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Abstract This paper studies the relationship between the so-called bi-quadratic
optimization problem and its semidefinite programming (SDP) relaxation. It is shown that
each r -bound approximation solution of the relaxed bi-linear SDP can be used to generate
in randomized polynomial time an O(r)-approximation solution of the original bi-quadratic
optimization problem, where the constant in O(r) does not involve the dimension of vari-
ables and the data of problems. For special cases of maximization model, we provide an
approximation algorithm for the considered problems.

Keywords Bi-quadratic optimization · Semidefinite programming relaxation ·
Approximation solution · Probabilistic solution

Mathematics Subject Classification (2000) 15A69 · 90C22 · 90C26 · 90C59

Xinzhen Zhang work is supported by the National Natural Science Foundation of China (10771120).
Chen Ling work is supported by Chinese NSF Grants 10871168 and 10971187, and a Hong Kong
Polytechnic University Postdoctoral Fellowship.
Liqun Qi work is supported by the Hong Kong Research Grant Council.

X. Zhang · L. Qi
Department of Applied Mathematics, The Hong Kong Polytechnic University,
Hung Hom, Kowloon, Hong Kong
e-mail: xzzhang@yahoo.cn

L. Qi
e-mail: maqilq@polyu.edu.hk

C. Ling (B)
School of Science, Hangzhou Dianzi University, 310018 Hangzhou, China
e-mail: linghz@163.com; cling_zufe@sina.com

Present Address:
C. Ling
School of Mathematics and Statistics, Zhejiang University of Finance and Economics, Hangzhou, China

123



294 J Glob Optim (2011) 49:293–311

1 Introduction

In this paper, we consider the following two bi-quadratic polynomial optimization problems

min f (x, y) := Bxxyy
s.t. x� Apx ≥ 1, p = 1, . . . , m1,

y� Bq y ≥ 1, q = 1, . . . , n1,

(1)

and

max f (x, y) = Bxxyy
s.t. x� Apx ≤ 1, p = 0, 1, . . . , m1,

y� Bq y ≤ 1, q = 1, . . . , n1,

(2)

where Bxxyy =
m∑

i, j=1

n∑

k,l=1
Bi jkl xi x j yk yl , A0 ∈ �m×m is symmetric indefinite matrix,

whereas the matrices Ap ∈ �m×m (p = 1, 2, . . . , m1) and Bq ∈ �n×n (q = 1, 2, . . . , n1)

are symmetric positive semidefinite. Let fmin and fmax be the optimal values of (1) and (2),
respectively. Obviously, fmax ≥ 0. Furthermore, throughout this paper, we assume that the
optimal values fmin and fmax are attainable, which implies that fmin ≥ 0.

The bi-quadratic optimization problems (1) and (2) are natural generalizations of
bi-quadratic optimization over unit spheres, studied in Ling et al. [17] and Wang et al.
[31], which arises from the strong ellipticity condition problem in solid mechanics (for the
minimization model with n = m = 3, n1 = m1 = 1, A1 = Im and B1 = In) and the entan-
glement problem in quantum physics; see [5,8,11,15,24,26,30] and the references therein.
In fact, bi-quadratic optimization over unit spheres also has another application, such as the
best rank-one approximation to a tensor. The best rank-one approximation problem has wide
applications in signal and image processing, wireless communication systems, data analysis,
higher-order statistics, as well as independent component analysis [3,4,6,7,10,16,21,33].
Furthermore, the bi-quadratic optimization problems (1) and (2) can be regarded as general-
izations of general quadratic optimization problems studied in He et al. [12]. The reason for
this is that if there exist matrices C ∈ �m×m and D ∈ �n×n such that B = C ⊗ D where ⊗
denotes the standard Kronecker product, then the minimization model (1) will be equivalent
to solving the following two quadratic optimization problems:

min x�Cx
s.t. x� Apx ≥ 1, p = 1, . . . , m1

(3)

and

min y� Dy
s.t. y� Bq y ≥ 1, q = 1, . . . , n1,

(4)

which were shown to be NP-hard even when C and D are positive definite due to Luo et al.
[18]. It is evident that the bi-quadratic optimization problem (1) is more general than the
quadratic optimization problems (3) and (4). Hence, it is NP-hard and more difficult to solve.

