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1 Introduction

In this paper, we consider the following two bi-quadratic polynomial optimization problems

min f(x,y) := Bxxyy
s.t. xTAple, p=1,...,my, (1)
yTquz 1, g=1,...,n1,

and

max f(x,y) = Bxxyy

s.t. xTApxsl, p=0,1,...,my, 2)

yTqu <l,g=1,...,n1,
m n
where Bxxyy = 3 > Bijuxixjyy, Ao € W™ is symmetric indefinite matrix,
i j=1kI=1

whereas the matrices A, € W (p =1,2,...,my) and B, € W (¢ = 1,2,...,n1)

are symmetric positive semidefinite. Let fini, and fihax be the optimal values of (1) and (2),
respectively. Obviously, fmax > 0. Furthermore, throughout this paper, we assume that the
optimal values fmin and fmax are attainable, which implies that fipi, > 0.

The bi-quadratic optimization problems (1) and (2) are natural generalizations of
bi-quadratic optimization over unit spheres, studied in Ling et al. [17] and Wang et al.
[31], which arises from the strong ellipticity condition problem in solid mechanics (for the
minimization model withn =m =3, ny =m; =1, A; = I, and B; = I,) and the entan-
glement problem in quantum physics; see [5,8,11,15,24,26,30] and the references therein.
In fact, bi-quadratic optimization over unit spheres also has another application, such as the
best rank-one approximation to a tensor. The best rank-one approximation problem has wide
applications in signal and image processing, wireless communication systems, data analysis,
higher-order statistics, as well as independent component analysis [3,4,6,7,10,16,21,33].
Furthermore, the bi-quadratic optimization problems (1) and (2) can be regarded as general-
izations of general quadratic optimization problems studied in He et al. [12]. The reason for
this is that if there exist matrices C € N> and D € R"*" such that B = C ® D where ®
denotes the standard Kronecker product, then the minimization model (1) will be equivalent
to solving the following two quadratic optimization problems:

min x ' Cx 3)
s.t. xTApx >1, p=1,....m

and
min y' Dy “@)

s.t. yTqu >1,q=1,...,n1,

which were shown to be NP-hard even when C and D are positive definite due to Luo et al.
[18]. It is evident that the bi-quadratic optimization problem (1) is more general than the
quadratic optimization problems (3) and (4). Hence, it is NP-hard and more difficult to solve.

Analogously, the bi-quadratic maximization model (2) can be equivalently reformulated
to solve two maximization quadratic optimization when B = C ® D. It is well-known from
Nemirovski et al. [20] that the problem of maximizing a homogeneous quadratic form over
the unit cube is NP-hard to solve even in the case of positive semidefinite matrix appearing in
its objective function. Therefore, the bi-quadratic maximization problem (2) is also NP-hard
to solve.
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For general quadratic optimization problem, a popular approach to approximately solving
the considered problem is to use their SDP relaxations, which can be solved in polynomial
time and have received much attention, e.g., [9,13,22,25]. We wonder whether their corre-
sponding SDP relaxations can be used for approximately solving the original bi-quadratic
problem (1) and (2). The answer is positive.

Motivated by He et al. [12], in this paper we solve approximately bi-quadratic optimiza-
tion problems by their corresponding SDP relaxations. In the SDP relaxation of quadratic
optimization, x| Ax is rewritten as A @ X with X = xx ', X > 0, and then discard the rank
restriction. By a similar technique to that used in quadratic optimization, the bi-quadratic
optimization problems (1) and (2) are relaxed to the following bi-linear SDP problems with
linear matrix inequality constraints

min g(X,Y) ;= (BX)eY
st. ApeX >1, p=1,...,my,

ByeY >1,qg=1,...,n, )
X>0,Y>=0
and
max g(X,Y)=(BX)eY
st. ApeX <1, p=0,1,...,my, )

BjeY <1,qg=1,....n,
X>0,Y >0,

respectively. Here, BX stands for a symmetric n x n matrix with

m
BX)w = > BijuXij.
ij=1

Denote by g;ii and g,‘ffx the optimal values of (5) and (6), respectively. Without loss of

generality, we assume the optimal values are attainable, which implies that grsﬁp:l > 0. Itis
easy to see that, for the optimization problem (1) withm| =n; =1, A} = I,, and B; = I,
if its optimal value is attainable, then the original problem can be equivalently reformulated
as the problem studied by Ling et al. [17]. In this case, from Ling et al. [17], we know that
its bi-linear SDP relaxation is tight for the problem (1). For a general quadratic/bi-quadratic
problem, its SDP relaxation is not tight for the original problem. In fact, for the quadratic
optimization problem (3), its SDP relaxation does not always provide a tight approximation
in general. However, it does lead to provably approximation solutions for certain type of
quadratic optimization problems, see [1,12,20], which motivates us to extend the existing
methods for quadratic optimization problems to bi-quadratic optimization problems.

