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Abstract. This paper is focused on studying the differential stochastic variational inequal-4
ity with parametric convex optimization (DSVI-O), that is, an ordinary differential equation whose5
right-hand side involves a stochastic variational inequality and solutions of several dynamic and6
random parametric convex optimization problems. Let the involved random variable possess the7
time-dependent distribution, and be measurable and integrable. We first show that the DSVI-O has8
a weak solution coupled with measurable and integrable solutions of the parametric optimization9
problems. Next we propose a discrete scheme of DSVI-O by using the time-stepping approxima-10
tion and sample average approximation and then prove its convergence. Finally, we highlight the11
superiority of our theoretical results on DSVI-O over the existing ones through applications to an12
embodied intelligence system for the elderly health, using synthetic health care data generated by13
Multimodal Large Language Models.14
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1. Introduction. Let X ⊂ Rn be a nonempty closed convex set. At each time18

t ∈ R+, uncertainty is represented by a random vector ξ : Ω → Rℓ, defined on a prob-19

ability space (Ω,F ,Pt), with time-dependent distribution Pt := Pt ◦ ξ−1 concentrated20

on a fixed Borel set Ξ ⊆ Rℓ. Assume that there exists a fixed σ-finite Borel measure21

µ on Ξ such that Pt ≪ µ for every t ∈ R+. We consider the following differential22

stochastic variational inequality with parametric convex optimization (DSVI-O):23

(1.1)

{
ẋ(t) = ΠX (x(t)− EPt [Φ (t, ξ, x(t), y(t, ξ))])− x(t), t ≥ 0,

x(0) = x0,
24

25

(1.2)

yi(t, ξ) ∈ Si(t, ξ, x(t)) := arg min
yi∈Yi(t,ξ)

fi(t, ξ, x(t),yi), i = 1, . . . , k,

y(t, ξ) = (y1(t, ξ), . . . , yk(t, ξ)) , a.e. ξ ∈ Ξ.
26

In (1.1), Φ : R+ × Rℓ × Rn × Rm → Rn is a continuous function and has the form27

(1.3) Φ (t, ξ, x(t), y(t, ξ)) = Φ1 (t, ξ, x(t)) +

k∑
i=1

Bi(t, ξ, x(t)) yi(t, ξ),28

where Φ1 : R+×Rℓ×Rn → Rn is a continuous function andBi : R+×Rℓ×Rn → Rn×mi29

is a continuous matrix-valued function for each i ∈ [k] := {1, . . . , k}. The operator30
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2 X. CHEN, J. GUO, G. WANG

ΠX : Rn → X denotes the metric projection ontoX. To compute the function value of31

Φ at each time t ≥ 0 and event ξ ∈ Ξ, we need to solve k convex optimization problems32

in (1.2), where for each i ∈ [k], the objective function fi : R+×Rℓ×Rn×Rmi → R is33

continuous, and convex in yi for any fixed (t, ξ, x(t)) ∈ R+×Rℓ×Rn, and the feasible34

set is a set-valued map Yi : R+ × Rℓ ⇒ Rmi taking nonempty closed-convex values35

Yi(t, ξ) ⊆ Yi ⊂ Rmi for all (t, ξ) ∈ R+ × Rℓ. Here Yi is a compact set for i ∈ [k] and36

m =
∑k

i=1mi.37

In many applications under dynamic and stochastic environments, the parameters38

(mean, variance, etc.) of probability distributions change over time. Time-dependent39

distributions are more proper for modelling non-stationary dynamic systems than40

static distributions [10, 20]. In Section 5, we use the time-varying Pt to study an41

embodied intelligence system for elderly care with heterogeneous data streams that42

exhibit temporal drift.43

If fi is continuously differentiable with respect to y for each i ∈ [k], then (1.2)44

can be rewritten as the following stochastic variational inequality45

(1.4) 0 ∈ Ψ(t, ξ, x(t), y(t, ξ)) +NY(t,ξ)(y(t, ξ)),46

where

Ψ(t, ξ, x(t), y(t, ξ)) =

 ∇y1
f1(t, ξ, x(t), y1(t, ξ))

...
∇yk

fk(t, ξ, x(t), yk(t, ξ))

 ,

Y(t, ξ) = Y1(t, ξ) × . . . × Yk(t, ξ) and NY(t,ξ)(y(t, ξ)) = NY1(t,ξ)(y1(t, ξ)) × . . . ×47

NYk(t,ξ)(yk(t, ξ)) is the normal cone of Y(t, ξ) at y(t, ξ). When the distribution P48

and feasible set Y are time-independent, then the DSVI-O (1.1)-(1.2) reduces to the49

DSVI [14]50

(DSVI)


ẋ(t) = ΠX (x(t)− E [Φ (t, ξ, x(t), y(t, ξ))])− x(t), t ≥ 0,

x(0) = x0,

0 ∈ Ψ(t, ξ, x(t), y(t, ξ)) +NY(ξ)(y(t, ξ)), a.e. ξ ∈ Ξ.

51

The existence of a solution to the (DSVI) in the space of continuously differen-52

tiable functions and in the space of measurable functions, as well as the convergence53

of the sample average approximation (SAA) and the time-stepping approximation of54

the (DSVI) are proved in [14]. These results are established under the assumption55

that (1.4) has a unique solution yx(t, ξ) for any (t,x) ∈ R+ × Rn and for a.e. ξ ∈ Ξ.56

Moreover, the function (t,x) 7→ E[Φ(t, ξ,x, yx(t, ξ))] is assumed to be locally Lipschitz57

continuous at any given (t,x) ∈ R+ × Rn.58

If the (DSVI) does not involve random variables, then it reduces to the determin-59

istic (DVI) [9, 15, 16, 18, 42, 43]60

(DVI)


ẋ(t) = ΠX (x(t)− Φ(t, x(t), y(t)))− x(t), t ≥ 0,

x(0) = x0,

0 ∈ Ψ(t, x(t), y(t)) +NY(y(t)).

61

If the data in (DSVI) are time-independent and we seek an equilibrium point at62

which ẋ(t) = 0, then the system reduces to the static two-stage stochastic variational63

inequality (SVI) [11, 12, 13, 44]64

(SVI)

{
0 ∈ E [Φ (ξ, x, y(ξ))] +NX(x),

0 ∈ Ψ(ξ, x, y(ξ)) +NY(ξ)(y(ξ)), a.e. ξ ∈ Ξ.
65
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If X = Rn, and the objective functions and constraints in (1.2) are deterministic,66

then (1.1)-(1.2) reduces to the optimization-constrained ordinary differential equation67

(OCODE) [37, 39]68

(OCODE)


ẋ(t) = −Φ(t, x(t), y(t)), t ≥ 0,

x(0) = x0,

y(t) ∈ argmin
y∈Y(t)

f(t, x(t),y).
69

The models (DSVI), (DVI), (SVI) and (OCODE) have many applications in trans-70

portation sciences, atmospheric chemistry, biological systems and economics and have71

been studied extensively over the last decades (e.g., [14, 43, 44]). Nowadays, Artificial72

Intelligence (AI) applications leverage static, dynamic, and random data in diverse73

forms, including images, text, and audio [38] in time-varying environments. How-74

ever, the models (DSVI), (DVI), (SVI) and (OCODE) have limitations in handling75

random data with time-dependent distributions from different sources in different76

forms simultaneously. Motivated by existing research on (DSVI), (DVI), (SVI) and77

(OCODE), and new applications in AI, in this paper, we study the DSVI-O (1.1)–78

(1.2) where k optimization problems in (1.2) handle different learning problems with79

time-dependent distributions simultaneously. The objective functions in these opti-80

mization problems may include high-dimensional data and nonsmooth regularizers,81

and thus are not necessarily strongly convex and differentiable. Therefore, DSVI-O82

(1.1)–(1.2) cannot be written as the (DSVI), (DVI), (SVI) or (OCODE) and existing83

theoretical results cannot be applied to obtain the existence of solutions of DSVI-O84

(1.1)–(1.2) directly.85

We call a pair (x∗ : [0, T ] → Rn, y∗ : [0, T ]× Ξ → Rm) a weak solution of (1.1)-86

(1.2) if x∗ is absolutely continuous in [0, T ] and87

(1.5) x∗(t) = x0 +

∫ t

0

(
ΠX(x∗(τ)− EPτ

[Φ(τ, ξ, x∗(τ), y∗(τ, ξ))])− x∗(τ)
)
dτ,88

and y∗ is jointly measurable in (t, ξ) and satisfies89 ∫ T

0

EPt
[∥y∗(t, ξ)∥] dt <∞,90

with y∗i (t, ξ) ∈ Si(t, ξ, x
∗(t)) for i ∈ [k], for a.e. t ∈ [0, T ] and a.e. ξ.91

The main contributions of this paper are summarized as follows.92

1. We prove the existence of a weak solution of (1.1)-(1.2) for any T > 0 without93

assuming the differentiability of the objective functions fi(t, ξ, x(t), ·) and94

uniqueness of solutions yi(t, ξ) for i ∈ [k]. When fi is strongly convex in y,95

we show that (1.1)-(1.2) has a classical solution (x∗, y∗) with x∗ ∈ C1[0, T ]96

and y∗(·, ξ) is continuous in [0, T ] for a.e. ξ ∈ Ξ. Moreover, for any weak97

solution (x∗(t), y∗(t, ξ)), we show that x∗(t) ∈ X for any t ∈ [0, T ] if x0 ∈ X.98

2. We propose a discrete approximation scheme for (1.1)-(1.2), which first uses the99

time-stepping method based on the forward Euler scheme over a uniform time100

grid to the ordinary differential equation (ODE) in (1.1) and then uses the101

SAA to approximate the expectation value at each discrete time point. We102

give convergence theorems of the discrete approximation scheme to a weak103

solution of (1.1)-(1.2).104
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3. We generate synthetic health care data by Multimodal Large Language Mod-105

els, and test (1.1)-(1.2) with the proposed discrete approximation scheme for106

problems in the embodied intelligence system for the elderly health. Prelim-107

inary results show the efficiency and effectiveness of the DSVI-O model.108

1.1. Preliminaries. In this subsection, we introduce the notation and basic109

definitions used throughout the paper.110

Notation. Let ∥ · ∥ denote the Euclidean norm of a vector or a matrix. Let111

R+ denote the set of all nonnegative real numbers. Given a convex set X ⊆ Rn112

and z ∈ Rn, dist(z, X) := minx∈X ∥x − z∥ denotes the distance from z to X.113

Given two sets A,C ⊆ Rn, D(A,C) := supx∈A dist(x, C) denotes the deviation of114

the set A from the set C. The Hausdorff distance between A and C is defined115

by H(A,C) := max
{
D(A,C), D(C,A)

}
. Given an x ∈ X, NX(x) = {v ∈ Rn :116

v⊤(z − x) ≤ 0, ∀z ∈ X} denotes the normal cone of X at x, and TX(x) = {y ∈117

Rn : lim infλ→0+ λ
−1 dist(x+λy, X) = 0} denotes the contingent cone to X at x. Let118

Cb(X) denote the set of real-valued bounded continuous functions on X, and conv(C)119

denote the convex hull of a set C.120

Definition 1.1 (Upper/lower semicontinuous [2]). We say that a set-valued map121

G : Rn ⇒ Rm is upper semicontinuous (u.s.c.) if for any x0 ∈ Rn, for any open122

set D containing G(x0), there exists a neighborhood Nx0 of x0 such that for any123

x ∈ Nx0
, G(x) ⊂ D. Similarly, we say that G is lower semicontinuous (l.s.c.) if for124

any x0 ∈ Rn, for any y0 ∈ G(x0) and any neighborhood Ny0
of y0, there exists a125

neighborhood Nx0
of x0 such that for any x ∈ Nx0

, G(x) ∩ Ny0
̸= ∅. Moreover, G is126

said to be continuous if and only if it is both u.s.c. and l.s.c.127

Definition 1.2 (Measurability [3]). Consider a measurable space (Rm,B(Rm))128

and a set-valued map G : Rm ⇒ Rn with closed images. The map G is called mea-129

surable if for every open subset O ⊂ Rn, we have G−1(O) := {ω ∈ Rm : G(ω) ∩ O ≠130

∅} ∈ B(Rm).131

Definition 1.3 (Random closed set [41]). For a probability space (Ω,F ,P), a132

set-valued map ζ : Ω ⇒ Rn with closed values is called a random closed set if, for133

every compact set O ⊆ Rn, {ω ∈ Ω : ζ(ω) ∩ O ≠ ∅} ∈ F .134

Definition 1.4 (Integrably bounded [41]). A random closed set ζ is said to135

be integrably bounded if ∥ζ∥ := sup{ ∥ς∥ : ς ∈ ζ } has a finite expectation, i.e.,136

