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1. Introduction. Let ξ ∈ Rd be a d-dimensional random vector governed by a20

probability distribution P∗. In this paper, we consider the following distributionally21

robust optimization (DRO) model of principal component analysis (PCA),22

(1.1) min
X∈Od,r

sup
P∈P

EP

[∥∥(Id −XX⊤) (ξ − EP[ξ])∥∥2F]+ s(X).23

Here, the feasible set Od,r := {X ∈ Rd×r | X⊤X = Ir}, commonly referred to as24

the Stiefel manifold [1, 7, 50], consists of all the d × r column-orthonormal matrices25

with 1 ≤ r < d. The ambiguity set P represents a collection of distributions that26

could plausibly contain P∗ with high confidence. And s : Rd×r → R is a convex27

and Lipschitz continuous function acting as a regularizer to promote certain desired28

structures of solutions in Od,r, such as sparsity [10, 48] or nonnegativity [13, 52].29

In most practical scenarios, the underlying distribution P∗ is unknown and can30

not be captured precisely, leaving us without the essential information required to31

solve the PCA problem exactly. Although the technique of sample average approxi-32

mation provides a practical model, its solutions often suffer from poor out-of-sample33

performances when the sample size is limited [20]. This dilemma motivates us to34
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2 L. WANG, X. LIU, AND X. CHEN

investigate the DRO model (1.1) of PCA, which minimizes the worst case of the35

objective function across all distributions in P.36

In the realm of DRO [25, 36], there is a variety of ambiguity sets available, in-37

cluding those based on moment constraints [14, 17, 57], divergences [46, 56], and38

Wasserstein distances [20, 22], among others. For a thorough and insightful exposi-39

tion of these concepts, we refer interested readers to a recent survey [36], which offers40

an in-depth exploration of DRO problems. Recently, Wasserstein DRO, where the41

discrepancy between probability measures is dictated by the Wasserstein distance,42

has garnered tremendous attentions across various domains [35, 36]. In a similar vein,43

we explore the use of the Wasserstein distance in constructing the ambiguity set P44

in problem (1.1). Let Qp be the space of all probability distributions P supported on45

Rd with finite p-th moments, namely, EP(∥ξ∥p) =
∫
Rd ∥ξ∥pP(dξ) < ∞. Below is the46

definition of the Wasserstein distance on Qp.47

Definition 1.1 ([34]). The type-p Wasserstein distance Wp : Qp × Qp → R+48

between two probability distributions P1 ∈ Qp and P2 ∈ Qp is defined as49

Wp(P1,P2) := inf
Q∈J (P1,P2)

(
E(ξ1,ξ2)∼Q

[
∥ξ1 − ξ2∥pp

])1/p

,50

where ∥ · ∥p represents the ℓp norm on Rd, and J (P1,P2) is the set containing all51

the joint distributions of ξ1 and ξ2 with marginals P1 and P2, respectively.52

Throughout this paper, we are primarily interested in the case where p ∈ [1, 2],53

which is of significant importance both theoretically and practically [21]. The corre-54

sponding Wasserstein DRO model of PCA can be formulated as55

(PmM)
min

X∈Od,r
sup
P∈Qp

EP

[∥∥(Id −XX⊤) (ξ − EP[ξ])∥∥2F]+ s(X)

s. t. P ∈ Bp(P◦, ρ) := {P ∈ Qp |Wp(P,P◦) ≤ ρ} ,
56

where P◦ ∈ Qp is a nominal distribution conceived as being close to P∗ and ρ ≥ 0 is57

a radius of the Wasserstein ball. It is noteworthy that the performance guarantees of58

the ambiguity set Bp(P◦, ρ) defined in (PmM) can be inherited from the theoretical59

results in Wasserstein DRO [4, 5, 20, 21].60

By exploiting the structure of the inner maximization problem, we find that the61

DRO model (PmM) is well-posed only when p = 2, as its optimal value becomes62

positive infinity for 1 ≤ p < 2. Moreover, the optimal value of the inner maximization63

problem can be computed in an explicit form for the case p = 2. This leads us to an64

equivalent reformulation of the DRO model (PmM) with p = 2 as follows,65

(Pm) min
X∈Od,r

tr
((
Id −XX⊤)Σ◦

)
+ s(X) + 2ρ

∥∥∥(Id −XX⊤)Σ1/2
◦

∥∥∥
F

66

where Σ◦ = EP◦ [(ξ−EP◦ [ξ])(ξ−EP◦ [ξ])
⊤] ∈ Rd×d is the covariance matrix of ξ under67

the nominal distribution P◦. It is evident that problem (Pm) is significantly easier68

to solve than problem (PmM) in its original min-max form. Therefore, we turn our69

attention to developing efficient algorithms for tackling problem (Pm).70

There have been substantial advancements in nonsmooth optimization on Rie-71

mannian manifolds in recent decades, with the majority of efforts directed toward72

locally Lipschitz continuous functions. During this period, a diverse range of algo-73

rithms has emerged, including subgradient-oriented approaches [29, 30, 38], proximal74

point methods [3, 9], primal-dual frameworks [37, 59], proximal gradient algorithms75
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[10, 31, 54], smoothing approaches [2, 49, 51], and so on. However, due to the presence76

of two possibly nonsmooth terms, none of the existing algorithms can be deployed to77

solve problem (Pm) efficiently. In particular, the last term in problem (Pm) poses a78

formidable challenge, as its proximal operator lacks a closed-form solution and en-79

tails costly computations. Since it can be represented by a composition of a smooth80

mapping and a convex function, we may resort to the proximal linear algorithm [54]81

for handling this issue. However, this approach requires calculating the Jacobian of82

(Id −XX⊤)Σ
1/2
◦ , which involves the square root of Σ◦. And the presence of another83

nonsmooth term renders the subproblem particularly difficult to tackle. The Rie-84

mannian subgradient method proposed in [38] is capable of directly solving problem85

(Pm). Nevertheless, owing to its reliance solely on subgradient information, it suffers86

from slow convergence with an iteration complexity of O(ϵ−4). Consequently, solving87

problem (Pm) remains a challenging endeavor.88

Within the scope of this work, proximal gradient methods share the closest the-89

oretical and methodological connection with the present study. This class of algo-90

rithms is initially proposed in [10] on the Stiefel manifold, laying the foundation for91

a plethora of subsequent advancements [11]. Later on, Huang and Wei [31] extend92

this framework to general Riemannian manifolds. The crux of these approaches in-93

volves solving a proximal gradient subproblem on the tangent space. Another related94

line of work is the dynamic smoothing algorithm introduced by Beck and Rosset [2],95

which aims to solve a class of composite optimization problems based on Moreau en-96

velopes. Although this smoothing-based perspective is related, our problem structure97

and algorithmic treatment are different.98

In this paper, we present a comprehensive analysis of the DRO model (PmM) for99

PCA. The main contributions are summarized as follows.100

• Our investigation reveals that, the optimal value of the inner maximization prob-101

lem in (PmM) diverges to infinity when 1 ≤ p < 2, whereas for p = 2, it admits a102

closed-form expression. Accordingly, we shift our attention to the case p = 2 in the103

subsequent analysis. This explicit characterization facilitates an equivalent reformula-104

tion of the original DRO model (PmM) into a minimization form (Pm). A particularly105

intriguing discovery is that, for the classical PCA problem without regularizers, its106

distributionally robust counterpart is equivalent to the nominal model, uncovering an107

unexpected equivalence in this specific context.108

• We design a novel smoothing method to solve a class of composite optimization109

problems on the Stiefel manifold. Our theoretical analysis elucidates the Riemannian110

gradient consistency for the smoothing function and establishes the global conver-111

gence of our algorithm to a stationary point. Furthermore, we provide the iteration112

complexity of O(ϵ−3) required to achieve an ϵ-approximate stationary point.113

• Last but not least, preliminary experimental results present the numerical perfor-114

mance of the proposed algorithm, underscoring its practical viability. Moreover, these115

results validate the necessity and rationality of adopting the DRO model for PCA,116

demonstrating its superiority in addressing distributional uncertainty and enhancing117

solution robustness on three real-world datasets.118

The rest of this paper proceeds as follows. Section 2 draws into some prelimi-119

naries of Riemannian optimization. In Section 3, we make a profound study on the120

DRO model of PCA and derive its equivalent reformulation. Section 4 discusses the121

stationarity condition and develops the smoothing algorithm. Its convergence analysis122

and iteration complexity are provided in Section 5. Numerical results are presented123

in Section 6. Finally, concluding remarks are given in Section 7.124
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2. Preliminaries. In this section, we introduce the notations and concepts used125

throughout this paper.126

2.1. Basic Notations. We use R and N to denote the sets of real and natural127

numbers, respectively. And the notations R+ and R++ represent the sets of nonneg-128

ative and positive real numbers, respectively. The Euclidean inner product of two129

matrices Y1, Y2 with the same size is defined as ⟨Y1, Y2⟩ = tr(Y ⊤
1 Y2), where tr(B)130

stands for the trace of a square matrix B. And the notation Ir ∈ Rr×r represents the131

r × r identity matrix. The Frobenius norm of a given matrix C is denoted by ∥C∥F.132

We denote by Sd+ and Sd++ the spaces of symmetric positive semidefinite matrices and133

symmetric positive definite matrices in Rd×d, respectively. The notation B1/2 stands134

for the square root of a symmetric positive semidefinite matrix B.135

2.2. Riemannian Gradients and Clarke Subdifferentials. Let M be a136

complete submanifold embedded in Rd×r. For each point X ∈ M, the tangent137

space to M at X is referred to as TXM. In this paper, we consider the Rie-138

mannian metric ⟨·, ·⟩X on TXM that is induced from the Euclidean inner prod-139

uct ⟨·, ·⟩, i.e., ⟨V1, V2⟩X = ⟨V1, V2⟩ = tr(V ⊤
1 V2) for any V1, V2 ∈ TXM. The tan-140

gent bundle of M is denoted by T M = {(X,V ) | X ∈ M, V ∈ TXM}, that is,141

the disjoint union of the tangent spaces of M. Additionally, we use the notation142

ProjTXM(·) to represent the orthogonal projection operator onto TXM. In the con-143

text of the Stiefel manifold, the tangent space at X ∈ Od,r can be described as144

TXOd,r = {D ∈ Rd×r | X⊤D +D⊤X = 0}, and its orthogonal projection operator is145

given by ProjTXOd,r (V ) = V −X(X⊤V + V ⊤X)/2 for any V ∈ Rd×r.146

For a smooth function f , the Riemannian gradient at X ∈ M, denoted by147

grad f(X), is defined as the unique element of TXM satisfying148

⟨grad f(X), V ⟩ = Df(X)[V ], ∀V ∈ TXM,149

where Df(X)[V ] is the directional derivative of f along the direction V at the pointX.150