The paper is organized as follows. In Sect. 2, we analyze the approximation ratio of the
SDP relaxations for bi-quadratic optimization problems. In Sect. 3, we present a polynomial
time approximation algorithm for the bi-quadratic maximization model. In Sect. 4, we extend
the approximation bound results obtained in Sect. 2 to the complex cases.

Notation Throughout this paper, the spaces of n-dimensional real and complex vectors are
denoted by %" and C", respectively. The spaces of n x n real symmetric and complex Her-
mitian matrices are denoted by S” and H", respectively. Matrix Z € H" means that Re(Z)
is symmetric and Im(Z) is skew-symmetric, where Re(Z) and Im(Z) stand for the real and
imaginary part of Z, respectively. For two real matrices A and B with the same dimension,
Ae B stands for usual matrix inner product, i.e., Ae B = tr(A—r B), where tr(-) denotes the trace
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of a matrix. In addition, ||A||f denotes the Frobenius norm of 4, i.e., |A|r = (A e A)!/?,
and 7, stands for the n x n identity matrix. For two complex matrices A and B, their inner
product

Ae B =Rer(A"B)) =1tr (Re(A)TRe(B) n Irn(A)TIrn(B)),

where A" denotes the conjugate transpose of matrix A. The notation A > 0 (> 0) means
that A is positive semidefinite (positive definite).

2 Bi-linear SDP relaxation bounds for the bi-quadratic optimization model

In this section, we study the approximation solutions for the bi-quadratic optimization models
(1) and (2), based upon the approximation solutions for their bi-linear SDP relaxations. We
first introduce the following definitions, which characterize the quality measure of approxi-
mation ratio.

Definition 1 The problem has an r-bound approximation solution for the given minimiza-
tion model, if there is an algorithm 2 whose complexity is polynomial such that when applied
to the problem, it returns a feasible solution with objective value p such that

P = Pmin = P, if pmin >0,
Pmin < P < Pmin, i pmin <0,

where ppin is the minimum value of the problem and 0 < r < 1. The feasible solution is
said to be an r-bound approximation solution of the minimization model. The algorithm A
is said to be an r-bound approximation algorithm.

Consider the special case of (1), in whichm| =n; = 1, A| and B; are positive definite.
It is easy to see that the optimal solution pair must satisfy the constraints with equality. In
this case, there exists an appropriate tensor 3 such that (1) is equivalent to

min Bxxyy
st x'x=1,
yiy=1,

which has no polynomial time algorithm 2l to get a positive bound approximation solution for
every instance of (1), see Theorem 2.2 in Ling et al. [17]. That is, a constant 7-bound approx-
imation solution may not exist for (1), so that we present a weaker notation of (1 — €)-relative
approximation solution, which is defined as follows.

Definition 2 Let 1 > € > 0 and 2 be an approximation algorithm for the given minimization
model. If for any instance of the given minimization model, the algorithm 2 returns a feasible
solution with objective value p such that

P — Pmin < €(Pmax — Pmin)>

where pmin(Pmax) 1 the minimum (maximun) value of the problem. The feasible solution is
said to be (1 — €)-relative approximation solution of the minimization model.

Similarly, we can give the definitions of r-bound and (1 — €)-relative approximation
solution for the maximization problem.
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Based on Definition 1, we argue that there is a finite and data-independent approximation
bound between the optimal values of (1) and its SDP relaxation. To this end, we need some
probability estimation results which play important roles in what follows. Lemma 1 (a) comes
from He et al. [12], Lemma 2 comes from Luo et al. [18] and has been used in Luo et al.
[19], and Lemma 3 comes from So et al. [27]. In addition, Lemma 1 (b) can be proved easily
by Lemma 1 (a) and symmetry.

Lemma 1 Let A and Z be two real symmetric n x n matrices with Z = 0 and tr(AZ) > 0.
Let & ~ N (0, Z) be a normal random vector with zero mean and covariance matrix Z. Then
the following probability estimation hold.

(@) Forany(O <y <1 we have
3
Pb[TA E[£TA ] ——
rob 1§ AS < yE[§' A§]} < 100
(b) For B =1, we have

Prob {gTAg > ﬂE[gTAg]} S

Lemma 2 Let A and Z be two real symmetric n X n matrices with A > 0 and Z > 0.
Suppose & ~ N (0, Z) is a normal random vector with zero mean and covariance matrix Z.
Then, for any y > 0,

ProbieT A < y E[&T A€]} < max [ﬁ, u]

T—2
where r := min{rank(A), rank(Z)}.
Lemma 3 Let A and Z be two real symmetric n x n matrices with A > 0 and Z > 0.

