Math. Program., Ser. A (2014) 146:379-408
DOI 10.1007/s10107-013-0689-1

FULL LENGTH PAPER

Differential variational inequality approach to dynamic
games with shared constraints

Xiaojun Chen - Zhengyu Wang

Received: 23 June 2012 / Accepted: 6 June 2013 / Published online: 21 June 2013
© Springer-Verlag Berlin Heidelberg and Mathematical Optimization Society 2013

Abstract The dynamic Nash equilibrium problem with shared constraints (NEPSC)
involves a dynamic decision process with multiple players, where not only the players’
cost functionals but also their admissible control sets depend on the rivals’ decision
variables through shared constraints. For a class of the dynamic NEPSC, we propose
a differential variational inequality formulation. Using this formulation, we show the
existence of solutions of the dynamic NEPSC, and develop a regularized smoothing
method to find a solution of it. We prove that the regularized smoothing method
converges to the least norm solution of the differential variational inequality, which
is a solution of the dynamic NEPSC as the regularization parameter A and smoothing
parameter p go to zero with the order © = o(A). Numerical examples are given to
illustrate the existence and convergence results.
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1 Introduction

The dynamic Nash equilibrium problem involves a decision process with multiple
players, where each player solves an optimal control problem with his own cost func-
tion and strategy set. Each player’s cost function is dependent on all players’ variables
but the strategy set is only dependent on the player’s own variables described by the
state dynamic and admissible control set. However, in many real world problems,
each player’s cost function and strategy set are both dependent on his rivals’s vari-
ables, which yield a new model: the dynamic Nash equilibrium problem with shared
constraints (NEPSC). Pang and Stewart [29] use the differential quasi variational
inequality to study a class of dynamic NEPSC in which only control sets are coupled
and the state dynamics are uncoupled across players. Motivated by the work of Pang
and Stewart in [29], in this paper, we study such class of dynamic NEPSC that have
a common constraint function for all players’ control sets. To find certain solutions
of the dynamic NEPSC, we consider the following differential variational inequality
(DVI)

X(t) = F@t, x(@),u(t))
u(t)y € SOL(U, ¥ (t,x(1),-)) (1)
0= I'(x(0), x(T)),

where F : Rx R" x R" — R™ U C R", W : Rx R x U — R", I :
R x R?™ — R?" and

SOL(U, ¥ (t,x(t),)) ={ueclU|](v— u)TlI/(t,x, u) >0, Yv e U},

is the solution set of the VI associated with the set U and the parameterized mapping
W (t,x(t),") : U —> R™andfixed t € [0, T] and x € R?".

The DVI is a new modeling paradigm for many important applications in engi-
neering and economics which presents dynamics, variational inequalities, equilibrium
conditions in a systematic way [3,19,21,25,29,35]. To the best of our knowledge, the
DVI formulation for the dynamic NEPSC has not yet been studied. Comparing with
the differential quasi variational inequality formulation in [29], the DVI formulation is
advantageous since it can be treated as a differential inclusion, or a system of differen-
tial algebraic equations (DAE), or more specifically as a system of ordinary differential
equations (ODE), for which there are abundant theory and algorithms available.

The static NEPSC can be regarded as a special case of the dynamic NEPSC when
the state variables are constant. Recently the static NEPSC has been intensively stud-
ied due to many important applications arising from engineering and economics, for
instance, liberalized energy markets, global environment, traffic assignment with side
constraints and oligopoly analysis [13,14,20,22,23,26,28,32]. It is known that a sta-
tic NEPSC can have (possibly infinitely) many solutions, and some solutions can be
found via a static variational inequality (VI) when the cost functions and the strategy
sets are convex [13,14,22,23,26,34]. The VI approach for finding a solution of a sta-
tic NEPSC has attracted growing attention because there are rich theory and efficient
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DVI approach to dynamic games 381

algorithms for solving VIs [16,31]. For instance, Wei and Smeers [34] formulated
an oligopolistic electricity model as a static NEPSC and found a solution via its VI
formulation, Facchinei et al. [14] proposed a semismooth Newton method for a static
NEPSC via its VI formulation, and Nabetani et al. [26] proposed two parameterized
VI approaches to solve a class of static NEPSC. Recently, Schiro et al. [33] presented
a modified Lemake’s method to solve a class of static affine NEPSC arising from a
breadth of applications including environmental pollution games, rate allocation in
communication networks and strategic behavior in power markets.

The dynamic NEPSC provides a fundamental generalization of the static NEPSC
to consider some parameters and circumstances varying in the players’ strategies.
The dynamic NEPSC appears frequently in realistic applications. For example, let us
consider a dynamic user equilibrium problem for traffic networks studied in [35]. In
a traffic network, the travelers choose their departure times and routes to minimize
their generalized travel costs under a traffic volume control scheme guaranteeing that
the traffic volumes on specified links do not exceed preferred levels. This problem can
be formulated as a special dynamic NEPSC: dynamic user equilibrium problem with
side constraints where the side constraints characterize the restrictions on the traffic
volumes.

Inspired by the VI approach for the static NEPSC, we apply the DVI approach to
dynamic NEPSC where the cost functions and the strategy sets are convex. A classic
solution of the DVI is a pair (x(¢), u(#)) where x is continuously differentiable and u
is continuous on [0, 7] such that the differential equations and the constraints in the
DVI are fulfilled for all ¢ € [0, T']. However, in most cases, the DVI does not have a
classic solution, and therefore we have to seek the weak solution (x(¢), u(t)), where x
is absolutely continuous and u is integrable on [0, 7] such that forall0 <s <t < T,

t

x(t) — x(s) =/F(r,x(r),u(r))dr,

N

and for almost all 1 €[0, T'], u(t) e SOL(U, ¥ (t, x(t), -)). The latter implies u(t) e U
holds almost everywhere and for any continuous functions v : [0, 7] — U it holds

T

/[v(t) —u@) W (r, x(0), u(r))dr > 0.
0

Solving the DVI is a challenging problem because it involves at each grid a suitable
selection of a set-valued mapping defining the dynamic, which actually needs solving
a family of parameterized optimization problems without standard constraint qualifi-
cations. Another difficulty is that the solution of the DVI is usually non-smooth, and
because of this we can not expect a high order convergence if the ODE-integrators are
just extended to the DVI in a naive manner. Motivated by the availability of many pow-
erful solvers for the ODEs with smooth dynamics, we propose a regularized smoothing
method for solving the DVI. Namely, we use regularization and smoothing techniques
for the DVI, which give a standard ODE that has a unique classical solution and can
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be efficiently solved by the existing high-order solvers. We establish the convergence
of the solutions of the ODE:s to a solution of the dynamic NEPSC when the regulariza-
tion parameter A and the smoothing parameter @ go to zero with the order t = o(X).
Moreover, we present some desired properties of the limit solution.

The remaining of this paper is organized as follows. In Sect. 2, we present a detailed
formulation of the dynamic NEPSC and reformulate it as a DVI. In Sect. 3, we study
the solvability of the DVI. In Sect. 4, we introduce the regularized smoothing method
and give the convergence analysis. In Sect. 5, we use the dynamic two-player zero sum
game to illustrate the formulation and the convergence of the regularized smoothing
method.

2 Problem formulation

Consider adynamic Nash equilibrium problem with N players. We denote by y, € R"™
and u,, € R™v the v-th player’s state and strategy variables, respectively. The strategy
is also called as action, decision or control. Collectively write y = (yv)i\’:1 € R", u=
W)Y € R", y_y = ()wpw € R™ and u_, = (uy)yzy € R™™, where
n = Z]I;Vzl ny, and m = Zf}v:l m,,. When we emphasize the v-th player’s state and
strategy variables, we use y = (y,, y—y) and u = (u,, u_,) to represent y and u,
respectively. For the v-th player, we denote

The strategy set (admissible control set) by
Up(u—y) = {uy | hy(uy) <0, g(uy, u—y) <0},

where /1,(-) : R" — R and g(-,u_,) : R — RY;
The initial state by yS € R,

— The state dynamic by @, (-, -, -) : R1FwHm 5 Rv,
The cost functional by

T

6y (v, u) = Y (y(T)) +/¢>v(l,y(t),u(t))dt,

0

where ¥/, (-) : R* = Rand ¢,(-,-,-) : R"*"™ — R _and T > 0 is the terminal
time.

