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Abstract Spherical t-designs provide quadrature rules for the sphere which are
exact for polynomials up to degree t . In this paper, we propose a computational algo-
rithm based on interval arithmetic which, for given t , upon successful completion will
have proved the existence of a t-design with (t +1)2 nodes on the unit sphere S2 ⊂ R

3

and will have computed narrow interval enclosures which are known to contain these
nodes with mathematical certainty. Since there is no theoretical result which proves
the existence of a t-design with (t + 1)2 nodes for arbitrary t , our method contributes
to the theory because it was tested successfully for t = 1, 2, . . . , 100. The t-design is
usually not unique; our method aims at finding a well-conditioned one. The method
relies on computing an interval enclosure for the zero of a highly nonlinear system
of dimension (t + 1)2. We therefore develop several special approaches which allow
us to use interval arithmetic efficiently in this particular situation. The computations
were all done using the MATLAB toolbox INTLAB.
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290 X. Chen et al.

1 Introduction

Finding “good” finite sets of points on the unit sphere Sd in the Euclidean space R
d+1

has been a hot research topic in mathematics, physics, and engineering for more than
hundred years. There are several concepts of “good” finite sets of points on Sd for
different purposes. A spherical t-design is considered a “good” finite set of points on
Sd for global polynomial approximations on the sphere.

Definition 1 A finite set Y = {y1, . . . , yN } ⊂ Sd is called a spherical t-design on Sd

if for any polynomial p : R
d+1 → R of degree at most t , the average value of p on

the set equals the average value of p on the whole sphere, that is,

1

N

N∑

i=1

p(yi ) = 1

|Sd |
∫

Sd

p(y)dw(y), (1)

where |Sd | is the surface of the whole unit sphere Sd and dw(y) denotes the surface
measure on Sd .

The concept of a spherical t-design was introduced by Delsarte, Goethals and
Seidel [5] in 1977. The existence of a spherical t-design for any t ≥ 1 and d ≥ 1 was
proved by Seymour and Zaslavsky in 1984 [20]. However, there is no known answer
to the question of the number of points N needed to construct a spherical t-design for
any t ≥ 1 and d ≥ 1.

For the case d = 2, finding spherical t-designs has many applications. The earth’s
surface is an approximate sphere S2, and spherical t-designs are relevant to many
problems of geophysics, including climate modeling and global navigation. Moreover,
polynomial approximation on S2 has wide applications in coding communications,
viruses analysis and molecular chemistry. In this paper, we focus our study on spherical
t-designs for S2.

Let Pt be the linear space of restrictions of polynomials of degree ≤ t in 3 variables
to S2. Since the surface of the whole unit sphere S2 is 4π , the equality (1) for S2 can
be written as

∫

S2

p(y)dw(y) = 4π

N

N∑

i=1

p(yi ), for all p ∈ Pt . (2)

A lower bound on the number of points Nt needed to construct a spherical t-design
for any t ≥ 1 and d = 2 was given in [5]:

Nt ≥ N∗
t =

⎧
⎨

⎩

1
4 (t + 1)(t + 3) if t is odd

1
4 (t + 2)2 if t is even.

However, it is shown in [5] that the lower bound can not be achieved, that is, there is no
spherical t-design with N∗

t points for any t ≥ 2. On the other hand, the tensor product
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construction by Korevaar and Mayers [11] provides spherical t-designs with O(t3)

points, thus giving an upper bound for the minimum number of points for spherical
t-designs.

Hardin and Sloane [8] proposed a sequence of putative spherical t-designs with
1
2 t2 + o(t2) points and presented numerical spherical t-designs for t ≤ 21. Sloan and
Womersley [22] established a new variational characterization of spherical designs
via which they numerically obtained spherical t-designs for t ≤ 19.

The dimension of the space Pt is dt := (t + 1)2. A set of points Y = {y1, . . . , ydt }
is called a fundamental system if the zero polynomial is the only member of Pt that
vanishes at each point y j , j = 1, . . . , dt . Let Y denote the set of all fundamental sys-
tems. Chen and Womersley [4] presented a characterization of fundamental spherical
t-designs: it is shown that a system Y = {y1, . . . , ydt } ∈ Y is a spherical t-design if
and only if Y ∈ Y is a solution of a certain system of nonlinear equations. Chen and
Womersley numerically computed approximate solutions for this system of nonlinear
equations. They then numerically checked that the hypothesis of an appropriate gen-
eralization of the Newton–Kantorovich theorem holds. In this manner, they proved
the existence of an exact solution of the nonlinear system close to the numerically
computed approximation—and thus the existence of a t-design with dt points. This
approach is quite expensive computationally and was thus carried out for t ≤ 20, only.
Also, the hypothesis check for the Newton–Kantorovich type theorem was done using
floating point arithmetic, so that numerical rounding prevents this approach from pro-
viding a proof in a strict mathematical sense.