Since f is defined on an embedded submanifold in the Euclidean space, its Riemannian151

gradient can be computed by grad f(X) = ProjTXM (∇f(X)).152

For a locally Lipschitz continuous function on the manifold, the Riemannian153

Clarke subdifferential has been intensively studied and used in the literature [58, 30,154

29], which is a natural extension of the Clarke subdifferential [16, 44] in the Euclidean155

space. Throughout this paper, we adopt the following definition for the Riemannian156

Clarke subdifferential.157

Definition 2.1 ([30]). Suppose that f : M → R is a locally Lipschitz continuous158

function. Let ΩR(f) = {X ∈ M | f is differentiable at X}. Then the Riemannian159

Clarke subdifferential of f at X ∈ M is defined as160

∂Rf(X) = conv {D ∈ TXM | grad f(Xt) → D,ΩR(f) ∋ Xt → X} .161

2.3. Retractions. In contrast to the Euclidean setting, the point X + V does162

not lie in the manifold in general for X ∈ M and V ∈ TXM, due to the absence of a163

linear structure in M. The interplay between M and TXM is typically carried out164

via the exponential mappings, which are usually computationally intensive to evaluate165

in practice. As an alternative, the concept of retraction, a first-order approximation166

of the exponential mapping, is proposed in the literature [1, 7] to alleviate the heavy167

computational burden.168
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Definition 2.2 ([1]). A retraction on a manifold M is a smooth mapping R :169

T M → M, and the restriction of R to TXM, denoted by RX , satisfies the following170

two properties for any X ∈ M.171

(i) It holds that RX(0X) = X, where 0X is the zero vector in TXM.172

(ii) The differential of RX at 0X is an identity map on TXM.173

By leveraging the retraction RX(V ), we can obtain a point by moving away from174

X ∈ M along the direction V ∈ TXM, while remaining on the manifold. In this way,175

it defines an update rule to preserve the feasibility. Following the proof of Lemma 2.7176

in [8], we know that the retraction satisfies the following properties.177

Lemma 2.3 ([8]). Let M be a compact embedded submanifold of a Euclidean178

space. Then there exist two constants M1 > 0 and M2 > 0 such that the following179

two relationships hold,180 {
∥RX(V )−X∥F ≤M1 ∥V ∥F ,

∥RX(V )− (X + V )∥F ≤M2 ∥V ∥2F ,
181

for any X ∈ M and V ∈ TXM.182

There are various practical realizations of retractions on the Stiefel manifold,183

such as QR factorization, polar decomposition and Cayley transformation. We refer184

interested readers to [1, 7, 55] for more details.185

3. Model Analysis. The DRO model (PmM) of PCA is investigated in this186

section. We focus on the inner maximization problem in (PmM) as follows,187

(3.1)

φ(X) := sup
P∈Bp(P◦,ρ)

EP

[∥∥(Id −XX⊤) (ξ − EP[ξ])∥∥2F]
= sup

P∈Bp(P◦,ρ)

{
EP

[
tr
((
Id −XX⊤) (ξξ⊤ − EP [ξ]EP [ξ]⊤

))]}
.

188

The objective function of (3.1) is quadratic in the underlying distribution P rather189

than linear, and hence, existing reformulations of Wasserstein DRO problems [6, 15,190

20, 22, 60] are not applicable. To navigate this challenge, we introduce an auxiliary191

variable η ∈ Rd and propose the following splitting formulation of (3.1),192

(3.2)
sup

η∈Mp(P◦,ρ)

sup
P∈Qp

EP
[
tr
((
Id −XX⊤) ξξ⊤)]− tr

((
Id −XX⊤) ηη⊤)

s. t. Wp(P,P◦) ≤ ρ, EP [ξ] = η,
193

where Mp(P◦, ρ) := {η = EP [ξ] |Wp(P,P◦) ≤ ρ} collects all mean vectors of distri-194

butions in the ambiguity set Bp(P◦, ρ). The constraint η ∈ Mp(P◦, ρ) is imposed to195

avoid an empty feasible region and to ensure the well-posedness of problem (3.2). For196

τ ≥ 0, η ∈ Mp(P◦, ρ), and X ∈ Od,r, we define197

(3.3) ψ(τ | η,X) := sup
P∈Qp

{
EP [ωX(ξ)]

∣∣Wp
p(P,P◦) ≤ τ,EP [ξ] = η

}
,198

where ωX(ξ) := tr
((
Id −XX⊤) ξξ⊤). Then it holds that199

(3.4) φ(X) = sup
η∈Mp(P◦,ρ)

{
ψ(ρp | η,X)− tr

((
Id −XX⊤) ηη⊤)} .200

Based on the preceding constructions, the objective function of the outer minimization201

problem in the Wasserstein DRO model (PmM) can be expressed as φ(X) + s(X).202
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6 L. WANG, X. LIU, AND X. CHEN

3.1. Dual Representation. In this subsection, we aim to derive the dual rep-203

resentation of ψ(τ | η,X) defined in (3.3). This part of analysis follows the idea of204

Zhang et al. [60] based on the Legendre transform [43]. We generalize existing re-205

sults by handling an additional equality constraint EP [ξ] = η. Although our focus206

is primarily on PCA, the techniques we propose can be naturally extended to more207

general settings.208

The following lemma reveals some useful properties of the function ψ(· | η,X) for209

fixed η ∈ Mp(P◦, ρ) and X ∈ Od,r.210

Lemma 3.1. For fixed η ∈ Mp(P◦, ρ) and X ∈ Od,r, the function ψ(· | η,X) is211

bounded from below, monotonically increasing, and concave on R+.212

Proof. The proof follows along the same lines as that of [60, Lemma 1] and is213

therefore omitted for brevity.214

For a function h : R → R∪{+∞}, we denote by h⋄ : R → R∪{+∞} its Legendre215

transform h⋄(λ) := supτ∈R{λτ − h(τ)}. Then the dual representation of ψ(τ | η,X)216

can be constructed by resorting to the Legendre transform.217

Theorem 3.2. For any p ∈ [1, 2] and τ > 0, it holds that218

(3.5) ψ(τ | η,X) = inf
λ≥0,ς∈Rd

{
λτ + ς⊤η + Eξ◦∼P◦

[
sup
ξ∈Rd

ω̄X(ξ, ξ◦)

]}
,219

where ω̄X(ξ, ξ◦) := ωX(ξ)− λ ∥ξ − ξ◦∥pp − ς⊤ξ.220

Proof. For notational simplicity, we use ψ(·) in place of ψ(· | η,X) throughout221

this proof. Let λ ∈ R. If λ < 0, we have (−ψ)⋄(−λ) = supτ≥0 {−λτ + ψ(τ)} ≥222

supτ≥0 {−λτ + ψ(0)} = +∞. Then our focus is on the case where λ ≥ 0. Taking the223

Legendre transform of −ψ leads to that224

(−ψ)⋄(−λ) = sup
τ≥0

{−λτ + ψ(τ)}

= sup
τ≥0

sup
P∈Qp

{
EP [ωX(ξ)]− λτ

∣∣Wp
p(P,P◦) ≤ τ,EP [ξ] = η

}
= sup

P∈Qp

sup
τ≥0

{
EP [ωX(ξ)]− λτ

∣∣Wp
p(P,P◦) ≤ τ,EP [ξ] = η

}
= sup

P∈Qp

{
EP [ωX(ξ)]− λWp

p(P,P◦)
∣∣ EP [ξ] = η

}
.

225

According to Definition 1.1, it follows that226

(3.6)

(−ψ)⋄(−λ) = sup
P∈Qp

{
EP [ωX(ξ)]− λ inf

Q∈J (P,P◦)
E(ξ,ξ◦)∼Q

[
∥ξ − ξ◦∥pp

] ∣∣∣∣ EP [ξ] = η

}
= sup

P∈Qp,Q∈J (P,P◦)

{
EP [ωX(ξ)]− λE(ξ,ξ◦)∼Q

[
∥ξ − ξ◦∥pp

] ∣∣∣ EP [ξ] = η
}

= sup
Q∈J̄ (P◦)

{
E(ξ,ξ◦)∼Q

[
ωX(ξ)− λ ∥ξ − ξ◦∥pp

] ∣∣∣ E(ξ,ξ◦)∼Q [ξ] = η
}
,

227

where J̄ (P◦) stands for the set containing all the joint distributions of ξ and ξ◦ with228

second marginal P◦. It is clear that both the objective function and the constraint of229

the last problem in (3.6) are linear with respect to Q. Following the discussions in [45,230

Section 3] and [57, Section 2], we interpret it as a special instance of the problem of231
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moments. As a direct consequence of [57, Proposition 2.1], the Slater condition holds,232

and hence, the strong duality [45, Proposition 3.4] prevails. Hence, we can proceed233

to show that234

(−ψ)⋄(−λ) = sup
Q∈J̄ (P◦)

{
E(ξ,ξ◦)∼Q

[
ωX(ξ)− λ ∥ξ − ξ◦∥pp

] ∣∣∣ E(ξ,ξ◦)∼Q [ξ] = η
}

= inf
ς∈Rd

{
ς⊤η + sup

Q∈J̄ (P◦)

E(ξ,ξ◦)∼Q

[
ωX(ξ)− λ ∥ξ − ξ◦∥pp − ς⊤ξ

]}

= inf
ς∈Rd

{
ς⊤η + sup

Q∈J̄ (P◦)

E(ξ,ξ◦)∼Q [ω̄X(ξ, ξ◦)]

}
,

235

where ς ∈ Rd is the Lagrangian multiplier associated with the equality constraint236

E(ξ,ξ◦)∼Q [ξ] = η. Lemma 3.1 illustrates that ψ is bounded from below, monotonically237

increasing, and concave on R+. Hence, either ψ(τ) < +∞ for all τ ≥ 0 or ψ(τ) = +∞238

for all τ > 0. In the former case, by invoking the result of [43, Theorem 12.2], we can239

obtain that240

(3.7)

ψ(τ) = − (−ψ)⋄⋄(τ) = − sup
λ∈R

{−λτ − (−ψ)⋄(−λ)} = inf
λ≥0

{λτ + (−ψ)⋄(−λ)}

= inf
λ≥0,ς∈Rd

{
λτ + ς⊤η + sup

Q∈J̄ (P◦)

E(ξ,ξ◦)∼Q [ω̄X(ξ, ξ◦)]

}
,

241

for all τ > 0. In the latter case, it holds that (−ψ)⋄(−λ) = +∞ for all λ ≥ 0, which242

indicates that the relationship (3.7) is also valid. According to [60, Proposition 2],243

the function ω̄X satisfies the interchangeability principle. Then it follows that244

ψ(τ) = inf
λ≥0,ς∈Rd

{
λτ + ς⊤η + Eξ◦∼P◦

[
sup
ξ∈Rd

ω̄X(ξ, ξ◦)