Writing 0, (y, u) = 6,(yy, y—v, Uy, U—_), the solution (or called the equilibrium point)
of the dynamic NEPSC is a state-control pair (y*, u*) satisfying: for fixed y*, and
u*,, (yx, u}) is a solution of the following optimal control problem

min 6y, (yy, y*,, wy, u* )
s.t. yw(®) = O,(t, yu, uy)
() =0
uy(t) € Uy(u* ,(t)) forall mostt e [0, T].

@)
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Note that without the shared constraint g (u«,, u—,) < 0in U, (u—,), (2) reduces to the
standard dynamic NEP. Write ¢, (¢, y,u) = ¢, (t, yy, Y—y, Uy, u_,). Here we make
the following blanket assumptions on the smoothness and convexity of functions in
(2), which are fulfilled for many dynamic NEPSCs.

Assumption 1 For any v € {1, ..., N} suppose that v, and each components of /4,
and g(-, u_,) are convex, and suppose that ¢, (z, -, y_,, -, u_,) and each component
of ®,(, yy, -) are convex and continuously differentiable for any fixed ¢, y_, and u_,,.

Define the Hamiltonian of player v’s by

Hy(t, vy, y,u) = @y (t, y, u) + W) O,(t, yy, uy)

where v, is the adjoint variable of the ODE constraint in player v’s control problem.
By Bellman’s principle of optimality, (2) yields the constrained Hamilton system

Uy (1) = —Vy, Hy(t, vy (1), y(1), u(t))

W) = Oy, yu(t), uy(1))

uy(t) € argmin, H, (¢, v, (t), y(), u_,(t), z), s.t.z € Uy(u_,)
w(0) =y and v,(T) = Vy, ¥, (y(T)).

(€)

Under Assumption 1, H, (¢, vy, ¥, u_,, uy) is convex in u, and the set U, (u_,) is
convex, so the minimization problem in (3) is equivalent to the VI: find u), € U, (u_,)
such that

(Z_MV)TVLIUHV(tv Uy, Y, U—y,uy) = 0 Vz e Uy(u_y). @

We denote the solution set of (4) by SOL(U, (u—y), Vy, Hy(t, vy, y, u—y, -)). Collec-
tively write

N
lI/(Z‘, U, y’ u) = (Vuqu(ta vlh y7 u))vzl

and
N
y(0) = y) )
I'(v(0), y(0), v(T), y(T)) = v .
(w(0), y(0), v(T), ¥(T)) (UV(T)_VWMT)) _
Concatenating (3) with (4) forv =1, ..., N, we can formulate the dynamic NEPSC

(2) as the following differential quasi VI [29]

0(1) = (= Vy, Hy (£, vu(0), y(0), ()1, |

P(t) = (Ou(t, yo(t), un (NN,
u(t) € SOL(U (u(t)), ¥(t, v(t), y(1), )
0 = I"(v(0), y(0), v(T), y(T)), Q)
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where U (n) = H{;V=1 U, (u—,). Because of the complex structure of U, it is hard to
analyze the solvability and the convergence of numerical algorithms for solving (5).
Here we propose a DVI formulation of the dynamic NEPSC (2), instead of the quasi
one. Define

U:={uerR" |hu)<0,v=1,...,N, g(u) <0},

where g(u) = g(uy,u—,) forv=1,..., N.
The following lemma states that the solvability of the VI implies the solvability of
the quasi VI, and justifies the DVI formulation of dynamic NEPSC [13,14,34].

Lemma 1 ([13]) For any fixed t, v(t) and y(t), we have

In the remainder of this paper, we will study the DVI formulation (1) of the dynamic
NEPSC (2), where

— (_VyuHV(t7vV’ y’u))iv: ) _ (U([))
F(t,x(t),u(t))—( (Ot yor 1) 1 and x(1) = o)

Here we call (y, u) as a feasible pair of the dynamic NEPSC (2) if i, (u,,) < 0, g(u) <
0, and y, () = O, (t, yy(t),u,(t)) forv =1, ..., N. The following theorem charac-
terizes the relation between the DVI (1) and the dynamic NEPSC (2).

Theorem 1 Suppose that Assumption 1 holds. Let (v*, y*, u*) be a weak solution of
(1), and let ©,(t, yy, uy) be linear with respect to (y,, u,). Then (y*, u*) is a solution

of the dynamic NEPSC (2) in the following sense: for any feasible pair (y, u) of (2),
we have

91}()’1}7 ij Uy, uiy) Z 91}()’:, yiv, l/t?;, M*—U)’ V= 1, ceey N
Proof Since , is convex and v} (T) = V,, ¥, (y*(T)), we have

Yo (1), ¥E, (1)) — Y (i (D), vE,(T))
= (Vy, v (1)), yo(T) — ¥y (1)) = (vi(T), y(T) —y5(T)).  (6)

By the linearity of @, we have

_ yu¥
Ou(t, yo ) = Ou(t, 35, 1) = (V3,00 (0, ¥5, ), Vi, Ot ¥5, 4}) (byt: - ii) ,
v
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this yields

d . ) )
E(t}’i, Yo —yp) = (U5, yu — yi) + (v, v — V1)

= <i]t7 yU - y\f) + (U:, @\)(tv Yva MU) - @v(t’ yjﬂ uj))
= (05, yo — Vi) + (DT Vy, 00, yi, ub), yo — ¥5)

HOD VU, 00, yi uh), uy — i) 0
Noting
Vy,ou(t, yy, y5, ul, u® )
=V, Hy(t, yi, y*  ul, u* ) — (v)TV,,0,(t, yi, ub)
and

* *

Vuvwv(t, y:(a yiya uva ”—v
= Vi, Hy(t, yi, y* ul,ut ) — )TV, 0,4, yi ul),

and noting that
(Vu, Hy(t, yy, Y2, uy, u™ ), uy — uy) >0

holds for almost all ¢ € [0, T'] since (y, u) is feasible and (y*, u*) is a weak solution of
(1), by using (7) and considering that ¢, (¢, -, y—y, -, 4—,) is convex and continuously
differentiable, we have

Qu(t, yo, Y5 uy, ut ) — @, yy, yE L up, ut)
> (Vy, @0t yo, yE oy, u™ ), yo — i)+ (Vu, @0, v, y5 uy, u™ ), uy —ul)
= —(0F, o — ) — (W) Vy, 0,1,y ub), v — ¥
(Vi Ho(t, i,y ol u® ) uy — ulh) — (DT Vi, O, @, v ul) uy — uf)

d
—Ew:‘, Yo — Yoy + (Vu, Hy(t, vy, 5wl ut ), uy — ul)

> __<U:, v _y::)v

dt
and therefore
T
/[cpu(t, Yoo Yot u™ ) — @t v, yE Ll ut )] dr
0
> — (v (T), yo(T) — y;(T)).