It is known that finding spherical t-designs for large t is very difficult [2]. Up
to now, spherical t-designs for t ≥ 21 have not been verified. Evaluating large scale
polynomials of high degree exactly or with known tight error bounds is a challeng-
ing problem in practical computation. In this paper, we use the characterization of
fundamental spherical t-designs in [4] and interval arithmetic to find exact spherical
t-designs with dt points for t up to 100. Since also the effects of floating point rounding
are completely accounted for, this computational approach has the quality of a “true”
mathematical proof. In particular, we will compute tight bounds for a set of points

Y = {y1, . . . , y(t+1)2} ⊂ S2, (3)

which is proved to be a fundamental system as well as a solution of the system of
nonlinear equations from [4] which makes it a spherical t-design.

In Sect. 2, we describe the characterization of fundamental spherical t-designs from
[4] and our approach to find a solution of the system of nonlinear equations. In Sect. 3
we recall Krawczyk’s method which uses interval arithmetic to provide narrow inter-
vals for each component of a vector which provably contains a solution of the system
of nonlinear equations. We also show how one can use interval arithmetic to prove
the nonsingularity of the Gram matrix over this interval vector. This then shows that
the solution contained in the interval vector is also a fundamental system and thus a
t-design. Moreover, the radii of the intervals enclosing the components are at most
∼10−9 for t up to 100, so the coordinates of the points of the t-design are known to
high accuracy. In Sect. 4, we present our numerical results which prove the existence
of t-designs with dt points for t up to 100. So our work provides strong evidence that
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spherical t-designs with (t +1)2 points will probably exist for any t . In this sense, this
paper further contributes to the solution of the open problem on the minimal number
of points needed to construct a spherical t-design. Moreover, our results suggest that
for any t ≥ 1, there is a fundamental spherical t-design.

2 Spherical t-designs with (t + 1)2 points

A set of points Y = {y1, . . . , ydt } ⊂ S2 is termed an extremal system if its points max-
imize the determinant of the interpolation matrix with respect to an arbitrary basis of
Pt . Such extremal systems have been shown to have excellent geometrical properties
since they tend to be evenly distributed over the sphere, and this is also the reason why
they are well-conditioned for the purposes of numerical integration, see [21]. (Tables
of numerically computed extremal sets can be found at Womersley’s web site [23].)
An extremal set with (t + 1)2 points is usually not a t-design. For this reason we aim
at finding t-designs with (t + 1)2 points close to those of an extremal system.

Our starting point is the result from [4] which characterizes the (t + 1)2 points
of a spherical t-design as the zeros of a nonlinear function c : R

mt → R
nt , where

mt = 2dt − 3 and nt = dt − 1. We need some preparations before we will be able to
formulate this result precisely.

Definition 2 The Legendre polynomials L�(s), � = 0, 1, . . . , are defined through the
recurrence

L0(s) ≡ 1, L1(s) = s,

� · L�(s) = (2� − 1)s · L�−1(s) − (� − 1) · L�−2(s) for � = 2, 3, . . . .

The Jacobi polynomials Jt (s) are given as

Jt (s) =
t∑

�=0

(2� + 1)L�(s).

For a set of points Y as given in (3) we define the Gram matrix G = G(Y ) using
the Jacobi polynomial Jt via

Gi j = Jt (yT
i y j ), i, j = 1, . . . , dt .

G is symmetric and it is known to be positive semidefinite, see [4]. If G is nonsingular,
then the functions

gi (y) = Jt (yT
i y), i = 1, . . . , dt , y ∈ S2

form a basis for Pt . This implies that the zero polynomial is the only member of Pt

that vanishes at each point yi , i = 1, . . . , dt . Hence, the set of points {y1, . . . , ydt } is
a fundamental system.
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We represent the points yi ∈ S2 using polar coordinates with angles θi , ϕi . Since
all spherical t-designs which can be mapped upon each other via a rotation on the
sphere can be regarded to be equivalent, we can fix y1 as being the north pole and y2
as lying on the zero meridian, i.e. we have

y1 =
⎡

⎣
0
0
1

⎤

⎦ , y2 =
⎡

⎣
sin(θ2)

0
cos(θ2)

⎤

⎦ , yi =
⎡

⎣
sin(θi ) cos(ϕi )

sin(θi ) sin(ϕi )

cos(θi )

⎤

⎦ , i = 3, . . . , dt . (4)

Putting

xθ = [θ2, . . . , θdt ]T , xϕ = [ϕ3, . . . , ϕdt ]T and x =
[

xθ

xϕ

]
∈ R

mt , (5)

we obtain a parameterization Y (x) = {y1(x), . . . , ydt (x)}. We finally define the func-
tion

c : R
mt → R

nt , x 
→ E · G(Y (x)) · e, (6)

where

E =

⎡

⎢⎢⎢⎢⎣

1 −1 0 · · · 0

1 0 −1
. . .

...
...

