyzu yl(tlﬁé‘)u = O(h)

Proof. Forv =0,..., N, by the definition of yfyu(ﬁ) and y;(t,, &) € Si(t,, &, x(t)),

we have
1% (€) =yt O] = dist (vt €), Sit, €, %)
< H(S;(ty, & 2(t)), Siltn, €x))).

Therefore, using (3.5) and noting the compactness of Z, the result (3.9) follows from
Theorem 3.7. o

The SAA-Euler scheme (3.2) replaces the true expectations in the forward Euler
method with empirical averages and provides a fully implementable version. We now
give a convergence result for the SAA-Euler scheme (3.2).

THEOREM 3.9. Under Assumptions (A1)-(A4), every sequence {z™N'7}y jen de-
fined in (3.2) has a uniformly convergent subsequence {xNi+7i};cn in [0, T) with N;j —
oo and J; — 00 as j — oo to an absolutely continuous function T such that for any
r >0,

(3.10) z(t) € conv(H"(t,z(t))), a.e. t € [0,T],

where H"(t,Z(t)) == Uy epa),n H(E,X'), B(Z(t),r) denotes the open ball of radius r
centered at T(t) in R™.

Proof. Recall that (1.1)-(1.2) can be rewritten as the diﬁerential inclusion (2.2)
and the forward Euler method (3.1) can be written as x)\,, € x)Y + hH (t,,x))), for
v=201,.. .,N — 1 with x{¥ = x¢. Similarly, the SAA- Euler scheme (3.2) can be
expressed as x007 € x4 hHJ(tV,XN 7), where H;(t,x) := {lIx(x —p—x:p €
7 Z =1 G(t, & ,x } with {fJ ; being i.i.d. samples drawn from the distribution F;,
at each time node t,. In the followmg, we consider the case where F' is jointly u.s.c.
n (t,z). When F(-,x) is measurable and F(¢,-) is u.s.c., similar results follow from
arguments as in Lemma 3.1.
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Now we show that the SAA field H; inherits the linear-growth property of H.
Fix r > 0, by [48, Theorem 2], it follows

(3.11) sup  D(H,(t,x), H'(t,x)) 25 0.
(t,x)€[0,T]x X J—ro0

Hence, almost surely, for any € > 0 there exists a random index Jy such that for all
J > Jo, all x € X and any v; € H;(t,x), one can find X’ € B(x,r) and v € H(t,x')
with [[v; — v|| <e. Then,

Vol < v+ lvs =vii< sup lafl +& < Lo () ||| + La(t) + <.
ucH (t,x’)

Because ||x/|| < [|x]| + 7, we obtain ||| < L1 (¢) (||x|| +7) 4 La(t) + ¢, and taking the
supremum over v € H (¢, x) yields for any (¢,x) € [0,T] x X, J > Jo,

(3.12) sup  |[v| < Li(®)|x] + Li(t)r + Lo(t) +¢.
veH;(t,x)

Hence, it follows fo}l‘{” < (1 + ah)||x27| + hb with a := SUPycfo,7] Ly(t) and b :=

supte[O’T](zl(t)r + Ly(t) + ). Then, after iteration, we have,

b
(3.13) x| < e %ol + = (e*" = 1), v=0,...,N — 1.
a
Thus, we conclude
(3.14) limsup limsup sup ||z™7(t)]| < oo.
N—oco J—oo t€[0,T)

Moreover, by the recursive inclusion, the derivative V>’ exists a.e. in [0,T], and

satisfies 27 (t) € Hy(t,,x)"7), fort € (t,,t,41), v =0,..., N —1. Combining (3.14)
and (3.12) implies:
(3.15)  lim sup lim sup sup,¢o 1y 27 (1)]] < o0, YVt € (ty,tyi1), v=0,...,N — 1.