@ Springer



386 X. Chen, Z. Wang

Now, by this inequality and (6), we obtain

O (v, Y5 uy, u™ ) — 0, (yy, yE,, uy, u™ )

= Yo (1), 2, (1)) — Y (5 (T), ¥Z,(T))
T

+/[<pu(t,yu,yiu,uu,u’iv)—gou(t,yj,yiv,uj,uiv ]dt = o.
0

This completes the proof. O

3 Solvability of the DVI formulation

The DVI (1) is solvable if we can find an initial value x° such that the initial value
problem of the differential inclusion

x(1) = F(t,x(), u(t))
u(t) € SOL(U, ¥ (t, x, -))
x(0) = x9

has a solution (x(z), u(t)) fulfilling the boundary value condition of the DVI (1)
formulated from the dynamic NEPSC: I"(x(0), x(T)) = 0. We can see that when
T = 0, this condition has the form

Y =3y '
p— v a v =
I'x,x)= (vv - vyvxlfv(y))Fl -

which has a unique solution

5&0 — ((Vyvllfv(go)){,v:l) ,
y

where y0 = (ye)f)\’:l. Moreover, the Jacobian is of full rank:

20 20y _ 0 !
er(x . )_ (1 _(v}z'uyu/w‘)(yo))yv,—l) ' (8)

Denote S(¢, x) := SOL(U, ¥ (t, x, -)). We impose the following assumption for guar-
anteeing the solvability of (1).

Assumption 2 (A1) The solution set S(0, £9) is nonempty and bounded.
(A2) The function ¥ (¢, x, -) is monotone.

Remark 1 Assumption (A1) is fulfilled in many practical settings. For instance, in a
mixed strategy game with shared constraints, the admissible control set often has the
form
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Up(u_y) = {uy € R™ |uy >0, eTu =1},

where e = (1, ..., )T, which gives U = {u € R™|u > 0, e’ u = 1}. In such a case,
S0, )20) is nonempty, convex and bounded.

Notice that S(z, x) is closed and convex for any fixed (¢, x) when ¥ (z, x, -) is
monotone. See Theorem 2.3.5 [16].

Remark 2 Assumption (A2) means that the DVI (1) is a differential monotone varia-
tional inequality, which has been used for many applied problems, and is called linear
passive complementarity systems when the VIin (1) is a monotone linear complemen-
tarity problem [4,5,19,29]. An optimal control problem with joint control and state
constraints can be formulated as a differential monotone VI, for which Han et al. [18]
proposed a unified numerical scheme. For the dynamic NEPSC, Assumption 1 assumes
that each diagonal block V2 H, (t, vy, y, u) of the Jacobian V, ¥ (¢, v, y, u) is pos-

Uyl
itive semi-definite, since ¥ (¢, x,u) = (Vy, Hy(t, vy, y, u))ivz |- Assumption (A2)
assumes the Jacobian V, ¥ (¢, v, y, u) is positive semi-definite. In general, Assump-
tion 1 does not imply Assumption (A2). However, in many applications of the dynamic
NEPSC, Assumption 1 implies Assumption (A2), that is, convexity of the objectives
of individual players in their decision variables implies monotonicity of the VI.

Below we give some sufficient conditions imposed on the original dynamic NEPSC
(2) for guaranteeing the monotonicity of the resulting DVI.

Proposition 1 Suppose that Assumption 1 holds. Then the function ¥(t,x, ) is
monotone if the state dynamic ©,(t, y,, u,) is linear with respect to u, for v =

1, ..., N and one of the following conditions on the cost functional 0, holds:
(1) V2,00t y,u) = =V2  @i(t,y,u), forv#iandv,i=1,... N.

(2) ooty w) = ot v, uy) +uf B wi +qu(t,y) forv =1,..., N, where
u, € R™ ¢, : R 5 R s convex, B € R™*™\ is positive semi-definite,
and g, : R x R" — R.

Proof (1) Assumption 1 implies that the matrices V,%MU(/)U @ y,u),v=1,...,N
are positive semi-definite. From the linearity of @, (¢, y,, u,) with respect to u,
and condition (1), the Jacobian of ¥ (¢, x, u) has the form

2 2 2
Vulul(pl Vuluz(pl vuluN(pl
2 2 2
Vu¥(t, x,u) = —VL,}L,ZW Vuz,.n@z Vuzbewz (t,x,u)
2_ 2_ - ) :
“Viuy®t ~Viouy®2 0 Viguy 9N

which is positive semi-definite. Therefore, the mapping ¥ (¢, x, -) is monotone.
(2) By simple calculations, we can find

N N
Wt x, ) = (vmv(uv) + B uy + B ui + Vi, 00, 0, uv)Tvv) :
v=1

i=1
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From the linearity of ®, (¢, y,, u,) with respect to u,, the Jacobian of ¥ (¢, x, -)
has the form

V¥ (t, x,u) = diag(Vy , ¢(t,y.u,) + B") + BQE,

where E € RV*N with all entries 1, ® is the Kronecker tensor product:

B B - B

B B - B
E®B= .

B B - B

The matrix £ ® B is positive semi-definite, since

N /N N T N
ZT<E®B>z:z( zzB)zj :(zz,-) 5(35) =0
i=1 \i=1 i=1 =1
forany z = (u!, .-, z5)T € R™, z; € R™ fori = 1,..., N.From the positive

semi-definite property of B and Vguuu¢(t, y,uy)forv=1,...,N,V,¥(t, x,u)
is positive semi-definite, and hence ¥ (¢, x, -) is monotone.
O

The following three examples show that the two conditions of Proposition 1 are
from real applications. We assume the dynamic are linear in these examples.

Example 1 The two-player zero-sum game with shared constraints and linear dynam-
ics satisfies condition (1) of Proposition 1. In such a game, we have two cost functionals
¢1 = ¢ and ¢» = —g, one player seeks to minimize ¢ and the other seeks to maximize
it. In this setting Assumption 1 is just the normal convex-concave assumption of ¢, i.e.,
¢ is assumed to be convex in #1 and concave in u7, which gives a monotone mapping
W (t, x, -) with the positive semi-definite Jacobian

Vii®  Viu®
Vuw(taxau)z ) 2 (taxvu)-
_vuluz(p _vuzuz(p
Example 2 The dynamic NEPSC (2) with a separable cost function
@v(t,)”ll)=¢v(tyy,uv)+$v(f,y,u7v)7 U=1,...,N
satisfies condition (1) of Proposition 1. It is easy to see that condition (1) of Proposition

1 holds with V,%vuigo,,(t, y,u) =0forv #i,and v,i = 1,..., N. By the definition
of ¥, the Jacobian of ¥ (¢, x, u) is a block diagonal matrix with the form

V& (t, x, 1) = diag(Vy,, o1t y, u1). ..., Vi dn(t, v, un)).
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Assumption | implies that V,fvuuqb,, (t,y,uy),v=1,..., N arepositive semi-definite.
Hence ¥ (¢, x, -) is monotone. Such separable cost function includes linear functions
as a special case.

Example 3 Environmental pollution games with shared constraints, quadratic cost
functionals and linear dynamics can be formulated as a dynamic monotone VI. The
static river basin pollution game in [26,33] can be extended to a dynamic game. For
the v-th player, let the dynamic be linear with respect to u,, € R™!, and let the cost
function be

N
ou(t, y,u) =ul (Quuu +B Y uit pu) + v (0, 1),

i=1

where B, O, € R™>™! are positive semi-definite, and p, € R™',v = 1,..., N.
From (2) of Proposition 1 it follows that the function ¥ (¢, x, -) is monotone.
In the case O, = 0, Assumption 1 implies Assumption (A2).

It is well known that the VI can be equivalently reformulated as a system of equa-
tions, namely, # € SOL(U, ¥ (¢, x, )) if and only if

G, x,u):=u—IHy(u—¥(t,x,u) =0, ©)]

where [Ty (+) is the projection taken onto U in £2 norm. Now we study the solvability
of the DVI (1) by equivalently rewriting it as a differential algebraic equation

x(t) = F(t,x(t), u(t))
0=G(@{, x(@),u()) (10)
0= I'(x(0), x(T)).