...
. . . · · · 0

1 0 · · · 0 −1

⎤

⎥⎥⎥⎥⎦
∈ R

nt ×dt , e =

⎡

⎢⎢⎢⎣

1
1
...

1

⎤

⎥⎥⎥⎦ ∈ R
dt .

The following result was proved in [4, Theorem 3.1].

Theorem 1 Let x be as in (5) and suppose that G(Y (x)) is nonsingular. Then x is
the parameterization of a spherical t-design Y (x) with (t + 1)2 points if and only if
c(x) = 0.

This theorem means that if x∗ is a solution of c(x) = 0 and G(Y (x∗)) is nonsingular,
then Y (x∗) is a spherical t-design. The following example shows that nonsingularity
of G(Y (x∗)) is not a necessary condition for Y (x∗) being a spherical t-design, but
if G(Y (x∗)) is singular, then c(x∗) = 0 does not ensure that Y (x∗) is a spherical
t-design.

Example 1 Take t = 1, so that dt = 4. We fix y1 as being the north pole and y2 as
lying on the zero meridian.

1. Choosing the four points

y1 =
⎡

⎣
0
0
1

⎤

⎦ , y2 =
⎡

⎣
1
0
0

⎤

⎦ , y3 =
⎡

⎣
0
0

−1

⎤

⎦ , y4 =
⎡

⎣
−1

0
0

⎤

⎦ ,
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the Gram matrix G at these four points Y = {y1, y2, y3, y4} is

G(Y ) =

⎛

⎜⎜⎝

4 1 −2 1
1 4 1 −2

−2 1 4 1
1 −2 1 4

⎞

⎟⎟⎠ .

So G(Y ) is singular. Moreover, we have G(Y )e = 4e and EG(Y )e = 0. Checking
(1) for the four basis functions in P1,

p1(y) = 1, p2(y) = α, p3(y) = β, p4(y) = γ,

where y = (α, β, γ )T , we find

1

4

4∑

i=1

p1(yi ) = 1

4π

∫

S2

p1(y)dw(y) = 1,

and

1

4

4∑

i=1

p j (yi ) = 1

4π

∫

S2

p j (y)dy = 0, j = 2, 3, 4.

Hence Y is a spherical t-design, although G(Y ) is singular.
2. Choosing the four points

y1 =
⎡

⎣
0
0
1

⎤

⎦ , y2 =
⎡

⎣
1
0
0

⎤

⎦ , y3 = 1

2

⎡

⎣
1

−√
2
1

⎤

⎦ , y4 = 1

2

⎡

⎣
1√

2
1

⎤

⎦ ,

the Gram matrix G at these points Y = {y1, y2, y3, y4} is

G(Y ) =

⎛

⎜⎜⎝

4 1 2.5 2.5
1 4 2.5 2.5
2.5 2.5 4 1
2.5 2.5 1 4

⎞

⎟⎟⎠

which is singular. Moreover, we have G(Y )e = 10e and EG(Y )e = 0. Checking
(1) for the four basis functions in P1 as in the first case, we find

1

4

4∑

i=1

p4(yi ) = 1

2
but

1

4π

∫

S2

p4(y)dw(y) = 0.

Hence Y is not a spherical t-design.
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In this paper we use (machine) interval arithmetic and the Krawczyk operator to
computationally prove the existence of a zero of c. As opposed to [4], we also adopt a
more flexible strategy for deciding which variables are to be considered fixed. Finally,
our approach tries to vectorize as many interval operations as possible, which, as we
will see, is crucial for an efficient implementation. As a result, we are now able to
computationally prove the existence of t-designs with (t + 1)2 points for t up to 100.

3 Enclosing zeros of functions using interval arithmetic

By IR we denote the space of all compact real intervals a = [a, a], a, a ∈ R, a ≤ a.
The arithmetic operations +,−, ∗, / can be extended from R to IR in the usual set
theoretic sense, and the bounds of the resulting intervals can be computed from the
bounds of the operands, see [1] for details. We try to keep to the standard notations of
interval analysis defined in [9]. So all interval quantities will be typeset in boldface. For
an interval a = [a, a] ∈ IR its radius is rad (a) = (a −a)/2, its midpoint is mid (a) =
(a + a)/2 and its absolute value is |a| := max{|a| | a ∈ a} = |mid (a)| + rad (a).
For interval vectors and matrices, rad , mid , | · | will be applied componentwise, thus
producing results of the same dimension as the arguments.

Let f : D ⊆ R
m → R

n be a continuously differentiable function. Replacing the
real vector x by an interval vector x ∈ IR

m we obtain an interval extension f of f .
By the inclusion property of interval arithmetic, the range of f over an interval is
contained in its interval extension, i.e.