Suppose &€ ~ N (0, Z) is a normal random vector with zero mean and covariance matrix Z.
Then, for any y > 0,

Prob {gTAg > yE[gTAg]} < e2(=y+ny),

Lety = ﬁ. It holds that

Prob {ngTAg . E[gTAs]} < H1=gp2m0).

Now we are ready to establish the first main result in this section, which characterizes the
approximation ratio for the bi-linear SDP relaxation to (1). Our argumentation is similar to
those of He et al. [12] and Luo et al. [18].

Theorem 1 Suppose that the optimal value of (5) is nonnegative. Let (X, Y) be an r-bound
approximation solution of (5). Then we have a feasible solution (x, y) of (1) and the proba-
bility that

r

7S Y) = fmin = f(X,))

3 2
10°min]

is at least

1
2500°
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Proof Consider the semidefinite programming of the following form

min (YB) e X
st. ApeX>1, p=1,...,my, )
X >0,

where Y3 is a symmetric m x m matrix with
n
VB = D BijuV.
k=1

It is well-known that there exists an optimal solution X* of (7) with rank ry« satisfying
rxx(ryx+1)
2

< m1, which can be found in polynomial time; cf. [23] and [14]. Clearly, it holds
that

(YB)e X* < (BX)eY.
Based upon X*, we further consider the following standard SDP problem

min (BX*)eY

st. BjeY >1,qg=1,...,ny, (8)
Y > 0.
We can find an optimal solution Y* of (8) with rank ry« satisfing M < nj. Since

X* and Y* are the optimal solutions of (7) and (8), respectively, the matrix pair (X*, Y*)
satisfies

0<(BX*)eY*<(BX)eY 9)
and

rxx < /2myp, ryx <./2nj. (]0)

Let& ~ N(0, X*) and n ~ N(0, Y*) be two independent normal random vectors, whose
covariance matrices are X* and Y*, respectively. From the process of the proof of Theorem
3.3 in He et al. [12], it follows by Lemma 1 (b) and Lemma 2 that
2(rxs — Dni ]

3
Prob(2) > — — mimax { \/¥1,

100 (1D

-2
where
Q= [ min &TApE > y1, £ (Y*B)E < 1 (Y*B) e X*]
I<p=m
y1 > 0 and g > 1. By the assumption that the optimal value of (5) is nonnegative, we can
see that (Bxx ) e Y* > 0 for any given sample value x of £ in Q. Hence, by Lemma 1 (b),
we have

3
T T T * 2
Prob{r] Bxx')n > pur(Bxx')eY } <1 100

for every sample value x of & in 2, where y > 1. Note that the above estimation is inde-
pendent with the sample value x of £. Consequently, it is easy to prove that

3
Prob ({nT(ngT)n > 1(BEET) @ Y*} n Q) < (1 - ﬁ) Prob(R),
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which implies that the conditional probability
3
Prob {n" (Bee T > uaBss ) e v* @) <1 - . (12)

On the other hand, from the independence of the random variables & and 7, it follows
from Lemma 2 that for any y» > 0,

Prob‘ min n Bqn<y2|Q} =Pr0b[ min 7 Bqn<y2]

1<g<n 1<qg=<n

IA

n
> Prob {nTBqn < VzE[nTBqn]}
q=1

IA

2y — 1
nlmax[ﬁ, %]

This implies, together with (12), that

Prob ‘UT(BSST)H = ua(BEE ) o Y*, min 0! Byn = vz | sz]
=q=ni

v

1 — Prob {nT(Bg;:T)n > 1 (BEET) o Y | sz} — Prob [1 min ' Byn <y, | Q]
=g=nj

3 20y — 1
—— — nymax [ﬁ 7(”/ )J/z] ,

v

13
100 -2 (13)

where the first inequality comes from the fact that
Prob(U N V) > 1 — Prob(U¢) — Prob(V°)

for any two random events U and V, where U¢ stands for the contrary event of U, etc.
Noticing the relation that

[ min &' AyE >y, n;un 0By = ya.n' (BEE N < pipa(BX*) e Y*]

1<p<m
> [nWsssT)n < ma(BEET) o Y*, min 5" Byn >y, ] <.
I<g=<n;
it follows from (11) and (13) that

Prob[ min é Apé = y1, n;m N Byn = y2. 0" (BEEN < pipua(BX*) e Y*]