Analogously, the bi-quadratic maximization model (2) can be equivalently reformulated
to solve two maximization quadratic optimization when B = C ⊗ D. It is well-known from
Nemirovski et al. [20] that the problem of maximizing a homogeneous quadratic form over
the unit cube is NP-hard to solve even in the case of positive semidefinite matrix appearing in
its objective function. Therefore, the bi-quadratic maximization problem (2) is also NP-hard
to solve.
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For general quadratic optimization problem, a popular approach to approximately solving
the considered problem is to use their SDP relaxations, which can be solved in polynomial
time and have received much attention, e.g., [9,13,22,25]. We wonder whether their corre-
sponding SDP relaxations can be used for approximately solving the original bi-quadratic
problem (1) and (2). The answer is positive.

Motivated by He et al. [12], in this paper we solve approximately bi-quadratic optimiza-
tion problems by their corresponding SDP relaxations. In the SDP relaxation of quadratic
optimization, x� Ax is rewritten as A • X with X = xx�, X � 0, and then discard the rank
restriction. By a similar technique to that used in quadratic optimization, the bi-quadratic
optimization problems (1) and (2) are relaxed to the following bi-linear SDP problems with
linear matrix inequality constraints

min g(X, Y ) := (BX) • Y
s.t. Ap • X ≥ 1, p = 1, . . . , m1,

Bq • Y ≥ 1, q = 1, . . . , n1,

X � 0, Y � 0

(5)

and

max g(X, Y ) = (BX) • Y
s.t. Ap • X ≤ 1, p = 0, 1, . . . , m1,

Bq • Y ≤ 1, q = 1, . . . , n1,

X � 0, Y � 0,

(6)

respectively. Here, BX stands for a symmetric n × n matrix with

(BX)kl =
m∑

i, j=1

Bi jkl Xi j .

Denote by gsdp
min and gsdp

max the optimal values of (5) and (6), respectively. Without loss of

generality, we assume the optimal values are attainable, which implies that gsdp
min ≥ 0. It is

easy to see that, for the optimization problem (1) with m1 = n1 = 1, A1 = Im and B1 = In ,
if its optimal value is attainable, then the original problem can be equivalently reformulated
as the problem studied by Ling et al. [17]. In this case, from Ling et al. [17], we know that
its bi-linear SDP relaxation is tight for the problem (1). For a general quadratic/bi-quadratic
problem, its SDP relaxation is not tight for the original problem. In fact, for the quadratic
optimization problem (3), its SDP relaxation does not always provide a tight approximation
in general. However, it does lead to provably approximation solutions for certain type of
quadratic optimization problems, see [1,12,20], which motivates us to extend the existing
methods for quadratic optimization problems to bi-quadratic optimization problems.

The paper is organized as follows. In Sect. 2, we analyze the approximation ratio of the
SDP relaxations for bi-quadratic optimization problems. In Sect. 3, we present a polynomial
time approximation algorithm for the bi-quadratic maximization model. In Sect. 4, we extend
the approximation bound results obtained in Sect. 2 to the complex cases.

Notation Throughout this paper, the spaces of n-dimensional real and complex vectors are
denoted by �n and Cn , respectively. The spaces of n × n real symmetric and complex Her-
mitian matrices are denoted by Sn and Hn , respectively. Matrix Z ∈ Hn means that Re(Z)

is symmetric and Im(Z) is skew-symmetric, where Re(Z) and Im(Z) stand for the real and
imaginary part of Z , respectively. For two real matrices A and B with the same dimension,
A•B stands for usual matrix inner product, i.e., A•B = tr(A� B), where tr(·)denotes the trace
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of a matrix. In addition, ‖A‖F denotes the Frobenius norm of A, i.e., ‖A‖F = (A • A)1/2,
and In stands for the n × n identity matrix. For two complex matrices A and B, their inner
product

A • B = Re(tr(AH B)) = tr
(

Re(A)�Re(B) + Im(A)�Im(B)
)
,

where AH denotes the conjugate transpose of matrix A. The notation A � 0 (
 0) means
that A is positive semidefinite (positive definite).