N—oo J—oo
Hence the family {z™V/} N,JeN is equi-bounded and equi-continuous, so for any r >
0, by the Arzela-Ascoli theorem, there are subsequences {N,} and {J;} with J; >
max{j, Jo} and N; — oo and J; — oo as j — oo such that {@"i/i} oy converges
uniformly to a function z. In addition, Z(-) converges weakly in Lo ([0, 7])™ to a limit
v for some further subsequence (not relabeled). Then by (3.11) and noting J; > Jo,
it follows supcpo 1 D(H (¢, ™7 (¢)), H™ (¢, ™7 (t))) < e. Moreover, from (3.15),
we have

Nj,J

N . J: ) .
su max x T I(t) — i (t —0, asj—
VE[N}])—I tVStStV+1H ( ) ( V)H ’ J '

and therefore, there exists a j; such that for all j > j;

iNii(t) € Hy(t, a7 (t)) + B(0,¢€) for a.e. t € [0,T7].
Then it follows from the uniform convergence xz™¥9:/i — Z, weak convergence #™Vi+7/i —
7 and the dominated convergence theorem that, for every measurable A C [0,7] and
q € R" with ||q|| =1,

/qT:E(T)dTS/ sup  qla+ 2| dr.
A A |aeH " (r,2(7))

Since A and ¢ are arbitrary, we have for any r > 0, Z(t) € conv(H"(t,Z(t))) a.e. t €
0,7]. 0
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4. Numerical experiment. In this section, we verify our theoretical results
by a numerical example. The numerical test is conducted in MATLAB 2025a on a
Lenovo desktop (2.60GHz, 32.0GB RAM).

Ezample. Consider problem (1.1)-(1.2) with the following setting. Choose two
independent random variables & ~ AN (1,0) and & ~ U(—1 —t,1 +¢) and the set
X =R2.

The parametric optimization problem in the DSVI-O is defined as
(4.1)

. 1
yl(tag) € argyGIJI}il(I},g) fl(ta§7x(t)?Y) = 5||H1(t7£)y_cl(m(t)7§)||2 + HHYHlv

for i = 1,2, where p > 0 is a fixed regularization parameter,

Hi(t,6) = t+&+05 t+&+1 - t+&+5 | e R3O
G 46405 &H4+E&+1 - G +E&+D

[ " & & 2x4
H2(t7€)_ (t t+§1 t+§2 €1+£2> o 7

z1(t) + &
c1 (a:(t),ﬁ) = xa(t) + &1 €R3, ¢ (J:(t),f) = ((zl(i)f_;@(zz)ﬁ)) € R?,
(&1 + &) 21 (1) LT

and the feasible sets are Y;(t,£) = (1+1t+exp(—I|&1]) + |€2]) [—e1, e1] with e; =
(1,..., )T € RY9 and Yu(t,€) = (2 —t + |&]) [—e2, €2] with ex = (1,...,1)T € R
Let @(t,&,2(t),y(t,€)) = A(t, )z (t) + Xy Bit, & x(t)) yi(t, §), where

1+&+t & -1 (2z1(t)& +t+ &) ef
A = B =
(tag) ( 52 3+§1> ’ 1(t,§,$(t)) ((l’l(t) 52 +t+2£1) e;) )

2t 2 e;
Ba(t, &, z(t)) = (((215 :221)) eT> ’

Now we illustrate that this example has a weak solution (z* : [0,1] — R?, yj :
[0,1] x 2 = R, y3 : [0,1] x £ — R*). We briefly verify that assumptions (A1)-
(A4) hold. The random vector ({1, &) is drawn from the product law P = N'(1,0%)®
U(-1—1t,1+1t), hence (A1) is fulfilled. Denote ®1(¢t,&,x(t)) = A(t,&)z(t) and note
B;(t,&,z(t)) are affine in z(¢). Hence, for all x,x’ € R?

@12, &%) = @u(t, 6, x)[| < A Ol Ix — x|,

1B1 (1.6, %) — Bu(t, 6.3 < /462 + & leall |x— x|,
| B2(t, &, x) — Ba(t,6,x")[| =0 .

Since & is bounded and E[|&1|] < oo, both ||A(¢,&)|| and \/4£F + €2 ||e1]|| have finite
expectations uniformly in ¢ € [0,T]. Thus (A2) is satisfied. For fixed z¢, the quanti-
ties Ep, [||A(t, §)xol|] and Ep,[||B;i(t, &, zo)||] are uniformly bounded on [0, 1], since &2
is bounded and E|{;| < oo. Thus the corrected Assumption (A3) holds. Finally, the
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feasible set V;(t, £) is continuous in (¢,€) and contained in 5[—e;, e;],4 = 1,2. There-
fore, (A4) is satisfied. Consequently, by Theorem 2.3 the system admits at least a
weak solution (z*,y*).