E[∥ζ∥] <∞.137

Definition 1.5 (Integrable selections [41]). Let ζ : Ω ⇒ Rn be a random closed138

set. The family of integrable selections of ζ is defined as L1(ζ) := L0(ζ) ∩ L1(Rn),139

where L0(ζ) denotes the family of all measurable selections of ζ, and L1(Rn) is the140

space of measurable random elements ξ with E[∥ξ∥] <∞.141

The rest of this paper is organized as follows. In Section 2, we prove the existence142

of a weak solution of (1.1)-(1.2) and the feasibility of any weak solution of (1.1)-(1.2).143

In Section 3, we study the discrete scheme for (1.1)-(1.2) and prove its convergence. In144

Section 4, we illustrate the theoretical results on the existence of solutions and discrete145

scheme with numerical examples. In Section 5, we study applications of DSVI-O in146

the embodied intelligence system for the elderly health by synthetic health care data147

generated by Multimodal Large Language Models. In Section 6, we present concluding148

remarks.149

2. Existence of weak solutions of (1.1)–(1.2). The right-hand side of the150

ODE in (1.1) involves k solutions yi(t, ξ), i ∈ [k] of the k optimization problems in151
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(1.2) for t > 0 and a.e. ξ ∈ Ξ. Denote the joint solution set of the optimization152

problems by153

S(t, ξ, x(t)) = S1(t, ξ, x(t))× S2(t, ξ, x(t))× · · · × Sk(t, ξ, x(t)).154

For T > 0, define a set-valued map F : [0, T ]× Rn ⇒ Rn as155

(2.1) F (t, x(t)) = EPt

{
Φ(t, ξ, x(t), y(t, ξ)) : y(t, ξ) ∈ S(t, ξ, x(t))

}
.156

Then (1.1) can be rewritten as:157

(2.2) ẋ(t) ∈ H(t, x(t)) :=
{
ΠX

(
x(t)− φ

)
− x(t) : φ ∈ F (t, x(t))

}
.158

In this section, we show that the linear combination structure of yi in (1.3) pre-159

serves the convexity of the set-valued map F , which is commonly used in differential160

variational inequality (DVI) and control works (e.g., [4, 22, 43]). If Φ depends on y161

in a general nonlinear structure, F may become nonconvex-valued, and existence re-162

sults need additional structural conditions (see, e.g., [7]) or conditions on S(t, ξ, x(t))163

[14, A.2]. These additional conditions are too strong for some applications, when164

stochastic optimization problems for data fitting in (1.2) have multiple solutions.165

Due to the selection of solutions from stochastic optimization problems in (1.2),166

we cannot expect that (1.1) has a differentiable solution x for any T > 0 without167

strong reasonable conditions. One may ask if we can select the least-norm solution168

ȳ(t, ξ) = arg min
y∈S(t,ξ,x(t))

∥y∥2.169

Since the solution set is convex, there is a unique ȳ(t, ξ) for any t ∈ [0, T ], a.e.170

ξ ∈ Ξ. However, even if S(t, ξ,x) is Lipschitz continuous as a set-valued map in171

Hausdorff distance, the least-norm solution ȳ(t, ξ) may fail to be Lipschitz continuous172

in (t,x) ∈ [0, T ] × Rn, as illustrated by [2, Counterexample, pp. 70-72]. Moreover,173

the solution set S(t, ξ,x) is rarely Lipschitz continuous in general. Under typical174

assumptions, one can at most expect upper semicontinuity, which may not even admit175

a continuous selection [2, pp. 39].176

In this section, we focus on the existence of a weak solution of the DSVI-O177

(1.1)–(1.2), which allows us to work with integrable and measurable selections while178

preserving the meaningful evolution of the system state x(t).179

For x0 ∈ X and T > 0, we make the following assumptions.180

(A1) P(·)(·) : [0, T ] × F → [0, 1] is a probability kernel from [0, T ] to Ω, that is,181

for each A ∈ F , the mapping t 7→ Pt(A) is B[0,T ] measurable, and for each182

t ∈ [0, T ], Pt(·) is a probability measure on (Ω,F) [35].183

(A2) There exist measurable functions κΦ1
, κBi

: [0, T ] × Ξ → R+, i ∈ [k], such184

that their expectations κ̄Φ1(t) := EPt [κΦ1(t, ξ)] and κ̄Bi(t) := EPt [κBi(t, ξ)]185

are finite for every t ∈ [0, T ] and integrable over [0, T ], and for all x,x′ ∈ Rn,186

∥Φ1(t, ξ,x)− Φ1(t, ξ,x
′)∥ ≤ κΦ1

(t, ξ)∥x− x′∥,187

and188

∥Bi(t, ξ,x)−Bi(t, ξ,x
′)∥ ≤ κBi

(t, ξ)∥x− x′∥.189

(A3) There exists a constant β̄ > 0 such that, for i ∈ [k],190

sup
t∈[0,T ]

max {EPt
[∥Φ1(t, ξ, x0)∥],EPt

[∥Bi(t, ξ, x0)∥]} ≤ β̄, i ∈ [k].191
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6 X. CHEN, J. GUO, G. WANG

(A4) The set-valued map Y : [0, T ]× Ξ ⇒ Ȳ := Ȳ1 × · · · × Ȳk ⊂ Rm is continuous.192

Remark 2.1. Assumption (A1) requires only that Pt is a probability kernel from193

[0, T ] to Ω, without imposing any continuity or smoothness in time. This condition194

ensures that the random environment is in a measurably well-defined way, and enables195

us to prove the measurability of the set-valued map F in the right-hand side of (2.2)196

at t ∈ [0, T ]. Assumptions (A2)-(A3) impose Lipschitz continuity conditions on the197

mappings Φ1 and Bi in x, with integrable expected Lipschitz moduli, supporting the198

boundedness and linear-growth of the right-hand side of (2.2). Finally, Assumption199

(A4) guarantees that the solution set map S is u.s.c. and takes nonempty and200

compact values.201

Let M := maxi∈[k] supy∈Yi
∥y∥. Before establishing the existence of weak solu-202

tions, we first present properties of the set-valued maps S and F .203

Lemma 2.2. Under Assumptions (A1)–(A4), the following statements hold.204

(i) S(t, ξ,x) is nonempty, convex and compact for any fixed t ≥ 0, ξ ∈ Ξ and x ∈ Rn,205

and S is u.s.c. ;206

(ii) F (t,x) is nonempty, convex and compact for any fixed t ≥ 0 and x ∈ Rn, F (t, ·)207

is u.s.c. for any t ≥ 0 and F (·,x) is measurable for any fixed x ∈ Rn.208

Proof. (i) For fixed t ∈ R+, ξ ∈ Ξ, and x ∈ Rn, since the feasible set Yi(t, ξ)209

is closed and contained in a compact set Yi, and the objective fi is continuous in210

yi, by the Weierstrass theorem, one knows that each set-valued map Si is nonempty-211

valued and compact-valued, and so is the joint map S. Also, noting Assumption212

(A4), it then from fi is continuous on R+ × Ξ× Rn × Rmi , fi(t, ξ,x, ·) is convex on213

Rmi and [50, Theorem 3.1] that the set-valued map Si is convex-valued and u.s.c.214

on R+ × Ξ × X. Hence, it follows from [45, Exercise 2.20] that S is convex-valued.215

Noticing the compactness of S, we conclude from [2, Proposition 4 pp.64 and Theorem216

2 pp.62] that S is u.s.c.217

(ii) For any (t,x) ∈ R+ × Rn and a given realization ξ ∈ Ξ, define the set-valued218

map219

(2.3) G(t, ξ,x) :=
{
Φ(t, ξ,x,y) : y ∈ S(t, ξ,x)

}
.220

Since S is u.s.c. with nonempty closed values, it is measurable by [3, Proposition221

8.2.1]. Moreover, since Φ is continuous, it follows from [3, Lemma 8.2.8] that G is222

measurable. In addition, for each fixed (t, ξ,x), the set S(t, ξ,x) is compact and223

Φ(t, ξ,x, ·) is continuous, which implies that G(t, ξ,x) is compact. Thus, it follows224

from the u.s.c. property of S, the continuity of Φ, and [3, Proposition 1.4.14] that G225

is u.s.c.226

We now study the properties of F . For fixed (t,x) ∈ R+ × Rn, F (t,x) is defined227

as the Aumann integral of the random set G(t, ξ,x) with respect to the time-varying228

probability measure Pt229

F (t,x) =

∫
G(t, ξ,x) dPt(ξ) =

{
EPt [ g(ξ) ] : g(ξ) ∈ L1(G(t, ξ,x))

}
.230

By Assumptions (A2) and (A3) and recalling Definition 1.4, for fixed (t,x), it follows231
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(2.4)

EPt

[
sup

z∈G(t,ξ,x)
∥z∥
]
= EPt

[
sup

y∈S(t,ξ,x)

∥∥∥Φ1(t, ξ,x) +

k∑
i=1

Bi(t, ξ,x)yi

∥∥∥]
≤ EPt

[∥Φ1(t, ξ, x0)∥] + ∥x− x0∥ κ̄Φ1
(t)

+M

k∑
i=1

(
EPt [∥Bi(t, ξ, x0)∥] + ∥x− x0∥ κ̄Bi(t)

)
≤ (kM + 1)β̄ +

(
κ̄Φ1

(t) +M

k∑
i=1

κ̄Bi
(t)
)
∥x− x0∥ <∞,

232

which implies G(t, ξ,x) is integrably bounded. Hence, given its measurability as es-233

tablished, [3, Theorem 8.1.3] ensures that L1(G(t, ξ,x)) ̸= ∅ for fixed (t,x), and thus234

F (t,x) is nonempty. In addition, since Φ(t, ξ,x, ·) is affine and S is convex-valued,235

the mapping G is convex-valued. Thus, Since G takes values in the finite-dimensional236

space Rn, it follows from [41, Theorems 2.1.30 and 2.1.37] that the set-valued map F237

takes convex and closed values. Hence, F (t, ·) is compact-valued.238

Moreover, since for each fixed (t,x) ∈ R+ × Rn, G(t, ·,x) is measurable, by [3,239

Theorem 8.1.4], G(t, ·,x) : ξ ⇒ Rn has a measurable graph. Therefore, noting that240

G is u.s.c., [52, Theorem 3.1 and Remark 3.1] ensures that for fixed t ∈ R+, the241

map F (t, ·) is u.s.c. Now, we fix x ∈ Rn. Note that G(·, ·,x) is a measurable set-242

valued map on [0, T ]×Ξ with compact values in Rn, and (2.4) gives the Pt-integrable243

boundedness of G(t, ·,x) for each t ∈ [0, T ]. Hence, by [1, Corollary 4.7], the map244

F (·,x) is measurable.245

Theorem 2.3 (Existence of a weak solution). Under Assumptions (A1)–(A4),246

if n = 1 or X = {x ∈ Rn : Ax = b} for some given A ∈ Rm×n and b ∈ Rm, then for247

any T > 0, the DSVI-O (1.1)–(1.2) has at least one weak solution (x∗, y∗).248

Proof. We now investigate the differential equation (1.1). Note that (1.1) with249

yi(t, ξ) ∈ Si(t, ξ, x(t)) for i ∈ [k], can be rewritten using F (t, x(t)) as (2.2). Recall250

the set-valued map H(t,x) := {ΠX(x − φ) − x : φ ∈ F (t,x)}. We next verify the251

assumptions of [21, Theorem 5.2].252

Compact convex-valuedness of H. Since F (t,x) takes nonempty and compact253

values and, for each (t,x), the map φ 7→ ΠX(x− φ)− x is continuous, it follows that254

H(t,x) is nonempty and compact. If X = {x : Ax = b} with A ∈ Rm×n (and X ̸= ∅),255

using the explicit formula ΠX(z) = z − A†(Az − b), where A† denotes the Moore–256

Penrose pseudoinverse of A, we get ΠX(x− φ)− x = −A†(Ax− b) −
(
I − A†A

)
φ,257

which is affine in φ and therefore maps the convex set F (t,x) to a convex set. If n = 1,258

then both X and F (t,x) are intervals, and since the one-dimensional projection ΠX259

maps intervals to intervals, H(t,x) is an interval and therefore convex.260

Measurability of H(·,x) and upper semicontinuity of H(t, ·). By Lemma 2.2(ii),261

we have F (·,x) is measurable for each fixed x. Noting that the ΠX(·) is Lipschitz262

continuous, it follows that H(·,x) is measurable. By [3, Proposition 1.4.14], the upper263

semicontinuity of H(t,x) in x for each fixed t follows from the upper semicontinuity264

of F (t,x) and the continuity of the map (x, φ) 7→ ΠX(x− φ)− x.265

Linear growth of H. In addition, for any T > 0, by the non-expansiveness of ΠX266
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and noting (2.4) and x0 ∈ X, it follows267