2 Bi-linear SDP relaxation bounds for the bi-quadratic optimization model

In this section, we study the approximation solutions for the bi-quadratic optimization models
(1) and (2), based upon the approximation solutions for their bi-linear SDP relaxations. We
first introduce the following definitions, which characterize the quality measure of approxi-
mation ratio.

Definition 1 The problem has an r -bound approximation solution for the given minimiza-
tion model, if there is an algorithm A whose complexity is polynomial such that when applied
to the problem, it returns a feasible solution with objective value p such that

{
r p ≤ pmin ≤ p, if pmin ≥ 0,

pmin ≤ p ≤ r pmin, if pmin < 0,

where pmin is the minimum value of the problem and 0 < r ≤ 1. The feasible solution is
said to be an r -bound approximation solution of the minimization model. The algorithm A

is said to be an r -bound approximation algorithm.

Consider the special case of (1), in which m1 = n1 = 1, A1 and B1 are positive definite.
It is easy to see that the optimal solution pair must satisfy the constraints with equality. In
this case, there exists an appropriate tensor B̄ such that (1) is equivalent to

min B̄xxyy
s.t. x�x = 1,

y�y = 1,

which has no polynomial time algorithm A to get a positive bound approximation solution for
every instance of (1), see Theorem 2.2 in Ling et al. [17]. That is, a constant r -bound approx-
imation solution may not exist for (1), so that we present a weaker notation of (1−ε)-relative
approximation solution, which is defined as follows.

Definition 2 Let 1 > ε ≥ 0 and A be an approximation algorithm for the given minimization
model. If for any instance of the given minimization model, the algorithm A returns a feasible
solution with objective value p such that

p − pmin ≤ ε(pmax − pmin),

where pmin(pmax) is the minimum (maximun) value of the problem. The feasible solution is
said to be (1 − ε)-relative approximation solution of the minimization model.

Similarly, we can give the definitions of r -bound and (1 − ε)-relative approximation
solution for the maximization problem.
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Based on Definition 1, we argue that there is a finite and data-independent approximation
bound between the optimal values of (1) and its SDP relaxation. To this end, we need some
probability estimation results which play important roles in what follows. Lemma 1 (a) comes
from He et al. [12], Lemma 2 comes from Luo et al. [18] and has been used in Luo et al.
[19], and Lemma 3 comes from So et al. [27]. In addition, Lemma 1 (b) can be proved easily
by Lemma 1 (a) and symmetry.

Lemma 1 Let A and Z be two real symmetric n × n matrices with Z � 0 and tr(AZ) ≥ 0.
Let ξ ∼ N (0, Z) be a normal random vector with zero mean and covariance matrix Z. Then
the following probability estimation hold.

(a) For any 0 ≤ γ ≤ 1 we have

Prob
{
ξ� Aξ < γ E[ξ� Aξ ]

}
< 1 − 3

100
.

(b) For β ≥ 1, we have

Prob
{
ξ� Aξ > βE[ξ� Aξ ]

}
< 1 − 3

100
.

Lemma 2 Let A and Z be two real symmetric n × n matrices with A � 0 and Z � 0.
Suppose ξ ∼ N (0, Z) is a normal random vector with zero mean and covariance matrix Z.
Then, for any γ > 0,

Prob{ξ� Aξ < γ E[ξ� Aξ ]} ≤ max

{√
γ ,

2(r − 1)γ

π − 2

}

,

where r := min{rank(A), rank(Z)}.
Lemma 3 Let A and Z be two real symmetric n × n matrices with A � 0 and Z � 0.
Suppose ξ ∼ N (0, Z) is a normal random vector with zero mean and covariance matrix Z.
Then, for any γ > 0,

Prob
{
ξ� Aξ > γ E[ξ� Aξ ]

}
≤ e

1
2 (1−γ+ln γ ).

Let γ = 1
ρ2 . It holds that

Prob
{
ρ2ξ� Aξ > E[ξ� Aξ ]

}
≤ e

1
2

(
1− 1

ρ2 −2 ln ρ
)

.