To solve the inner ¢;-regularized least squares problem (4.1), we employ the Fast
Tterative Shrinkage—Thresholding Algorithm (FISTA) [5]. In the numerical exper-
iments, choose ;= 5 x 1073 and let & = (&,22) denote the reference numerical
solution computed with a large sample size J = 1000 and a fixed number of time
steps N = 10%. For this fixed N, we investigate the effect of varying the standard de-
viation o € {0.1, 0.5, 1, 1.5} and the sample size J € {30, 100, 200, 500}. For each

pair (o, .J), we compute the numerical solution 7Y/ = (¥ (17\71]’ :riV’QJ) and the accuracy

10000 10000
R = 10000 Z |21 (ih) — &Y (zh)| Ry = 10000 Z |Z2(ih) — 02 J(ih)|

50 times and average them. The decreasing tendencies of Ry and Rs as o decreases
and J increases are shown in Figure 1

6 x10-3 Average error R; vs. sample size J 6 x103 Average error R, vs. sample size J
< Q ~9-o=15
5 \! \ =10
A St -6~ 6=05
) \ ——05=0.1

-
-
E
T

Average error R;
w

Average error R,
N w
T

T

0 100 200 300 400 500

Fic. 1. Decay of R1 and Ra with increasing J and decreasing o.

5. Applications of Embodied Intelligence System. In this section, we show
the effectiveness of the DSVI-O with the time-stepping and SAA discrete scheme for
delivering personalized health recommendations for elderly individuals aged 60 and
above. The DSVI-O framework is specifically designed to provide real-time, individ-
ualized health insights through the analysis of multi-source health data, including
wearable devices and medical records. Due to privacy constraints and the limited
availability of continuous real-world health monitoring data, especially among elderly
populations, this study utilizes synthetic data generation methodologies to rigorously
evaluate the performance of the DSVI-O with the discrete scheme.

Synthetic data generation has gained significant recognition for its ability to repli-
cate complex, real-world scenarios while preserving data privacy and enabling com-
prehensive algorithm testing [28, 33, 40]. By creating diverse, physiologically plausible
datasets that simulate realistic variations in elderly health conditions, the synthetic
approach ensures robust, scalable validation of the proposed framework. Figure 2
illustrates the application structure of the DSVI-O, highlighting the integration and
processing of multi-source data streams to generate real-time personalized health rec-
ommendations tailored for elderly individuals.
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i(t) = lx (a(t) — Ep, [®(2, €, 2(t), y(,€))]) — = (t)
y(tv 6) = (yl (tv 5)7 Y2 (t, 5)1 Y3 (tv f))

min _fi(t,§,2(t),y)

min t, & x(t),
eV (£,8) " YEV (1,6 yEYs(t,€) fat,&,2(8), )

[ min )fz(tyfyf(t)J’)]

Electronic
Medical Record

Intelligent
insole

Fic. 2. DSVI-O workflow for personalized elderly health recommendations

5.1. Data Generation. The generated data encompass physiological param-
eters, clinical records, and wearable device outputs, such as insole sensor readings.
This comprehensive yet controlled synthetic approach facilitates rigorous and scal-
able evaluation of the DSVI-O framework while effectively addressing data privacy
and scarcity constraints.