{ f (x) : x ∈ x} ⊆ f (x). (7)

The inclusion property is the key for obtaining computational proofs through the use
of interval arithmetic. It is therefore of vital importance to implement interval arith-
metic on a computer in such a manner that (7) always holds despite the occurrence of
rounding errors. This is achieved in machine interval arithmetic, where the interval
bounds are from the floating point screen and outward rounding is used to guarantee
that the computed interval always contains the “true” result of an interval arithmetic
operation. Two software systems which provide for such a machine interval arithmetic
are the INTLAB toolbox [19] for MATLAB and the C++ class library C-XSC [10,12].

In what follows we now assume n = m. For an interval matrix A ∈ IR
n×n contain-

ing all values f ′(x) for x ∈ x ⊆ D (such A can be obtained as an interval arithmetic
evaluation f ′(x) of f ′) and x̌ ∈ x ⊂ D, the Krawczyk operator k f (x̌, x, A) is defined
as

k f (x̌, x, A) = x̌ − C f (x̌) + (I − C · A)(x − x̌). (8)

The Krawczyk operator [14] may be used for a computational existence test due to
the following result.

Theorem 2 [18] Let f : D ⊂ R
n → R

n be as before, x ∈ IR
n such that x ⊂ D,

x̌ ∈ x and A ∈ IR
n×n such that f ′(ξ) ∈ A for all ξ ∈ x. Assume that
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k f (x̌, x, A) ⊂ int x, (9)

where int x is the topological interior of x. Then f has a zero x∗ in k f (x̌, x, A) which
is unique in x.

Note that in order for the theorem to be applicable in machine computation, the
evaluation of f (x̌) must be done using interval arithmetic, starting with a point interval
and leading to an interval vector f � f (x̌), due to outward rounding.

Since rad (C f ) ≤ rad (k f ) and because k f ⊂ int (x) can only hold if rad (k f ) <

rad (x), we see that rad (C f ) is a limiting bound for rad (x) if we want (9) to hold,
i.e. for the accuracy of the guaranteed enclosures that we will be able to obtain. Since
rad (C f ) = |C | · rad ( f ) (see [1], e.g.) we see that narrow enclosures can be obtained
only if the two requirements

|C | is small and (10)

rad ( f ) is small (11)

are both met. The next two subsections show how we try to achieve both these goals in
the context of the verification of spherical t-designs. We thus turn back to the function
c : R

mt → R
nt from (6), for which an approximate zero x̂ is assumed to be available.

3.1 Choosing the independent variables

Let {1, . . . , mt } = B ∪ N be a partitioning such that B has size nt and let us write
x = (xB, xN ) to denote the induced partitioning of the vector x ∈ R

mt into two
blocks, and similarly for x̂ = (x̂B, x̂N ). Putting

cB(xB) = c((xB, x̂N ))

we obtain a function cB : R
nt → R

nt which represents the function c with the vari-
ables corresponding to N kept fixed. Since we want to use the Krawczyk operator for
cB, in the light of requirement (10) the index set B should be chosen such that c′

B(x̂B)

has an inverse which is small. Note that the columns of c′
B are a subset of the columns

of c′, so the task is to choose the right set of columns. To this purpose, we use a column
pivoting Q R-decomposition of c′(x̂), see [7]. It yields a decomposition

c′(x̂) · P = Q [ R | ∗ ] , P ∈ R
mt ×mt , Q, R ∈ R

nt ×nt ,

where P is a permutation matrix, Q is orthogonal and R is upper triangular. The per-
mutation P arises from a greedy strategy to obtain maximum diagonal elements in R.
Taking B as those components which are permuted to the first nt positions by P , we
get

c′
B(x̂B)−1 = R−1 QT .
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We expect c′
B(x̂B)−1 to be small since QT is orthogonal and R−1 is the inverse of a

triangular matrix with large diagonal entries.

3.2 Computing narrow enclosures for the function values

As can be seen from (6), tight enclosures for a function value cB(x̂B) = c(x̂) are
achievable only if one is able to compute tight enclosures for all the entries of G(Y (x̂)),
i.e. for Jt (yT

i y j ), i, j = 1, . . . , dt . Since we have to control rounding errors in every
stage, we have to perform all operations as machine interval arithmetic operations.
To this end we identify the components of x̂ (the angles θi and ϕi ) with degenerate
intervals θ i and ϕi , resp., containing just one element, and from these we compute
enclosures si j for the scalar products si j = yi (x̂)T y j (x̂), which will be the arguments
of Jt later on.

Since the width of Jt (s) is roughly linear in the width of the argument, it is essen-
tial that the enclosures si j be narrow. To achieve this, we use four different equivalent
formulae for the (point) quantities si j .

– According to the definition si j = yi (x̂)T y j (x̂) and the representations (4), we first
compute the interval vectors

yi = (sin(θ i ) cos(ϕi ), sin(θ i ) sin(ϕi ), cos(θ i ))
T ,

and from these the enclosures s(1)
i j = yT

i · y j .
– Spherical geometry tells us that si j , which is the cosine of the angle between

the normalized vectors yi (x̂) and y j (x̂), is given by si j = cos(θi ) cos(θ j ) +
sin(θi ) sin(θ j ) cos(ϕi − ϕ j ). Evaluating this formula for the point intervals θ and

ϕ leads to an enclosure s(2)
i j .