From Assumption (A2) on the monotonicity of ¥ (z, x, -), it follows that the mapping
G(u) := G(t, x, u) is weak univalent for any fixed ¢ and x:

Definition 1 A mapping G : U € R™ — R™ is said to be weakly univalent on its
domain if it is continuous and there exists a sequence of univalent (i.e., continuous and
injective) functions {G¥} from U into R™ such that {G¥} converges to G uniformly
on bounded subsets of U.

Denote by N (x, r) the open ball centered by x with the radius of r in the ¢, norm.
The weakly univalent functions have the following properties which are useful for
studying the solvability of the DVI. See Corollary 3.6.5 of [16].

Lemma 2 ([16]) Let G : R™ — R™ be weakly univalent. Suppose (A;fl(O) < 0. If
G N0 is compact, then for every € > 0 there exists § > 0 such that for every weakly
univalent function G : R™ — R™ satisfying

sup{|G () — G)|| | x € cl(GT1(0) + N(0, €))} <,
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where “cl” denotes the closure of a set, we have
G'(0) < GTH0) + N, 6).
Denote
Ft,x):={F(t,x,u)|uecSt,x)}
and
Q¢ = {u| dist(u, S0, %)) < €}, (11)

where dist(u, S(0, £°)) = min, g z0) llu — v|12 is well defined if S(0, £°) is non-
empty and bounded, and is closed because of the continuity of G (z, x, ).

By extending Lemma 2 we give the following properties of the set-valued mappings
S(t, x) and F(t, x), serving as a preliminary of the solvability results for (10) and for
the DVI (1).

Lemma 3 Suppose that Assumption 2 holds, and ¥ (-, -, u) is Lipschitzian near (0, %)
for any u € $2. with modular Ly, where S2 is defined by (11). Then the following
statements hold:

(i) 3T,5 > 0 such that S(t, x) and F(t, x) are nonempty and bounded for any
(t,x) € [0, T] x N(E°, 8);
(i) 37,8 > 0such that S(t, x) and F(t, x) are upper semi-continuous in (0, T) x
N9 5);
(iii) 3 To, 80, ¢ > O such that F(-,-) maps [0, To] x N'(£°, 89 + ¢ Tp) into N'(0, ¢).
Remark 3 The proof for part (i) is similar to that of Theorem 2.4 in [9] for the
Pp-function case. Here we give a simple proof for good readability.

Proof (i) From Lemma 2, it follows that there exists §; such that

sup ||G(t, x,u) —G(0,%°, w)|» < &

UES2
implies
B #S(t,x) C 82. (12)

Choose_S and T such that Ly (8 + T) < 81. Then for any (¢, x) € [0, T] x
N (0, 5), and any u € S(0, £°) + N(0, €), we have

IG(t, x,u) — G0, 2°, u)l>
< 1Ty (u — ¥ (t, x, 1)) — My —¥(0,2°, u)ll
< 1t x,u) —w0,%°, u)ll
< Ly(t+llx —2°2) < 8. (13)
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Therefore, S(¢, x) is nonempty and bounded, and so is F (¢, x), which is due to
the continuity of F.

(ii) Let(z, x) € (0, T)xN(x°, §) be given, let Ar and Ax suchthat (r+Ar, x+Ax) €
(0, T) x N'(x9, 5), and let €’ > 0 be small enough. Denote

¢ = {u| dist(u, S(t, x)) < €'}.
Again from Lemma 2, it follows that there is &, such that ¥ # S(t, x) C 2. if

sup |Gt + At,x + Ax,u) — G, x,u)|2 < 8.

MG.QS/

Choose & and T such that Ly (8 + T) < 8. Then if |[A¢t| < T and || Ax|l» <8
we have for any u € §2,/

Gt 4+ At, x + Ax,u) — G(t, x, u)|2
< |[y(u—W(t+ At, x + Ax,u)) — My (u — ¥, x,u))|2
< ||¥(t+ At,x + Ax,u) =¥ (t,x,u)l>
< Ly (Ar + [|Ax|]2) < d2.

Therefore, S(t + Az, x + Ax) C §2./, which gives the upper semi-continuity of
S at (¢, x). The upper semi-continuity of F is a direct consequence from that of
S.

(iii) Denote

go = sup {[lull2 | u € 80, %% + N (0, e)}. (14)

From (12), it follows S(z, x) € N(0, ¢o) for any (¢, x) € [0, T] x N'(x9, §), and
so F(t,x) € N(0, ¢), where

¢o=sup {|F(t,x, )2 | (¢, x,u) € [0, T] x N (&%, 8) x N(0, 20)}
> sup {llzll2 [z € F (1, x)}. 15)

Taking 8¢, Ty > 0 such that 89 + ¢ Ty < 5, we draw the conclusion.
[m}

If ¥ (¢, x, ) is monotone and continuous, S(f, x) # ¢ implies it is convex and
closed. Therefore we can define the single-valued mapping

P(t,x) =I5, (0). (16)

Clearly, P(t, x) is the least norm element of S(z, x). Below we give a solvability result
of (1) by using the least norm solution.
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Theorem 2 Suppose that Assumption 2 holds, ¥ (-, -, u) is Lipschitzian near (0, £°)
for any u € 2. with modular Ly, and I'(-, ) is Lipschitzian near (°, £°) with the
modular L, where §2. is defined by (11) with a fixed ¢ > 0. If S(t, x) is lower
semi-continuous near (0, )EO) or F(t, x) is singleton, then there exist T, 8y, ¢ > 0
such that the boundary value problem (1) has a solution (x, u) over [0, T], where
x(1) is continuously differentiable, x(0) € N'(x°, 8), x(t) € N'(°, 8¢ + ¢ T) for any
t € [0, T, and u(t) is continuous and is the least norm element of S(t, x(t)).

Remark 4 The singleton assumption was imposed in [6].

Proof From Lemma 3 it follows that S(t, x) is upper semi-continuous in (0, T) x
N (&, 8). If it is moreover lower semi-continuous, then S(z, x) is continuous in (0, T') x
N (9, 8). Assumption 2 (A2) implies S(z, x) is convex and P(z, x) is continuous.
Hence Fp(t,x) := F(t, x,P(¢t, x)) is continuous, by the continuity of F(, -, ).
Alternatively, if F (¢, x) is singleton, then it is continuous because it is upper semi-
continuous in (0, T) x N (X%, §). Moreover, Fp(t, x) = F(t, x) is continuous.

From (iii) of Lemma 3, and by noting Fp(t, x) € F (¢, x), we conclude that there
exist Tp, 8o > 0 such that Fp(-,-) maps [0, Ty] x N(°, 89 + ¢ Tp) into N (0, 7).
Applying the Peano existence theorem to

xX() = Fp(t,x)
x(0) =n,

we know that for any n € NV (x°, 89),

x(t) = F(t, x(), u())
u(t) € SOL(U, ¥ (¢, x(t), -)) (17)
x(0) =17

has a solution (x, u) over [0, Tp], where x(¢) is continuously differentiable, and u(¢)
is the least norm element of SOL(U, ¥ (¢, x(¢), -)). Noting

t

x(1) = n+/F(s,x(s>,u(s)>ds,

0

clearly, we have x(t) € N'(£°, 89 + ¢ Tp) for any ¢ € [0, Ty]. Therefore, for (, ) €
[0, Tol x N ()?0, 80), we can define the operator

A(t,n) = {x(@)|x(t) = Fp(t, x) with x(0) = n}. (18)

From Theorem 2.2.1 [1, p. 104], it follows that A(z, -) is continuous with A(0, -) being
identity. And forany 0 < ¢ < Ty and n € NV (€, §y) we have

t
MA@ ) = nll2 = llx(®) = nll2 < / £ (s, x(s), u(s))ll2ds < 1¢,
0
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and so

I (n, At,m) — I'(n, Il < LrllA@ ) —nll2 < Lpdt.