1< <m

3 2(rx+ — Dy 3 2(rys — D2
>(— — -t - — == =)
= (100 mlmax[‘/?’ ) T 2 ——

Lety; = W, Vo = ﬁ, u1 = 1and uy = 1. By (10), we have

2(VY* — 1))/2

NG —

2rys — 1
(rx V1 and 77 =
T_2

Thus, it holds that

Proby min §TA6 = y1, min o' Byn = y2.n’ (BEE )0 < pipa(BX) e ¥
1

> Aenn
— 2500
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which implies that there exists a vector pair (x, y) € R x NR" such that

min xTA,,x >y|, min yTqu >y (14)
I<p<m 1=q=n
and
T T * *
v (BxxT)y < pipa(BX*) o Y*, (15)

Letx = . and y = L. Then, by (14), we know that (x, y) is a feasible solution pair
Y1 V72
of (1), 1.e.
$TApx>1(p=1,....m) and 3 B,y >1(g=1,...,n).
Furthermore, by (9) and (15), we have

M2 (BX*) e Y* < M2
Yiy2 Yiy2

f&.y) = (BX)eY. (16)

Since (X, Y) is an r-bound approximation solution of (5), one has

> o 1y 1
(BX)eY < ;g;iﬂ < = fmin,

where the second inequality due to the fact that (5) is a relaxation of (1). This implies, together
with (16), that

108m%n%

K2 Lo o
(BX) o7 = —11 fuin.

Y1iy2

fx,y) =<
Thus the desired result follows. ]

In the case where m, n; < 2, we have the following result, which is a generalization of
Theorem 2.4 in Ling et al. [17].

Proposition 1 Suppose that my, ny < 2. Then, the bi-quadratic optimization problem (1)
and its bi-linear SDP relaxation (5) are equivalent.

Proof Without loss of generality, we assume that m| = n; = 2. Suppose that (X, ¥) is an
optimal solution pair of (5). Similar to the proof of the theorem above, we can find a matrix
pair (X*, Y*) such that

(BX*)eY* < (BX" )oY < (BX)eY (17)

and

rys(rxs + D _ ) 7 ry=+1 _

2 - 2 -

By (17) and (18), we know that (X*, Y*) is an optimal solution matrix pair of (5), which
satisfies rx+ = rys = 1. Hence, there exist x* € %" and y* € %" such that X* = x*(x*) "

2. (18)

and Y* = y*(y*)T. Then, we have
CH A =1 (p=1,2), 0" By >1(q=1,2) (19)
and
@y = g(X*, Y™, (20)
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By (19), we know that (x*, y*) is feasible for (1). Furthermore, by (20), it follows that
f(x*7 y*) = fmin-

We obtain the desired result and complete the proof. O

In the rest of this section, we discuss the approximation bound for the maximization
problem (2).

Theorem 2 Suppose that (X, Y) is an r-bound approximation solution of (6). Then we have
a feasible solution (x, y) of (2) such that

.
4 (1+21n(100m?)) In (100n+)

fl‘l‘lﬂX S f('i7)_/) S fmax-

Proof Without loss of generality, we assume that the ranks of matrices X and Y satisfy
ry < 2(mi+1),ry < /2ny, respectively. Let X = zZ7 with Z € ®W"*"x. Since
ZV(YB)Z is symmetric, there exists an orthogonal matrix Q such that QTZT(Y B)ZQ is
diagonal. Let &,k = 1,2,...,rg be i.i.d random variables taking values —1 and 1 with
equal probabilities, and let
x(€) = : = ZQ§,
\/0 max (ETAyE + 1)

=p=mj

where A, = QTZTA,ZQ (p=0,1,....m)and & = (§1,....&,)".

It is easy to see that the random vector x (&) is always well-defined from the positive
semidefinition of A; fori = 1,2, ..., mq, and x(é)TApx(f;‘) <l1foral p=0,1,...,mj.
From the definition of x (&), it holds that
1

max (ETA,E + 1)

O=p=m

x(&) (Y B)x (&) £10"zT(YB)ZE

1 _ _
~ max ETAE+ 1) (YB) e X.

0<p=m

It is ready to verify that tr(A,) = A, eX < 1 (p = 0,1,...,my) and A, > 0 for
p =1,...,my. Therefore, from the process of the proof of Theorem 4.2, Lemma 4.1 in He
et al. [12] and (12) in Nemirovski et al. [20], it follows that for any o > 2,

3 .
Prob(©) = o — 2mie™ T @1

where
0= [x(é)T(YB)x<s> > é(i& . 5(].