– Geometric identities yield si j = cos(θi ) cos(θ j )(1 − cos(ϕi − ϕ j )) + cos(θi −
θ j ) cos(ϕi − ϕ j ) = cos(θi − θ j ) + sin(θi ) sin(θ j )(cos(ϕi − ϕ j ) − 1), which gives

two more enclosures s(3)
i j and s(4)

i j .

Note that for these computations we need interval versions of the trigonometric func-
tions as they are available in INTLAB, for example. By taking si j to be the intersection

of the four enclosures s(1)
i j , …, s(4)

i j , the diameter of the si j is reduced by about one

half (to ≤ 10εmach, where εmach = 2−53 ≈ 2.2 · 10−16 denotes the machine epsilon),
as compared to the straight-forward enclosure s(1)

i j . This improvement is paid for by
a substantial increase in computing time. In fact, computing the arguments si j for Jt

in this manner accounts for approximately one half of the overall time for evaluating
the function c(x̂).

The next task is to obtain tight enclosures for the range of the same polynomial
Jt over a large number of (narrow) intervals si j , all lying in [−1, 1]. A first study
for various approaches was outlined by two of the authors in [6]. We now present the
relevant points in detail and illustrate them with many numerical results.

The polynomial Jt is evaluated over the d2
t = (t +1)4 intervals si j , i, j = 1, . . . , dt .

(Exploiting the symmetry si j = s j i , the number of arguments might be reduced to
dt (dt + 1)/2, but we did not do this in our implementation.)
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An interval arithmetic based method for these many computations is significantly
more efficient if it can be vectorized, i.e. if the individual computational steps can be
performed simultaneously, since then we avoid many costly switchings of the round-
ing mode. On the other hand, there is also the issue of the tightness of the enclosures
that we will compute. It turns out that methods based on recurrences similar to that of
Definition 2, while vectorizable, yield enclosing intervals which prohibitively over-
estimate the exact range. For example, for t = 40 and s an interval close to 1 with
diameter 10εmach, these methods yield intervals with a radius larger than 1, while the
exact range has diameter ≈ 10−8 only. The same excessive over estimation arises if
we pre-calculate all the coefficients γ j in the expansion

Jt (s) =
t∑

j=0

γ j s
j (12)

and then use the Horner scheme to evaluate Jt (s) using interval arithmetic. It is pos-
sible to treat the recurrences as results of a parameter dependent linear system for
which specialized interval methods as presented in [13,15] are available. This yields
tight enclosures, but now the methods do not vectorize and so using INTLAB the
computational cost becomes more than 100 times higher. Exactly the same holds if
one treats Horner’s scheme as a linear system as suggested in [3], e.g.

The most satisfying approach with respect to quality of the enclosures and computa-
tional efficiency is a multi-point Horner scheme. The idea is to first set up a preparatory
stage where we choose a set of k + 1 points σi , i = 0, . . . , k, in the interval [−1, 1]
and compute the coefficients γi j of each Taylor expansion of Jt centered at any of the
points σi ,

Jt (s) =
t∑

j=0

γi j (s − σi )
j . (13)

Taking k = 2q and σi = −1 + i · 2−q+1, i = 0, . . . , k, the points σi have an exact
representation as floating point numbers. Since the coefficients in Definition 2 for the
Legendre and Jacobi polynomials are integers, we use rational arithmetic to compute
the coefficients γi j exactly. To do this efficiently, we wrote the code for this part in
C. Enclosures for the γi j into narrow intervals are written to a file that is read by our
INTLAB code which performs all the remaining parts of the computation.

Now, if we have to compute the enclosure of the range of Jt over an interval s,
we choose the two Taylor expansions corresponding to the points σi and σi+1 with
σi ≤ mid (s)≤ σi+1, evaluate these two expansions in interval arithmetic using Horn-
er’s scheme, and finally take the intersection of the two resulting intervals as the
enclosure for the range of Jt over s. An additional benefit occurs in this approach if
we are to compute enclosures for the range of Jt using a given expansion with center
σi for a whole set of intervals s�, � = 1, . . . , ki , with small radii. Putting

ρi = ki
max
�=1

|s� − σi |
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we have

|(s� − σi )
j | ≤ ρ

j
i ,

and ρ
j
i will be very small for j large. We can therefore precompute an “effective”

degree δi (t) defined as

δi (t) = min

⎧
⎨

⎩ν :
t∑

μ=ν+1

|γiμ| · ρμ ≤ εmach

⎫
⎬

⎭ .

So for � = 1, . . . , ki we get an enclosure for the range of Jt over s� by evaluating the
truncated expansion

δi∑

j=0

γi j (s� − σi )
j + [−εmach, εmach]

via Horner’s scheme. The reduction of the degree can be substantial. Our numeri-
cal experiments indicate that the effective degree actually grows only logarithmically
with t . For example, with q = 9 the effective degree for t = 100 is less than 15.