]}
.245

The proof is completed.246

Theorem 3.2 also implies a remarkable result that the optimal value of the inner247

maximization problem in the DRO model (PmM) is always infinite for any p ∈ [1, 2)248

and ρ > 0.249

Remark 3.3. Suppose that p ∈ [1, 2) and ρ > 0. Then we have250

sup
ξ∈Rd

ω̄X(ξ, ξ◦) = sup
ξ∈Rd

{
tr
((
Id −XX⊤) ξξ⊤)− λ ∥ξ − ξ◦∥pp − ς⊤ξ

}
= +∞,251

which, together with Theorem 3.2, implies that ψ(ρp | η,X) = +∞. From the252

relationship (3.4), it can be deduced that φ(X) = +∞ for all X ∈ Od,r.253

3.2. Equivalent Reformulation for p = 2. This subsection is devoted to254

deriving the equivalent reformulation (Pm) of the DRO model (PmM) for the specific255

situation where p = 2. To this end, we establish that the optimal value φ(X) of256

problem (3.1) admits a closed-form formulation.257

The following lemma first shows that the supremum sup {ω̄X(ξ, ξ◦) | ξ ∈ Rd} in258

the dual representation (3.5) of ψ(τ | η,X) can be explicitly computed.259
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Lemma 3.4. Suppose that p = 2 and ρ > 0. If λ > 1, it holds that260

Eξ◦∼P◦

[
sup
ξ∈Rd

ω̄X(ξ, ξ◦)

]
=

λ

λ− 1
tr
((
Id −XX⊤)EP◦

[
ξ◦ξ

⊤
◦
])

+ θX(λ, ς)− ς⊤η,261

where the function θX is defined as262

θX(λ, ς) =
1

4λ(λ− 1)
ς⊤

(
λId −XX⊤) ς + ς⊤

(
η − 1

λ− 1

(
λId −XX⊤)EP◦ [ξ◦]

)
.263

Moreover, if λ ∈ [0, 1], we have264

Eξ◦∼P◦

[
sup
ξ∈Rd

ω̄X(ξ, ξ◦)

]
= +∞.265

Proof. Straightforward calculations yield that266

ω̄X(ξ, ξ◦) = ωX(ξ)− λ ∥ξ − ξ◦∥22 − ς⊤ξ

= − ξ⊤
(
(λ− 1) Id +XX⊤) ξ + (2λξ◦ − ς)

⊤
ξ − λξ⊤◦ ξ◦,

267

which is a quadratic function with respect to ξ ∈ Rd for fixed ξ◦ ∈ Rd. We move on268

to investigate the following three cases.269

Case I: λ ∈ [0, 1). Since r < d, the matrix (λ−1)Id+XX
⊤ has at least one negative270

eigenvalue λ − 1 < 0 associated with an eigenvector z ∈ Rd with z⊤z = 1. Then for271

any t ∈ R, we have272

ω̄X(tz, ξ◦) = t2(1− λ) + t (2λξ◦ − ς)
⊤
z − λξ⊤◦ ξ◦.273

As a result of λ ∈ [0, 1), it holds that supt∈R ω̄X(tz, ξ◦) = +∞, which further implies274

that275

sup
ξ∈Rd

ω̄X(ξ, ξ◦) = +∞.276

Case II: λ = 1. It is clear that there exists z ∈ Rd with z⊤z = 1 such that X⊤z = 0277

as r < d. Thus, it holds for all t ∈ R that278

ω̄X(tz, ξ◦) = t (2ξ◦ − ς)
⊤
z − ξ⊤◦ ξ◦.279

By simple manipulations, we arrive at280

sup
t∈R

ω̄X(tz, ξ◦) =

{
− ξ⊤◦ ξ◦, if (2ξ◦ − ς)⊤z = 0,

+∞, otherwise.
281

Consequently, it can be readily verified that282

Eξ◦∼P◦

[
sup
ξ∈Rd

ω̄X(ξ, ξ◦)

]
≥ Eξ◦∼P◦

[
sup
t∈R

ω̄X(tz, ξ◦)

]
= +∞.283

Case III: λ > 1. In this case, the matrix (λ− 1)Id +XX⊤ is positive definite. Then284

ω̄X(ξ, ξ◦) is strictly concave with respect to ξ ∈ Rd for fixed ξ◦ ∈ Rd. Hence, we can285
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proceed to show that286

sup
ξ∈Rd

ω̄X(ξ, ξ◦) =

(
λξ◦ −

1

2
ς

)⊤ (
(λ− 1) Id +XX⊤)−1

(
λξ◦ −

1

2
ς

)
− λξ⊤◦ ξ◦,287

where the supremum is attained at ξ = ((λ− 1)Id +XX⊤)−1(λξ◦ − ς/2). Moreover,288

according to the Sherman–Morrison–Woodbury formula [28, page 329], we have289 (
(λ− 1)Id +XX⊤)−1

=
1

λ− 1
Id −

1

λ(λ− 1)
XX⊤.290

Then a straightforward verification reveals that291

sup
ξ∈Rd

ω̄X(ξ, ξ◦) =
λ

λ− 1
tr
((
Id −XX⊤) ξ◦ξ⊤◦ )

− 1

λ− 1
ς⊤

(
λId −XX⊤) ξ◦

+
1

4λ(λ− 1)
ς⊤

(
λId −XX⊤) ς,292

which completes the proof.293

Leveraging the result of the previous lemma, we proceed to prove that ψ(ρ2 | η,X)294

can be expressed in an explicit form. Recall that Σ◦ = EP◦ [(ξ−EP◦ [ξ])(ξ−EP◦ [ξ])
⊤]295

is the covariance matrix of ξ under the nominal distribution P◦.296

Lemma 3.5. Suppose that p = 2 and ρ > 0. Then, for any η ∈ M2(P◦, ρ) and297

X ∈ Od,r, it holds that298

ψ(ρ2 | η,X) =

((
tr
((
Id −XX⊤)Σ◦

))1/2
+
(
ρ2 − ∥η − EP◦ [ξ◦]∥

2
2

)1/2
)2

+ tr
((
Id −XX⊤) ηη⊤) .299

Proof. Based on Lemma 3.4, we can restrict our discussion to the case where300

λ > 1. Moreover, it follows from Theorem 3.2 that301

ψ(ρ2 | η,X) = inf
λ>1

{
λρ2 +

λ

λ− 1
tr
((
Id −XX⊤)EP◦

[
ξ◦ξ

⊤
◦
])

+ inf
ς∈Rd

θX(λ, ς)

}
.302

It is clear that θX(λ, ς) is a quadratic function with respect to ς ∈ Rd for fixed λ > 1.303

Since λId −XX⊤ is positive definite, it holds that304

inf
ς∈Rd

θX(λ, ς) = − λ

λ− 1
tr
((
Id −XX⊤)EP◦ [ξ◦]EP◦ [ξ◦]

⊤
)

+ tr
((
Id −XX⊤) ηη⊤)− λ ∥η − EP◦ [ξ◦]∥

2
2 ,

305

where the infimum is attained at ς = 2λEP◦ [ξ◦]− 2
(
(λ− 1) Id +XX⊤) η. By simple306

calculations, we can obtain that307

λρ2 +
λ

λ− 1
tr
((
Id −XX⊤)EP◦

[
ξ◦ξ

⊤
◦
])

+ inf
ς∈Rd

θX(λ, ς)

= (λ− 1)
(
ρ2 − ∥η − EP◦ [ξ◦]∥

2
2

)
+

1

λ− 1
tr
((
Id −XX⊤)Σ◦

)
+ tr

((
Id −XX⊤) ηη⊤)+ ρ2 − ∥η − EP◦ [ξ◦]∥

2
2 + tr

((
Id −XX⊤)Σ◦

)
.

308
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For any η ∈ M2(P◦, ρ), there exists P ∈ B2(P◦, ρ) such that η = EP [ξ]. It follows309

from [23, Theorem 2.1] that ∥η − EP◦ [ξ◦]∥2 ≤W2(P,P◦) ≤ ρ. Then it can be readily310

verified that311

ψ(ρ2 | η,X) = inf
λ>1

{
(λ− 1)

(
ρ2 − ∥η − EP◦ [ξ◦]∥

2
2

)
+

1

λ− 1
tr
((
Id −XX⊤)Σ◦

)}
+ tr

((
Id −XX⊤) ηη⊤)+ ρ2 − ∥η − EP◦ [ξ◦]∥

2
2 + tr

((
Id −XX⊤)Σ◦

)
=

((
tr
((
Id −XX⊤)Σ◦

))1/2
+
(
ρ2 − ∥η − EP◦ [ξ◦]∥

2
2

)1/2
)2

+ tr
((
Id −XX⊤) ηη⊤) .

312

We complete the proof.313

We are now in a position to derive an explicit expression for φ(X) based on the314

relationship (3.4), as established in the following theorem.315

Theorem 3.6. For any X ∈ Od,r, P◦ ∈ Q2, and ρ ≥ 0, the optimal value of316

problem (3.1) with p = 2 has the following explicit expression,317

(3.8) φ(X) =
((

tr
((
Id −XX⊤)Σ◦

))1/2
+ ρ

)2

.318

Proof. We first consider the case where ρ = 0. Then the feasible region B2(P◦, 0)319

of problem (3.1) collapses to the singleton {P◦}. As a result, we have320

φ(X) = tr
((
Id −XX⊤)Σ◦

)
,321

which indicates that the relationship (3.8) holds for ρ = 0.322

Next, our focus is on the case where ρ > 0. As a direct consequence of Lemma 3.5,323

we can proceed to show that324

φ(X) = sup
η∈M2(P◦,ρ)

{
ψ(ρ2 | η,X)− tr

((
Id −XX⊤) ηη⊤)}

= sup
η∈M2(P◦,ρ)

((
tr
((
Id −XX⊤)Σ◦

))1/2
+
(
ρ2 − ∥η − EP◦ [ξ◦]∥

2
2

)1/2
)2

=
((

tr
((
Id −XX⊤)Σ◦

))1/2
+ ρ

)2

,

325

where the supremum is attained at η = EP◦ [ξ◦]. The proof is completed.326

By expanding the square term in (3.8), it can be obtained that327

φ(X) = tr
((
Id −XX⊤)Σ◦

)
+ 2ρ

(
tr
((
Id −XX⊤)Σ◦

))1/2
+ ρ2.328

For any X ∈ Od,r, we have329

(
tr
((
Id −XX⊤)Σ◦

))1/2
=

(
tr
(
Σ

1/2
◦

(
Id −XX⊤) (Id −XX⊤)Σ1/2

◦

))1/2

=
∥∥∥(Id −XX⊤)Σ1/2

◦

∥∥∥
F
.