Let n ~ N(0, Y*) be an normal random variable with the covariance matrix ¥Y*. From the
fact that x (&) and n are independent, by a similar way to that used in the proof of Theorem 1,
we can prove that the conditional probability

- 3
Prob {n" (Bx(&)x(&) n < vBx&x© e T [0) <1- 1o 22)
forany0 <v < 1.
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On the other hand, since E[n' Byn] = B, oY < 1 forqg = 1,...,ny, it is ready to see
that {n" B,n > B} < {n" Byn > BEIn" Bynl}, where B > 0. Consequently, by Lemma 3,
we have thatforg =1, ..., ny,

Prob {7 Byn > ) < Prob {47 Byn = BEWT Byni| < e300,

Therefore, from the independence of x(§) and n, we have

ni

_ T
1Lna<x n Bqn>,3|®] = Prob le[y qu>,3}
q:

Prob (
< nle%(lfﬂﬂnﬁ)' (23)

By (22) and (23), it follows that

Prob[ max 71 "By < B0 (Bx(E)x(E) n = v(Bx(E)x(E)) e Y|®]

I<q=r
i _ 31— B+n ) 24)
= 00 ~ e (
Noticing that

1 —_ _
[nT(Bx(s)x@)T)n = VB e ¥, max 0By < ﬁ]

2 ‘nT(BX(S)X(E)T)n = v(Br@)x(®) ) e ¥, max y' By < ﬂ] ne
it follows from (21) and (24) that

Prob [n%x(s)x(sﬁn > év(zsff) o, max 5By < ﬂ]
=q=ni

> (2 —omde ) (S Zneta-pimp
100 100

Leto = 1 +21n(100m?) and B = 41n(100n;), we have

Prob‘ T T l X % T ] L
n (Bx(&)x() In = aV(BX)-Y, max n Byn < B> >0,
1

1=q=n 10*
which implies that there exist vectors X = x(£) € %" and y € N" such that
FTAE<1(p=01,....m), Yy Byy<B(g=1,....n)
and
YT BE )y = LuBR)e .

Lety = 2 and v = 1. Then (x, y) is a feasible solution of (2) satisfying

VB
L (BX) oY <5 (BXx")y < fmax.
ap

Furthermore, by the definition of r-bound approximation solution, we obtain the desired
result and complete the proof. O

Similar to Proposition 1, we have

@ Springer



J Glob Optim (2011) 49:293-311 303

Proposition 2 Suppose that the numbers of constraints on x and y are not larger than 2,
respectively. Then, the bi-quadratic optimization problem (2) and its bi-linear SDP relaxation
(6) are equivalent.

Remark Notice that the computational effort required for solving the bi-linear SDP relax-
ations of (1) and (2) can be significantly large. Therefore, it is very interesting to analyze the
size of the resulted SDP relaxations, which will be our future research topic.

3 Approximation solution of the bi-quadratic problem

Our main goal in this paper is to design polynomial time approximation algorithms for (1) and
(2). Theorems 1 and 2 show that this task depends strongly on our ability to approximately
solve the relaxed problems (5) and (6), which by themselves are also NP-hard. However,
it is possible to derive approximation solution of the relaxed problems. In this section, we
consider some forms of optimization problems whose approximation solution of their SDP
relaxation problem can be solved in polynomial time. We first give an approximation result
for the general model (2) under some mild assumptions. Then we investigate the bi-quadratic
optimization problems with two constraints.

3.1 The bi-quadratic maximization model

In this subsection, we consider the maximization problem (2). To this end, we make the
following assumptions.

(A1) [tr(Ag)| < m,tr(Ap) < m forevery p = 1,...,my, and tr(B;) < n for every
qg=1,...,n].
(A2) There exist nonnegative numbers o), (p = 0,1,...,m) with Z’ZI:O ap, = 1 and

:3q (q = 17 "'vnl) with Z;lzl ﬁq = ], such that

mj ni
> apAp—1Iy =0 and > BBy — I, = 0.
p=0 g=1

(A3) Ao+ 1, = 0.

We further need the following lemma, which generalizes the result used in Ling et al. [17].

Lemma 4 For any X € 8™, the following statements hold.

(1) IfIXIlF < 5 then X := X + 51y = 0.

- m’

(2) Supposem > 2.Ifte(X) <0and X > —L 1, then |X||p <,/1— L.

m

Proof (1) Since || X||r < % it follows that |x;;| < % forevery i = 1, ..., m. This implies
that

r(X)=tu(X)+1=> x;+1=0. (25)
i=1

To show that X > 0, by Lemma 2.1 in Berkelaar et al. [2], we only need to show that

Vm =1 X|lF < w(X). (26)
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It is easy to see that
= 5 2 2 1
1XIIF = I1X[F + —tr(X) + —, 27
m m

which implies, together with (25), that

_ _ 2 1
(m —DIX|3 — (t(X))? = (m — 1) [uXu% +—tr(X) + — — (tr(X) + 1)2]

m—1

IA

1 2 1 5
m—1)|— +=trX) +— — (tr(X) + 1)
m m m

1 2
=— (tr(X) + —) <0.
m

Therefore, (2@) holds. This shows that X > 0.
(2) Since X = X + L7, > 0, it follows that

m—1

—1<u(X) =<0, (28)

from the given condition that tr(X) < 0. Moreover, it holds that
X117 < (@(X)?