Now we are ready to establish the first main result in this section, which characterizes the
approximation ratio for the bi-linear SDP relaxation to (1). Our argumentation is similar to
those of He et al. [12] and Luo et al. [18].

Theorem 1 Suppose that the optimal value of (5) is nonnegative. Let (X̄ , Ȳ ) be an r-bound
approximation solution of (5). Then we have a feasible solution (x̄, ȳ) of (1) and the proba-
bility that

r

108m2
1n2

1

f (x̄, ȳ) ≤ fmin ≤ f (x̄, ȳ)

is at least
1

2500
.
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Proof Consider the semidefinite programming of the following form

min (ȲB) • X
s.t. Ap • X ≥ 1, p = 1, . . . , m1,

X � 0,

(7)

where ȲB is a symmetric m × m matrix with

(ȲB)kl =
n∑

k,l=1

Bi jkl Ȳkl .

It is well-known that there exists an optimal solution X∗ of (7) with rank rX∗ satisfying
rX∗ (rX∗+1)

2 ≤ m1, which can be found in polynomial time; cf. [23] and [14]. Clearly, it holds
that

(ȲB) • X∗ ≤ (B X̄) • Ȳ .

Based upon X∗, we further consider the following standard SDP problem

min (BX∗) • Y
s.t. Bq • Y ≥ 1, q = 1, . . . , n1,

Y � 0.

(8)

We can find an optimal solution Y ∗ of (8) with rank rY ∗ satisfing rY∗ (rY∗+1)
2 ≤ n1. Since

X∗ and Y ∗ are the optimal solutions of (7) and (8), respectively, the matrix pair (X∗, Y ∗)
satisfies

0 ≤ (BX∗) • Y ∗ ≤ (B X̄) • Ȳ (9)

and

rX∗ ≤ √
2m1, rY ∗ ≤ √

2n1. (10)

Let ξ ∼ N (0, X∗) and η ∼ N (0, Y ∗) be two independent normal random vectors, whose
covariance matrices are X∗ and Y ∗, respectively. From the process of the proof of Theorem
3.3 in He et al. [12], it follows by Lemma 1 (b) and Lemma 2 that

Prob(	) ≥ 3

100
− m1max

{√
γ1,

2(rX∗ − 1)γ1

π − 2

}

, (11)

where

	 =
{

min
1≤p≤m1

ξ� Apξ ≥ γ1, ξ�(Y ∗B)ξ ≤ μ1(Y
∗B) • X∗

}

,

γ1 > 0 and μ1 ≥ 1. By the assumption that the optimal value of (5) is nonnegative, we can
see that (Bxx�) • Y ∗ ≥ 0 for any given sample value x of ξ in 	. Hence, by Lemma 1 (b),
we have

Prob
{
η�(Bxx�)η > μ2(Bxx�) • Y ∗} < 1 − 3

100

for every sample value x of ξ in 	, where μ2 ≥ 1. Note that the above estimation is inde-
pendent with the sample value x of ξ . Consequently, it is easy to prove that

Prob
({

η�(Bξξ�)η > μ2(Bξξ�) • Y ∗} ∩ 	
)

≤
(

1 − 3

100

)

Prob(	),
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which implies that the conditional probability

Prob
{
η�(Bξξ�)η > μ2(Bξξ�) • Y ∗ | 	

}
≤ 1 − 3

100
. (12)

On the other hand, from the independence of the random variables ξ and η, it follows
from Lemma 2 that for any γ2 > 0,

Prob

{

min
1≤q≤n1

η� Bqη < γ2 | 	

}

= Prob

{

min
1≤q≤n1

η� Bqη < γ2

}

≤
n1∑

q=1

Prob
{
η� Bqη < γ2 E[η� Bqη]

}

≤ n1max

{√
γ2,

2(rY ∗ − 1)γ2

π − 2

}

.