5.1.1. Hybrid Generation of Synthetic Health Data. Traditional rule-
based methods lack flexibility and realism, while deep learning approaches typically
require large datasets and yield less interpretable results [47]. To address these limi-
tations, our hybrid approach combines rule-based constraints, knowledge distillation
from Large Language Models (LLMs), and stochastic mathematical modeling to en-
sure both realism and interpretability. Specifically, we employ:

1. Physiological rules (e.g., BMI sampled from N(22,2.5?), clipped to [18.5, 30]),

2. LLM (Qwen2.5-7B-Instruct) for flexible, guideline-based rule generation,

3. Stochastic mathematical modeling, using Gaussian distributions centered on
clinical medians [30].

Individual Attributes. Age groups are 60-69 (50%), 70-79 (30%), 80+ (20%).
Gender ratio is 1:1. Height follows age-adjusted distributions: A/(170 — 0.1(age —
60),52) for men, NV (160 — 0.1(age — 60),52) for women. Values are clipped to the
range [145 cm, 190 cm]. Weight is calculated using the formula BMI x (height/100)2.

Clinical Indicators. Static EMRs (e.g., WBC, RBC, HGB, ...) are sampled from
normal distributions around clinical medians, adjusted for age, gender, and BMI,
within clinical limits.

Health State Groups. Users are categorized into healthy, weak or ill groups (e.g.,
heart rate, SpOa, sleep, steps, and calories), with specific indicator shifts (e.g., heart
rate group: CRP +2, WBC +1.5), clipped within medical ranges.

Physiological Data. The physiological data were generated at 5-second intervals,
incorporating circadian rhythms, activity, and health status. The baseline heart rate
was defined as HR = 70—0.2(age—60) +2 [ (a1} +0.05(SBP —120) +0.01(HGB - 140),
and modulated by 48 bpm based on sleep or activity state.

Insole Data. The insole data were generated at 5-second intervals and include
17 indicators such as plantar pressures on four channels (left forefoot, left heel, right
forefoot, right heel), step frequency, stride length, left-right symmetry, force estima-
tion, and balance status. These indicators are influenced by factors such as weight,
age, gait pattern, and abnormal conditions, with added Gaussian noise and values
constrained within physiologically realistic ranges.
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5.1.2. Overview of the Generated Dataset. The test dataset consists of 10
individuals, each with 10 days of randomly generated testing data. For each individ-
ual, the experiments also use 90 days of historical data. The possible health states
for each individual include: healthy (0), weak (1), and ill (2), as well as transitional
states between these categories, such as 0.1 or 1.6. Each individual’s daily health sta-
tus evolves according to one of four temporal patterns: jump (sudden transitions, e.g.,
acute events), linear (gradual change, e.g., fatigue accumulation), exponential (rapid
onset with saturation, e.g., drug response), and logistic (slow—fast—slow transitions,
e.g., chronic recovery). These patterns describe transitions between health states over
each 24-hour period. Labels are recorded every five seconds, yielding fine-grained
time-series trajectories. Such structured modeling of heterogeneous transitions aligns
with biomedical insights on personalized health trajectories [34].

Each person is represented by a series of features organized into multiple cate-
gories, each stored in a separate CSV file. All generated data are publicly available
on GitHub at: https://github.com/DSVI2025/DSVI-0.

e user_profiles.csv: demographic attributes (user ID, age, gender, height,
weight, BMI).

e user_groups.csv: health trajectory types and group labels.

e medical records.csv: blood counts, metabolic panels, blood pressure, etc.

e health data.csv: daily metrics including heart rate, SpOs, sleep quality,
steps, calories, skin temperature, hrv, stress index, sbp, dbp, activity inten-
sity, active minutes, floors climbed activity, and status.

e insole data.csv: foot pressure, motion types, and gait information from
wearable insole devices.

5.2. Data-Driven Health State Modeling via DSVI-O. We apply DSVI-O
(1.1)—(1.2) to dynamically model the evolution of an individual’s health status over 24
hours. The first-stage state variable z(t) € R™ denotes the personalized health state
of an elderly individual at time ¢, evolving continuously under the influence of real-
time monitoring data. The second stage incorporates inputs from three heterogeneous
sources: smart watch signals, intelligent insole data, and EMR. Historical data from
each source is used to continuously calculate the time-varying parameters in the ODE,
enabling real-time tracking and personalized updates of the health trajectory.

To capture the multi—factor evolution of an elderly individual’s health quality, we
model the latent state by an ODE assembled from three physiologically motivated
components.

1. Self-dynamics model. Following the frailty index framework in [46], the self-
evolution of an individual’s health status through an ODE is modeled as

#(t) = —A(t)x(t) — p(b),

where A(t) and p(t) are damage-repair parameters.