(2.5)

sup
v∈H(t,x)

∥v∥ = sup
φ∈F (t,x)

∥ΠX(x− φ)− x∥

= sup
φ∈F (t,x)

∥ΠX(x− φ)−ΠX(x) + ΠX(x)− x∥

≤ sup
φ∈F (t,x)

∥φ∥+ ∥x−ΠX(x)∥

≤ (kM + 1)β̄ +
(
κ̄Φ1

(t) +M
∑k

i=1 κ̄Bi
(t) + 1

)
∥x− x0∥

≤ L̃1(t)∥x∥+ L̃2(t),

268

where L̃1(t) := κ̄Φ1
(t)+M

∑k
i=1 κ̄Bi

(t)+1 and L̃2(t) := (kM+1)β̄+L̃1(t)∥x0∥. Since269

κ̄Φ1
and κ̄Bi

are integrable over the interval [0,T], so are L̃1 and L̃2. Thus H(t,x)270

satisfies the linear-growth condition.271

Tangency condition. Finally, for fixed (t,x) ∈ [0, T ]×X, pick φ ∈ F (t,x) and set272

v = ΠX

(
x − φ

)
− x ∈ H(t,x). Since ΠX(x − φ) ∈ X and X is convex, the segment273

x+ λv = (1− λ)x+ λΠX(x− φ) lies in X for every λ ∈ (0, 1]. Hence, x+λv−x
λ = v,274

which means v is in the tangent cone to X at x, and thus v ∈ H(t,x) ∩ TX(x) ̸= ∅275

for any (t,x) ∈ [0, T ]×X.276

Therefore, according to [21, Theorem 5.2], for any given initial state x(0) = x0 ∈277

X, there exists at least one absolutely continuous trajectory x∗(t) to (2.2) on [0, T ]278

such that x∗(0) = x0.279

At last, we construct a jointly measurable selection y∗ for the optimization prob-280

lems in (1.2) that is compatible with the trajectory x∗. Let v∗ be a measurable281

version of ẋ∗, and, for a.e. t ∈ [0, T ], define Q(t) := {φ ∈ F (t, x∗(t)) : v∗(t) =282

ΠX(x∗(t)−φ)− x∗(t)}. Since x∗ satisfies the differential inclusion, Q(t) is nonempty283

for a.e. t ∈ [0, T ]. The set-valued map (t, ξ) 7→ G(t, ξ, x∗(t)) is jointly measur-284

able. Applying the parametrized-integral measurability result [1] to this set-valued285

map shows that t 7→ F (t, x∗(t)) is measurable. Consequently, Q has a measurable286

graph and compact values. Thus, by [3, Theorem 8.1.3], there exists a measur-287

able selection φ∗(t) ∈ Q(t). Since φ∗(t) ∈ F (t, x∗(t)) =
∫
Ξ
G(t, ξ, x∗(t))Pt(dξ),288

it follows from [1, Corollary 4.7] that there exists a jointly measurable selection289

g∗(t, ξ) ∈ G(t, ξ, x∗(t)) such that φ∗(t) =
∫
Ξ
g∗(t, ξ)Pt(dξ) for a.e. t ∈ [0, T ]. De-290

fine R(t, ξ) := {y ∈ S(t, ξ, x∗(t)) : Φ(t, ξ, x∗(t),y) = g∗(t, ξ)}. By the definition of291

G, R has nonempty compact values and a measurable graph. Hence, by [3, Theo-292

rem 8.1.3], there exists a jointly measurable selection y∗(t, ξ) ∈ R(t, ξ). Therefore,293

φ∗(t) = EPt
[Φ(t, ξ, x∗(t), y∗(t, ξ))] for a.e. t ∈ [0, T ]. Moreover, ∥y∗(t, ξ)∥ ≤

√
kM ,294

and hence
∫ T

0
EPt [∥y∗(t, ξ)∥] dt ≤

√
kMT < ∞. Together with the state trajectory295

x∗, the selection y∗ satisfies, for every t ∈ [0, T ],296

x∗(t) = x0 +

∫ t

0

(
ΠX

(
x∗(τ)− EPτ

[
Φ
(
τ, ξ, x∗(τ), y∗(τ, ξ)

)])
− x∗(τ)

)
dτ.

297

We complete the proof.298

Remark 2.4. The additional condition on X in Theorem 2.3 is used to keep the299

induced set-valued map H in (2.2) convex-valued. Without this condition, the pro-300

jection ΠX(·) cannot preserve convexity for a convex set-valued map, and [21, The-301

orem 5.2] is invalid. For nonconvex differential inclusions, existence results require302
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additional structural conditions (see, e.g., [7]), which are hard to verify here since the303

induced map is governed by the parametric second-stage problem (1.2).304

To relax this condition to a general convex set X, following [14], we can use305

an alternative assumption that for any given (t,x) there exists a measurable se-306

lection yx(t, ξ) ∈ S(t, ξ,x) such that the induced right-hand-side term G(t,x) :=307

EPt

[
Φ
(
t, ξ,x, yx(t, ξ)

)]
is (locally) Lipschitz continuous at (t,x). If fi(t, ξ,x, ·) is uni-308

formly strongly convex and ∇yi
fi(t, ξ,x, yi) is uniformly Lipschitz continuous with309

respect to (t,x), then there exists such measurable selection.310

Now we consider a special case of the DSVI-O (1.1)-(1.2) where the objective311

function fi is uniformly strongly convex in yi for i ∈ [k] in the sense that there is312

ηi > 0 such that for any λ ∈ (0, 1),313

(2.6) fi(t, ξ,x, λy+(1−λ)z) ≤ λfi(t, ξ,x,y)+(1−λ)fi(t, ξ,x, z)−ηiλ(1−λ)∥y−z∥2314

holds for every (t, ξ,x) ∈ [0, T ]× Ξ× Rn and all y, z ∈ Rmi .315

Corollary 2.5 (Existence of a classical solution). Suppose that fi satisfy (2.6)316

for i ∈ [k], and that Φ1(t, ξ, x0), Bi(t, ξ, x0), κΦ1
(t, ξ), and κBi

(t, ξ) have uniformly317

bounded p-th moments under Pt on [0, T ] for some p > 1 and i ∈ [k]. Assume also that318

Pt is a Feller kernel [6], i.e., the function t 7→ EPt [ψ(ξ)] is continuous and bounded319

in [0, T ] whenever ψ ∈ Cb(Ξ). Then under Assumptions (A1)–(A4), the DSVI-O320

(1.1)–(1.2) has at least one classical solution (x∗, y∗) for any T > 0 in the sense that321

(x∗, y∗) is a weak solution of (1.1)–(1.2) with x∗ being continuously differentiable and322

y∗(·, ξ) being continuous for every ξ ∈ Ξ.323

Proof. For each i ∈ [k], since fi, i ∈ [k] is strongly convex (2.6), there exists a324

unique solution ŷi(t, ξ,x) of (1.2) for any (t, ξ,x) ∈ R+×Ξ×X. Moreover, by following325

the proof of Lemma 2.2, we obtain that the joint solution map S is u.s.c. Since it is326

single-valued, we conclude that ŷ(t, ξ,x) := (ŷ1(t, ξ,x), . . . , ŷk(t, ξ,x)) is continuous on327

R+×Ξ×X. From Lemma 2.2, the function F (t,x) = EPt
[Φ(t, ξ,x, ŷ(t, ξ,x))] is well-328

defined. Now we prove the continuity of F . Let (tν ,xν) → (t,x) be any convergent329

sequence in [0, T ] ×X. For each ν ∈ N, define ψν(ξ) := Φ(tν , ξ,xν , ŷ(tν , ξ,xν)) and330

ψ(ξ) := Φ(t, ξ,x, ŷ(t, ξ,x)).331

Since Pt is a Feller kernel, we have Ptν ⇒ Pt as ν → ∞. Moreover, the joint332

continuity of Φ and ŷ implies that limν→∞,ξ′→ξ ψν(ξ
′) = ψ(ξ), ξ ∈ Ξ. By (2.4), the333

boundedness of {xν}ν≥1 ∪ {x}, and the uniformly bounded p-th moments, we have334

sup
ν≥1

EPtν

[
∥ψν(ξ)∥p

]
+ EPt

[
∥ψ(ξ)∥p

]
<∞.335

Since p > 1, the sequence {ψν} is uniformly integrable with respect to {Ptν}. There-336

fore, by the Lebesgue’s dominated convergence theorem for weakly converging mea-337

sures, applied componentwise,338

F (tν ,xν) = EPtν
[ψν ] −→ EPt

[ψ] = F (t,x).339

Thus, F is continuous on [0, T ]×X.340

Moreover, since ΠX(·) is Lipschitz continuous with Lipschitz constant one, the341

right-hand side of the ODE342

(2.7) ẋ(t) = ΠX(x(t)− F (t, x(t)))− x(t)343

is continuous in [0, T ]×X. Thus, the linear growth condition (2.5) and the classical344

Peano and extension theorem (e.g. [29, Theorems 1.1 and 2.1]) imply that the ODE345
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(2.7) has at least a solution x∗ ∈ C1([0, T ]). Set y∗(t, ξ) := ŷ(t, ξ, x∗(t)) for any346

t ∈ [0, T ] and ξ ∈ Ξ. Since ŷ is continuous and x∗ ∈ C1([0, T ]), it follows that the347

mapping t 7→ y∗(t, ξ) is continuous for every ξ ∈ Ξ. Moreover, as ŷ(t, ξ,x) is bounded,348

we have EPt [∥y∗(t, ξ)∥] < ∞ for all t ∈ [0, T ]. Therefore, the pair (x∗, y∗) forms a349

classical solution on [0, T ], which completes the proof.350

Remark 2.6. Corollary 2.5 establishes the existence of a classical solution to the351

DSVI-O (1.1)–(1.2). However, uniqueness is not guaranteed in general, as it typically352

requires Lipschitz continuity of the right-hand side of the ODE in (2.7). Below, we353

provide a special example in which uniqueness holds. Suppose that for each i ∈ [k],354

the objective function is given by355

(2.8) fi(t, ξ,x,yi) = gi(t, ξ,x,yi) + hi(yi),356

where gi : [0, T ]× Ξ×X × Rmi → R is twice continuously differentiable with respect357

to y, and hi : Rmi → R ∪ {+∞} is proper, l.s.c., and convex (possibly nonsmooth).358

The feasible set is unconstrained, i.e., Yi(t, ξ) = Rmi for all (t, ξ) ∈ [0, T ] × Ξ and359

i ∈ [k]. Moreover, assume that gi(t, ξ,x, ·) is strongly convex for every (t, ξ,x), i.e.,360

the Hessian ∇2
yiyi

gi(t, ξ,x,yi) is positive definite.361

Under these conditions, the unique solution ŷi(t, ξ,x) of (1.2) exists, and the362

solution mapping p := (t, ξ,x) 7→ ŷi(p) is Lipschitz continuous by [25, Corollary363

2B.10]. Indeed, for any fixed ȳi ∈ Si(p̄), define the set-valued mapping364

Ψ(z) := ∇yi
gi(p̄, ȳ) +∇2

yiyi
gi(p̄, ȳ)(z− ȳ) + ∂hi(z),365

which is the subgradient of the strongly convex function

ψ(z) := gi(p̄, ȳ) + (z− ȳ)⊤∇yi
gi(p̄, ȳ) +

1

2
(z− ȳ)⊤∇2

yiyi
gi(p̄, ȳ)(z− ȳ) + hi(z).