= (tr(X))? +2tr(X) + 1,
where the inequality is due to the positive semidefiniteness of X. This implies, together with
(27), that

2 2 1 1
X7 < (tr(X)+2 1_Z tr(X)—}—l—Z. (29)

Consider the optimization problem as follows

Pmax ‘= max p(t) = 24 2bt +¢
st.l <t <u.

It is easy to verify that pmax = max{p(l), p(u)}. Consequently, by this, (28) and (29), we
know that || X ||% <1- % and complete the proof. m]

Considering linear transformations X := X — %Im, Y=Y — %In, we know that under
Assumptions (A1)—(A3), a restriction and a relaxation for (6) can be written in a unified form
as

pri=max ®(X,Y) = (BX)eY + L (BL,) oY + L(BX) e I, + -1 (BI,) e I,
st (Ape X+ w4 <1, p=0,1,...,m,

2
(BjoY +iu(By)) <1, g=1,....n, (30)
IXllF <2,
IYllr <4,
where A = m and A = /1 — m correspond to the restriction and the relaxation,

respectively. It is easy to see that matrix pair (0, 0) € S™ x S" is a feasible solution of (30)
for any A > 0. Furthermore py = ﬁ(lﬁ]m) o/,
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By stacking up the entries of a symmetric matrix (ignoring the symmetric part) into a
vector, denoted by vecs(-), there exists a suitable quadratic function go(u, v) such that (30)
can be rewritten into the following form

pi = max qo(u, v)
st (vees(Ap) Tu+ Lir(a,))’ <1, p=0,1,....m,
(vecs(By) Tv+ Luw(B)’ <1, g=1,....n1,
lull <A, llvll <A,

3D

where u = vecg(X), v = vecs(Y). It is well-known that for a quadratic function ¢(x) =
c+2b"x+x T Ax, the homogenized version of ¢ (x) can be represented by the matrix denoted

by
.
Mm»=(gl;)

Hence, a standard SDP relaxation for the homogenized version of (31) is

z(A%) :=max Qg e Z
st. C,eZ<1, p=0,1,...,m +ny,

CeZ <22,
DeZ <2, (32)
1 ul T
Z=\u w UT >0,
v U \%4
where Qo, ép, (p=0,1,...,m +ny), C and D are some suitable matrices, which cor-

respond to the matrix representations of the homogenized version of the quadratic functions
with respect to (¢, v) in problem (31), respectively. Note that (32) can be solved in polynomial
time.

Based upon the analysis above, we arrive at the following conclusion.

Theorem 3 Suppose that Assumptions (Al)—(A3) hold and (Bl,) e I, > 0. Then a
a-p?
(Vmi+ni+34+y)?p(p—1)
where p = max{m, n} and

-bound approximation solution of (6) can be found in polynomial time,

1 1 1
y =max(—|tr(A0)|, —tr(Ap), p=1,...,my, —tr(By),q = 1,2,...,n1].
m m n

Proof We consider the problem (31) with A = %. By Theorem 1 in Tseng [29], there exists
a feasible solution (u, v) of problem (31) satisfying

1=y (L)
D e \?)

On the other hand, it is easy to see that z() is concave on A > 0, and hence
(7)= (=)0 s=(-7)
2\ )= -z —z|1 ==
0? plp—1) p(p—1) o
—(3)
> ———z(1l—=
pp—1) P

1 sdp
D — Loy
- ( 1)gde5

@ Springer



306 J Glob Optim (2011) 49:293-311

where the second inequality is due to z(0) = pg = %ﬂ (BI,) e I, > 0, and the last inequality
sd
comes from the fact that z (1 - %) >p \/@ > gmmx. Therefore,

(1— V)z sdp
(i Fm 3+ 7)2p00 — D
By the obtained (u, v) and the stack relation between the vector and the matrix, we can find
a feasible matrix pair (X, ¥) for (30) with A = % such that ®(X, Y) = go(u, v). Denote
X* =X+ %Im and Y* = Y + %In. By Lemma 4 (1), it holds that (X*, Y*) is a feasible
solution of (6), satisfying

qo(u, v) = (33)

1— 2
(BX*) e V* > d-» - o
(Wmi+ni+3+y)pp-1

* E (1—1/)2
Therefore, we can assert that (X™, Y*)isa N TETTEE AP

tion of (6). Combining with the fact that 0 < y < 1, the desired result follows. O

-bound approximation solu-

3.2 The bi-quadratic optimization problem with two constraints

In this subsection, we first consider the following problem

fmax 1= max Bxxyy
st.xTAx <1, (34)
y By <1,

where A € ™ and B € S§" are positive definite. We assume that (B1,,) e I,, > 0. Without
loss of generality, we further assume that A = [, and B = I,,.