330

Based on this representation and Theorem 3.6, the DRO model (PmM) with p = 2331

can be equivalently reformulated as problem (Pm).332
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Remark 3.7. The equivalent reformulation we derive for the case p = 2 in The-333

orem 3.6 is similar to that presented in [47, Proposition 3.3] with a moment-based334

ambiguity set. The distinction of the present work is threefold. First, our ambigu-335

ity set is defined directly through the type-2 Wasserstein distance over probability336

measures, and the reformulation is derived from the original min-max problem with-337

out reducing the ambiguity description to moment information. Second, the nominal338

distribution P◦ is allowed to be a general distribution in Q2, rather than being re-339

stricted to a discrete empirical distribution in [47]. Third, the splitting argument in340

(3.2) handles the nonlinear dependence of the objective on P and also clarifies why341

the model becomes ill-posed for p < 2. Finally, we note that the proposed splitting342

technique can be seamlessly generalized to broader settings beyond PCA.343

We end this section by demonstrating that, the solutions of classical PCA without344

regularizers inherently possess robustness against data perturbations, as characterized345

by the type-2 Wasserstein distance.346

Corollary 3.8. Suppose that p = 2 and s(X) = 0 for all X ∈ Od,r. Then for347

any Σ◦ ∈ Sd+ and ρ ≥ 0, the global minimizers of problem (PmM) coincide with those348

of the nominal model minX∈Od,r tr
((
Id −XX⊤)Σ◦

)
for PCA.349

Proof. According to Theorem 3.6, we know that the DRO model (PmM) is equiv-350

alent to the problem of minimizing φ over Od,r. Let κ : R+ → R+ be a continuous351

function defined by κ(t) = (
√
t + ρ)2. Then κ is monotonically increasing on R+ for352

all ρ ≥ 0. Consequently, the nonnegativity of tr((Id −XX⊤)Σ◦) results in that353

argmin
X∈Od,r

φ(X) = argmin
X∈Od,r

κ
(
tr
((
Id −XX⊤)Σ◦

))
= argmin

X∈Od,r

tr
((
Id −XX⊤)Σ◦

)
,354

which completes the proof.355

4. Algorithm Design. The purpose of this section is to devise an efficient356

algorithm to solve the equivalent reformulation (Pm) of the DRO model (PmM) with357

p = 2 based on the smoothing approximation technique. We consider a broader class358

of nonsmooth optimization problems of the following form,359

(4.1) min
X∈Od,r

f(X) := u(X) + s(X) + w(X),360

where u, s, and w are appropriate functions satisfying the following conditions.361

(i) The function u : Rd×r → R is continuously differentiable and its gradient ∇u is362

Lipschitz continuous with the corresponding Lipschitz constant Lu > 0.363

(ii) The function s : Rd×r → R is convex and Lipschitz continuous with the corre-364

sponding Lipschitz constant Ls > 0.365

(iii) The function w : Rd×r → R is of the form w(X) = 2ρ∥(Id −XX⊤)Σ
1/2
◦ ∥F with366

Σ◦ ∈ Sd+ and ρ > 0.367

It is evident that model (Pm) is a specific instance of problem (4.1) by identifying368

u(X) = tr((Id −XX⊤)Σ◦). As a direct consequence of the continuity of f over the369

compact manifold Od,r, there always exists an optimal solution of problem (4.1).370

Remark 4.1. The function w is continuously differentiable at every X ∈ Od,r371

such that ∥(Id −XX⊤)Σ
1/2
◦ ∥F > 0. In particular, when rank(Σ◦) > r, this condition372

holds for any X ∈ Od,r, and hence w is smooth on the entire feasible set. Possible373

nonsmoothness occurs at zero-residual points satisfying (Id −XX⊤)Σ
1/2
◦ = 0, which374

can arise when rank(Σ◦) ≤ r.375
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12 L. WANG, X. LIU, AND X. CHEN

The case of rank(Σ◦) ≤ r is natural from the perspective of data-driven DRO [42].376

As discussed in [20], the nominal distribution is often empirical and constructed from377

limited samples in practice. Therefore, a nominal covariance matrix with rank at most378

r does not imply that the true distribution is supported on an r-dimensional subspace.379

The Wasserstein ambiguity set is introduced to account for possible distributional380

perturbations, including mass or variance outside the observed nominal subspace. In381

this case, the consideration of regularized PCA remains meaningful, as it aims to select382

a loading matrix X with desirable structures among possibly many feasible or optimal383

solutions. Even in the regime where rank(Σ◦) > r, the gradient of w contains a factor384

∥(Id −XX⊤)Σ
1/2
◦ ∥−1

F , which becomes numerically unstable when the denominator is385

close to zero. The smoothing algorithm developed in this section provides a unified386

and stable framework that remains applicable without imposing an additional rank387

condition on Σ◦. The underlying methodology can be seamlessly extended to a wider388

class of optimization problems, such as the regularized ℓ1-norm PCA [40] and the389

DRO model of fair PCA [47].390

4.1. Stationarity Condition. In this subsection, we establish the stationarity391

condition for local minimizers of problem (4.1). According to the discussions in [30,392

58], a necessary condition for f to achieve a local minimum at X on Od,r is that393

0 ∈ ∂Rf(X).394

Since u is smooth, s is convex, and w is a composition of a smooth mapping and395

a convex function, they are all weakly convex and hence regular [18]. As a result,396

the objective function f = u + s + w is also regular [16]. Then it follows from [58,397

Theorem 5.3] that ∂Rf(X) = gradu(X) + ∂Rs(X) + ∂Rw(X) for any X ∈ Od,r.398

Based on the above discussions, the stationarity condition of the optimization399

problem (4.1) can be stated as follows.400

Definition 4.2. A point X∗ ∈ Od,r is called a stationary point of problem (4.1)401

if the inclusion 0 ∈ gradu(X∗) + ∂Rs(X∗) + ∂Rw(X∗) holds.402

When w is smooth at X, the term ∂Rw(X) reduces to the singleton {gradw(X)}.403

Thus, the Clarke subdifferential formulation provides a unified stationarity concept.404

4.2. Smoothing Function. To address the challenges posed by the possibly405

nonsmooth term w, we propose to leverage the smoothing approximation technique406

[12]. Specifically, we construct the smoothing function of w as follows,407

(4.2) w̃(X,µ) =


w(X), if w(X) ≥ µρ,

w2(X)

2µρ
+
µρ

2
, if w(X) < µρ,

408

where µ > 0 is a smoothing parameter. Interested readers can refer to [12] for more409

examples of smoothing functions.410

When it is clear from the context, the Euclidean and Riemannian gradients of411

w̃(X,µ) with respect to X are simply denoted by ∇w̃(X,µ) and grad w̃(X,µ), respec-412

tively. The following proposition reveals that the smoothing function w̃ enjoys some413

favorable properties.414

Proposition 4.3. The function w̃ : Rd×r ×R++ → R constructed in (4.2) satis-415

fies the following conditions.416

(i) For any µ > 0, w̃(·, µ) is continuously differentiable over Rd×r.417
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(ii) For any X ∈ Rd×r, it holds that limX′→X,µ↓0 w̃(X
′, µ) = w(X).418

(iii) For any X ∈ Rd×r and µ > 0, we have w(X) ≤ w̃(X,µ) ≤ w(X) + µρ/2.419

(iv) There exists a constant Mw > 0 such that ∥∇w̃(X,µ)∥F ≤Mw for any X ∈ Od,r420

and µ > 0.421

(v) There exists a constant Lw > 0 such that, for any µ > 0, ∇w̃(·, µ) is Lipschitz422

continuous over Od,r with the corresponding Lipschitz constant Lwµ
−1.423

Proof. The proof is straightforward and is omitted here.424

We adopt the smoothing function w̃ given in (4.2) for two key reasons. First,425

the evaluation of both function values and gradients for w̃ circumvents the need to426

compute Σ
1/2
◦ . Second, this particular smoothing function satisfies Riemannian gra-427

dient consistency, which will be rigorously demonstrated in the next subsection. This428

property is crucial for guaranteeing the global convergence of our algorithm.429

4.3. Riemannian Subdifferential. The algorithm proposed in this paper is430

based on the smoothing approximation technique. Thus, it is natural that the con-431

vergence result is closely tied to the specific smoothing function employed. Below is432

the definition of the Riemannian subdifferential associated with the smoothing func-433

tion, which serves as a fundamental concept in our analysis.434

Definition 4.4. The Riemannian subdifferential of w associated with the smooth-435

ing function w̃ at X ∈ Od,r is defined as436

∂R|w̃w(X) =
{
G ∈ TXOd,r | grad w̃(Xt, µt) → G,Od,r ∋ Xt → X,µt ↓ 0

}
.437

The following theorem establishes the Riemannian gradient consistency of the438

smoothing function w̃. By bridging two subdifferentials, this property plays a pivotal439

role in showing the global convergence of the proposed algorithm to a stationary point440

of problem (4.1).441

Theorem 4.5. For the smoothing function w̃ constructed in (4.2), it holds that442

∂R|w̃w(X) ⊆ ∂Rw(X),443

for any X ∈ Od,r.444

Proof. We fix an arbitrary X ∈ Od,r. Let G ∈ ∂R|w̃w(X). Then there exist two445

sequences {Xt} ⊆ Od,r and {µt} ⊆ R++ with Xt → X and µt ↓ 0 as t→ ∞ such that446

G = lim
Od,r∋Xt→X,µt↓0

grad w̃(Xt, µt).447

For convenience, we define the index set T := {t ∈ N | w(Xt) < µtρ}.448

If T is a finite set, there exists t̄ ∈ N such that w(Xt) ≥ µtρ > 0 for any t ≥ t̄.449

Hence, the function w is continuously differentiable near Xt and we have450

grad w̃(Xt, µt) = gradw(Xt),451

for all t ≥ t̄. Then it can be obtained that452

G = lim
Od,r∋Xt→X,µt↓0

grad w̃(Xt, µt) = lim
Od,r∋Xt→X

gradw(Xt),453

which indicates that G ∈ ∂Rw(X).454
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Next, we consider the case where T is an infinite set. Then it is clear that455

w(X) = 0. Thus, the function w attains the global minimum at X, which further456

implies that 0 ∈ ∂Rw(X). Let T′ := {t ∈ N | w(Xt) = 0} be a subset of T. If T′ is457

also an infinite set, we can obtain that458

G = lim
Od,r∋Xt→X,µt↓0, t∈T′

grad w̃(Xt, µt).459

Straightforward calculations yield that grad w̃(Xt, µt) = 0 ∈ ∂Rw(Xt) for any t ∈ T′.460

Hence, the above relationship indicates that G = 0 ∈ ∂Rw(X). Now we assume that461

T′ is a finite set. Passing to the subsequence of T and relabeling it if necessary, there462

exists t̂ ∈ N such that 0 < w(Xt) < µtρ for any t ≥ t̂. Moreover, the function w is463

continuously differentiable near Xt and we have464

(4.3) grad w̃(Xt, µt) = τtgradw(Xt),465

where τt is a constant defined by466

τt =
w(Xt)