The choice q = 9, i.e., k = 512 turns out to be sufficient for the range t = 1, . . . , 100,
meaning that the radii of all thus computed enclosures are satisfactorily small. Indeed,
for any interval s with radius of 10εmach, the computed enclosure has a radius close
to J ′(mid (s)) · rad (s) which is the best that we can expect, since the radius of the
exact range of Jt over s will have a radius of approximately this size. The left part
of Fig. 1 illustrates the quality of the enclosures for t = 40 for various approaches.
There, we give the diameter of the computed enclosure for the range of Jt over a series
of intervals with midpoints varying from −1 to 1 and radius 10εmach. We compare the
“standard method” which evaluates Jt using the recurrences from Definition 2, the
plain Horner scheme where we use the Taylor expansion around σ = 0 for all interval
arguments, the multi-point Horner scheme and its truncated variant just described as
well as three variants of a method based on the expansion of Jt in terms of Cheby-
shev polynomials; see [6] for details. We also include the results obtained with the
parameterized system approach from [13,15]. Very clearly, the multi-point Horner
schemes and the parameterized system approach produce the best results, since the
diameters of the results are uniformly small for the whole range of interval arguments.
Two of the Chebyshev polynomial based approaches, cheb1 and cheb2, which
both use a log-depth recurrence, also yield uniform diameters, but these are 10 to 100
times larger. All other methods suffer severely from increasing overestimations as the
interval argument approaches the boundaries −1 and +1.

The right part of Fig. 1 compares the timings for the various approaches as a func-
tion of the number of intervals for which an enclosure for the range of Jt is needed.
These intervals were generated randomly in [−1, 1] as the components of a vector
whose length is the abscissa of the plot. We again took t = 40, so that in order to get
an enclosure for c(x) we actually have to evaluate Jt at 414 ≈ 2.8×106 intervals, i.e.,
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Fig. 1 Quality of enclosures for the range of Jt over intervals with radius 10εmach (left), timings as a
function of the number of evaluations (right). Both plots use t = 40

the vector length is 2.8 · 106. The approaches discussed above were implemented in
INTLAB and run on a Sun Fire X4140 x64 (two 2.3 GHz quad-core Opterons) with
8 GB main memory and 32 GB of virtual memory (swap space on the hard disk). We
used only one processor of the machine and no explicit multithreading. The right part
of Fig. 1 drastically shows the benefits of vectorization in INTLAB which is possible
for all methods except the parameterized system approach. For many algorithms the
execution time is nearly constant over a whole range of (small) vector lengths, because
it is completely dominated by the cost for switching rounding modes. As the vector
length gets larger, the cost for the (vectorized) arithmetic operations dominates so that
we observe an almost linear increase in time for all methods for t ≥ 106. The multi-
point Horner scheme and its truncated variant exhibit an interesting plateau when the
vector length is in the range 200, . . . , 2 · 105. The reason is again vectorization: The
multi-point scheme uses 513 different Taylor expansions. So, on the average, the vec-
tor length for each evaluation has to be divided by 256 (recall that each interval goes
into two expansions). In the given range, therefore, this “local” vector length is not
yet large enough to balance the cost for the switching of the rounding mode.

The bottom line of our discussion is that the truncated multi-point Horner scheme
is the method of choice. It yields the tightest enclosures and the least overall computa-
tional cost for those vector lengths (t +1)4 that we will be using. We also note that the
two log-depth recurrence Chebyshev polynomial approachescheb1 and cheb2 need
significantly more storage, namely t+1 times the vector length, than the other methods
where storage is just a few vectors, independently of t . The O(t5) memory demands
make these two approaches impractical for t ≥ 60 (61 vectors of 614 ≈ 13.8 · 106

16-byte intervals lead to massive paging and times far beyond 1 h) and completely
infeasible for t ≥ 74.

3.3 Computing enclosures for the derivative

In order to apply the Krawczyk operator to the function cB we also must compute
an interval matrix A containing all values of the derivative c′

B(x) for x ∈ x. Herein,
rad (x) will be small, since it represents the accuracy of the sought-after enclosure.
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Typical values are in the range 102εmach − 105εmach. An explicit expression for the
components of the derivative c′ of c is given by

∂ci (x)

∂xk
=

dt∑

j=1

(
J ′

t (yT
1 y j )

∂(yT
1 y j )

∂xk
− J ′

t (yT
i+1 y j )

∂(yT
i+1 y j )

∂xk

)
. (14)

Note that herein the partial derivatives
∂(yT

1 y j )

∂xk
and

∂(yT
i+1 y j )

∂xk
are non-zero only if k is

from B and, in addition, xk corresponds to one of the angles θ j , ϕ j , θi+1 or ϕi+1. So
each sum contains at most three non-vanishing terms. In order to obtain tight enclo-
sures for the range of ∂ci (x)