Notice that the optimal solution must satisfy the constraints with equality. Therefore, the
bi-linear SDP relaxation of (34) can be written equivalently as follows

&9~ max (BX)e Y
s.t. tr(X) =1,
r(Y) = 1,
X>0,Y > 0.

(35)

By a similar procedure used in Subsect. 3.1, a restriction and a relaxation of (35) can be
written in a unified form as

ps i=max (BX) Y + L(BI,) e Y + L(BX) o I, + -1 (BL,) e I,

s.t. tr(X) =0,
tr(Y) =0, (36)
IXIlF <2,
IYllF <A,
where A = m and L = /1 — m correspond to the restriction and the relaxation,
. . d 1
respectively. Hence, it follows that p m > gmax > P > po = 5. (Bln)el, >

0. Furthermore, for vecg(X) and vecs(Y), we can eliminate two variables, say X1 and Yy,
by their linear relation with the other variables. For convenience, let

u = vecs(X)\X11 and v = vecs(Y)\Y11.
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Then, there exist Qg € REn*Ln O € §m Qs € Stn by € REm, ¢y € R, and dy =
ﬁ(Blm) e [, € 9 such that the above problem is equivalent to

pri=max q(u,v) = u' Qov + 2bJ u + 2¢{ v + do
s.t. gq1(u,v) = uTQlu < 2Z 37
q2(u,v) =v' Qv < A2,

where L, = m(m + 1)/2 —1,L, = n(n + 1)/2 — 1 and Q, Q7 are positive definite.
Furthermore, it is easy to see that the SDP relaxation of the homogenized version of (37) is

z(A%) :=max Qg e Z
st. Q1 eZ <32

0r07Z < A2,

1 ul o7 (38)
Z=|u W UT|>0,

v U \%4

where Qp, O1, Q5 are three matrices which correspond to the homogenized version of the
quadratic functions g (u, v), q1(u, v), and g» (u, v), respectively.
Consider the problem (38) with Ag = [%p and p = max{m, n}. Since this SDP has three

constraints, so that an optimal solution Z* can be computed in polynomial time such that its
rank equals 2 (e.g., see [32]). Let us denote by /1y the (L, + L, + 1) x (L, + L, + 1)
symmetric matrix with 1 atits (1, 1)th position and 0 elsewhere. It is clear that /] e Z* = 1.
Hence, by Corollary 4 in Sturm and Zhang [28], one can always find two vectors z/ =
t, )T, WY TG = 1,2) € fHEntln such that Z* = 7' ()T + 22(z») T and

LieZ () =1L1e2%/2=1/2, fori=1,2,

which implies that tl = t2 = 1/2. From the structure of the constraints of (37), it is ready to
know that both Q1 and Q3 are positive semidefinite. Consequently, since Z* is feasible for
(38), it holds that

)" 01z" <22 and ()T Q22! <22, fori=1,2,

which implies that (i, v') = (u'/t;,v'/t;),i = 1,2, are feasible solution of (37) with
A= %. Furthermore, we have

g 7)) +q@, 1) = (Qo e )T+ 000 2T/} =200 0 Z* = 2203,
which implies that either (!, v') or (2%, v2), denoted by (i1, ¥), satisfies

q(i, 0) = z(A3). (39)

On the other hand, it is easy to see that z(-) is concave, and hence

2 _ I ; _
0 = (1= 30— ) 2O+ o5 = 10 = T osx(1 = 1/p)

where the last inequality due to the assumption that z(0) > do > 0. Therefore,

1 1
q(u,v) > Z()\()) = ﬁ Z(I=1/p) = 20(p fmam (40)

where the last inequality comes from the fact that z(1 — 1/p) = p =77, = g?ffx > fmax-
Similar to the process of the proof of Theorem 3, from the obtained (it, v), we can find a
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feasible matrix pair (X, ¥) of (35) such that (BX) e Y = ¢(it, ). Consequently, by using
a similar procedure to that used in Theorem 2.4 in Ling et al. [17], we can get a vector pair
(%, 7) such that ||| = 7]l = 1 and 7" (BxX ")y > ¢(i, b). This shows that (¥, ¥) is a
feasible solution of (34), and hence fmax > yT(B)E)ET))') > q(u, v). Together with (40),
we can assert that (x, y) is a Zmax{m,n}(;lax{m,n}_1)-bound approximation solution of (34).
Therefore, the following assertion is established.