It is easy to see that 0 ∈ ∂ψ(ȳi) = Ψ(ȳi). The strong convexity of ψ implies that366

its Fenchel conjugate ψ∗ is differentiable with Lipschitz continuous gradient (cf. [45,367

Proposition 12.60]). In particular, Ψ−1 = ∇ψ∗ is single-valued and Lipschitz continu-368

ous around 0. Therefore, the solution map Si is Lipschitz continuous by [25, Corollary369

2B.10].370

Recall that H(t,x) = ΠX

(
x− EPt

[
Φ
(
t, ξ,x, ŷ(t, ξ,x)

)])
− x. Since Φ(t, ξ,x,y) is371

Lipschitz continuous in x and y, the projection ΠX is Lipschitz continuous, and the372

solution map ŷ(t, ξ,x) = Si(t, ξ,x) is Lipschitz continuous in x, H is Lipschitz contin-373

uous in x. Moreover, if Pt is a Feller kernel, H is also continuous in t. In particular,374

the Lipschitz property further implies a linear growth property. Consequently, by375

the Picard–Lindelöf theorem [29, Theorem 3.1], the associated differential equation376

admits a unique C1 solution x∗(·) on the entire interval [0, T ]. This result partially377

extends [14, Lemma 2.1] to the unconstrained setting.378

We next establish the feasibility of the solution to the system (1.1)–(1.2). Specif-379

ically, we show that if the initial condition belongs to the closed convex set X, then380

the entire trajectory remains within X over a finite time horizon.381

Lemma 2.7. For any T > 0, if x0 ∈ X, then any weak solution (x∗, y∗) of (1.1)-382

(1.2) satisfies x∗(t) ∈ X for all t ∈ [0, T ].383

Proof. Define the Lyapunov map V (x) = 1
2 dist

2(x,X) = 1
2∥x − ΠX(x)∥2. Since384

X is nonempty, convex and closed, x ∈ X iff V (x) = 0 and V is continuously differen-385

tiable with ∇V (x) = x − ΠX(x) [27, Theorem 3.2]. Since (x∗, y∗) is a weak solution386
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of (1.1)-(1.2), x∗(t) satisfies387

ẋ∗(t) ∈ H(t, x∗(t)) :=
{
ΠX

(
x∗(t)− φ

)
− x∗(t) : φ ∈ F (t, x∗(t))

}
, a.e. t ∈ [0, T ],388

where F (t, x∗(t)) is defined in (2.1). By the chain rule [49, Theorem 2.2], for almost389

every t ∈ [0, T ]390

(2.9)
d

dt
V
(
x∗(t)

)
∈
{
∇V

(
x∗(t)

)⊤
v : v ∈ H

(
t, x∗(t)

)}
.391

Now fix such a time t and pick any v ∈ H
(
t, x∗(t)

)
. Then there exists φ ∈ F

(
t, x∗(t)

)
392

with v = ΠX

(
x∗(t) − φ

)
− x∗(t). Since X is convex, by the first-order optimality393

condition of minx∈X
1
2∥x

∗(t) − x∥2, we have
〈
x∗(t) − ΠX(x∗(t)), ΠX(x∗(t) − φ) −394

ΠX(x∗(t))
〉
≤ 0. Consequently,395

∇V
(
x∗(t)

)⊤
v =

〈
x∗(t)−ΠX(x∗(t)), ΠX(x∗(t)− φ)− x∗(t)

〉
=
〈
x∗(t)−ΠX(x∗(t)), ΠX(x∗(t)− φ)−ΠX(x∗(t))

〉
− ∥x∗(t)−ΠX(x∗(t))∥2

≤ −∥x∗(t)−ΠX(x∗(t))∥2 ≤ 0.

396

Because the right-hand side of (2.9) consists entirely of nonpositive values, we conclude397

that d
dtV (x∗(t)) ≤ 0 for almost every t ∈ [0, T ]. Since V (x0) = 0 (as x0 ∈ X) and V is398

non-increasing along the trajectory x∗, it follows that V (x∗(t)) ≡ 0 for all t ∈ [0, T ].399

Hence, x∗(t) ∈ X for all t ∈ [0, T ].400

3. Discrete approximation and convergence analysis. In this section, we401

propose a discrete approximation scheme to compute numerical solutions of DSVI-402

O (1.1)–(1.2). We first apply a time-stepping method based on the forward Euler403

scheme over a uniform time grid to the ODE in (1.1). Next we apply the SAA to404

compute approximate values of the expectation at each discrete time. Finally, we405

define piecewise linear continuous-time functions by linear interpolation using these406

discrete points and prove the convergence to the x part of a weak solution of DSVI-407

O (1.1)–(1.2) as the step size in the time-stepping method goes to zero and the sample408

size of the SAA goes to infinity. Throughout Section 3, we assume that the conditions409

of Theorem 2.3 hold, so that a weak solution exists.410

Throughout Section 3, we assume that the conditions of Theorem 2.3 hold. In411

addition, we assume that H is jointly upper semicontinuous on [0, T ] ×X, and that412

κ̄Φ1
and κ̄Bi

, i ∈ [k], are uniformly bounded on [0, T ].413

3.1. Discrete approximation. We describe the time-stepping method for the414

ODE in (1.1). For a fixed T > 0, we define the time step size h := T/N with415

a fixed N ∈ N. Consider the uniform partition of the interval [0, T ] with nodes416

tν := νh for ν = 0, . . . , N . Given the initial condition xN
0 = x(0) = x0 ∈ X,417

we recursively construct a discrete trajectory {xN
ν }Nν=0 ⊂ Rn along with measurable418

selections {yNν,i(ξ)}Nν=0 ⊂ Rmi for i ∈ [k] as follows.419

Forward Euler scheme420

(3.1)


xN
ν+1 = xN

ν + h
(
ΠX

(
xN
ν − EPtν

[
Φ(tν , ξ,x

N
ν , y

N
ν (ξ))

])
− xN

ν

)
,

yNν,i(ξ) ∈ arg min
yi∈Yi(tν ,ξ)

fi(tν , ξ,x
N
ν ,yi), i ∈ [k],

421

where yNν (ξ) :=
(
yNν,1(ξ), . . . , y

N
ν,k(ξ)

)
.422
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The forward Euler scheme (3.1) involves an intractable expectation with respect423

to the distribution Ptν at each time tν . To approximate this expectation, we apply424

the SAA method.425

At each node tν , we draw a batch of i.i.d. samples {ξjν}Jj=1 from Ptν , where the426

batch size J ∈ N is independent of ν. Replacing the expectation by the empirical427

mean leads to the following SAA–Euler scheme:428

SAA-Euler scheme429

(3.2)


xN,J
ν+1 = xN,J

ν + h
(
ΠX

(
xN,J
ν − 1

J

J∑
j=1

Φ
(
tν , ξ

j
ν ,x

N,J
ν , yN,J

ν (ξjν)
))

− xN,J
ν

)
,

yN,J
ν,i

(
ξjν
)
∈ arg min

yi∈Yi(tν ,ξ
j
ν)
fi
(
tν , ξ

j
ν ,x

N,J
ν ,yi

)
, i ∈ [k], j ∈ [J ],

430

where yN,J
ν (ξjν) :=

(
yN,J
ν,1 (ξjν), . . . , y

N,J
ν,k (ξjν)

)
.431

We define the piecewise linear interpolations xN , xN,J : [0, T ] → Rn, respectively,432

as follows433

(3.3) xN (t) =
tν+1 − t

h
xN
ν +

t− tν
h

xN
ν+1, t ∈ [tν , tν+1], ν = 0, . . . , N − 1.434

435

(3.4) xN,J(t) =
tν+1 − t

h
xN,J
ν +

t− tν
h

xN,J
ν+1, t ∈ [tν , tν+1], ν = 0, . . . , N − 1.436

3.2. Convergence analysis. By the proof of Theorem 2.3, we know that the437

set-valued map H(t,x) = {ΠX(x− φ)− x : φ ∈ F (t,x)} with F (t,x) defined in (2.1)438

satisfies that H(·,x) is measurable and H(t, ·) is u.s.c. However, H may fail to be439

jointly u.s.c. in (t,x), which prevents a direct application of classical convergence440

results for difference inclusions [23]. In some special cases, for instance when Pt is441

Feller together with suitable uniform integrability conditions, the map H(t,x) can442

be jointly u.s.c. in (t,x). To address the lack of joint u.s.c. only under Assumptions443

(A1)–(A4), we construct an auxiliary set-valued map Hϵ that is jointly u.s.c. and444

satisfies the same linear growth condition. Moreover, Hϵ(t,x) ⊂ H(t,x), and both445

inclusions admit the same set of solutions on a large subset of [0, T ]. The key properties446

of this approximating inclusion are summarized in the following lemma.447

3.3. Convergence analysis. By the proof of Theorem 2.3, we know that the448

set-valued map H(t,x) = {ΠX(x− φ)− x : φ ∈ F (t,x)} with F (t,x) defined in (2.1)449

satisfies that H(·,x) is measurable and H(t, ·) is u.s.c. However, H may fail to be450

jointly u.s.c. in (t,x), which prevents a direct application of classical convergence451

results for difference inclusions [23]. In some special cases, for instance when Pt is452

Feller together with suitable uniform integrability conditions, the map H(t,x) can be453

jointly u.s.c. in (t,x). To address the lack of joint u.s.c., we construct an auxiliary454

set-valued map Hϵ that is jointly u.s.c. and satisfies the same linear growth condition.455

Moreover, H(t,x) ⊆ Hϵ(t,x), and the two maps coincide outside a finite set of times.456

Consequently, they define the same differential inclusion a.e. on [0, T ]. The key457

properties of this approximating inclusion are summarized in the following lemma.458

Lemma 3.1. Suppose that there exists a finite set E ⊂ [0, T ] such that H is jointly459

u.s.c. on ([0, T ] \ E) ×X, and that κ̄Φ1
and κ̄Bi

, i ∈ [k], are uniformly bounded on460

[0, T ]. For any ϵ > 0, there exists a closed set Tϵ ⊂ [0, T ] satisfying λ([0, T ] \ Tϵ) ≤ ϵ461

with λ(·) being the Lebesgue measure on [0, T ], and a jointly u.s.c. set-valued map462
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Hϵ : [0, T ] × X ⇒ Rn with closed convex values such that Hϵ satisfies the linear463

growth condition and any sequence {xN}N∈N generated by the time-stepping scheme464

(3.1) and (3.3) satisfies, for all sufficiently large N , ẋN (t) ∈ Hϵ(tν , x̄
N (t)) for a.e.465

t ∈ [0, T ] with x̄N (t) := xN
ν for t ∈ (tν , tν+1), ν = 0, . . . , N − 1.466

Proof. By (2.5) and the uniform boundedness assumptions, there exist constants467

a, b > 0 such that supv∈H(t,x) ∥v∥ ≤ a∥x∥+ b on [0, T ]×X. For every ϵ > 0, choose468

a closed set Tϵ ⊂ [0, T ] \ E satisfying λ([0, T ] \ Tϵ) ≤ ϵ. Define Hϵ(t,x) := H(t,x)469

if t /∈ E, and Hϵ(t,x) := B(0, a∥x∥ + b) if t ∈ E. Then Hϵ has nonempty compact470

convex values, contains H, and satisfies the same linear-growth bound. Moreover,471

Hϵ = H on ([0, T ] \ E) × X, and hence on Tϵ × X. Since E is finite, Hϵ is jointly472

u.s.c. at every (t,x) with t /∈ E. At a point (t,x) with t ∈ E, upper semicontinuity473

follows from Hϵ(s, z) ⊆ B(0, a∥z∥ + b) and the continuity of z 7→ a∥z∥ + b. Thus Hϵ474

is jointly u.s.c. on [0, T ] ×X. When 0 < h ≤ 1, the convexity of X and (3.1) imply475

that xN
ν ∈ X. Therefore,476

ẋN (t) ∈ H(tν , x̄
N (t)) ⊆ Hϵ(tν , x̄

N (t))477

for a.e. t ∈ (tν , tν+1). This completes the proof.478

The following theorem shows the uniform convergence of {xN}N∈N.479

Theorem 3.2. Let {xN}N∈N be the sequence generated by (3.3). Then, under
Assumptions (A1)–(A4) and the assumption of Lemma 3.1, every sequence {xN}N∈N
has a uniformly convergent subsequence {xNτ }τ∈N and a limit x such that

sup
t∈[0,T ]

∥xNτ (t)− x(t)∥ → 0 as τ → ∞,

and the limit x is the x-part of a weak solution of (1.1)-(1.2).480

Proof. Let ϵi ↓ 0 as i→ ∞. For each i, by Lemma 3.1 and [23, Theorem 2.2], we481

have a closed set Tϵi ⊂ [0, T ], a jointly u.s.c. set-valued map Hϵi , and a subsequence482

{xN (·)}N∈Nϵi
⊂N of {xN (·)}N∈N that converges uniformly on [0, T ] to an absolutely483

continuous limit xi : [0, T ] → Rn satisfies that ẋi(t) ∈ Hϵi

(
t, xi(t)

)
for a.e. t ∈ [0, T ]484

and, since Hϵi = H outside the finite set E, ẋi(t) ∈ H(t, xi(t)) for a.e. t ∈ [0, T ].485

Moreover, xi(0) = x0 and xi(t) ∈ X for all t ∈ [0, T ].486

In addition, by [21, Theorem. 7.1], we can extract a uniformly convergent sub-487

sequence {xiτ (·)}τ∈N converging to an absolutely continuous limit x : [0, T ] → Rn488

satisfying ẋ(t) ∈ H(t, x(t)) a.e. on [0, T ]. For each τ , choose K(τ) ∈ Nϵiτ
large489

enough to satisfy supt∈[0,T ] ∥xN (t) − xiτ (t)∥ < 1
τ for any N ∈ Nϵiτ

⋂
[K(τ),∞). In490

particular, choose K(τ) to be strictly increasing in τ ∈ N. Define Nτ := K(τ). The491

subsequence {xNτ }τ∈N satisfies492

sup
t∈[0,T ]