2. Circadian rhythm (CR) model. Wearable sensors now provide high-resolution,
non-invasive activity traces, enabling large-scale modelling of individual CR patterns.
We embed this circadian component in the ODE (1.1) to reflect the 24-hours signal
by a truncated Fourier series [36]:

M

q(t,€) =Y Ap(t) sin(27Got + (1)) + 1 (8, €),
r=1

where ¢,.(t) and A,.(t) are the phase and amplitude of the r-th harmonic, &1 (t,§)
aggregates noise and (. sets the circadian frequencies.
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3. Latent exogenous drive. The health state can be perturbed by external factors
such as physical activity, gait stability, or clinical interventions. We represent these
effects through a latent exogenous signal £(t,&) = by + Al1(t) m(t, ), where £y is the
long-run baseline and Af;(t) captures time-varying departures. The composite score
m(t, &) is built from the latest wearable-sensor read-outs via a linear fusion model

3
m(ta 5) = Z al(t) Bz(tv 6) yz(t7 f) + 52@75)7
i=1

with B;(t,€) the i-th physiological channel, y;(¢, &) the physiological parameter, and
a;(t) an adaptive weight.

Building upon the three components above, the latent health state z(¢) € X is
modeled as the following

(51) @) =Tx((t) = A@®)2(t) - p() + Er, [alt,€) + £(t.8)] ) — 2(2).
To evaluate m(t,§) in £(t, &), we solve the following constrained quadratic program:

(52) yz(t7£) € argmin fi (tué-wr(t)aY)? i=1,2,3,
y€lai(€),bi(&)]

where fi(t,€,%,y) = L[| Hi(t, &) y+Ni(t, €) x—ci(t, &) ||+ 2 || Bi(t,€) y—x|*. Here, the
first term ensures that the model follows clinical priors, while the second term keeps
the estimated state close to physiological features. These parameter estimates are then
used to compute m(t, &) and later £(t,&), forming a feedback loop in the projected
ODE. In addition, the matrices H;(t,&) € R™*™i and ¢;(t,&) € R™ are built from the
individual’s historical data, where H; collects past wearable and physiological signals,
and ¢; gives the related clinical labels. The correction matrix N;(¢,£) € R™*"™ helps
reduce the effect of past data that are not similar to the current state.

The following conditions and Assumption (A1) ensure the existence of a weak
solution to (5.1)—(5.2).

The following conditions, together with Assumption (A1), ensure the existence
of a weak solution to (5.1)—(5.2).

(B1) The functions A(-), p(+), Al (), a;(+), 4 =1,2,3, A.-(*), and ¢.(:), r =1,..., M,
are continuous on [0, 7.

(B2) The mappings ¢;, j = 1,2, and B;, i = 1,2, 3, are continuous, and Ep, [||¢; (¢, £)||]
and Ep, [|| B;(t,€)]||] are uniformly bounded in ¢ € [0,T], and hence integrable on
[0,T7.

(B3) The functions a;,b; : & — R™i ¢ = 1,2,3, are continuous and uniformly
bounded, and a;(§) < b;(£) componentwise for all £ € E.

It is easy to verify that (A2)—(A4) hold in the present example. Indeed, by
the definitions of ¢, ¢, and m, (A2) holds with Rs,(t,£) = [|[A®)|, Rp,(t,€) =
0, i = 1,2,3. Moreover, (A3) holds with 3 := supte[O’T]{HA(t)xOH + |l + ||€oll +
Ep,(llg(t, O] + AL ) [Ep, [lle2(t, )] + |AL ()| maxie s i ()[Ep, [|Bi ¢, )]} < oo
Finally, (B3) implies (A4). Thus, by Theorem 2.3, (5.1)—(5.2) has at least one weak
solution on [0, 7] for any T' > 0.

5.3. Numerical Experiment Setup. We use the DSVI-O model (5.1)-(5.2)
to simulate the evolution of the health status of 10 persons over 10 days by using
their health data in the past 90 days. Within every 24-hour cycle, measurements
were sampled at 5-second intervals, yielding 17,280 time points per day. We consider
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three types of multimodal data: smart watch signals (14 features), intelligent insole
measurements (17 features), and electronic medical records (30 features) as illustrated
in Figure 2.