We remind us that I"(x, x) has a unique solution £° with a nonsingular Jacobian,
so I'(x9, 2% + v, (2%, 2%e/, j = 1,...,2n will span a neighborhood N of
r ()?0, )?0), where € is a small positive number and ¢/ is the Jjth column of the identity
matrix [27, p. 148]. Hence, there must be a sufficiently small 0 < T < Ty such that
I'(n, A(n)) € Nr and I' (57, n) € N share the same degree near £° [27, Theorem
6.2.1], which implies that the boundary value condition in (1) is fulfilled in A/ ()20, 80).-
Obviously, we have x(1) € N (%9, 80 + ¢T) for any ¢ € [0, T']. This completes the
proof. O

Remark 5 In Theorem 2, the time span [0, 7] is required small enough. The locality
of the existence of the DVI is typical in the existing work, see [19,29]. For the dynamic
NEPSC with linear dynamics and quadratic cost functionals which are strictly convex,
we can show that the initial value problem (17) has a unique solution over any time
span [8]. However, for fulfilling the boundary value condition, additional assumptions
are needed. For example, assuming that F (¢, x) is a singleton for a general DVI with
boundary value conditions in [30] and adding conditions on matrices involved in an
affine DVI coming from the optimal control problems in [18].

4 Regularization and smoothing approximation

The formulated DVI (10) is a dynamical system over the non-smooth manifold defined
by the system G (¢, x, u) = 0, which may have no solution, or have multiple (possibly
infinitely many) solutions, where G (¢, x, u) is defined in (9). Finding a solution of the
system involves solving optimization problems without standard constraint qualifica-
tions at each grid.

In this section, we propose a regularized smoothing method to find a solution of
(10). Our main idea is to replace G (¢, x, u) in (10) by the following regularized and
smoothing function

Goult,x,u)= / [u—HOy(u—v(t, x,u) —ru — use)] p(s)ds, (19)
R

where A > 0 and u > 0 are the regularization and smoothing parameters. The
integration is performed componentwise with e = (1, 1, ..., 1)7 and p(-) is a density
function with

K =/|s|,0(s)ds < 00.
R

For any fixed (¢, x), the system

Gou(t,x,u)=0 (20)
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has aunique solution «, which is continuously dependent on (#, x). Namely, we approx-
imate (10) by the following differential algebraic system

X(1) = F(t, x(1), u())
0=Gp(t, x,u) (21)
0= I'(x(0), x(T)).

In the following we will show that the system (21) has a classic solution (x;, ,(t),
u;, ;. (¢)) and prove the convergence of the family of the classic solutions as A, u | 0.

4.1 Regularization and smoothing for the static VI

When p = 0, the regularized system
Grolt,x,u):=u—IMy(u—¥(t,x,u) —iu) =0

has a unique solution u for any fixed (¢, x), but G, ¢ and u may not be differentiable
with respect to (¢, x). To overcome the non-smoothness of the projection operator, we
adopt the smoothing approximation. The regularized smoothing function G, (¢, x, u)
has the following properties

G0, x,u) — G(t, x,u)|l2 < Allul2
and

G (t, x,u) — Gaolt, x, w2 < k/mpu. (22)

For fixedt € R, x € R*, ) > 0 and w > 0 the mapping G, (¢, x, -) is continuously
differentiable and the system (20) has a unique solution u;_, (¢, x). For the properties
of smoothing approximations, we refer to [7,16,17].

Smoothing approximation and regularization have been studied extensively in solv-
ing the static VI [16]. However, to the best of our knowledge, using both smoothing
approximation and regularization to find the least norm solution of the monotone VI
has not been studied. We derive sufficient conditions for the existence of the limit

So(t, x) = [AI%OMA’M(I’X)] . (23)

Moreover, we show that if &# = o(1), then the limit of (23) is the least norm element of
the solution set S(¢, x) = SOL(U, ¥ (¢, x, -)). Note that finding the least norm solution
is significant since it can provide a stable solution path of the DVI [10,11,19].

First of all, we use the following example to show that the relation of the two
parameters X, i has a considerable impact on the behavior of the limit (23).
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Example 4 LetU = RZ, and for a fixed (¢, x) let

W, x,u) = ((1) _(l))u—i- ((1))

Obviously, we have S(z, x) = {0} x[0, 1]. Let us choose the following density function

p(s) = ——,
(s2+4)2

which has been used to define the so-called Chen-Harker-Kanzow-Smale smoothing
function of max(0, u). The regularized smoothing function can be given by

A4+Mup —ur+ 1= /(1= Nuy +us — 1)2 +4p2
(1 4+ Mus +ui — /(1 = Nus — u)? + 4pu2

G)\,[,L(ta x’ I/l) = (

For any fixed A > 0 and p > 0, the solution of G;, (¢, x, u) = 0 satisfies (Au; —
ur+ Duy = p? and (ug + Auz)ur = 2. Since the solution set S(z, x) is bounded, the
solution of G;, (¢, x, u) = 0is bounded when A — 0 and u — 0 [16]. Adding these
two equations gives k(u% + u%) +uy = 2u?, which, together with the boundedness of
the solution, implies (uy ;)1 — 0as A, u | 0. Moreover, from (11 + Auz)ur = uz,

we have up, = (—uj + ,/u% +4au?)/(21) < wu//x. Figure 1 shows the trajectories
of uy , (¢, x) when A, u — 0 from 1 with different order, where the limit points are
marked by “x”. We see that u; , (¢, x) converges to the least norm solution (0, 0)
as U = 22 = 0, and converges to (0, 0.1413), (0, 0.3445) and (0, 0.4534) as u =

208 0, w= 205 5 0 and n= 2001 5 respectively.

Now we study the system (20) where we take © = o(A). It is obvious tl}at
Gy, u(t, x, ) is continuously differentiable, univalent for any (¢, x) and A € [0, A),
and it holds

G u(t, x,u) = G(t, x, )12 < Allullz +x/mp < (Jullz + e)i, (24)

where o > 0 is a constant independent of ¢, x, u and . We remind us that the system
Gy, (t,x,u) = 0 has a unique solution u;_, (¢, x) for fixed (¢, x) and L > 0 and
1 > 0. We will study the convergence of u; , (¢, x) to a certain element of the solution
set S(¢, x). The solution u;_, (¢, x) has the following properties.

Theorem 3 Suppose that (A2) of Assumption 2 holds. If S(t, x) is nonempty and
bounded and u;, ,,(t, x) € U for A small enough with 1 = o(A), thenlim, o uy_ , (¢, x)
exists and is the least norm element of S(t, x).

Proof Denote by u;, ,, the unique solution of (20) and let i be the least norm element
of S(¢, x). Denoting u™ = uy_, — ¥ (t, x, u;, ) — Ay ., we have

N, — Ty @2 = s, — My Wi — Y@ X, w5 0) — Mg ) ll2
= G u(t, X, up p) — Grot, X, up )ll2 < pv/me.
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Fig. 1 Example 1, convergence of u; ,(t,x)as A, u | 0

Considering & € U and the well-known property of the projection
My @*) — )" u* = My ")) = 0,
and noting u* — Ty (u*) = Gy o(t, x, up ) — W(t, X, up ) — Auj, ., we have

W — ) (Goo(t, x, ) — W (t, X, up ) — Mtz )
> (up,p — My W) (u* — Ty (u*)) > —p/m||u* — Oy u®)|s.