∥xNτ (t)− x(t)∥ ≤ 1

τ
+ sup

t∈[0,T ]

∥xiτ (t)− x(t)∥ → 0 as τ → ∞.493

Finally, by the measurable selection argument in the proof of Theorem 2.3, x is the494

x-part of a weak solution of (1.1)–(1.2). This completes the proof.495

Remark 3.3. A notable property of the coupled time-stepping scheme (3.1) is that496

the sequence of first-stage trajectories {xN}N∈N admits a uniformly convergent sub-497

sequence for any selections {yN}N∈N. This indicates that the first-stage dynamics498

can remain stable with respect to fluctuations in the second-stage variables. To illus-499

trate this, we give the following example. Let ξ ∼ U(0, 1), P denote the corresponding500
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14 X. CHEN, J. GUO, G. WANG

probability distribution on Ξ = [0, 1], X = R, k = 1, Y(t, ξ) = {y ∈ R2
+ : y1+y2 = 1}501

and502

f(t, ξ,x,y) = (1 + x2 + ξ) (y1 + y2), Φ(t, ξ,x,y) = x+ sin(2πξ) + (y1 − y2).503

Then the optimal set satisfies S(t, ξ,x) = Y(t, ξ) for all (t, ξ,x).504

Define a function rν(ξ) := (−1)⌊2
ν+1ξ⌋ and let yNν (ξ) = ( 1+rν(ξ)

2 , 1−rν(ξ)
2 ) for

each ν ∈ N. Then yNν (ξ) ∈ S(tν , ξ,xN
ν ), EP [y

N
ν,1(ξ) − yNν,2(ξ)] = EP [rν ] = 0 and

EP [sin(2πξ)] = 0. Thus the Euler update reduces to

xN
ν+1 = xN

ν + h(xN
ν − EP [Φ]− xN

ν ) = (1− h)xN
ν ,

which implies xN
ν = (1 − h)νx0. After interpolation, the first-stage trajectories con-505

verge uniformly to x(t) = x0e
−t. However, define yN (t, ξ) := yNν (ξ), t ∈ [tν , tν+1).506

For M ≥ 2N , we have ∥yN − yM∥2L2([0,T ]×[0,1]) = T − T
M ≥ T

2 . Thus no subsequence507

is strongly convergent in this space. This example illustrates that the sequence {xN}508

may still admit a uniformly convergent subsequence, even when the second-stage se-509

lections {yN} do not admit any convergent subsequence.510

Moreover, this example also shows that the selection rule plays a critical role in the511

joint convergence of (xN , yN ). For instance, employing the constant selector y(t, ξ) ≡512

(1, 0) yields convergent subsequences for both stages. Note that the function f is513

continuously differentiable and convex with respect to y, and thus the minimization514

problem miny∈Y(t,ξ) f(t, ξ,x,y) is equivalent to a variational inequality problem. For515

continuous selection of solutions to parametric variational inequalities, see [17, 31].516

Theorem 3.2 establishes the subsequential uniform convergence of the continuous-517

time interpolants {xN} generated by the Euler scheme, and shows that any uniform518

limit is the x-part of a weak solution to (1.1)–(1.2). We next strengthen this result519

by deriving an error bound analysis on [0, T ].520

Throughout the analysis, we additionally assume the Riemann integrability of521

κ̄Φ1(t) and κ̄Bi(t), i ∈ [k]. Set Mi := supt∈[0,T ] L̃i(t), i = 1, 2, R := eTM1
(
∥x0∥ +522

TM2

)
, and D := X ∩ B(0, R), where L̃1(·) and L̃2(·) are given by (2.5). Then any523

solution x(·) of (2.2) on [0, T ] satisfies ∥x(t)∥ ≤ R for all t ∈ [0, T ] by Grönwall’s524

inequality. Moreover, we assume the support set Ξ is compact. We then give the525

following assumption.526

Assumption 3.4. (a) For each i ∈ [k] and for ξ ∈ Ξ, there exists a measurable527

function αi : Ξ → (0,∞) and a constant α0 > 0 such that αi(ξ) ≥ α0 for all528

ξ ∈ Ξ, and for all t ∈ [0, T ], x ∈ X, and y ∈ Yi,529

fi(t, ξ,x,y)− vi(t, ξ,x) ≥ αi(ξ) dist
(
y,Si(t, ξ,x)

)
,530

with vi(t, ξ,x) := miny∈Yi(t,ξ) fi(t, ξ,x,y).531

(b) For each i ∈ [k] and for ξ ∈ Ξ, the map fi(·, ξ, ·, ·) is Lipschitz continuous532

in (t,x,y) on [0, T ] × X × Yi, Yi(·, ξ) is Hausdorff-Lipschitz continuous on533

[0, T ], and Φ1(·, ξ, ·) and Bi(·, ξ, ·) are Lipschitz continuous in (t,x) on [0, T ]×534

X, with measurable and bounded moduli κfi(ξ), κYi(ξ), κ̃Φ1(ξ), and κ̃Bi(ξ),535

respectively.536

(c) There exists LP > 0 such that for all t, t′ ∈ [0, T ],537

∥Pt − Pt′∥TV ≤ LP |t− t′|,538

where ∥ · ∥TV denotes the total variation distance; see [51, Definition 2.4].539
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Remark 3.5. Under the standing assumptions of this section, the existence of a540

weak solution follows from Theorem 2.3. Moreover, Assumption 3.4(a) is the weak541

sharp minima property in the sense of Burke–Ferris [8]. It allows Si(t, ξ,x) to be542

multi-valued, and together with the remaining parts of Assumption 3.4, it yields the543

Hausdorff-Lipschitz continuity of the map (t,x) 7→ H(t,x).544

We further illustrate that Assumption 3.4(c) holds for several standard classes of545

probability measures by three examples.546

(i) Let Ξ = {z1, . . . , zm} and Pt =
∑m

j=1 pj(t)δzj . If each pj is a Lipschitz continuous547

function on [0, T ] with a constant Lj > 0, then548

∥Pt − Pt′∥TV =
1

2

m∑
j=1

|pj(t)− pj(t
′)| ≤ 1

2

m∑
j=1

Lj |t− t′|.549

Hence Assumption 3.4(c) holds with LP = 1
2

∑m
j=1 Lj .550

(ii) Let Pt = Unif([a(t), b(t)]ℓ) on Rℓ with a(t) = a0 − tc0, b(t) = b0 + tc0, where551

a0 < b0 and c0 > 0. Set It = [a(t), b(t)]ℓ and r(t) = b(t) − a(t) = b0 − a0 + 2tc0. For552

t ≥ t′, one has It′ ⊂ It. Since the density of Pt is r(t)
−ℓ1It , by [51, Lemma 2.1], we553

obtain554

∥Pt − Pt′∥TV =
1

2

∫
Rℓ

∣∣∣∣ 1

r(t)ℓ
1It(z)−

1

r(t′)ℓ
1It′ (z)

∣∣∣∣ dz
≤ 2ℓc0(t− t′)

b0 − a0 + 2tc0
≤ 2ℓc0
b0 − a0

|t− t′|.
555

The case t < t′ is analogous. Thus Assumption 3.4(c) holds with LP = 2ℓc0/(b0−a0).556

(iii) Let Pt = N (m(t),Σ) on Rℓ, where Σ is a symmetric positive definite matrix and557

m is a Lipschitz continuous function with a constant Lm > 0. By Pinsker’s inequality558

[51, Lemma 2.5] and the Kullback-Leibler divergence between Gaussian distributions559

with the same covariance matrix [19, Chapter 9, Section 5],560

∥Pt − Pt′∥TV ≤ 1

2

(
(m(t)−m(t′))⊤Σ−1(m(t)−m(t′))

)1/2
≤ Lm

2
√
λmin(Σ)

|t− t′|.
561

Therefore Assumption 3.4(c) holds with LP = Lm/(2
√
λmin(Σ)).562

Lemma 3.6 (Hausdorff-Lipschitz continuity of H). Under Assumption 3.4, there563

exists a constant LH > 0 such that for all t, t′ ∈ [0, T ] and all x,x′ ∈ D,564

H
(
H(t,x), H(t′,x′)

)
≤ LH

(
|t− t′|+ ∥x− x′∥

)
.565

Proof. Fix t, t′ ∈ [0, T ] and x,x′ ∈ D, and set ∆ := |t− t′|+ ∥x− x′∥. Fix i ∈ [k]566

and ξ ∈ Ξ. Take any y′ ∈ Si(t
′, ξ,x′) ⊆ Yi(t

′, ξ). By Assumption 3.4(b),567

fi(t, ξ,x,y
′) ≤ fi(t

′, ξ,x′,y′) + κfi(ξ)∆ = vi(t
′, ξ,x′) + κfi(ξ)∆.568

Let y ∈ Si(t, ξ,x). Since Yi(·, ξ) is Hausdorff-Lipschitz with modulus κYi
(ξ), there569

exists ȳ ∈ Yi(t
′, ξ) such that ∥ȳ−y∥ ≤ κYi(ξ)|t− t′|. Using Assumption 3.4(b) again,570

vi(t
′, ξ,x′) ≤ fi(t

′, ξ,x′, ȳ) ≤ fi(t, ξ,x,y) + κfi(ξ)
(
|t− t′|+ ∥x− x′∥+ ∥ȳ − y∥

)
≤ vi(t, ξ,x) + (1 + κYi

(ξ))κfi(ξ)∆.
571
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16 X. CHEN, J. GUO, G. WANG

Combining the above inequalities yields fi(t, ξ,x,y
′) ≤ vi(t, ξ,x)+(2+κYi

(ξ))κfi(ξ)∆,572

and Assumption 3.4(a) implies dist
(
y′,Si(t, ξ,x)

)
≤ (2+κYi

(ξ))κfi
(ξ)

α0
∆. Swapping573

(t,x) and (t′,x′) gives574

(3.5) H
(
Si(t, ξ,x),Si(t

′, ξ,x′)
)
≤ (2 + κYi

(ξ))κfi(ξ)

α0
∆.575

Recalling G in (2.3), using translation invariance and subadditivity of H, we have576

H
(
G(t, ξ,x),G(t′, ξ,x′)

)
≤ ∥Φ1(t, ξ,x)− Φ1(t

′, ξ,x′)∥577

+

k∑
i=1

H
(
Bi(t, ξ,x)Si(t, ξ,x), Bi(t

′, ξ,x′)Si(t
′, ξ,x′)

)
.(3.6)578

Fix i ∈ [k]. By Assumption 3.4(b) and the compactness of Ξ, it follows that for any579

t ∈ [0, T ], x ∈ D, and ξ ∈ Ξ580

∥Bi(t, ξ,x)∥ ≤ ∥Bi(0, ξ, x0)∥+ κ̃Bi
(ξ)
(
T + 2R

)
<∞.581

Moreover, Si(t, ξ,x) ⊆ Yi implies the boundedness of Si(t, ξ,x). Combining (3.5)582

with the Lipschitz continuity of Φ1(·, ξ, ·) and Bi(·, ξ, ·) in Assumption 3.4(b) and583

using (3.6), we obtain584

H
(
G(t, ξ,x),G(t′, ξ,x′)

)
≤ CG(ξ)∆,585

where CG(ξ) := κ̃Φ1
(ξ) +

∑k
i=1

((
∥Bi(0, ξ, x0)∥ + κ̃Bi

(ξ)(T + 2R)
) (2+κYi

(ξ))κfi
(ξ)

α0
+586

κ̃Bi
(ξ)M

)
with M := maxi∈[k] supy∈Yi

∥y∥. Since the moduli in Assumption 3.4(b)587

are bounded on Ξ, there exists a constant LG > 0 such that CG(ξ) ≤ LG for all ξ ∈ Ξ,588

and hence589

H
(
G(t, ξ,x),G(t′, ξ,x′)

)
≤ LG ∆.590

Next, by the definition of the Aumann integral under the fixed measure Pt, we591

have592

(3.7) H(EPt
[G(t, ξ,x)], EPt

[G(t′, ξ,x′)]) ≤ EPt

[
H(G(t, ξ,x),G(t′, ξ,x′))

]
≤ LG ∆.593

For the fixed x′ ∈ D and t′ ∈ [0, T ] and for any ∥u∥ ≤ 1, define hG(t′,ξ,x′)(u) :=594

supg∈G(t′,ξ,x′) u
⊤g. By (2.3) and Assumption 3.4(b) and the compactness of Ξ, there595

exists a constant ΓR > 0 such that ∥hG(t′,·,x′)(u)∥∞ ≤ ΓR for all ∥u∥ ≤ 1. Using596

hEP [G](u) = EP [hG(u)] and [26, Proposition D.2.4], we obtain597

H
(
EPt

[G(t′, ξ,x′)], EPt′ [G(t
′, ξ,x′)]