µtρ
∈ (0, 1).467

A straightforward verification reveals that468

∥gradw(Xt)∥F = 2ρ

∥∥(Id −XtX
⊤
t )Σ◦Xt

∥∥
F∥∥∥(Id −XtX⊤

t )Σ
1/2
◦

∥∥∥
F

≤ 2ρ
∥∥∥Σ1/2

◦

∥∥∥
F
,469

for any Xt ∈ Od,r satisfying w(Xt) ̸= 0. Hence, the sequence {gradw(Xt)}t≥t̂ is470

bounded. By passing to a subsequence if necessary, we may assume without loss of471

generality that472

H = lim
Od,r∋Xt→X

gradw(Xt).473

According to the definition of Riemannian Clarke subdifferentials, it holds that H ∈474

∂Rw(X). Since τt ∈ (0, 1) for any t ≥ t̂, we can assume without loss of generality that475

limt→∞ τt = τ for a constant τ ∈ [0, 1]. Consequently, it follows from the relationship476

(4.3) and the fact 0 ∈ ∂Rw(X) that477

G = lim
Od,r∋Xt→X,µt↓0

grad w̃(Xt, µt) = lim
Od,r∋Xt→X,µt↓0

τtgradw(Xt)

= τH = τH + (1− τ)0 ∈ conv {∂Rw(X)} = ∂Rw(X).
478

The proof is completed.479

Theorem 4.5 can be regarded as a Riemannian extension of the gradient consis-480

tency in Euclidean spaces [12]. It is worth noting, however, that on a Riemannian481

manifold one must additionally account for the projection onto tangent spaces as well482

as the use of Riemannian gradients.483

4.4. Algorithm Development. Based on the smoothing function w̃, we can484

obtain the following approximation of the objective function f in problem (4.1),485

f̃(X,µ) := g̃(X,µ) + s(X),486
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where g̃ is given by487

g̃(X,µ) := u(X) + w̃(X,µ).488

It is clear that the function f̃(X,µ) exhibits a composite structure. In particular, the489

first term g̃(X,µ) is smooth for fixed µ > 0, whereas the second term s(X) is possibly490

nonsmooth. This inherent structure naturally lends itself to the framework of the491

proximal gradient method on the manifold to minimize f̃(·, µ) over Od,r.492

Specifically, we intend to solve the following subproblem to find the descent di-493

rection Vk ∈ TXk
Od,r at the k-th iteration,494

(4.4) Vk := argmin
V ∈TXk

Od,r

hk(V ) := ⟨∇g̃(Xk, µk), V ⟩+ 1

2µk
∥V ∥2F + s(Xk + V ),495

where Xk ∈ Od,r and µk > 0 are the current iterate and smoothing parameter,496

respectively. The above subproblem involves minimizing a strongly convex function497

on the tangent space. Although Vk serves as a descent direction, the updated iterate498

Xk + αkVk, for an arbitrary stepsize αk > 0, does not necessarily remain on Od,r.499

Consequently, we then perform a retraction to bring it back to Od,r.500

In practice, subproblem (4.4) can be addressed effectively via a semi-smooth New-501

ton method [10] or through a fixed-point method [39]. Below, we provide a concise502

exposition of the computational procedure underlying the latter approach. The KKT503

conditions of subproblem (4.4) can be expressed as504

(4.5)

0 ∈ ∇g̃(Xk, µk)−XkΛ +
1

µk
V + ∂s(Xk + V ),

0 = X⊤
k V + V ⊤Xk,

505

where Λ ∈ Rr×r represents the Lagrangian multiplier associated with the linear con-506

straint V ∈ TXk
Od,r. For a given Λ, the first relationship of (4.5) allows V to be507

characterized explicitly by508

(4.6) V (Λ) := Pµk,s (Xk − µk (∇g̃(Xk, µk)−XkΛ))−Xk,509

where the proximal mapping Pµ,s is defined as510

Pµ,s(Y ) := argmin
Z∈Rd×r

s(Z) +
1

2µ
∥Z − Y ∥2F .511

Substituting (4.6) into the second relationship of (4.5) reveals that Λ satisfies the512

nonlinear equation E(Λ) = 0 with E(Λ) := X⊤
k V (Λ)+V (Λ)⊤Xk. Building upon this513

insight, Liu et al. [39] propose the following fixed-point method for solving E(Λ) = 0514

with respect to Λ,515

Λt+1 = Λt −
1

µk
E(Λt).516

In practice, the stopping criterion can be specified as ∥E(Λt)∥F ≤ ε for a prescribed517

tolerance ε ∈ (0, 1). He et al. [27] have shown that this fixed-point method—viewed518

as a special instance of their primal-dual hybrid gradient algorithm—enjoys an O(1/t)519

convergence rate in the ergodic sense under mild conditions, which are satisfied in the520

present setting.521
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The complete framework of our approach for solving problem (4.1) is outlined in522

Algorithm 1, which is named smoothing manifold proximal gradient and abbreviated523

as SMPG. It is noteworthy that SMPG involves an Armijo line search procedure in524

(4.7) to determine the stepsize. As we will show later, this backtracking line search525

procedure is well-defined and guaranteed to terminate in a finite number of steps.526

Algorithm 1: smoothing manifold proximal gradient (SMPG).

1 Input: X0 ∈ Od,r, µ0 > 0, µ̄ ∈ [0, µ0], θ ∈ (0, 1), and β ∈ (0, 1).
2 for k = 0, 1, 2, . . . do
3 Solve subproblem (4.4) to obtain Vk.
4 if ∥Vk∥F ≤ µ̄2 and µk ≤ µ̄ then
5 Return Xk.

6 else
7 Find αk := βmk such that mk is the smallest integer satisfying

(4.7) f̃(RXk
(βmkVk), µk) ≤ f̃(Xk, µk)−

βmk

2µk
∥Vk∥2F .

8 Update Xk+1 := RXk
(αkVk).

9 Set

µk+1 :=

{
µk, if ∥Vk∥F > µ2

k,

θµk, if ∥Vk∥F ≤ µ2
k.

10 Output: Xk.

Remark 4.6. Among the four parameters introduced in SMPG, µ0 denotes the527

initial smoothing parameter, θ governs the decay rate of the smoothing parameter, β528

controls the decay rate of the stepsize in the line search procedure, and µ̄ serves as529

the termination tolerance. In practice, µ̄ specifies the desired accuracy and therefore530

does not require tuning. Our numerical experiments presented in Section 6.2 indicate531

that SMPG is not particularly sensitive to the other three parameters.532

Algorithm 1 bears a certain resemblance to the ManPG method proposed in [10].533

The latter similarly solves a subproblem akin to (4.4) in the tangent space, followed534

by a retraction to preserve the feasibility. It should be emphasized, however, that535

in Algorithm 1 we further employ a smoothing approximation to handle the possibly536

nonsmooth term arising from the DRO formulation, together with an update scheme537

for the smoothing parameter. These features introduce additional challenges to the538

convergence analysis of Algorithm 1, which we shall elaborate on in the subsequent539

section.540

5. Convergence Analysis. This section delves into a comprehensive conver-541

gence analysis of the proposed algorithm. Specifically, we establish that any accumu-542

lation point of the sequence generated by Algorithm 1 is a stationary point. And the543

iteration complexity of Algorithm 1 is provided to attain an approximate stationary544

point.545
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5.1. Descent Property. In the following lemma, we first prove that Vk, ob-546

tained by solving subproblem (4.4), serves as a descent direction in the tangent space547

TXk
Od,r at the current iterate Xk ∈ Od,r.548

Lemma 5.1. Suppose that {Xk} is the sequence generated by Algorithm 1. Then549

it holds that550

hk(0)− hk(αVk) ≥
α(2− α)

2µk
∥Vk∥2F ,551

for any α ∈ [0, 1].552

Proof. Since hk(V ) is strongly convex with the modulus µ−1
k , we have553

(5.1) hk(V̄ ) ≥ hk(V ) +
〈
∂hk(V ), V̄ − V

〉
+

1

2µk

∥∥V̄ − V
∥∥2
F
,554

for any V, V̄ ∈ Rd×r. In particular, for V, V̄ ∈ TXk
Od,r, it holds that555 〈

∂hk(V ), V̄ − V
〉
=

〈
ProjTXk

Od,r (∂hk(V )) , V̄ − V
〉
.556

Moreover, it follows from the optimality condition of subproblem (4.4) that 0 ∈557

ProjTXk
Od,r (∂hk(Vk)). Taking V = Vk and V̄ = 0 in (5.1) yields that558

hk(0) ≥ hk(Vk) +
1

2µk
∥Vk∥2F ,559

which, after a suitable rearrangement, can be equivalently written as560

s(Xk) ≥ ⟨∇g̃(Xk, µk), Vk⟩+
1

µk
∥Vk∥2F + s(Xk + Vk).561

According to the convexity of s, we have562

s(Xk + αVk)− s(Xk) = s((1− α)Xk + α(Xk + Vk))− s(Xk)

≤ α (s(Xk + Vk)− s(Xk)) .
563

Collecting the above two relationships together results in that564

hk(αVk)− hk(0) = α ⟨∇g̃(Xk, µk), Vk⟩+
α2

2µk
∥Vk∥2F + s(Xk + αVk)− s(Xk)

≤ α

(
⟨∇g̃(Xk, µk), Vk⟩+

α

2µk
∥Vk∥2F + s(Xk + Vk)− s(Xk)

)
≤ α(α− 2)

2µk
∥Vk∥2F ,

565

which completes the proof.566

Based on Lemma 5.1, we can proceed to show that the line search procedure in567

Algorithm 1 is well-defined, ensuring that the stepsize αk can be determined in a finite568

number of trials.569

Lemma 5.2. Let {Xk} be the sequence generated by Algorithm 1. Then there570

exists a constant ᾱ ∈ (0, 1] such that571

f̃(Xk, µk)− f̃(RXk
(αVk), µk) ≥

α

2µk
∥Vk∥2F ,572
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for any α ∈ (0, ᾱ].573