This implies, together with (12), that

Prob

{

η�(Bξξ�)η ≤ μ2(Bξξ�) • Y ∗, min
1≤q≤n1

η� Bqη ≥ γ2 | 	

}

≥ 1 − Prob
{
η�(Bξξ�)η > μ2(Bξξ�) • Y ∗ | 	

}
− Prob

{

min
1≤q≤n1

η� Bqη < γ2 | 	

}

≥ 3

100
− n1max

{√
γ2,

2(rY ∗ − 1)γ2

π − 2

}

, (13)

where the first inequality comes from the fact that

Prob(U ∩ V ) ≥ 1 − Prob(U c) − Prob(V c)

for any two random events U and V , where U c stands for the contrary event of U , etc.
Noticing the relation that

{

min
1≤p≤m1

ξ� Apξ ≥ γ1, min
1≤q≤n1

η� Bqη ≥ γ2, η
�(Bξξ�)η ≤ μ1μ2(BX∗) • Y ∗

}

⊇
{

η�(Bξξ�)η ≤ μ2(Bξξ�) • Y ∗, min
1≤q≤n1

η� Bqη ≥ γ2,

} ⋂
	,

it follows from (11) and (13) that

Prob

{

min
1≤p≤m1

ξ� Apξ ≥ γ1, min
1≤q≤n1

η� Bqη ≥ γ2, η
�(Bξξ�)η ≤ μ1μ2(BX∗) • Y ∗

}

≥
(

3

100
− m1max

{√
γ1,

2(rX∗ − 1)γ1

π − 2

}) (
3

100
− n1max

{√
γ2,

2(rY ∗ − 1)γ2

π − 2

})

.

Let γ1 = 1
104m2

1
, γ2 = 1

104n2
1
, μ1 = 1 and μ2 = 1. By (10), we have

√
γ1 ≥ 2(rX∗ − 1)γ1

π − 2
and

√
γ2 ≥ 2(rY ∗ − 1)γ2

π − 2
.

Thus, it holds that

Prob

{

min
1≤p≤m1

ξ� Apξ ≥ γ1, min
1≤q≤n1

η� Bqη ≥ γ2, η
�(Bξξ�)η ≤ μ1μ2(BX∗) • Y ∗

}

≥ 1

2500
,
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which implies that there exists a vector pair (x, y) ∈ �m × �n such that

min
1≤p≤m1

x� Apx ≥ γ1, min
1≤q≤n1

y� Bq y ≥ γ2 (14)

and

y�(Bxx�)y ≤ μ1μ2(BX∗) • Y ∗. (15)

Let x̄ = x√
γ1

and ȳ = y√
γ2

. Then, by (14), we know that (x̄, ȳ) is a feasible solution pair

of (1), i.e.

x̄� Apx̄ ≥ 1 (p = 1, . . . , m1) and ȳ� Bq ȳ ≥ 1 (q = 1, . . . , n1).

Furthermore, by (9) and (15), we have

f (x̄, ȳ) ≤ μ1μ2

γ1γ2
(BX∗) • Y ∗ ≤ μ1μ2

γ1γ2
(B X̄) • Ȳ . (16)

Since (X̄ , Ȳ ) is an r -bound approximation solution of (5), one has

(B X̄) • Ȳ ≤ 1

r
gsdp

min ≤ 1

r
fmin,

where the second inequality due to the fact that (5) is a relaxation of (1). This implies, together
with (16), that

f (x̄, ȳ) ≤ μ1μ2

γ1γ2
(B X̄) • Ȳ ≤ 108m2

1n2
1

r
fmin.

Thus the desired result follows. ��
In the case where m1, n1 ≤ 2, we have the following result, which is a generalization of

Theorem 2.4 in Ling et al. [17].

Proposition 1 Suppose that m1, n1 ≤ 2. Then, the bi-quadratic optimization problem (1)

and its bi-linear SDP relaxation (5) are equivalent.