)
598

= sup
∥u∥≤1

∣∣∣EPt [hG(t′,ξ,x′)(u)]− EPt′ [hG(t′,ξ,x′)(u)]
∣∣∣599

≤ sup
∥u∥≤1

∥hG(t′,·,x′)(u)∥∞ ∥Pt − Pt′∥TV ≤ ΓR ∥Pt − Pt′∥TV600

≤ΓR LP |t− t′| ≤ ΓR LP ∆.(3.8)601

Recalling F (t,x) = EPt
[G(t, ξ,x)], by (3.7) and (3.8), we have602

H
(
F (t,x), F (t′,x′)

)
≤ (LG + ΓRLP )∆.603
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Finally, by nonexpansiveness of ΠX and the definition of H, it follows604

H
(
H(t,x), H(t′,x′)

)
≤ 2∥x− x′∥+H

(
F (t,x), F (t′,x′)

)
≤
(
2 + LG + ΓRLP

)
∆.605

Thus, the proof is completed with LH := 2 + LG + ΓRLP .606

Theorem 3.7 (Euler discretization error). Under Assumption 3.4, for any x-607

part x(·) of a weak solution to (1.1)-(1.2) on [0, T ], there exists an Euler sequence608

{xN
ν }Nν=0 such that609

max
0≤ν≤N

∥∥x(tν)− xN
ν

∥∥ = O(h).610

Proof. By Lemma 3.6 and (2.5), the set-valued map (t,x) 7→ H(t,x) is Hausdorff-611

Lipschitz continuous and bounded on [0, T ] × D. Hence, applying [24, Proposition,612

p. 350] completes the proof.613

Using Theorem 3.7, the next corollary shows that, along an Euler sequence {xN
ν }614

generated by (3.1), there exists a selection of second-stage solutions {yNν,i} that inherits615

the convergence of {xN
ν }.616

Corollary 3.8. Fix i ∈ [k] and ξ ∈ Ξ. Define, for each t ∈ [0, T ], yi(t, ξ) :=617

ΠSi(t,ξ,x(t))(0), and for each tν , y
N
i,ν(ξ) := ΠSi(tν ,ξ,xN

ν )

(
yi(tν , ξ)

)
, ν = 0, . . . , N. Then,618

under Assumption 3.4, we have619

(3.9) max
0≤ν≤N

∥∥yNi,ν(ξ)− yi(tν , ξ)
∥∥ = O(h).620

Proof. For ν = 0, . . . , N , by the definition of yNi,ν(ξ) and yi(tν , ξ) ∈ Si(tν , ξ, x(tν)),621

we have622 ∥∥yNi,ν(ξ)− yi(tν , ξ)
∥∥ = dist

(
yi(tν , ξ),Si(tν , ξ,x

N
ν )
)

≤ H
(
Si(tν , ξ, x(tν)), Si(tν , ξ,x

N
ν )
)
.

623

Therefore, using (3.5) and noting the compactness of Ξ, the result (3.9) follows from624

Theorem 3.7.625

The SAA-Euler scheme (3.2) replaces the true expectations in the forward Euler626

method with empirical averages and provides a fully implementable version. We now627

give a convergence result for the SAA-Euler scheme (3.2).628

Theorem 3.9. Under Assumptions (A1)–(A4), every sequence {xN,J}N,J∈N de-629

fined in (3.2) has a uniformly convergent subsequence {xNj ,Jj}j∈N in [0, T ] with Nj →630

∞ and Jj → ∞ as j → ∞ to an absolutely continuous function x̄ such that for any631

r > 0,632

(3.10) ˙̄x(t) ∈ conv(Hr(t, x̄(t))), a.e. t ∈ [0, T ],633

where Hr(t, x̄(t)) :=
⋃

x′∈B(x̄(t),r)H(t,x′), B(x̄(t), r) denotes the open ball of radius r634

centered at x̄(t) in Rn.635

Proof. Recall that (1.1)-(1.2) can be rewritten as the differential inclusion (2.2)636

and the forward Euler method (3.1) can be written as xN
ν+1 ∈ xN

ν + hH
(
tν ,x

N
ν

)
, for637

ν = 0, 1, . . . , N − 1 with xN
0 = x0. Similarly, the SAA–Euler scheme (3.2) can be638

expressed as xN,J
ν+1 ∈ xN,J

ν + hHJ

(
tν ,x

N,J
ν

)
, where HJ(t,x) :=

{
ΠX(x − φ − x : φ ∈639

1
J

∑J
j=1 G(t, ξj ,x)

}
with {ξj}Jj=1 being i.i.d. samples drawn from the distribution Ptν640

at each time node tν . In the following, we consider the case where F is jointly u.s.c.641

in (t, x). When F (·,x) is measurable and F (t, ·) is u.s.c., similar results follow from642

arguments as in Lemma 3.1.643
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Now we show that the SAA field HJ inherits the linear–growth property of H.644

Fix r > 0, by [48, Theorem 2], it follows645

(3.11) sup
(t,x)∈[0,T ]×X

D
(
HJ(t,x), H

r(t,x)
) w.p. 1−−−−→

J→∞
0.646

Hence, almost surely, for any ε > 0 there exists a random index J0 such that for all647

J ≥ J0, all x ∈ X and any vJ ∈ HJ(t,x), one can find x′ ∈ B(x, r) and v ∈ H(t,x′)648

with ∥vJ − v∥ ≤ ε. Then,649

∥vJ∥ ≤ ∥v∥+ ∥vJ − v∥ ≤ sup
u∈H(t,x′)

∥u∥+ ε ≤ L̃1(t) ∥x′∥+ L̃2(t) + ε.650

Because ∥x′∥ ≤ ∥x∥+ r, we obtain ∥vJ∥ ≤ L̃1(t) (∥x∥+ r)+ L̃2(t)+ ε, and taking the651

supremum over vJ ∈ HJ(t,x) yields for any (t,x) ∈ [0, T ]×X, J ≥ J0,652

(3.12) sup
v∈HJ (t,x)

∥v∥ ≤ L̃1(t)∥x∥+ L̃1(t)r + L̃2(t) + ε.653

Hence, it follows ∥xN,J
ν+1∥ ≤ (1 + ah)∥xN,J

ν ∥ + hb with a := supt∈[0,T ] L̃1(t) and b :=654

supt∈[0,T ](L̃1(t)r + L̃2(t) + ε). Then, after iteration, we have,655

(3.13) ∥xN,J
ν ∥ ≤ eaT ∥x0∥+

b

a

(
eaT − 1

)
, ν = 0, . . . , N − 1.656

Thus, we conclude657

(3.14) lim sup
N→∞

lim sup
J→∞

sup
t∈[0,T ]

∥xN,J(t)∥ <∞.658

Moreover, by the recursive inclusion, the derivative ẋN,J exists a.e. in [0, T ], and659

satisfies ẋN,J(t) ∈ HJ(tν ,x
N,J
ν ), for t ∈ (tν , tν+1), ν = 0, . . . , N−1. Combining (3.14)660

and (3.12) implies:661

(3.15) lim sup
N→∞

lim sup
J→∞

supt∈[0,T ] ∥ẋN,J(t)∥ <∞, ∀t ∈ (tν , tν+1), ν = 0, . . . , N − 1.662

Hence the family {xN,J}N,J∈N is equi-bounded and equi-continuous, so for any r >663

0, by the Arzelà-Ascoli theorem, there are subsequences {Nj} and {Jj} with Jj ≥664

max{j, J0} and Nj → ∞ and Jj → ∞ as j → ∞ such that {xNj ,Jj}j∈N converges665

uniformly to a function x̄. In addition, ˙̄x(·) converges weakly in L∞([0, T ])n to a limit666

v̄ for some further subsequence (not relabeled). Then by (3.11) and noting Jj > J0,667

it follows supt∈[0,T ] D
(
HJ(t, x

Nj ,Jj (t)), Hr(t, xNj ,Jj (t))
)
≤ ε. Moreover, from (3.15),668

we have669

sup
ν∈[Nj ]−1

max
tν≤t≤tν+1

∥∥xNj ,Jj (t)− xNj ,Jj (tν)
∥∥→ 0, as j → ∞,670

and therefore, there exists a j1 such that for all j > j1671

ẋNj ,Jj (t) ∈ HJ

(
t, xNj ,Jj (t)

)
+ B(0, ε) for a.e. t ∈ [0, T ].672

Then it follows from the uniform convergence xNj ,Jj → x̄, weak convergence ẋNj ,Jj ⇀673

˙̄x and the dominated convergence theorem that, for every measurable ∆ ⊂ [0, T ] and674

q ∈ Rn with ∥q∥ = 1,675 ∫
∆

q⊤ ˙̄x(τ) dτ ≤
∫
∆

[
sup

a∈H r(τ,x̄(τ))

q⊤a+ 2ε

]
dτ.676

Since ∆ and ε are arbitrary, we have for any r > 0, ˙̄x(t) ∈ conv
(
H r(t, x̄(t))

)
a.e. t ∈677

[0, T ].678
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4. Numerical experiment. In this section, we verify our theoretical results679

by a numerical example. The numerical test is conducted in MATLAB 2025a on a680

Lenovo desktop (2.60GHz, 32.0GB RAM).681

Example. Consider problem (1.1)-(1.2) with the following setting. Choose two682

independent random variables ξ1 ∼ N (1, σ) and ξ2 ∼ U(−1 − t, 1 + t) and the set683

X = R2
+.684

The parametric optimization problem in the DSVI-O is defined as685

(4.1)

yi(t, ξ) ∈ arg min
y∈Yi(t,ξ)

fi
(
t, ξ, x(t),y

)
=

1

2

∥∥Hi(t, ξ)y − ci
(
x(t), ξ

)∥∥2 + µ ∥y∥1,686

for i = 1, 2, where µ > 0 is a fixed regularization parameter,687

H1(t, ξ) =

 t+ ξ1 + 0.5 t+ ξ1 + 1 · · · t+ ξ1 + 5

t+ ξ2 + 0.5 t+ ξ2 + 1 · · · t+ ξ2 + 5

ξ1 + ξ2 + 0.5 ξ1 + ξ2 + 1 · · · ξ1 + ξ2 + 5

 ∈ R3×10,688

689

H2(t, ξ) =

(
1 t ξ1 ξ2

t t+ ξ1 t+ ξ2 ξ1 + ξ2

)
∈ R2×4,690

691

c1
(
x(t), ξ

)
=

 x1(t) + ξ2

x2(t) + ξ1(
ξ1 + ξ2

)
x1(t)

 ∈ R3, c2
(
x(t), ξ

)
=

(
x1(t)− x2(t)(
ξ1 − ξ2

)
x2(t)

)
∈ R2,692

and the feasible sets are Y1(t, ξ) = (1 + t+ exp(−|ξ1|) + |ξ2|) [−e1, e1] with e1 =693

(1, . . . , 1)⊤ ∈ R10 and Y2(t, ξ) = (2− t+ |ξ2|) [−e2, e2] with e2 = (1, . . . , 1)⊤ ∈ R4.694

Let Φ
(
t, ξ, x(t), y(t, ξ)

)
= A(t, ξ)x(t) +

∑2
i=1Bi(t, ξ, x(t)) yi(t, ξ), where695

A(t, ξ) =

(
1 + ξ2 + t ξ1 − 1

ξ2 3 + ξ1

)
, B1(t, ξ, x(t)) =

((
2x1(t) ξ1 + t+ ξ2

)
e⊤1(

x1(t) ξ2 + t+ 2 ξ1
)
e⊤1

)
,696

697

B2(t, ξ, x(t)) =

( (
2t+ ξ2

)
e⊤2(

2t+ 2 ξ1
)
e⊤2

)
.698

Now we illustrate that this example has a weak solution
(
x∗ : [0, 1] → R2, y∗1 :699

[0, 1] × Ξ → R10, y∗2 : [0, 1] × Ξ → R4
)
. We briefly verify that assumptions (A1)–700

(A4) hold. The random vector (ξ1, ξ2) is drawn from the product law Pt = N (1, σ2)⊗701

U(−1− t, 1 + t), hence (A1) is fulfilled. Denote Φ1(t, ξ, x(t)) = A(t, ξ)x(t) and note702