∂xk
over an interval vector x it is again crucial to get tight

enclosures for the range of a polynomial, namely for the derivative J ′
t of Jt . We there-

fore apply the same multi-point Horner scheme as discussed in Sect. 3.2 to obtain quite
tight enclosures for all the ranges of J ′

t over intervals s1 j and si+1, j which enclose
all scalar products yT

1 y j and yT
i+1 y j , resp., over a parameter range x. In contrast to

the evaluation of c, however, x is not a degenerate interval vector but has significant
diameter. Therefore the computation of si j = s(1)

i j according to the first of the methods
discussed at the beginning of Sect. 3.2 is sufficient. The evaluation of the polynomials
can again be vectorized, so that the computation is cost efficient in INTLAB since the
number of switchings of the rounding mode remains small.

3.4 Nonsingularity of the Gramian

Once we have obtained an enclosure x for a zero x∗ of c, we must check whether G(x∗)
is non-singular in order to be sure that x∗ represents a spherical t-design, see Theo-
rem 1. Since we only know that x∗ is contained in x without knowing x∗ exactly, we
have to show that G(x) is nonsingular for all x ∈ x. This can be done computationally
using the following lemma.

Lemma 1 Let G ∈ IR
n×n be an interval matrix and let H ∈ R

n×n. Then, if

‖I − H G‖∞ = n
max
i=1

n∑

j=1

|I − H G|i j < 1, (15)

H as well as all matrices G ∈ G are non-singular.

The proof is trivial since by the inclusion property, ‖I − H G‖∞ < 1 implies
‖I − H G‖∞ < 1 for all G ∈ G. So the spectral radius ρ satisfies ρ(I − H G) < 1
which implies that 0 cannot be an eigenvalue of H G. So neither H nor G are singular.

In an actual computation, we will take H to be a computed approximate inverse
of mid (G) and we perform all operations in machine interval arithmetic, thus using
outward rounding. We will get an interval r = [r , r ] enclosing ‖I − H G‖∞, and if
r < 1 we have computationally proved that (15) holds. Of course we again use the
multi-point Horner scheme to get tight interval enclosures Gi j for the range of all
entries Gi j = Jt (yT

i (x)y j (x)) of G over x ∈ x.
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4 Numerical results

We summarize the discussion of Sect. 3 as Algorithm 1. Therein, line 8 initializes the
candidate interval vector x using the ε-inflation principle from [16,17]. Recall that the
interval hull operator � is to be understood componentwise and that �(a, b) = c with
c the smallest interval containing a and b. Usually, ε-inflation yields a narrow interval
vector x for which k f (x̌, x, f ′(x)) ⊂ int (x) is quite likely to hold. Indeed, in all our
computations this was always the case. The algorithm never arrived at line 19 so that
the loop generated by this line was actually never executed.

Algorithm 1 Verification and enclosure algorithm for spherical t-design with (t +1)2

points

1: Input: t ∈ N, extremal system Ỹ = {ỹ1, . . . , ỹdt } ⊂ S2

2: Output: Intervals θ i ,ϕi , i = 1, . . . , dt , such that for all i there exist θi ∈ θ i , ϕi ∈ ϕi such that the
points {y(θi , ϕi ) : i = 1, . . . , dt } are a spherical t-design

3: Rotate points ỹi of extremal system such that first is on north pole and second on zero meridian; then
convert all points to angles θi and ϕi

4: Put x = (θ2, . . . , θdt , ϕ3, . . . , ϕdt ) and perform Gauss–Newton method for c(x) with initial guess
x = (θ2, . . . , θdt , ϕ3, . . . , ϕdt ) until convergence; result is x̂ with c(x̂) ≈ 0.

5: Compute rank revealing QR decomposition of c′(x̂) and determine set B for independent variables
6: Compute C as (approximate) inverse of c′

B(x̂B)−1 in floating point
7: Compute f ⊇ CcB(x̂B) in machine interval arithmetic using multi–point Horner
8: Initialize xB := x̂B + �(0, yB) where yB = f + d, mid (d) = 0, rad (d) = 0.1 · rad ( f )

9: Compute interval matrix A containing {c′
B(x) : x ∈ xB} using multi–point Horner

10: if k := kcB (x̂B, xB, A) ⊂ int xB then
11: Compute interval Gram matrix G = (Jt ( yi (x)T y j (x))i j ∈ IR

dt ×dt using multi–point Horner
12: Compute approximate inverse H of mid (G) in floating point
13: if ‖I − H G‖∞ < 1 then
14: STOP, components of k are the required enclosures for the angles from B, the other angles are

exactly those from x̂
15: else
16: STOP, method failed because non-singularity of G(x∗) could not be verified
17: end if
18: else
19: Increase rad (xB) by a factor of 2 and go to line 9
20: end if

Let us formally explore the complexity of Algorithm 1.