For each person, the following three matrices and three vectors contain his/her
health features and corresponding labels for v = 1,...,17280:

e smart watch Zy(t,) € ROy (2,) € RO
e intelligent insole  Zo(t,) € R1O0*XI7 py(t,) € RO
e medical records Z3(t,) € R100x30° pa(t,) € RO

At each time ¢, from the first 90 rows of Z;(t, ), we randomly and independently
chose 50 rows 20 times. This yields sampled matrices H; (t,,£) € R?°X™i and corre-
sponding labels ¢; (t,,£) € R, 1 =1,...,20 and i = 1,2,3 with m; = 14, my = 17
and mg = 30.

We simulate the health dynamics of a single person over one day. For each day
Jj € [10], we extract the j-th day’s data for the person B} (t,) := (Zi(t))g04,, -
i € [3], v € [17280]. This process is repeated across j = 1,...,10 to obtain 10
simulated trajectories for the same person.

~ To reduce the influence of dissimilar historical data, we define a correction vector
N/ (t,,£) € R based on softmax-normalized Gaussian similarities. Specifically,
given the test feature vector BY(t,) and the historical data matrix H;(t,,£), we
compute

53 M0, =\ (130~ sotemax (- passe (B0, (0. €) ) ).

with h; being defined as the median of all pairwise distances between rows of H;(t,,&"):
hi = median { ||(H;(ty, ")) jr — (Hi(ty, €))s gl | 1 <7 < s <50} .

The pdist2 computes a vector in R?” whose the rth component is the squared Euclid-
ean distance between B € R1*™i and the rth row of H € R%*™i: (pdist2(B, H)), =
Sy (B[Lk] — H[nk])2, r=1,...,50. For a vector v € R, the softmax(v) € R
is defined by (softmax(v)), = %, r=1,...,50.

The correction term introduces a similarity-dependent adjustment to the histori-
cal regression targets.

All simulations use the following parameters: A(t)=exp(—3), p(¢t)=0.01, ¢(¢,§) =
q(t) = 0.15sin(27 - 0.025¢) + 0.17 sin(2 - 0.021¢), £2(t,£) = 0, £y = 0.02, Aly(t) = 1.5,
ai(t) = 0.4, as(t) = 0.4, as(t) = 0.2, \; = 0.50, and p; = 5 for ¢ = 1,2,3. The initial
state is defined as x = 71(to)jo+) for each j € [10]. Overall, for each day j € [10]
and time step v =0, ...,17279, the latent health state x7, € [0, 2] evolves as

20
) . . 1 ;
i J_ J _ E J ¢
(54) Xy+1 H[0,2] (XV A(tu) Xy p(tv) + Q(tlz) + 20 i ¢ (tuag )) )

where I}y o) denotes projection onto the interval [0, 2], and

3
O(t,, &) = lo + Abi(t,) (Z ai(t,) Bl (t,) yl(t,, &) + sz(ty,sb)> :

At each t,, the parameter yg(t,,, &) for i = 1,2, 3 solves

J

. 2
Bl(t,)yi—x] B

. Pi
min —

2 1 . )
9 HZ t”’ ’ i N] th “)xd, — 7 tua ‘
yi€[-10,10]m: 2 +2 H (to, &)yi+ N (tu, £)x],—ci(t, £)

This manuscript is for review purposes only.



895

896

897

898

899
900

U = W N =

DIFFERENTIAL STOCHASTIC VI WITH PARAMETRIC CONVEX OPTIMIZATION 25

Then, the predicted health state is discretized as

0, ifx) <2,

(5.5) Pred) = ¢ 1, if 2 <x] <%,
. ; 4

2, ifx] > 3.
In addition, the real health state trajectories are set as:
(5.6)
>~<;]/+1 = H[o,z] (ixjj - A(tu> X, — p(tu) + Q(tu> + 4y + Al (t,,) Z ai(tu)ni(tu)[s)oﬂ]) :

i=1

Finally, to assess generalizability, the entire procedure above is replicated for 10
different persons.