Bi(t, ξ, x(t)) are affine in x(t). Hence, for all x,x′ ∈ R2,703

∥Φ1(t, ξ,x)− Φ1(t, ξ,x
′)∥ ≤ ∥A(t, ξ)∥ ∥x− x′∥,704

705

∥B1(t, ξ,x)−B1(t, ξ,x
′)∥ ≤

√
4ξ21 + ξ22 ∥e1∥ ∥x− x′∥ ,706

707
∥B2(t, ξ,x)−B2(t, ξ,x

′)∥ = 0 .708

Since ξ2 is bounded and E[|ξ1|] < ∞, both ∥A(t, ξ)∥ and
√
4ξ21 + ξ22 ∥e1∥ have finite709

expectations uniformly in t ∈ [0, T ]. Thus (A2) is satisfied. For fixed x0, the quanti-710

ties EPt
[∥A(t, ξ)x0∥] and EPt

[∥Bi(t, ξ, x0)∥] are uniformly bounded on [0, 1], since ξ2711

is bounded and E|ξ1| <∞. Thus the corrected Assumption (A3) holds. Finally, the712
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feasible set Yi(t, ξ) is continuous in (t, ξ) and contained in 5[−ei, ei], i = 1, 2. There-713

fore, (A4) is satisfied. Consequently, by Theorem 2.3 the system admits at least a714

weak solution (x∗, y∗).715

To solve the inner ℓ1-regularized least squares problem (4.1), we employ the Fast716

Iterative Shrinkage–Thresholding Algorithm (FISTA) [5]. In the numerical exper-717

iments, choose µ = 5 × 10−3 and let x̂ = (x̂1, x̂2) denote the reference numerical718

solution computed with a large sample size J = 1000 and a fixed number of time719

steps N = 104. For this fixed N , we investigate the effect of varying the standard de-720

viation σ ∈ {0.1, 0.5, 1, 1.5} and the sample size J ∈ {30, 100, 200, 500}. For each721

pair (σ, J), we compute the numerical solution x̃N,J
σ = (x̃N,J

σ,1 , x̃
N,J
σ,2 ) and the accuracy722

R1 =
1

10000

10000∑
i=1

|x̂1(ih)− x̃N,J
σ,1 (ih)|, R2 =

1

10000

10000∑
i=1

|x̂2(ih)− x̃N,J
σ,2 (ih)|723

50 times and average them. The decreasing tendencies of R1 and R2 as σ decreases724

and J increases are shown in Figure 1725

Fig. 1. Decay of R1 and R2 with increasing J and decreasing σ.

5. Applications of Embodied Intelligence System. In this section, we show726

the effectiveness of the DSVI-O with the time-stepping and SAA discrete scheme for727

delivering personalized health recommendations for elderly individuals aged 60 and728

above. The DSVI-O framework is specifically designed to provide real-time, individ-729

ualized health insights through the analysis of multi-source health data, including730

wearable devices and medical records. Due to privacy constraints and the limited731

availability of continuous real-world health monitoring data, especially among elderly732

populations, this study utilizes synthetic data generation methodologies to rigorously733

evaluate the performance of the DSVI-O with the discrete scheme.734

Synthetic data generation has gained significant recognition for its ability to repli-735

cate complex, real-world scenarios while preserving data privacy and enabling com-736

prehensive algorithm testing [28, 33, 40]. By creating diverse, physiologically plausible737

datasets that simulate realistic variations in elderly health conditions, the synthetic738

approach ensures robust, scalable validation of the proposed framework. Figure 2739

illustrates the application structure of the DSVI-O, highlighting the integration and740

processing of multi-source data streams to generate real-time personalized health rec-741

ommendations tailored for elderly individuals.742
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ẋ(t) = ΠX

(
x(t)− EPt

[Φ(t, ξ, x(t), y(t, ξ))]
)
− x(t)

y(t, ξ) = (y1(t, ξ), y2(t, ξ), y3(t, ξ))

min
y∈Y1(t,ξ)

f1(t, ξ, x(t),y) min
y∈Y2(t,ξ)

f2(t, ξ, x(t),y) min
y∈Y3(t,ξ)

f3(t, ξ, x(t),y)

Smart
Watch

Intelligent
insole

Electronic
Medical Record

Fig. 2. DSVI-O workflow for personalized elderly health recommendations

5.1. Data Generation. The generated data encompass physiological param-743

eters, clinical records, and wearable device outputs, such as insole sensor readings.744

This comprehensive yet controlled synthetic approach facilitates rigorous and scal-745

able evaluation of the DSVI-O framework while effectively addressing data privacy746

and scarcity constraints.747

5.1.1. Hybrid Generation of Synthetic Health Data. Traditional rule-748

based methods lack flexibility and realism, while deep learning approaches typically749

require large datasets and yield less interpretable results [47]. To address these limi-750

tations, our hybrid approach combines rule-based constraints, knowledge distillation751

from Large Language Models (LLMs), and stochastic mathematical modeling to en-752

sure both realism and interpretability. Specifically, we employ:753

1. Physiological rules (e.g., BMI sampled from N (22, 2.52), clipped to [18.5, 30]),754

2. LLM (Qwen2.5-7B-Instruct) for flexible, guideline-based rule generation,755

3. Stochastic mathematical modeling, using Gaussian distributions centered on756

clinical medians [30].757

Individual Attributes. Age groups are 60–69 (50%), 70–79 (30%), 80+ (20%).758

Gender ratio is 1:1. Height follows age-adjusted distributions: N (170 − 0.1(age −759

60), 52) for men, N (160 − 0.1(age − 60), 52) for women. Values are clipped to the760

range [145 cm, 190 cm]. Weight is calculated using the formula BMI× (height/100)2.761

Clinical Indicators. Static EMRs (e.g., WBC, RBC, HGB, ...) are sampled from762

normal distributions around clinical medians, adjusted for age, gender, and BMI,763

within clinical limits.764

Health State Groups. Users are categorized into healthy, weak or ill groups (e.g.,765

heart rate, SpO2, sleep, steps, and calories), with specific indicator shifts (e.g., heart766

rate group: CRP +2, WBC +1.5), clipped within medical ranges.767

Physiological Data. The physiological data were generated at 5-second intervals,768

incorporating circadian rhythms, activity, and health status. The baseline heart rate769

was defined as HR = 70−0.2(age−60)+2 I{male}+0.05(SBP−120)+0.01(HGB−140),770

and modulated by ±8 bpm based on sleep or activity state.771

Insole Data. The insole data were generated at 5-second intervals and include772

17 indicators such as plantar pressures on four channels (left forefoot, left heel, right773

forefoot, right heel), step frequency, stride length, left–right symmetry, force estima-774

tion, and balance status. These indicators are influenced by factors such as weight,775

age, gait pattern, and abnormal conditions, with added Gaussian noise and values776

constrained within physiologically realistic ranges.777
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5.1.2. Overview of the Generated Dataset. The test dataset consists of 10778

individuals, each with 10 days of randomly generated testing data. For each individ-779

ual, the experiments also use 90 days of historical data. The possible health states780

for each individual include: healthy (0), weak (1), and ill (2), as well as transitional781

states between these categories, such as 0.1 or 1.6. Each individual’s daily health sta-782

tus evolves according to one of four temporal patterns: jump (sudden transitions, e.g.,783

acute events), linear (gradual change, e.g., fatigue accumulation), exponential (rapid784

onset with saturation, e.g., drug response), and logistic (slow–fast–slow transitions,785

e.g., chronic recovery). These patterns describe transitions between health states over786

each 24-hour period. Labels are recorded every five seconds, yielding fine-grained787

time-series trajectories. Such structured modeling of heterogeneous transitions aligns788

with biomedical insights on personalized health trajectories [34].789

Each person is represented by a series of features organized into multiple cate-790

gories, each stored in a separate CSV file. All generated data are publicly available791

on GitHub at: https://github.com/DSVI2025/DSVI-O.792

• user profiles.csv: demographic attributes (user ID, age, gender, height,793

weight, BMI).794

• user groups.csv: health trajectory types and group labels.795

• medical records.csv: blood counts, metabolic panels, blood pressure, etc.796

• health data.csv: daily metrics including heart rate, SpO2, sleep quality,797

steps, calories, skin temperature, hrv, stress index, sbp, dbp, activity inten-798

sity, active minutes, floors climbed activity, and status.799

• insole data.csv: foot pressure, motion types, and gait information from800

wearable insole devices.801

5.2. Data-Driven Health State Modeling via DSVI-O. We apply DSVI-O802

(1.1)–(1.2) to dynamically model the evolution of an individual’s health status over 24803

hours. The first-stage state variable x(t) ∈ Rn denotes the personalized health state804

of an elderly individual at time t, evolving continuously under the influence of real-805

time monitoring data. The second stage incorporates inputs from three heterogeneous806

sources: smart watch signals, intelligent insole data, and EMR. Historical data from807

each source is used to continuously calculate the time-varying parameters in the ODE,808

enabling real-time tracking and personalized updates of the health trajectory.809

To capture the multi–factor evolution of an elderly individual’s health quality, we810

model the latent state by an ODE assembled from three physiologically motivated811

components.812

1. Self-dynamics model. Following the frailty index framework in [46], the self-
evolution of an individual’s health status through an ODE is modeled as

ẋ(t) = −A(t)x(t)− p(t),

where A(t) and p(t) are damage-repair parameters.813

2. Circadian rhythm (CR) model. Wearable sensors now provide high-resolution,
non-invasive activity traces, enabling large-scale modelling of individual CR patterns.
We embed this circadian component in the ODE (1.1) to reflect the 24-hours signal
by a truncated Fourier series [36]:

q(t, ξ) =

M∑
r=1

Ar(t) sin
(
2πζrt+ ϕr(t)

)
+ ε1(t, ξ),

where ϕr(t) and Ar(t) are the phase and amplitude of the r-th harmonic, ε1(t, ξ)814

aggregates noise and ζr sets the circadian frequencies.815
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3. Latent exogenous drive. The health state can be perturbed by external factors816

such as physical activity, gait stability, or clinical interventions. We represent these817

effects through a latent exogenous signal ℓ(t, ξ) = ℓ0 +∆ℓ1(t)m(t, ξ), where ℓ0 is the818

long-run baseline and ∆ℓ1(t) captures time-varying departures. The composite score819

m(t, ξ) is built from the latest wearable-sensor read-outs via a linear fusion model820

m(t, ξ) =

3∑
i=1

αi(t)Bi(t, ξ) yi(t, ξ) + ε2(t, ξ),821

with Bi(t, ξ) the i-th physiological channel, yi(t, ξ) the physiological parameter, and822

αi(t) an adaptive weight.823

Building upon the three components above, the latent health state x(t) ∈ X is824

modeled as the following825

ẋ(t) = ΠX

(
x(t)−A(t)x(t)− p(t) + EPt

[
q(t, ξ) + ℓ(t, ξ)

])
− x(t).(5.1)826

To evaluate m(t, ξ) in ℓ(t, ξ), we solve the following constrained quadratic program:827

yi(t, ξ) ∈ argmin
y∈[ai(ξ), bi(ξ)]

fi
(
t, ξ, x(t),y

)
, i = 1, 2, 3,(5.2)828

where fi(t, ξ,x,y) =
1
2

∥∥Hi(t, ξ)y+Ni(t, ξ)x−ci(t, ξ)
∥∥2+ ρi

2

∥∥Bi(t, ξ)y−x
∥∥2. Here, the829

first term ensures that the model follows clinical priors, while the second term keeps830

the estimated state close to physiological features. These parameter estimates are then831

used to compute m(t, ξ) and later ℓ(t, ξ), forming a feedback loop in the projected832

ODE. In addition, the matrices Hi(t, ξ) ∈ Rni×mi and ci(t, ξ) ∈ Rni are built from the833

individual’s historical data, where Hi collects past wearable and physiological signals,834

and ci gives the related clinical labels. The correction matrix Ni(t, ξ) ∈ Rni×n helps835

reduce the effect of past data that are not similar to the current state.836

The following conditions and Assumption (A1) ensure the existence of a weak837

solution to (5.1)–(5.2).838

The following conditions, together with Assumption (A1), ensure the existence839

of a weak solution to (5.1)–(5.2).840

(B1) The functions A(·), p(·), ∆ℓ1(·), αi(·), i = 1, 2, 3, Ar(·), and ϕr(·), r = 1, . . . ,M ,841

are continuous on [0, T ].842

(B2) The mappings εj , j = 1, 2, and Bi, i = 1, 2, 3, are continuous, and EPt [∥εj(t, ξ)∥]843

and EPt
[∥Bi(t, ξ)∥] are uniformly bounded in t ∈ [0, T ], and hence integrable on844

[0, T ].845

(B3) The functions ai, bi : Ξ → Rmi , i = 1, 2, 3, are continuous and uniformly846

bounded, and ai(ξ) ≤ bi(ξ) componentwise for all ξ ∈ Ξ.847

It is easy to verify that (A2)–(A4) hold in the present example. Indeed, by848

the definitions of q, ℓ, and m, (A2) holds with κ̃Φ1(t, ξ) = ∥A(t)∥, κ̃Bi(t, ξ) =849

0, i = 1, 2, 3. Moreover, (A3) holds with β̄ := supt∈[0,T ]