Moreover noting

T
Wi, — )" (Gyu(t, x, 15 1) — Gy olt, X, up u))
2 _”u)L,M - ﬁHZHG)L,,LL(t’ X, u}\,[l,) - G}L,O(ta X, u}\,ﬂ)”Z
> —lux,p — dll2p/mx,

and from the monotonicity of ¥ (¢, x, -), we have

0> (upp— ) (G plt, x, up ) — W(t,x, i)
= (U, — ﬁ)T(lI/(t, Xoup) — W, x,u)+ Gyt x,up,,) —W(E, X, Uy ,)
> (upp — ) (Gt x5 p0) — W (X, )
= (U — ) Mtr ) + (o — D) (G0t X, up ) — W, X, up 1) — May )
+ (e — D) (Gt X, w3,0) — Gao(t, X, U, 0))
> (uppu — )" Quun ) — p/mecl|u® = My @) 2 = s — dllap/mec,
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therefore,

(W — )" Q) < u/mic (Jlu* — My @) + s, — iill2),

and

~ 2 ~
(U)L,,uy M)L,,u) < (u, MA,M) + X\/E’( (”u* - HU(U*)HZ + ”’/‘A,,u - u||2)

. I .
< llall2lluxpll2 + KWK (Il = My @) 2 + N — ill2).

LetAx | Oand px | O whenk — oo. It can be readily shown that {u;, ,,}is bounded
[16] as S(¢, x) is nonempty and bounded. Let u be an accumulation point of {u;, ., }.
Considering that © = o(A), we know u = i is the least norm element of S(¢, x). This
completes the proof. O

Remark 6 For i = 0, we have u;, o(t,x) € U. For u # 0, we can choose a suit-
able smoothing approximation to ensure u;_,(f, x) € U. For example, for U = R"!
(the complementarity problem), if we use the Chen-Harker-Kanzow-Smale smooth-
ing function (See Example 4) to define the smoothing approximation, then we have
uy,u(t,x) € RY forany A, u > 0.

As shown in Example 4, the condition u = o(A) may be loosened for guaranteeing
the convergence of u;_, (¢, x) to a solution, which, however, may not be the least norm
solution.

4.2 Regularized smoothing DVI

Approximating G(t, x, u) by G, ,(t, x, u) defined by (19), we get the regularized
smoothing system (21) of the DVI (1). In this section, we show that the system
(21) has a unique classic solution (x;_,(t), uy,,(t)) for any A > 0, u > 0 under
certain conditions. Moreover, we derive the convergence analysis of the family
(G0 (1), 13, (1) i=0 when & | 0 and o = o(A).

Lemma 4 Suppose that Assumption 2 holds, and W (-, -, u) is Lipschitzian near (0, )?0)
for any u € 2, with modular Ly, where $2. is defined by (11). Let

Frout,x)=F(t, x,uy ,(t, x)).

Then there exist Ao, (o, 1o, 80,¢ > O such that YA € [0,Ao] and Yu €
[0, &1, Fo oG-, -) maps [0, Tol x N (R0, 8o + ¢ To) into N(0, ).

Proof From Lemma 2, it follows that there exists §; such that

sup |Gy (¢, x, u) — G(0, %%, w2 < &

UES2,

implies that there is u) ,(f,x) € £2. Let {p be defined by (14). It is clear_that
£2¢ € N(0, ¢p). Then by using inequalities (13) and (24), for any (¢, x) € [0, T] x
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NR,8),u € S0, 5% +N(0,€), » € [0,1] and i € [0, 1], we have

Gt x, u) — G(0, 22, u)|l2
<G pu(t, x,u) — G(t,x, w2 + |G(t, x,u) — G(0, %%, u)|
< Miullz 4+ k/mp + Ly (2 + [lx — 20]12).

Choosing positive numbers 8, T, A and jt such that
_ ) - 1) 1)
LoG+T) <7 o<, wv/mii<7
we obtain

Gy (2, x, u) — G0, 20, u)|l2 < 8.

Hence u;,_ (1, x) € 2¢ € N(0, {o) and F (¢, x) € N(0, ¢), where ¢ is defined by
(15). Taking Ag, 80, To > 0 such that 69 + ¢ Ty < 8, we draw the conclusion. O

Theorem 4 Suppose that Assumption 2 holds, ¥ (-, -, u) is Lipschitzian near (0, £°)
for any u € $2. with modular Ly, and I'(-,-) is Lipschitzian near (%9, 9 with
the modular L, where §2 is defined by (11). If S(t, x) is lower semi-continuous
near (0, )20) or F(t, x) is singleton, then there exist Lo, T, 8o, ¢ > 0 such that for
any 0 < A < Xg the regularized smoothing system (21) has a classical solution
(Xr, s Un, ) over [0, T, where x;,,,(0) € N0, 80), and x;_ (1) € N0, 80 + ¢ T)
foranyt € [0, T].

Proof From Theorem 3 and Lemma 4, it follows that there exist Aq, Ty, 69, { > 0
such that VA € [0, Agl, Fy . (-, ) is continuous and maps [0, Tp] x N@ER, 80+ cTy)
into N'(0, ¢). Then by Theorem 2.1.3 of [1], we know that

x(t) = F(t,x(t), u(t))
0=Gj,u(t,x@),ut)) (25)
x(0) =19

has a solution (x;, ;,, uy,,) over [0, To], where x;, ,,(¢) is continuously differentiable.
The remaining part can be proved in the same manner as used in the proof for
Theorem 2. O

Denote by X" and U the spaces of the continuous functions and the square integrable
functions over [0, T'], respectively, and denote for x € X

Ixllc:= sup llx(Dl2,
t€[0,T]
and denote foru € U
T
lullL, := (u,u)"/?, where (u,v) :=/u(t)Tv(t)dt.
0
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We define the norm for (x, u,n) €e W) = X xU x R™:

G w, M, = lxlle + lullz2 + linll2. (26)

Let Z denote the space of the continuous functions in U. For (x,u,n) € Whr =
X x Z x R™ we denote

1Gesw, mllw, = llxlic + llullc + linll2. 27)

It is clear that YW, C W, and both are Banach spaces under the norm (26) and (27),
respectively. Define

x(t) —n — [y F(r.x(0), u(r))dr
D(x,u,n)(t) = G(t,x,u) . (28)

I"(n, x(T))

Obviously, @ (x, u, n) € Wi foran (x, u, n) € Wi, and @ (x, u, n) € W if moreover
(x,u,n) € Wh. Then we can reformulate (1) as a minimization problem over Wj:

min D(x,u, .
n l®( mlhw,

Obviously, [|@(x, u, n)llyy, = 0 implies that (x, u) is a weak solution of (1). For a
continuous u, then ||® (x, u, n)|lyy, = 0 implies that (x, u) is a classic solution.
Let

x(t) —n— [y F(r,x(1), u(r))dz
Dy (x, u, m)(t) = Gou(t,x,u) , (29)
I'(n, x(T))

where G, , is a smoothing regularization of G satisfying (24).

From Theorem 4 it follows that the regularized smoothing system (21) has a clas-
sic solution (xy, ., (¢), up ,(¢)) with x5 ,(0) = n; . Then (x5 1, un,u, Ma,0) 1S a
minimizer of the functional ||®; . (x, u, n)llyy,. Here we study the convergence of
{5 U, M ) 5oy by the so-called epigraphical convergence of the functional
1D (x, u, n) Iy, whenA | Oand | O.

Let {@k},fil be a sequence of approximate mappings of @. Taking k —

o0, {||@* lw; }g=; is said to be epigraphically convergent to [|® |y, if

(a) for any {(x¥, uk, n©)}12° | with (x¥, u*, n) — (x,u, n)
liminf |@F (%, u*, ), > 1@ (e, u, )l
k—o00

(b) there is {(x*, u*, nk)},fil with (x*, u*, n*) — (x, u, n) such that

limsup | @5 (x*, u*, W) Iw, < 1D (x, u, M,

k— 00
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where the convergence of (x*, u*, n¥) — (x, u, n) is defined by the norm || - lw,,i =
1, 2. See [31], for example.