5.4. Numerical Experiment Result. Following the experimental setup de-
scribed above, we now present the evaluation outcomes. The numerical tests are
implemented in Python 3.12 on an Apple M3 (4.05 GHz, 16 GB RAM). We adopt an
individual-wise testing strategy to evaluate the last 10 days of data for each of the
10 individuals in the test set separately. Performance metrics are computed at the
individual level and then averaged to obtain the overall performance. This dual per-
spective allows us to assess both personalized and aggregate behavior of the DSVI-O.

5.4.1. Performance Metrics. To quantitatively assess the performance of our
classification model, we employ a comprehensive set of evaluation metrics: Accuracy,
Precision, Recall, Specificity, and F1-score [32]. These metrics are computed
based on the following quantities for each class ¢ (i =0, 1,2):

e True Positives (T'F;): Number of samples correctly predicted as class i.

e True Negatives (T'N;): Number of samples correctly predicted as not be-
longing to class 1.

e False Positives (FP;): Number of samples incorrectly predicted as class i.

e False Negatives (F'N;): Number of samples incorrectly predicted as not
class i.

Based on these definitions, we compute the following per-class metrics, each quan-
tifying a distinct aspect of model performance:

e Accuracy: Measures the overall proportion of correctly classified instances
among all predictions

Accuracy (i) = Th + TN
Y= TP YTN, + FP, + FN;

e Precision: Indicates the proportion of positive predictions that are actually
correct

_ TP,

TP+ FP;’

Recall: Represents the proportion of actual positives correctly identified
__ TR

- TP+ FN;’

Precision(7)

Recall(7)

e Specificity: Quantifies the proportion of actual negatives correctly identified

TN;
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Day 1 Acc: 98.33% Day 2 Acc: 98.36% Day 3 Acc: 97.73% Day 4 Acc: 99.29% Day 5 Acc: 98.55%
[ 8911 9 0 0F 4409 0 0 0 0 0 0 0 g 11923 174 0
© © ° ©
E 11 279 8081 0 .;_‘ 10 283 10768 0 [._E 11 389 6507 0 E 11 121 1 77 5106 0
2 0 0 0 2 0 1 1819 2 0 4 687 2 0 2 0 0 0
0 1 2 0 1 2 0 1 2 0 0 1 2
Predicted Predicted Predicted Predicted Predicted
Day 6 Acc: 98.43% Day 7 Acc: 98.29% Day 8 Acc: 100.00% Day 9 Acc: 96.97% Day 10 Acc: 98.50%
0 0 0 0 172 0 0 0 0 370 0 0 0 0 0
211 267 0 | E1 123 2305 0 21 0 0 0 | 21 153 1266 0 | Et
= = . & & =
2 0 5 2 0 0 0 2 0 0 0 2 0 0 0 2
0 1 2 0 1 2 0 1 2 0 1 2
Predicted Predicted Predicted Predicted Predicted

Fic. 3. Confusion matriz comparing true and predicted labels for one person in 10 days.

e Fl-score: Provides a harmonic mean of precision and recall

F1(i) = 2 - Precision; - Recall;

Precision; + Recall;

5.4.2. Individual-wise Performance. Figure 3 presents the confusion matri-
ces for one person across ten testing days, offering a detailed view of the DSVI-O
framework’s performance at the subject level. Accuracy remains consistently above
96% throughout. Most errors occur when the true label is weak (1) but predicted as
healthy (0), suggesting that the model is more conservative in identifying early or mild
degradations. On Day 9, the main misclassification pattern shifts, with healthy (0)
more often predicted as weak (), possibly due to temporal variations in physiological
signals. While the model reliably captures major health trends, day-specific dynamics
may influence its sensitivity to borderline states, especially during transitions.