Lemma 2 The time complexity of Algorithm 1 is O(t6).

Proof The Gauss–Newton algorithm for an underdetermined system with O(t2) equa-
tions and O(t2) variables needs O(t6) operations per step. Assuming the number of
steps to be bounded, the overall cost for line 4 is thus O(t6). The rank-revealing Q R
factorization of a matrix with both dimensions being O(t2) is an O(t6) process, as is
the computation of the inverses of R and mid (G) and of the matrix–matrix products
C A (in the Krawczyk operator) and H G. Evaluating Jt or J ′

t on a vector using Horn-
er’s scheme for a given (truncated) expansion requires O(t) vector operations, so that
the computation of all the O(t4) entries of the Gram matrix is an O(t5) process. From
the definition of c and from (14) we thus see that evaluating c or c′ has cost O(t5).
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Fig. 2 Accuracy in final result
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We also have to address the cost for precomputing all the coefficients for the expan-
sions (13) of the Jacobi polynomial and its derivative. For k + 1 expansion points,
these computations require O(k · t2) rational operations. The cost for each such oper-
ation cannot be quantified easily as the length of the numerators and denominators in
intermediate results increases with t . The computation and saving of all the coeffi-
cients on a 2.13 GHz Pentium M laptop took 0.284/0.497/1.660/10.088/14.357 s for
t = 10/20/40/80/100, which confirms the quadratic scaling in t and is well below 1%
of the respective times for Algorithm 1.

In Fig. 2 we report, for each t , the maximum diameter of various interval quantities
computed in Algorithm 1. Most importantly, max diam(x) represents the maxi-
mum diameter of all computed enclosures for the parameterization of the respective
t-design. It thus represents the (guaranteed) accuracy to which we computed the param-
eterization. We see that this accuracy decreases as t increases, but it is still about 10−9

for the largest values of t . We also see that the nonsingularity measure ‖I − H G‖∞
from (15) is far away from its critical value 1 over the whole range for t . The diame-
ters of the computed enclosures for the components of c(x̂) (max diam(c)) are two
orders of magnitude larger than those for the enclosure of the parameterization, thus
indicating that the computed approximate inverse C is small. The diameters reported
as max diam(c’) refer to the components of c′(xB). They are much larger than
those for the components of c because we now evaluate at “true” intervals and because
c′ varies more rapidly than c.

The left part of Fig. 3 reports the total execution time for various values of t . This
includes the loading of the coefficients in the 513 expansions of the Jacobi polynomial
and its derivative from file into INTLAB. For t = 100 the total time is about 50,000 s,
which is slightly more than half a day. Note that for t ≤ 93 this diagram does not
yet exhibit the O(t6) dependence predicted by Lemma 2, indicating that for the range
of t considered the computations with a complexity of O(t5) or lower (such as an
evaluation of the Gram matrix) are still predominant. The faster increase of the overall
time for t ≥ 94 is not due to the O(t6) processes becoming dominant, but to the effects
of paging because of insufficient main memory; see also the discussion below.

The right part of Fig. 3 gives details of how much of the total execution time of
Algorithm 1 is spent in the various steps which make up the computational verification
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Fig. 3 Timings of the overall algorithm (left), and fraction of time spent in various computations from the
verification part (right)

process. The diagram is to be read cumulatively, so the uppermost line represents the
overall time for all activities in the verification part. The important message is that the
cost between the approximation part (basically the Gauss–Newton method performed
at the beginning) and the verification part is well balanced and seems even to decrease
in favor of the verification part as t increases. The most time consuming steps appear
to be the QR factorization (a real arithmetic O(t6) process) and the evaluation of the
Krawczyk operator including the computation of the nonsingularity measure (an inter-
val arithmetic O(t6) process), which both tend to take approximately the same time.
As expected, the contribution of the lower-order computations (in each run we needed
two evaluations of c and two evaluations of c′) is decreasing for large t , up to t = 93.
By contrast, these computations become dominant again for t ≥ 94, which clearly
indicates the setting in of paging, as the memory accesses are by far less localized
in the evaluations than in the matrix–matrix operations. The exchange of data from
the C-program to INTLAB, given as the lowermost curve, is negligible for all larger
values of t .

5 Conclusions

This paper added to the theory of spherical t-designs by proving the existence of
t-designs with dt = (t + 1)2 points for t up to 100. The technique of proof is
computational but rigorous through the use of machine interval arithmetic. One cru-
cial ingredient to the success of the underlying Krawczyk method is the efficient
and accurate evaluation of the Jacobi polynomials and their derivatives which we
achieved using the truncated multi-point Horner scheme. Another important ingredi-
ent is the interval technique used to prove the non-singularity of the Gram matrix. The
data containing the enclosures for the parameterization of the t-designs and the pro-
grams are available from the web site http://www-ai.math.uni-wuppertal.de/SciComp/
SphericalTDesigns.
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