{
∥A(t)x0∥+ ∥p(t)∥+ ∥ℓ0∥+850

EPt
[∥q(t, ξ)∥] + |∆ℓ1(t)|EPt

[∥ε2(t, ξ)∥] + |∆ℓ1(t)|maxi∈[3] |αi(t)|EPt
[∥Bi(t, ξ)∥]

}
<∞.851

Finally, (B3) implies (A4). Thus, by Theorem 2.3, (5.1)–(5.2) has at least one weak852

solution on [0, T ] for any T > 0.853

5.3. Numerical Experiment Setup. We use the DSVI-O model (5.1)-(5.2)854

to simulate the evolution of the health status of 10 persons over 10 days by using855

their health data in the past 90 days. Within every 24-hour cycle, measurements856

were sampled at 5-second intervals, yielding 17,280 time points per day. We consider857
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three types of multimodal data: smart watch signals (14 features), intelligent insole858

measurements (17 features), and electronic medical records (30 features) as illustrated859

in Figure 2.860

For each person, the following three matrices and three vectors contain his/her861

health features and corresponding labels for ν = 1, . . . , 17280:862

• smart watch Z1(tν) ∈ R100×14, η1(tν) ∈ R100863

• intelligent insole Z2(tν) ∈ R100×17, η2(tν) ∈ R100864

• medical records Z3(tν) ∈ R100×30, η3(tν) ∈ R100.865

At each time tν , from the first 90 rows of Zi(tν), we randomly and independently866

chose 50 rows 20 times. This yields sampled matrices Hi (tν , ξ
ι) ∈ R50×mi and corre-867

sponding labels ci (tν , ξ
ι) ∈ R50, ι = 1, . . . , 20 and i = 1, 2, 3 with m1 = 14, m2 = 17868

and m3 = 30.869

We simulate the health dynamics of a single person over one day. For each day870

j ∈ [10], we extract the j-th day’s data for the person Bj
i (tν) := (Zi(tν))[90+j, :],871

i ∈ [3], ν ∈ [17280]. This process is repeated across j = 1, . . . , 10 to obtain 10872

simulated trajectories for the same person.873

To reduce the influence of dissimilar historical data, we define a correction vector874

N j
i (tν , ξ

ι) ∈ R50 based on softmax-normalized Gaussian similarities. Specifically,875

given the test feature vector Bj
i (tν) and the historical data matrix Hi(tν , ξ

ι), we876

compute877

(5.3) N j
i (tν , ξ

ι) = λi

(
150 − softmax

(
− 1

h2i
· pdist2

(
Bj

i (tν), Hi(tν , ξ
ι)
)))

,878

with hi being defined as the median of all pairwise distances between rows ofHi(tν , ξ
ι):

hi = median
{
∥(Hi(tν , ξ

ι))[r,:] − (Hi(tν , ξ
ι))[s,:]∥

∣∣ 1 ≤ r < s ≤ 50
}
.

The pdist2 computes a vector in R50 whose the rth component is the squared Euclid-879

ean distance between B ∈ R1×mi and the rth row of H ∈ R50×mi : (pdist2(B,H))r =880 ∑mi

k=1

(
B[1,k] −H[r,k]

)2
, r = 1, . . . , 50. For a vector v ∈ R50, the softmax(v) ∈ R50881

is defined by (softmax(v))r = evr∑50
k=1 evk

, r = 1, . . . , 50.882

The correction term introduces a similarity-dependent adjustment to the histori-883

cal regression targets.884

All simulations use the following parameters: A(t)≡exp(−3), p(t)≡0.01, q(t, ξ) =885

q(t) = 0.15 sin
(
2π · 0.025t

)
+0.17 sin

(
2π · 0.021t

)
, ε2(t, ξ) ≡ 0, ℓ0 = 0.02, ∆ℓ1(t) ≡ 1.5,886

α1(t) ≡ 0.4, α2(t) ≡ 0.4, α3(t) ≡ 0.2, λi = 0.50, and ρi = 5 for i = 1, 2, 3. The initial887

state is defined as xj
0 = η1(t0)[90+j] for each j ∈ [10]. Overall, for each day j ∈ [10]888

and time step ν = 0, . . . , 17279, the latent health state xj
ν ∈ [0, 2] evolves as889

(5.4) xj
ν+1 = Π[0,2]

(
xj
ν −A(tν)x

j
ν − p(tν) + q(tν) +

1

20

20∑
ι=1

ℓj(tν , ξ
ι)

)
,890

where Π[0,2] denotes projection onto the interval [0, 2], and891

ℓj(tν , ξ
ι) = ℓ0 +∆ℓ1(tν)

(
3∑

i=1

αi(tν)B
j
i (tν)y

j
i (tν , ξ

ι) + ε2(tν , ξ
ι)

)
.892

At each tν , the parameter yj
i (tν , ξ

ι) for i = 1, 2, 3 solves893

min
yi∈[−10,10]mi

ρi
2

∥∥∥Bj
i (tν)yi−xj

ν

∥∥∥2+1

2

∥∥∥Hi(tν , ξ
ι)yi+N

j
i (tν , ξ

ι)xj
ν−ci(tν , ξι)

∥∥∥2 .894

This manuscript is for review purposes only.



DIFFERENTIAL STOCHASTIC VI WITH PARAMETRIC CONVEX OPTIMIZATION 25

Then, the predicted health state is discretized as895

(5.5) Predjν =


0, if xj

ν ≤ 2
3 ,

1, if 2
3 < xj

ν <
4
3 ,

2, if xj
ν ≥ 4

3 .

896

In addition, the real health state trajectories are set as:897

(5.6)

x̃j
ν+1 = Π[0,2]

(
x̃j
ν −A(tν) x̃

j
ν − p(tν) + q(tν) + ℓ0 +∆ℓ1(tν)

3∑
i=1

αi(tν)ηi(tν)[90+j]

)
.898

Finally, to assess generalizability, the entire procedure above is replicated for 10899

different persons.900

5.4. Numerical Experiment Result. Following the experimental setup de-901

scribed above, we now present the evaluation outcomes. The numerical tests are902

implemented in Python 3.12 on an Apple M3 (4.05 GHz, 16 GB RAM). We adopt an903

individual-wise testing strategy to evaluate the last 10 days of data for each of the904

10 individuals in the test set separately. Performance metrics are computed at the905

individual level and then averaged to obtain the overall performance. This dual per-906

spective allows us to assess both personalized and aggregate behavior of the DSVI-O.907

5.4.1. Performance Metrics. To quantitatively assess the performance of our908

classification model, we employ a comprehensive set of evaluation metrics: Accuracy,909

Precision, Recall, Specificity, and F1-score [32]. These metrics are computed910

based on the following quantities for each class i (i = 0, 1, 2):911

• True Positives (TPi): Number of samples correctly predicted as class i.912

• True Negatives (TNi): Number of samples correctly predicted as not be-913

longing to class i.914

• False Positives (FPi): Number of samples incorrectly predicted as class i.915

• False Negatives (FNi): Number of samples incorrectly predicted as not916

class i.917

Based on these definitions, we compute the following per-class metrics, each quan-918

tifying a distinct aspect of model performance:919

• Accuracy: Measures the overall proportion of correctly classified instances920

among all predictions921

Accuracy(i) =
TPi + TNi

TPi + TNi + FPi + FNi
.922

• Precision: Indicates the proportion of positive predictions that are actually923

correct924

Precision(i) =
TPi

TPi + FPi
.925

• Recall: Represents the proportion of actual positives correctly identified926

Recall(i) =
TPi

TPi + FNi
.927

• Specificity: Quantifies the proportion of actual negatives correctly identified928

Specificity(i) =
TNi

TNi + FPi
.929
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Fig. 3. Confusion matrix comparing true and predicted labels for one person in 10 days.

• F1-score: Provides a harmonic mean of precision and recall930

F1(i) =
2 · Precisioni · Recalli
Precisioni +Recalli

.931

5.4.2. Individual-wise Performance. Figure 3 presents the confusion matri-932

ces for one person across ten testing days, offering a detailed view of the DSVI-O933

framework’s performance at the subject level. Accuracy remains consistently above934

96% throughout. Most errors occur when the true label is weak (1) but predicted as935

healthy (0), suggesting that the model is more conservative in identifying early or mild936

degradations. On Day 9, the main misclassification pattern shifts, with healthy (0)937

more often predicted as weak (1), possibly due to temporal variations in physiological938

signals. While the model reliably captures major health trends, day-specific dynamics939

may influence its sensitivity to borderline states, especially during transitions.940

Figure 4 illustrates the health state trajectories x̃j
ν in (5.6) and the real-time941

predictions xj
ν in (5.4) for one individual over 10 representative days in the test set. For942

each day, only a local segment containing a state transition is shown. The horizontal943

axis denotes time, allowing for fine-grained comparison between the true and predicted944

health states. From these trajectories, we observe that the model responds well to945

changes in physiological signals and accurately captures transitions among healthy,946

weak, and ill states. In general, the model tracks health trends effectively, with most947

predicted trajectories aligning well with ground truth. Sudden state changes are948

typically detected in real time. In contrast, for gradual transitions, the model often949

fails to react immediately when the true state begins to shift but successfully identifies950

the change once the deterioration accumulates. This behavior reflects the model’s951

reliance on temporal evidence aggregation when detecting slow-onset degradations.952

5.4.3. Overall Performance. Figure 5 presents the aggregated confusion ma-953

trix for all 10 individuals in the test set, offering a comprehensive summary of the954

model’s classification performance across the three health states—healthy (0), weak955

(1), and ill (2). The diagonal entries indicate correctly classified instances, while off-956

diagonal elements represent misclassifications. Over a total of 1,728,000 time points957

(10 individuals over 100 days), the model achieves an overall accuracy of 98.18%.958
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Fig. 4. Tracked health trajectories for one person: estimated (red) xj
ν versus true (blue) x̃j

ν .

Fig. 5. Confusion matrix of true and predicted labels for ten persons.

Among all predictions, only 53 instances of class healthy (0) are incorrectly predicted959

as ill (2), and no instances of class ill (2) are misclassified as healthy (0). Since these960

two classes lie at opposite ends of the health spectrum with weak (1) in between, this961

result highlights the model’s robustness in distinguishing distant health conditions962

and avoiding severe misclassifications.963

Table 1 reports the class-wise evaluation metrics for the three health states:964

healthy (0), weak (1), and ill (2). The results demonstrate that the model achieves965

strong performance across all classes, with overall accuracy above 98% for each. In966

particular, the model performs exceptionally well in identifying the ill state, achieving967

a Precision of 0.9963, Recall of 0.9994, and an F1-score of 0.9979. This indicates both968

high sensitivity and specificity in detecting critical health deterioration. The healthy969

class also shows robust metrics, with an F1-score of 0.9836. In contrast, the weak970

class exhibits slightly lower Precision (0.9664) and Recall (0.9762), suggesting that971

transitional or mild health changes may be more difficult to detect. These observa-972
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tions highlight a potential direction for model refinement, particularly in improving973

sensitivity to intermediate health states.974

Table 1
Class-wise evaluation results for ten persons

Type (i) Accuracy Precision Recall Specificity F1-Score

healthy (0) 0.9824 0.9870 0.9803 0.9850 0.9836
weak (1) 0.9819 0.9664 0.9762 0.9844 0.9713
ill (2) 0.9994 0.9963 0.9994 0.9994 0.9979

6. Conclusions. This paper systematically studies fundamental solution prop-975

erties of the differential stochastic variational inequality with parametric convex op-976

timization (DSVI-O) (1.1)-(1.2). The DSVI-O extends (DSVI), (DVI), (SVI) and977

(OCODE) by possessing the time-dependent distributions and handling data from978

different sources in different forms simultaneously. We prove that the DSVI-O has979

at least one weak solution under standard assumptions. Moreover, we prove that980

the DSVI-O has at least one classical solution when the objective functions in the981

parametric convex optimization problems (1.2) are strongly convex. The uniqueness982

of the classical solution of the DSVI-O is shown in Remark 2.6 for a special class of983

strongly convex unconstrained parametric optimization problems in (1.2). To find a984

numerical solution, we propose a discrete scheme of DSVI-O by using a time-stepping985

approximation and the SAA. We prove the convergence of the discrete scheme, and986

establish an explicit Euler discretization error bound with O(h) order on the time grid.987

We apply the DSVI-O with the discrete scheme to an embodied intelligence system988

for elderly health and generate synthetic health care data by Multimodal Large Lan-989

guage Models to test the performance. Preliminary numerical results demonstrate990

the efficiency and effectiveness of the DSVI-O. We will study (1.1)-(1.2) with non-991

convex objective functions fi from neural network training in the further research.992

Such extension needs new theory and algorithms for handling parametric nonconvex993

optimization problems in a dynamic and stochastic system.994
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