Proof. According to the Lipschitz continuity of∇g̃(X,µ) for fixed µ > 0, it follows574

that575

g̃(RXk
(αVk), µk) ≤ g̃(Xk, µk) + ⟨∇g̃(Xk, µk),RXk

(αVk)−Xk⟩

+
Luµk + Lw

2µk
∥RXk

(αVk)−Xk∥2F

≤ g̃(Xk, µk) + ⟨∇g̃(Xk, µk),RXk
(αVk)− (Xk + αVk)⟩

+ α ⟨∇g̃(Xk, µk), Vk⟩+
Luµ0 + Lw

2µk
∥RXk

(αVk)−Xk∥2F ,

576

where the last inequality holds due to the fact that µk ≤ µ0. Since ∇u is contin-577

uous over the compact manifold Od,r, there exists a constant Mu > 0 such that578

∥∇u(X)∥F ≤Mu for any X ∈ Od,r. Hence, it holds that579

∥∇g̃(Xk, µk)∥F ≤ ∥∇u(Xk)∥F + ∥∇w̃(Xk, µk)∥F ≤ (Mu +Mw)µ0

µk
.580

By invoking Lemma 2.3, we can obtain that581

⟨∇g̃(Xk, µk),RXk
(αVk)− (Xk + αVk)⟩

≤ ∥∇g̃(Xk, µk)∥F ∥RXk
(αVk)− (Xk + αVk)∥F

≤ α2µ0M2(Mu +Mw)

µk
∥Vk∥2F ,

582

and583

∥RXk
(αVk)−Xk∥2F ≤ α2M2

1 ∥Vk∥2F .584

Let C = 2µ0M2(Mu +Mw) +M2
1 (Luµ0 + Lw) > 0 be a constant. Then it can be585

readily verified that586

g̃(RXk
(αVk), µk)− g̃(Xk, µk) ≤ α ⟨∇g̃(Xk, µk), Vk⟩+

α2C

2µk
∥Vk∥2F .587

Moreover, according to the Lipschitz continuity of s, we have588

s(RXk
(αVk))− s(Xk) = s(RXk

(αVk))− s(Xk + αVk) + s(Xk + αVk)− s(Xk)

≤ Ls ∥RXk
(αVk)− (Xk + αVk)∥F + s(Xk + αVk)− s(Xk)

≤ α2µ0M2Ls

µk
∥Vk∥2F + s(Xk + αVk)− s(Xk),

589

where the last inequality results from Lemma 2.3 and the fact that µk ≤ µ0. Collecting590

the above two inequalities together yields that591

(5.2)

f̃(RXk
(αVk), µk)− f̃(Xk, µk)

= g̃(RXk
(αVk), µk)− g̃(Xk, µk) + s(RXk

(αVk))− s(Xk)

≤ α ⟨∇g̃(Xk, µk), Vk⟩+ s(Xk + αVk)− s(Xk) +
α2(C + 2µ0M2Ls)

2µk
∥Vk∥2F .

592
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As a direct consequence of Lemma 5.1, we can proceed to show that593

α ⟨∇g̃(Xk, µk), Vk⟩+ s(Xk + αVk)− s(Xk) ≤ − α

µk
∥Vk∥2F ,594

which together with the relationship (5.2) implies that595

f̃(RXk
(αVk), µk)− f̃(Xk, µk) ≤ − α

2µk
(2− α (C + 2µ0M2Ls)) ∥Vk∥2F .596

Let ᾱ = min{1, 1/(C + 2µ0M2Ls)} ∈ (0, 1]. Then for any α ∈ (0, ᾱ], we can conclude597

that598

f̃(RXk
(αVk), µk)− f̃(Xk, µk) ≤ − α

2µk
∥Vk∥2F ,599

as desired. The proof is completed.600

Lemma 5.2 guarantees that the line search procedure in (4.7) terminates in at601

most ⌈logβ ᾱ⌉ steps, which is independent of the smoothing parameter µk. Here, the602

notation ⌈m⌉ represents the smallest integer greater than or equal to m ∈ R.603

5.2. Global Convergence. The following lemma lays the foundation for the604

global convergence analysis of Algorithm 1 with µ̄ = 0, as established in Theorem 5.4.605

Lemma 5.3. Let {Xk} be the sequence generated by Algorithm 1 with µ̄ = 0. Then606

K := {k ∈ N | ∥Vk∥F ≤ µ2
k} is an infinite set.607

Proof. Suppose, on the contrary, that K is a finite set. Then there exists k̄ ∈ N608

such that609

(5.3) µk = µk̄ > 0, and ∥Vk∥F > µ2
k̄ > 0,610

for any k ≥ k̄. Thus, we have Xk+1 = RXk
(αkVk) for all k ≥ k̄, where the stepsize611

αk is obtained by using the line search procedure in (4.7) with µk fixed as µk̄. From612

Lemma 5.2, we know that αk ≥ ᾱβ and613

f̃(Xk, µk̄)− f̃(Xk+1, µk̄) ≥
αk

2µk̄

∥Vk∥2F ≥ ᾱβ

2µk̄

∥Vk∥2F ,614

for any k ≥ k̄. This observation indicates that the sequence {f̃(Xk, µk̄)}k≥k̄ is mono-615

tonically decreasing. Moreover, as a direct consequence of Proposition 4.3, we can616

proceed to show that617

f(X) ≤ f̃(X,µ) ≤ f(X) +
µρ

2
,618

for any X ∈ Od,r and µ > 0. In light of the continuity of f over the compact manifold619

Od,r, there exist two constants f̃min and f̃max such that620

(5.4) f̃min ≤ f̃(X,µ) ≤ f̃max,621

for any X ∈ Od,r and µ ∈ (0, µ0]. Hence, the sequence {f̃(Xk, µk̄)}k≥k̄ is convergent.622

Then we can obtain that623

lim
k→∞

∥Vk∥2F ≤ 2µk̄

ᾱβ
lim
k→∞

(
f̃(Xk, µk̄)− f̃(Xk+1, µk̄)

)
= 0,624

which contradicts the second relationship in (5.3). Consequently, we can conclude625

that K is an infinite set. The proof is completed.626
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Now we are in a position to establish the global convergence of Algorithm 1 to a627

stationary point of problem (4.1) under the setting µ̄ = 0.628

Theorem 5.4. Suppose that {Xk} is the sequence generated by Algorithm 1 with629

µ̄ = 0. Then the sequence {Xk} has at least one accumulation point. Moreover, any630

accumulation point is a stationary point of problem (4.1).631

Proof. For each k ∈ K, we have µk+1 = θµk with θ ∈ (0, 1) being a decaying632

factor. According to Lemma 5.3, the index set K is infinite. Then it can be readily633

verified that634

(5.5) lim
K∋k→∞

1

µk
∥Vk∥F ≤ lim

K∋k→∞
µk = 0.635

Since Od,r is a compact manifold, the sequence {Xk} is bounded. Then from the636

Bolzano-Weierstrass theorem, it can be deduced that the sequence {Xk} has at least637

one accumulation point. Let X∗ be an accumulation point of {Xk}. The completeness638

of Od,r guarantees that X∗ ∈ Od,r. By passing to a subsequence if necessary, we may639

assume without loss of generality that limK∋k→∞Xk = X∗.640

Next, by virtue of the optimality condition [10, 58] of subproblem (4.4), there641

exists Hk ∈ ∂s(Xk + Vk) such that642

(5.6) gradu(Xk) + grad w̃(Xk, µk) + ProjTXk
Od,r (Hk) +

1

µk
Vk = 0,643

for any k ∈ K. It is clear that the sequence {gradu(Xk)} is convergent and644

lim
K∋k→∞

gradu(Xk) = gradu(X∗).645

According to the Lipschitz continuity of s, the sequence {Hk} is bounded [16]. With-646

out loss of generality, we assume that it is also convergent. Then there exists H∗647

such that limK∋k→∞Hk = H∗. It follows from [43, Theorem 24.4] that H∗ ∈ ∂s(X∗).648

In addition, the boundedness of the sequence {µ−1
k Vk} results from the fact that it649

is convergent in (5.5). As a result, the sequence {grad w̃(Xk, µk)} is also bounded.650

Without loss of generality, we can assume that there exists G∗ such that651

lim
K∋k→∞

grad w̃(Xk, µk) = G∗.652

According to the definition of the Riemannian subdifferential of w associated with w̃,653

it holds that G∗ ∈ ∂R|w̃w(X∗). Then it follows from Theorem 4.5 that G∗ ∈ ∂Rw(X∗).654

Finally, upon taking k → ∞ in the relationship (5.6), we can conclude that655

0 = gradu(X∗) +G∗ + ProjTX∗Od,r (H∗) ∈ gradu(X∗) + ∂Rs(X∗) + ∂Rw(X∗),656

which indicates that X∗ is a stationary point of problem (4.1). We complete the657

proof.658

5.3. Iteration Complexity. The final task is to derive the iteration complexity659

of Algorithm 1, a critical challenge that remains unresolved in existing works. The660

proof of Theorem 5.4 previously discussed leads to the insight that an accumulation661

point of {Xk} is a stationary point of (4.1) if the following conditions are satisfied,662  lim
k→∞

dist
(
0, gradu(Xk) + grad w̃(Xk, µk) + ProjTXk

Od,r (∂s(Xk + Vk))
)
= 0,

lim
k→∞

∥Vk∥F = 0, lim
k→∞

µk = 0.
663
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This observation motivates us to define the concept of ϵ-approximate stationarity for664

problem (4.1) as follows.665

Definition 5.5. A point X ∈ Od,r is called an ϵ-approximate stationary point of666

problem (4.1) if there exists V ∈ TXOd,r with ∥V ∥F ≤ ϵ and µ ∈ (0, ϵ] such that667

dist
(
0, gradu(X) + grad w̃(X,µ) + ProjTXOd,r (∂s(X + V ))

)
≤ ϵ.668

We show that Algorithm 1 is capable of identifying an ϵ-approximate stationary669

point of problem (4.1) under the setting µ̄ = ϵ.670

Lemma 5.6. For any ϵ ∈ (0, 1) and µ0 ≥ ϵ, Algorithm 1 with µ̄ = ϵ will terminate671

at an ϵ-approximate stationary point of problem (4.1).672

Proof. We first define the constant673

ιϵ = ⌈logθ (ϵ/µ0)⌉+ 1.674

Let ki be the i-th smallest element of K. Then it holds that675

µkιϵ = θιϵ−1µ0 ≤ ϵ, and
∥∥Vkιϵ∥∥F ≤ µ2

kιϵ ≤ ϵ2,676

which reveals that Algorithm 1 will terminate at the iterate Xkιϵ .677

The next step is to show thatXkιϵ is an ϵ-approximate stationary point of problem678

(4.1). According to the relationship (5.6), there exists Hkιϵ ∈ ∂s(Xkιϵ + Vkιϵ ) such679

that680

− 1

µkιϵ
Vkιϵ = gradu(Xkιϵ ) + grad w̃(Xkιϵ , µkιϵ ) + ProjTXkιϵ

Od,r

(
Hkιϵ

)
,681

which implies that682

dist
(
0, gradu(Xkιϵ ) + grad w̃(Xkιϵ , µkιϵ ) + ProjTXkιϵ

Od,r

(
∂s(Xkιϵ + Vkιϵ )

))
≤ 1

µkιϵ

∥∥Vkιϵ∥∥F ≤ µkιϵ ≤ ϵ.
683

Therefore, we conclude that Xkιϵ is an ϵ-approximate stationary point of problem684