Theorem 4 If (B1,) e I, > 0, then a Smaxm n}(émx{m n}_l)—bound approximation solution
of (34) can be found in polynomial time.

In fact, from above procedure, we can see that assumption (8B1,,) e, > 0isused to guaran-
tee that z(0) > 0. Therefore, if we replace Bby B—c1,, ® I, with constant ¢ < % (Bl,)el,,
then z(0) > 0 is guaranteed. By Theorem 4, there exist a feasible solution pair (X, ¥) such
that

1

Bxxyy —c¢ >
Yy Te= 2max{m, n}(max{m,n} — 1)

(fmax - C)~

Letc = gmin, Where gmin is the minimum value of the objective in (35), thenc¢ < % (B1l,)el,.
This lead to the following result.

Theorem S There exists a (1 =0 )—relative approximation solution for

" 2max{m,n}(max{m,n
(34) in polynomial time.

We conclude this subsection by considering the following minimization problem

min Bxxyy
st.oxTx>1, 41)
yly=1

It is easy to see that the optimal solution must satisfy the constraints with equality if fini, is
attainable. Thus, the bi-linear SDP relaxation can be written as (35) with tensor —3, which
leads to the following result.

Theorem 6 Suppose that the optimal value is attainable. If (Bl,) e I, < 0, then a
- -bound approximation solution of (41) can be found in polynomial time.

1
2max{m,n}(max{m,n}—1)

1
2max{m,n}(max{m,n}

Otherwise, there exist a (1 - )—relative approximation solution for (41)

in polynomial time.

4 Extensions and discussions

Motivated by the aforementioned work on complex SDP in Luo et al. [18], our analysis can
be extended to the so-called complex bi-quadratic optimization problem. In this section, we
further consider the minimization model

min f(x,y) := Bxxyy

s.t.xHAple, p=1,...,myq,
yHquzl,q=1,...,n1,
xeC", yecC"

(42)
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and the maximization model

max f(x,y) = Bxxyy

s.t.xHApx§ 1, p=0,1,...,my,
yHqu§ 1, g=1,...,n1,
xec" yeC",

(43)

where C is the field of complex numbers, and H represents Hermitian transpose, A, €
H" (p=1,...,m)and B, € H" (qg = 1,...,ny) are positive semidefinite, whereas
Ao € H™ is indefinite.

A similar procedure to that in Sect. 2 can be applied to yield the approximation bounds
for the complex bi-quadratic optimization problems above. To this end, we need the fol-
lowing probability estimation results, which comes from He et al. [12] and Luo et al. [18],
respectively.

Lemmas$ Let A, Z be two Hermitian matrices satisfying Z > 0 and tr(AZ) > 0. Let
& ~ N.(0, Z) be a complex normal random vector. Then,
(a) Forany 0 <y <1, it holds that

Prob {gHAg < yE(g:”Ag)] <1- 2170.

(b) Forany B > 1, it holds that

Prob {gHAg > ﬂE(gHAg)} <1- %.

Lemma 6 Let A, Z be two Hermitian positive semidefinite matrices. Suppose that & is a
random vector generated from the complex-valued normal distribution N.(0, Z). Then for
any y > 0, the following probability estimation hold.

(a) Prob{&# At < yE(EH A%)} < max Ey, 16(r — 1)2)/2] ,
(b) Prob {674 > yEE" A} <re7?,
where r := min{rank(A), rank(Z)}.

The following main result in this section can be proved in the similar ways to that used in
the proofs of Theorems 1 and 2.

Theorem 7 Let (X, Y) be anr-bound approximation solution of the bi-linear SDP relaxation
of (42). Then we have a feasible solution (x, y) of (42) and the probability that

r X Vv - -
mﬂx’” < fmin < f(X. )

is at least .
3600

Suppose that (X, Y) be an r-bound approximation solution of the bi-linear SDP relaxation
for (43). Then we have a feasible solution (X, y) of (43) and the probability that

r - -
3 Smax < (X, Y) < fmax
(1 + 21n 100m?) In (40f2n12)

is at least

4000
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Itis well-known that if the numbers of constraints in the considered complex SDP problem
is at most 3, then its rank-one optimal solution can be found, see Theorem 2.1, Proposition
5.1 in Huang and Zhang [14]. As a consequence, we get the following proposition which can
be proved by the similar ways to that used in the proofs of Propositions 1 and 2.

Proposition 3 Suppose that the numbers of constraints on x and y are less than 4, respec-
tively. Then, the bi-quadratic optimization problems (42), (43) and their relaxations are
equivalent, respectively.
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