Taking sequences Ax | 0 and ur | O when k — oo, we have the following
epigraphical convergence of the sequence of the functionals {[| @y, ., W, )7 ;-

Lemma 5 Let {A}2, | 0 be given and ux = o(r). Then {||Ps; 1 w132, is
epigraphically convergent to || @ |l fori =1, 2.

Proof Let (x*, u*, n*) — (x, u, n) in W;. Noting v/a + b + ¢ < Ja+ /b + /c for
any nonnegative numbers a, b and ¢, we can see

@y e 5, Uk, ™) — @, Uk, )y,

T 1/2
k k k k 2
- /”Gkk#k(t,x ), 1k (1)) — G(t, x* (1), u (t))”zdt
0
T 1/2
2
< / (el Ol + e ds
0
T T T 1/2
= /x,%nuk(t)n%dt+/2Kﬁukxk||uk(t)||2dt+/K2muﬁdt
0 0 0
T 1/2 , 12
< / Al @olzde |+ ( / 2xﬂukxk||uk(r)nzdr) + i puN/mT,
0
0

and

Py g (5, 1k, %) — @ (K, u®, ),

= sup_ |Gy (1 x50, (1) = Gt x50, b 1) |
t€[0,T) 2

< sup (il (O)ll2 - /mpe) = dallullc + e m.
1€l0,T]

Now we have || @, ., (x5, u*, n®) I, — 1@ (%, uk, n%)llw, — 0.

On the other hand we know ||® (x¥, u, nk)||W,~ — [[@(x, u, Mlw, — 0O since
®@1lyy, is continuous. Therefore we can conclude ||<ka,ﬂk(xk,uk,nk)||wi —
1@ (x, u, n)lly;, which implies the epigraphical convergence of {||®;, .. w2, to
|2 1lyy,. This completes the proof. O

Using Lemma 5 we give the following result on the convergence of the solution
(X, .5 s> N, ) Of the regularized smoothing system (21).

Theorem S Suppose that the conditions of Theorem 4 hold. Take . = o(X). There
exist (A}, 4 0,x € X and u € U such that x;, ;,, — x uniformly and uy, ,, — u
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weakly, where (xXj, . Wiy, i) 18 the classic solution of (21) for A = k. Moreover, if
Wy, —> U withrespectto || |2, then (x, u) is a weak solution of (1); ifuy, u, — u
uniformly, then (x, u) is a classic solution of (1).

Proof From Theorem 4, it follows that there exist Ag, 5o, { > O such that for
any A € (0, Ap) the regularized smoothing system (21) has a classical solution
(2,1 (t), up,u (1)) over [0, T], where x;, ,(0) = n, , € /\/()20, 8o) and x; ., (t) €
N@R2, 80 + ¢T) for ant + € [0, T], where £¥ is the solution of I'(x,x) = 0 in
Assumption 2. Hence {x;,,,, }7= ; is uniformly bounded and {u;, ,, }72; € $£2¢ is also
uniformly bounded. Since

Frgome = F @ X s Wag )

and F (¢, x, u) is continuous, the uniform boundedness of {x;, ., }7>; and {5, 4, }72
follows that {x;, ;. };2, is also uniformly bounded. Then by the Arzeld-Ascoli
theorem [24], we know that {x;, ,,} is uniformly convergent to a continuous x. Since
{t4r, e} g2 is uniformly bounded and I{ is reflexive, by Alaoglu’s theorem [24], there
is a subsequence of {u, ., }72, that is weakly convergent to u € U.

Because (x;,, (1), u,,(¢)) is a solution of the regularized smoothing system (21)
and x;,_,(t) and u;_,(t) are continuous with 1, ,, = x3 ,,(0) € N (9, 8p), we can see
that it is a minimizer of ||®;, , [y, with

”®A,/L(x)»,/u Yo, ws 77)»,/1)”1/\11 = ||¢A,u(xk,us Y, s nk,u)”Wz =0,

and {n; ;. };2, is bounded. Therefore there is a sequence {u,, ., };o, that is conver-
gent to an n. If moreover u;, ,, — u with respect to || - ||;2, then the sequence
(X, s> Woge, i » Mag,pue) 18 convergent to (x, u, n) with respect to || - [yy,. Because
{1 @iy Iy 132, is epigraphically convergent to || @ [|yy, , from the well known min-
ima property of the epigraphically convergent functional sequence (see Proposition
7.18 of [12], for example), we conclude that (x, u, n) is a minimizer of @ (x, u, n) in
Wi with

P Cx,u, )y, = limsup | @s,. 0 (5, u*, 1), = 0.
k—o00

Then (x, u) is a weak solution of (1).

If u;, u, — uuniformly, then u € Z is continuous, therefore the sequence (x;,
Wy e Mag, i) 18 convergent to (x, u, n) with respect to || - |y, and (x, u, n) is a
minimizer of @ (x, u, ) in W, with

D Cx, u, ), = limsup @, (5, ub, 1), = 0.
k—o00

Then (x, u) is a classic solution of (1). O

We know that using regularization approximation for the static monotone VI can
find the least norm solution [11,16]. The following theorem shows that this property
can be extended to their dynamic cases.
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Theorem 6 Let W (t, x, u) be Lipschitzian in (t, x) for any u with modular Ly, and
let xy, 1, — x uniformly with

”x)»kyuk - X ”C

li <g, 30

kin;o Ak =° (30)

and let u;, ,, — u with respect to || - || 2. Then for any weak solution (x, it) of (1),
we have

(u,u) < (u,u) + Ly Tgllu —ull2. €1V

. . . -
Proof Denoting u™ = uy , — W (t, X u, Up,u) — AUy, in a similar manner as used
in the proof for Theorem 3, we can show

(uk,u —u, Gk,u(t» X, s uk,u) — v, Xa, s ﬁ))

> (wp e — it ) — e/ muclu™ — My @) || 2 = Nus, e — dll 2 ps/mic.

Asu; ;,(t)iscontinuous and i2(t) € SOL(U, ¥ (¢, x(¢), -)) foralmostevery ¢ € [0, T,
we have

Uy — )W, x,i0) >0 and Gy u(t, xi 0, 15 ) = 0.

Adding the above two inequalities and taking the integral over [0, T'], we can show

0> (5.0 — il Grp (1 Xn s Ur) = W (1, x, )
> <u)\,,LL - ﬁ? G)L,[L(ta -x}n,pba M)L,M) - W(t’ xk,;u IZ) + w(t? x}n,ll’ ﬁ) - lp(ta X, ﬁ))
> (e — ity hag, ) — p/muic (™ = Iy @) || g2 =+ g — i 72)

— Ly llxa — xlcllunu — il 2.

Now we have

(rp — i, g ) < p/mic (™ — My @)l g2 + Nun,, — iill2)
+ Lyllxn,u — xllclun,, — illg2,

and therefore

~ 1% ~
(e o) = (i, i p0) < XVmTK(IIu* — My @)z + llup — il 2)

x5, — Il

C ~
+LyT lleep, o — 1l 2.

Taking (x;,, . > Uay, ) converging to (x, u) with pp = o(Ax) and (30), we draw the
conclusion (31). O
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We end this section by summarizing the results achieved in this section. Here the
DVl is treated as a DAE (10), in which the function G (¢, x, u) defining the algebraic
constraint is normally nonsmooth and weak univalent, the univalent property is given
by Assumption (A2). By the regularization and smoothing techniques, we propose a
regularized smoothing function G, , (¢, x, u) to approximate G(t, x, u) in the DAE
(10), which yields the regularized smoothing system (21). In Theorem 4 we show that
the system (21) has a classic solution (x;, ,, u;,,), which can be efficiently solved by
high order ODE-solvers. Then we show in Theorem 5 that (x;, 4, u, ) is convergent to
a weak solution of the DVI (1), which, together with Theorem 1, gives an equilibrium
point of the dynamic NEPSC.