(4.1), which completes the proof.685

The iteration complexity of Algorithm 1 is established in the following theorem686

for finding an ϵ-approximate stationary point.687

Theorem 5.7. For any ϵ ∈ (0, 1) and µ0 ≥ ϵ, Algorithm 1 with µ̄ = ϵ will reach688

an ϵ-approximate stationary point of problem (4.1) after at most O(ϵ−3) iterations.689

Proof. According to Lemma 5.6, Algorithm 1 with µ̄ = ϵ will terminate at Xkιϵ ,690

which is an ϵ-approximate stationary point of problem (4.1). We give an upper bound691

on the iteration number kιϵ . For convenience, we denote k0 = 0. The iterations from692

ki to ki+1 solve subproblem (4.4) with the smoothing parameter fixed as µki+1
for693

0 ≤ i ≤ ιϵ − 1. According to Lemma 5.2, we have694

f̃(Xk, µki+1
)− f̃(Xk+1, µki+1

) ≥ αk

2µki+1

∥Vk∥2F ≥ ᾱβ

2µki+1

∥Vk∥2F ,695
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for ki ≤ k ≤ ki+1 − 1. Then it can be readily verified that696

ki+1−1∑
k=ki

∥Vk∥2F ≤
2µki+1

ᾱβ

ki+1−1∑
k=ki

(
f̃(Xk, µki+1

)− f̃(Xk+1, µki+1
)
)

=
2µki+1

ᾱβ

(
f̃(Xki , µki+1

)− f̃(Xki+1
, µki+1

)
)
≤

2µki+1

ᾱβ

(
f̃max − f̃min

)
,

697

where the last inequality follows from (5.4). From the definition of ki+1, we know698

that ∥Vk∥F > µ2
ki+1

for ki ≤ k ≤ ki+1 − 1. Hence, it holds that699

ki+1−1∑
k=ki

∥Vk∥2F ≥ (ki+1 − ki)µ4
ki+1

,700

which together with the relationship µki+1
= θiµ0 implies that701

ki+1 − ki ≤
2(f̃max − f̃min)

ᾱβµ3
ki+1

=
2(f̃max − f̃min)

ᾱβµ3
0θ

3i
.702

Finally, a straightforward verification reveals that703

kιϵ = k0 +
ιϵ−1∑
i=0

(ki+1 − ki) ≤
2(f̃max − f̃min)

ᾱβµ3
0

ιϵ−1∑
i=0

1

θ3i
≤ 2θ3(f̃max − f̃min)

ᾱβ(1− θ3)ϵ3
.704

The proof is completed.705

Theorem 5.7 demonstrates that SMPG achieves an iteration complexity of O(ϵ−3).706

This result represents a clear improvement over the Riemannian subgradient method707

proposed in [38], which suffers from an inferior iteration complexity of O(ϵ−4).708

6. Numerical Experiments. Preliminary numerical results are presented in709

this section to provide additional insights into the performance guarantees of model710

(PmM) and Algorithm 1 (SMPG). All code is implemented in MATLAB R2018b on a711

workstation with dual Intel Xeon Gold 6242R CPU processors (at 3.10 GHz×20× 2)712

and 510 GB of RAM under Ubuntu 20.04.713

6.1. Experimental Setting. In the numerical experiments, we estimate an em-714

pirical distribution [20] to serve as the nominal distribution P◦ in problem (PmM).715

Although the true distribution P∗ remains inherently elusive, it is often partially ob-716

servable through a finite collection of n ∈ N independent samples [20, 41], such as717

past realizations of the random vector ξ. Let the training dataset comprising these718

samples be denoted by Ξ̂n := {ξ̂i}ni=1 ⊆ Rd. Then we construct the empirical distri-719

bution P̂n :=
∑n

i=1 ðξ̂i/n, where ðξ̂i represents the Dirac distribution concentrating720

unit mass at ξ̂i ∈ Rd. In fact, the empirical distribution P̂n can be interpreted as the721

uniform distribution over the finite samples in Ξ̂n.722

Based on the preceding constructions, the sample average approximation (SAA)723

model of PCA can be expressed as724

(6.1) min
X∈Od,r

E
P̂n

[∥∥∥(Id −XX⊤) (ξ − E
P̂n

[ξ]
)∥∥∥2

2

]
+ s(X).725

The above formulation, which does not account for uncertainty in the underlying726

distribution, has been extensively investigated in the literature [41, 48, 53]. In the727
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Fig. 1. Numerical comparison of different algorithmic parameters for SMPG.

subsequent experiments, we will engage in a performance comparison between the728

equivalent reformulation (Pm) of the DRO model (PmM) and the SAA model (6.1).729

In addition, we focus on the ℓ1-norm regularizer s(X) = γ ∥X∥1 with a parameter730

γ > 0 to control the amount of sparsity, where ∥X∥1 :=
∑

i,j |Xi,j | with Xi,j being the731

(i, j)-th entry of X. Our empirical experiments reveal that the choice of regularizers732

does not affect the numerical results dramatically.733

6.2. Implementation Details. The proposed algorithm SMPG involves three734

tuning parameters, including the initial smoothing parameter µ0 > 0, the decay rate735

θ ∈ (0, 1) of the smoothing parameter, and the decay rate β ∈ (0, 1) of the stepsize in736

the line search procedure. This subsection investigates the performance of SMPG on737

problem (Pm) under various choices of these parameters.738

For our testing, we randomly generate a collection of matrices Σ◦ ∈ Sd+ with739

dimension d ∈ {1000, 2000, 3000, 4000, 5000}. The other parameters in problem (Pm)740

are set to r = 10, γ = 0.1, and ρ = 1. We then evaluate the behavior of SMPG under a741

broad range of parameter configurations, taking µ0 ∈ {0.01, 0.1, 1}, θ ∈ {0.3, 0.5, 0.7},742

and β ∈ {0.3, 0.5, 0.7}. The CPU times consumed by SMPG to attain the termi-743

nation tolerance µ̄ = 10−3 are recorded and displayed in Figure 1. As evidenced744

therein, SMPG demonstrates a remarkable degree of stability across different param-745

eter choices, with its performance exhibiting no pronounced sensitivity to the specific746

values selected. Accordingly, we fix µ0 = 0.1, θ = 0.5, and β = 0.5 by default in the747

algorithm SMPG.748

6.3. Performance of SMPG. The experiments conducted in this subsection749

are designed to demonstrate the effectiveness and efficiency of SMPG for solving prob-750

lem (Pm) in comparison with the Riemannian subgradient method (RSM) proposed751

in [38]. Building on the implications of [38, Theorem 2], we equip RSM with a stepsize752

scheme of the form σk−1/2 at the k-th iteration with σ > 0. For each test instance,753

the parameter σ is tuned via a manual grid search in [1, 20] with an increment of 1 to754

identify the value that delivers the best empirical performance. We employ the fixed-755

point method proposed in [39] to solve the subproblem (4.4) of SMPG. The retraction756

operator is realized by the polar decomposition in both SMPG and RSM. We set the757

termination tolerance of SMPG to µ̄ = 10−3. And RSM is stopped once the function758

value at the current iterate does not exceed 1.0001 × fSMPG, where fSMPG denotes759

the final function value returned by SMPG. The initial point for both algorithms is760

generated by the leading r eigenvectors of Σ◦ in problem (Pm).761

We begin by assessing the performance of SMPG and RSM on synthetic datasets.762

Specifically, the true distribution P∗ is chosen as the normal distribution N(0,Σ∗),763

This manuscript is for review purposes only.



24 L. WANG, X. LIU, AND X. CHEN

5
0
0

1
0
0
0

1
5
0
0

2
0
0
0

2
5
0
0

3
0
0
0

3
5
0
0

4
0
0
0

4
5
0
0

5
0
0
0

5
5
0
0

6
0
0
0

6
5
0
0

7
0
0
0

7
5
0
0

8
0
0
0

8
5
0
0

9
0
0
0

9
5
0
0

1
0
0
0
0

10
0

10
1

10
2

(a) CPU Time

5
0
0

1
0
0
0

1
5
0
0

2
0
0
0

2
5
0
0

3
0
0
0

3
5
0
0

4
0
0
0

4
5
0
0

5
0
0
0

5
5
0
0

6
0
0
0

6
5
0
0

7
0
0
0

7
5
0
0

8
0
0
0

8
5
0
0

9
0
0
0

9
5
0
0

1
0
0
0
0

10
3

10
4

(b) Total Number of Iterations

Fig. 2. Numerical comparison between SMPG and RSM for different values of d with r = d/100.
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Fig. 3. Numerical comparison between SMPG and RSM on MNIST for different values of r.

where the true covariance matrix Σ∗ ∈ Sd+ is obtained by projecting a randomly gen-764

erated matrix onto Sd+. Then the nominal distribution P◦ is constructed by the em-765

pirical distribution P̂n based on n = 300 samples drawn independently and identically766

from N(0,Σ∗). In this test, we vary the dimension d within {500j | j = 1, 2, . . . , 20}767

while fixing r = d/100, γ = 0.05, and ρ = 1 in problem (Pm). Figure 2 comprises768

two subplots that depict CPU times and total numbers of iterations required by two769

algorithms. It can be observed that SMPG outperforms RSM in terms of computa-770

tional efficiency. Although each iteration of RSM incurs a relatively low cost, its slow771

convergence necessitates a large number of iterations to reach a desirable accuracy.772

Therefore, the total CPU time of RSM is considerably higher than that of SMPG.773

In the subsequent experiments, we then extend our evaluation to two real-world774

datasets, MNIST1 and CIFAR-102, to further examine the practical behavior of775

SMPG and RSM. MNIST contains 60000 samples, each with d = 784 features; and776

CIFAR-10 consists of 50000 samples with d = 3072 features per sample. The nominal777

distribution P◦ is constructed in the same manner as before, based on the empirical778

distribution P̂n derived from the first n = 500 samples. Other parameters in prob-779

lem (Pm) are set to γ = 0.02 and ρ = 1 with r ∈ {10j | j = 1, 2, . . . , 20}. The780

corresponding numerical results are presented in Figure 3 and Figure 4 for MNIST781

and CIFAR-10, respectively. These evidences clearly show that the computational782

advantage of SMPG is not confined to synthetic scenarios, whose superiority remains783

pronounced when applied to real-world datasets.784

6.4. Performance of DRO Model. The purpose of this subsection is to illus-785

trate the rationality and necessity of adopting the DRO model for PCA. For conve-786

1https://yann.lecun.com/exdb/mnist/
2https://www.cs.toronto.edu/∼kriz/cifar.html
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Fig. 4. Numerical comparison between SMPG and RSM on CIFAR-10 for different values of r.