Figure 4 illustrates the health state trajectories %X/ in (5.6) and the real-time
predictions xJ, in (5.4) for one individual over 10 representative days in the test set. For
each day, only a local segment containing a state transition is shown. The horizontal
axis denotes time, allowing for fine-grained comparison between the true and predicted
health states. From these trajectories, we observe that the model responds well to
changes in physiological signals and accurately captures transitions among healthy,
weak, and ill states. In general, the model tracks health trends effectively, with most
predicted trajectories aligning well with ground truth. Sudden state changes are
typically detected in real time. In contrast, for gradual transitions, the model often
fails to react immediately when the true state begins to shift but successfully identifies
the change once the deterioration accumulates. This behavior reflects the model’s
reliance on temporal evidence aggregation when detecting slow-onset degradations.

5.4.3. Overall Performance. Figure 5 presents the aggregated confusion ma-
trix for all 10 individuals in the test set, offering a comprehensive summary of the
model’s classification performance across the three health states—healthy (0), weak
(1), and il (2). The diagonal entries indicate correctly classified instances, while off-
diagonal elements represent misclassifications. Over a total of 1,728,000 time points
(10 individuals over 100 days), the model achieves an overall accuracy of 98.18%.
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F1G. 4. Tracked health trajectories for one person: estimated (red) xJ, versus true (blue) %5

Normalized Matrix Acc: 98.18% Raw Count Matrix Acc: 98.18%

18298 53

;51 12011 [EPLLEN) 896

2 0 151 255363
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F1a. 5. Confusion matriz of true and predicted labels for ten persons.

Among all predictions, only 53 instances of class healthy (0) are incorrectly predicted
as ill (2), and no instances of class ill (2) are misclassified as healthy (0). Since these
two classes lie at opposite ends of the health spectrum with weak (1) in between, this
result highlights the model’s robustness in distinguishing distant health conditions
and avoiding severe misclassifications.

Table 1 reports the class-wise evaluation metrics for the three health states:
healthy (0), weak (1), and 4l (2). The results demonstrate that the model achieves
strong performance across all classes, with overall accuracy above 98% for each. In
particular, the model performs exceptionally well in identifying the ill state, achieving
a Precision of 0.9963, Recall of 0.9994, and an F1-score of 0.9979. This indicates both
high sensitivity and specificity in detecting critical health deterioration. The healthy
class also shows robust metrics, with an Fl-score of 0.9836. In contrast, the weak
class exhibits slightly lower Precision (0.9664) and Recall (0.9762), suggesting that
transitional or mild health changes may be more difficult to detect. These observa-
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tions highlight a potential direction for model refinement, particularly in improving
sensitivity to intermediate health states.

TABLE 1
Class-wise evaluation results for ten persons

Type (i)  Accuracy Precision Recall Specificity F1-Score

healthy (0) 0.9824 0.9870 0.9803 0.9850 0.9836
weak (1) 0.9819 0.9664 0.9762 0.9844 0.9713
il (2) 0.9994 0.9963 0.9994 0.9994 0.9979

6. Conclusions. This paper systematically studies fundamental solution prop-
erties of the differential stochastic variational inequality with parametric convex op-
timization (DSVI-O) (1.1)-(1.2). The DSVI-O extends (DSVI), (DVI), (SVI) and
(OCODE) by possessing the time-dependent distributions and handling data from
different sources in different forms simultaneously. We prove that the DSVI-O has
at least one weak solution under standard assumptions. Moreover, we prove that
the DSVI-O has at least one classical solution when the objective functions in the
parametric convex optimization problems (1.2) are strongly convex. The uniqueness
of the classical solution of the DSVI-O is shown in Remark 2.6 for a special class of
strongly convex unconstrained parametric optimization problems in (1.2). To find a
numerical solution, we propose a discrete scheme of DSVI-O by using a time-stepping
approximation and the SAA. We prove the convergence of the discrete scheme, and
establish an explicit Euler discretization error bound with O(h) order on the time grid.
We apply the DSVI-O with the discrete scheme to an embodied intelligence system
for elderly health and generate synthetic health care data by Multimodal Large Lan-
guage Models to test the performance. Preliminary numerical results demonstrate
the efficiency and effectiveness of the DSVI-O. We will study (1.1)-(1.2) with non-
convex objective functions f; from neural network training in the further research.
Such extension needs new theory and algorithms for handling parametric nonconvex
optimization problems in a dynamic and stochastic system.
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