5 Numerical illustration

We use the two-player zero-sum game with shared constraints to illustrate the dif-
ferential monotone VI approach and the convergence of the regularized smoothing
method. At first we show that if the cost functions of the two players are convex, then
we can find a solution of the game via the differential monotone VI.

For i = 1, 2, we suppose that the i-th player’s state dynamic is semi-linear:

O;(t, yi,u;) = fi(t, yi) + Biu;,
where f; : [0, T] x R" — R" and B; € R™">*™i are given. Let the cost functional

T

01(y, u) = 41 (y(T)) +/§01(t, y, u)dt
0

be given, where T > 0 is fixed, y = (le, sz)T € R",u = (ulT, uzT)T € R",n =
ny+ny, m =mi+mo, @1(t, y, u) is convex in the control #| of Player 1, and concave
in the control u, of Player 2. In the two-player zero-sum game, Player 1 minimizes
the cost functional 61 (y, u), while the other maximizes it. Then by the same manner
as presented in Section 2, the dynamic NEPSC yields the DVI (1), where x = (v, y)
and ¥ (¢, x, u) has the following form

Va1 (t, vy, u) + Bl v
U(t,x,u) = T .
_vuzfpl(t» Vs u) + Bz v2

Note that ¢ (y, u) is convex in u1 and concave in u>. Hence the function ¥ (t, v, y, -)
is monotone, and the dynamic NEPSC yields a monotone DVI when U is convex.
Moreover, by Lemma 1, if (x*, u™) = (v*, y*, u™) is a solution of the monotone DVI,
then (y*, u™) is a solution of two-player dynamic NEPSC.

We use a numerical example of the two-player zero-sum game with shared con-
straints to show the convergence of the regularized smoothing method. Letn; = ny =
1, m; = my = 2. The players’s state dynamics are

@ Springer



404 X. Chen, Z. Wang

O1(t, y1,u1) = fi(t,y1) + Biuy with  f1(¢, y1) = =2+ 2y, Br =(1,-2),
Oa(t, y2,u2) = fo(t, y2) + Bous with  fo(t, y2) = =2t —y2, By = (-6,3).

The admissible control sets are

Ui(uz) = {ug |hi(uy) = —uy <0, guy, uz) = el (ug +uz) —1 <0},
Up(uy) = {ua [ ho(ua) = —up <0, g(ur,uz) = e’ (uy +uz) — 1 <0},

where ¢ = (1, 1)”. The initial states are y? = —1, y(z) = 2. The cost functional of
Player 1 is defined by

T

010y, 1) = Y1 (y(T)) + / @1t v, u)di

0

where

Yi((T)) = y(T)T [Ly(T) + eI,
o1t y,u) =y [Py + Su+h@®)]+u” [Ru+d@)],

| 2
e
(3 -6 (-1 02 3 _(—sin(3n)
P_(—l o)’ S_(6—90—2)’ h(’)—( ] )

0 -1 -3 2 0
I 0 5 - 1
B=1lo 3 -1 2 9O=| _cosq - x)
2 4 -2 0 0

Then the DVI, formulated from this two-player zero-sum game, has the form:

xX() =q(t)+ Ax(t) + Bu(t)
u(t) € SOL(U, p(t) + Ox(t) + M(-)) (32)
b=Ex(0)+ Erx(T),

where
20 -6 7 1 0 -2 -3 sin(31)
01 -7 0 6 -9 0 —2 1
A=l 00 2 ol B=|1 =2 o ol 19=| |
00 0 —1 0 0 —6 3 —2t
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and
1 0 -1 6 0 0 -3 4 0
2 0 0 -9 0 0 23 —1
=1 06 2 o M= 3 2 20| PP |cs(r-2) |
0 3 -3 2 4 -3 00 0
and
0000 10 -4 —2 )
0000 01 2 0 _3
E=loo10|l E7=lo0o o ol 2= |
0001 00 0 0 2

and U = {u|u>0,eTu <1} = {u|Cu > ¢}, where

Q
Il
— o oo~

0
1
0
0
—1

-0 = O O

0
0
01, c=
1
-1

- o O OO

In practice, it is not easy to give the close form of the smoothing function G, ,, for a
VL. For this example, we know however, that u (1) € SOL(U, g(t) + Ox(t) + M (-)) if
and only if there is a multiplier w such that the Karush-Kuhn-Tucker condition holds

p@) + Ox()+Mu@®)—CTw =0 and O0<wlCu—c=>0.
Then the system (32) can be reformulated as the linear complementarity system

x(t) = q(t) + Ax(t) + Bu(t)
0 = p(t)+ Ox (1) + Mu(t) — CTw()
0 <w()LCu(t)—c >0
b = Ex(0) + E7x(T). (33)

It is obvious that for this example, the algebraic system I"(x, x) = Ex+Erx—b =0
has a unique solution £° = (=2, —1, —1,2)" = (E + E7)"'b.

As the matrix M is positive semi-definite and the domain U is convex and compact,
the problem VI(U, p(0) + Q)?O + M(-)) is solvable, and so is the VI problem

0 =p0)+ 0t +Mu—Clw
O<wlCu—c =>0. (34)

We show that the solution set of the VI (34) is bounded. Let (34) have the solutions
{(u*, wk)}. Obviously, the boundedness of U yields that {u*} is bounded. From the
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Fig. 2 Numerical results for x(r) with u© = 22

equality of (34) we have (CTw*); = (p(0) + Q& + Mu*);, = wf — wé‘, which means
that w{.‘ — wISC is bounded fori = 1,2,3,4. If wls< — 00, then wlg > 0 once k is
large enough, then from 0 < wlCu — ¢ > 0, we know u’f + ué + u1§ + uﬁ =1,
which follows that there must be a component uf? > (. Therefore we have wl'.‘ =0
as 0 < wa_uf? > 0, which yields the unboundedness of {wllf — wls‘ }, this gives a
contradiction. Now we can conclude that {w} is also bounded, and Assumption (A1)
is fulfilled. Since M is positive semi-definite, it is obvious that Assumption (A2) is
fulfilled.

Now we use the Chen-Harker-Kanzow-Smale smoothing function to give a smooth-
ing regularization approximation of (33)

x(t) =q(t) + Ax(t) + Bu(?)
0 = p(t) + Ox(t) + (M + ADu(t) — CTw(r)
w = 4w;() [Cu(t) —c+rw(®)]; (1<i<5)
b = Ex(0) + E7x(T). (35)

This is a standard ODE. Here, on the platform of Matlab, we use the algebraic equa-
tion solver “fsolve.m” and the least square problem solver “Isqnonlin.m” to solve
Gy, u(t, x,u) = 0, for evaluating the right hand side of the ODE. For A =1, A =0.3
and A = 0.1 with u = A2, by using the boundary value problem solver “bvp5c.m”
to the ODE (35), we get the trajectories of (xy,,(¢), u;, . (t)) of (35). Here we adopt
(E 4+ E7)~'b to initialize the solver “bvpSc.m”.
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0.8
Sy
=z
t
1
i + A=t
087+ 0 =03
_~ 06 ¢ A=0.1
N exact sol
2 04
0.2
0 g
0 0.5 1
t t

Fig. 3 Numerical results for u () with u = A2

In Figs. 2, 3 we plot the trajectories of the adjoint variables v and v, the state vari-
ables y; and y», the control variables u; = ((u1)1, (u1)2)" and us = ((u2)1, (u2)2)’.
The numerical results strongly support the convergence of the regularization and
smoothing approximation. From the figures we can observe that our method approxi-
mates the nonsmooth solution by the smooth one. In our method we use u = o() to
get the least norm solution u in the solution set S(z, x).
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