nience, the DRO model (Pm) and the SAA model (6.1) are denoted by DRPCA and787

PCA-SAA, respectively. The performances of DRPCA and PCA-SAA are evaluated788

on three real-world datasets, including MNIST, CIFAR-10, and WHO-Mortality3.789

The last one includes 6080 samples, each characterized by d = 24 features.790

In the first experiment, we extract the first n samples of each dataset to con-791

struct the empirical distribution P̂n as the nominal distribution P◦. Then SMPG and792

ManPG [10] are deployed to solve the DRPCA model (Pm) and the PCA-SAA model793

(6.1), respectively. For our simulation in this case, we fix r = 5 and γ = 0.02. The794

radius ρ in problem (Pm) is set to 5n−1/2 for each sample size n. To assess the quality795

of solutions in DRPCA and PCA-SAA, we calculate the out-of-sample performance796

[20] for the function value of PCA as follows,797

(6.2) f∗(X) = EP∗

[∥∥(Id −XX⊤) (ξ − EP∗ [ξ])
∥∥2
2

]
,798

which represents the reconstruction error of PCA with the true distribution P∗ being799

the empirical distribution generated by all samples in the dataset. Furthermore, the800

sparsity levels of solutions, quantified by the percentage of zero entries, are recorded801

as well. When computing the sparsity level, we set an entry to zero when its absolute802

value is less than 10−5 (see [10]). Figure 5 and Figure 6 visualize the out-of-sample803

performances of DRPCA and PCA-SAA on three datasets, evaluated across sample804

sizes n ∈ {100, 200, 300, 400, 500}. As evidenced therein, the solutions of DRPCA805

consistently demonstrate superior performances compared to those of PCA-SAA in806

terms of function values. In addition, the solutions obtained from both models ex-807

hibit comparable sparsity levels, with their differences remaining within an acceptable808

margin. These numerical results highlight the rationality and necessity of adopting809

the DRO model for PCA.810

Due to the presence of noise and the variability of practical environments, real-811

world applications often face the risk of distributional corruption or the emergence of812

extreme scenarios. We then perform a stress test [19, 26] on DRPCA and PCA-SAA813

to simulate this situation. The robustness of solutions delivered by both models is814

examined under a contaminated distribution Pν = (1−ν)P̂n+νP̄, where P̄ represents815

a contaminant of P̂n and ν ∈ [0, 1] encodes the contamination level. Similar to the816

setting of [32], we choose a Gaussian contaminant inspired by the extremal-covariance817

construction in Appendix A. Specifically, we set P̄ = N(ζ, Σ̄X̄) for a solution X̄ of818

DRPCA, where ζ ∈ Rd is a d-dimensional vector of all ones and Σ̄X̄ ∈ Sd+ is given in819

Theorem A.1. Next, the function values of PCA under Pν are evaluated for ν ∈ [0, 1],820

3https://www.who.int/data/gho/data/themes/mortality-and-global-health-estimates

This manuscript is for review purposes only.

https://www.who.int/data/gho/data/themes/mortality-and-global-health-estimates


26 L. WANG, X. LIU, AND X. CHEN

100 200 300 400 500

20.5

21

21.5

22

22.5

23

23.5

(a) MNIST

100 200 300 400 500

52

54

56

58

60

62

(b) CIFAR-10

100 200 300 400 500
1.3

1.4

1.5

1.6

1.7

(c) WHO-Mortality

Fig. 5. Numerical comparison of function values between DRPCA and PCA-SAA.
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Fig. 6. Numerical comparison of sparsity levels between DRPCA and PCA-SAA.

obtained by substituting P∗ with Pν in (6.2). In this experiment, we fix r = 20,821

γ = 0.1, n = 100, and ρ = 10. Figure 7 illustrates the numerical results of DRPCA822

and PCA-SAA on three datasets under the stress test. Beyond a certain level of823

contamination, the solutions of DRPCA begin to exhibit better performance than824

those of PCA-SAA. Moreover, the function values of PCA-SAA change more steeply825

than those of DRPCA, which suggests the enhanced robustness of DRPCA against826

contaminated data.827

7. Concluding Remarks. The DRO model (PmM) of regularized PCA consti-828

tutes a constrained min-max optimization problem on a Riemannian manifold. When829

the ambiguity set is characterized by the type-2 Wasserstein distance, we equivalently830

reformulate it as a minimization problem (Pm) by providing a closed-form expression831

for the optimal value of the inner maximization problem in (PmM). However, problem832

(Pm) can hardly be solved efficiently by existing Riemannian optimization algorithms833

due to the involvement of two possibly nonsmooth terms in the objective function.834

To surmount this issue, we develop an efficient algorithm SMPG for problem (Pm),835

which incorporates the smoothing approximation technique into the proximal gradient836

method on Riemannian manifolds. We rigorously demonstrate that SMPG achieves837

global convergence to a stationary point and further establish an iteration complexity.838

Preliminary numerical results are presented to validate the efficiency of SMPG and839

the effectiveness of our DRO model, illuminating their potential in addressing the840

challenges inherent in PCA under distributional uncertainty.841

Acknowledgments. We sincerely express our gratitude to Prof. Man-Chung842
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which have substantially improved the quality, clarity, and presentation of this paper.844
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Fig. 7. Numerical comparison of stress tests between DRPCA and PCA-SAA.

Appendix A. Extremal Distribution. In this appendix, we focus on the845

case where p = 2. For any X ∈ Od,r, we construct a candidate extremal distribution846

P̄X that achieves the worst-case function value in problem (3.1), namely,847

(A.1) ϕ(X, P̄X) = φ(X),848

where ϕ(X,P) = EP[∥(Id − XX⊤)(ξ − EP[ξ])∥2F] denotes the objective function of849

problem (3.1). The closed-form expression of φ is provided in Theorem 3.6. Recall850

that Σ◦ ∈ Sd+ is the covariance matrix of ξ under the nominal distribution P◦. For851

convenience, we define S(Σ◦) =
{
X ∈ Od,r |

(
Id −XX⊤)Σ◦ = 0

}
. Given that Σ◦ ∈852

Sd+ and Id − XX⊤ ∈ Sd+, it is immediately evident that X ∈ S(Σ◦) if and only if853

tr((Id −XX⊤)Σ◦) = 0.854

Theorem A.1. Let P̄X be a probability distribution with the following covariance855

matrix,856

(A.2) Σ̄X =


L̄XΣ◦L̄X , if X /∈ S(Σ◦),

Σ◦ +
ρ2

d− r
(Id −XX⊤), if X ∈ S(Σ◦),

857

where L̄X = Id + ρ
(
tr
((
Id −XX⊤)Σ◦

))−1/2 (
Id −XX⊤) ∈ Sd++. Then, for any858

X ∈ Od,r, the relationship (A.1) holds.859

Proof. By simple manipulations, we can obtain that860

ϕ(X,P) = tr
((
Id −XX⊤)EP [(ξ − EP [ξ]) (ξ − EP [ξ])⊤]) = tr

((
Id −XX⊤)Σ) ,861

where Σ ∈ Sd+ is the covariance matrix of ξ under the distribution P. Thus, the objec-862

tive function of problem (3.1) only depends on the covariance matrix. We investigate863

the following two cases.864

Case I: X /∈ S(Σ◦). It can be readily verified that865

tr
(
Σ̄X

)
= tr

(
L̄2
XΣ◦

)
= tr (Σ◦) + 2ρ

(
tr
((
Id −XX⊤)Σ◦

))1/2
+ ρ2.866

By virtue of the orthogonality of X, we have L̄XX = X. Hence, it holds that867

ϕ(X, P̄X) = tr
((
Id −XX⊤) Σ̄X

)
= tr

(
Σ̄X

)
− tr

(
X⊤L̄XΣ◦L̄XX

)
= tr (Σ◦) + 2ρ

(
tr
((
Id −XX⊤)Σ◦

))1/2
+ ρ2 − tr

(
X⊤Σ◦X

)
=

((
tr
((
Id −XX⊤)Σ◦

))1/2
+ ρ

)2

= φ(X).

868
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Case II: X ∈ S(Σ◦). Straightforward calculations give rise to that869

ϕ(X, P̄X) = tr
((
Id −XX⊤) Σ̄X

)
= tr

((
Id −XX⊤)Σ◦

)
+

ρ2

d− r
tr
(
Id −XX⊤)

= ρ2 = φ(X).

870

We complete the proof.871

Remark A.2. The formulation in Theorem A.1 does not imply that the eigenvec-872

tors of Σ̄X are sparse. In general, the sparsity pattern of these eigenvectors depends on873

the eigenspace of Σ◦, the loading matrix X, and the Wasserstein radius ρ. No sparsity874

guarantee should be expected. Sparse PCA seeks to construct a sparse approxima-875

tion to the principal subspace, balancing explained variance and interpretability. In876

general, the solution of sparse PCA does not necessarily coincide with that of PCA.877

From a theoretical perspective, sparsity regularizers are useful to remediate certain878

inconsistency phenomena inherent in PCA [33].879

Remark A.3. The pair (X, Σ̄X) can not be interpreted as a Nash equilibrium in880

general. Intuitively, the construction of Σ̄X increases the variance in the residual881

subspace spanned by Id − XX⊤. As a result, the leading eigenspace of Σ̄X may882

move away from X, rather than coincide with it. From the viewpoint of min-max883

optimization, the outer variable X in our DRO model (PmM) is constrained to lie on884

the nonconvex Stiefel manifold. Moreover, the objective function, with respect to X,885

is neither convex when viewed as a function in the Euclidean space, nor geodesically886

convex when regarded as a function on the Stiefel manifold. Therefore, the standard887

convex-concave assumptions for the existence of a Nash equilibrium are not available.888

Even though Theorem A.1 furnishes a probability distribution P̄X that attains the889

worst-case function value in problem (3.1), whether this construction falls within the890

feasible region B2(P◦, ρ) remains, at present, beyond our reach to confirm for general891

cases. This difficulty stems from the fact that computing the Wasserstein distance892

between two arbitrary distributions is typically intractable, which is shown to be893

#P-hard in [35]. Fortunately, the type-2 Wasserstein distance between two normal894

distributions admits a closed-form expression [23, 24]. Leveraging this result, we are895

able to identify a probability distribution that not only satisfies the relationship (A.1)896

but is also feasible for problem (3.1), when the nominal distribution is normal.897

Corollary A.4. Suppose that the nominal distribution P◦ is the normal distri-898

bution N(ζ◦,Σ◦) with ζ◦ ∈ Rd and Σ◦ ∈ Sd+. Let Σ̄X ∈ Sd+ be the matrix constructed899

in (A.2). Then the global maximum of problem (3.1) is attained at P̄X = N(ζ◦, Σ̄X).900

Namely, the relationship (A.1) holds with P̄X ∈ B2(P◦, ρ).901

Proof. This is a direct consequence of Theorem A.1 and [23, Theorem 2.1]. The902

proof is omitted here.903
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