Proof Without loss of generality, we assume that m1 = n1 = 2. Suppose that (X̄ , Ȳ ) is an
optimal solution pair of (5). Similar to the proof of the theorem above, we can find a matrix
pair (X∗, Y ∗) such that

(BX∗) • Y ∗ ≤ (BX∗) • Ȳ ≤ (B X̄) • Ȳ (17)

and

rX∗(rX∗ + 1)

2
≤ 2,

rY ∗(rY ∗ + 1)

2
≤ 2. (18)

By (17) and (18), we know that (X∗, Y ∗) is an optimal solution matrix pair of (5), which
satisfies rX∗ = rY ∗ = 1. Hence, there exist x∗ ∈ �m and y∗ ∈ �n such that X∗ = x∗(x∗)�
and Y ∗ = y∗(y∗)�. Then, we have

(x∗)� Apx∗ ≥ 1 (p = 1, 2), (y∗)� Bq y∗ ≥ 1 (q = 1, 2) (19)

and

f (x∗, y∗) = g(X∗, Y ∗). (20)
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By (19), we know that (x∗, y∗) is feasible for (1). Furthermore, by (20), it follows that

f (x∗, y∗) = fmin.

We obtain the desired result and complete the proof. ��
In the rest of this section, we discuss the approximation bound for the maximization

problem (2).

Theorem 2 Suppose that (X̄ , Ȳ ) is an r-bound approximation solution of (6). Then we have
a feasible solution (x̄, ȳ) of (2) such that

r

4
(
1 + 2 ln(100m2

1)
)

ln (100n1)
fmax ≤ f (x̄, ȳ) ≤ fmax.

Proof Without loss of generality, we assume that the ranks of matrices X̄ and Ȳ satisfy
rX̄ ≤ √

2(m1 + 1), rȲ ≤ √
2n1, respectively. Let X̄ = Z Z� with Z ∈ �m×rX̄ . Since

Z�(ȲB)Z is symmetric, there exists an orthogonal matrix Q such that Q� Z�(ȲB)Z Q is
diagonal. Let ξk, k = 1, 2, . . . , rX̄ be i.i.d random variables taking values −1 and 1 with
equal probabilities, and let

x(ξ) := 1
√

max
0≤p≤m1

(ξ� Ā pξ + 1)

Z Qξ,

where Ā p = Q� Z� Ap Z Q (p = 0, 1, . . . , m1) and ξ = (ξ1, . . . , ξrX̄
)�.

It is easy to see that the random vector x(ξ) is always well-defined from the positive
semidefinition of Ai for i = 1, 2, . . . , m1, and x(ξ)� Apx(ξ) ≤ 1 for all p = 0, 1, . . . , m1.

From the definition of x(ξ), it holds that

x(ξ)�(ȲB)x(ξ) = 1

max
0≤p≤m1

(ξ� Ā pξ + 1)
ξ�Q� Z�(ȲB)Z Qξ

= 1

max
0≤p≤m1

(ξ� Ā pξ + 1)
(ȲB) • X̄ .

It is ready to verify that tr( Ā p) = Ap • X̄ ≤ 1 (p = 0, 1, . . . , m1) and Ā p � 0 for
p = 1, . . . , m1. Therefore, from the process of the proof of Theorem 4.2, Lemma 4.1 in He
et al. [12] and (12) in Nemirovski et al. [20], it follows that for any α > 2,

Prob(�) ≥ 3

100
− 2m2

1e− α−1
2 , (21)

where

� =
{

x(ξ)�(ȲB)x(ξ) ≥ 1

α
(ȲB) • X̄

}

.

Let η ∼ N (0, Y ∗) be an normal random variable with the covariance matrix Y ∗. From the
fact that x(ξ) and η are independent, by a similar way to that used in the proof of Theorem 1,
we can prove that the conditional probability

Prob
{
η�(Bx(ξ)x(ξ)�)η < ν(Bx(ξ)x(ξ)�) • Ȳ | �

}
< 1 − 3

100
(22)

for any 0 ≤ ν ≤ 1.
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On the other hand, since E[η� Bqη] = Bq • Ȳ ≤ 1 for q = 1, . . . , n1, it is ready to see
that {η� Bqη > β} ⊆ {η� Bqη > βE[η� Bqη]}, where β > 0. Consequently, by Lemma 3,
we have that for q = 1, . . . , n1,

Prob
{
η� Bqη > β

}
≤ Prob

{
η� Bqη > βE[η� Bqη]

}
≤ e

1
2 (1−β+ln β).

Therefore, from the independence of x(ξ) and η, we have

Prob

{

max
1≤q≤n1

η� Bqη > β | �

}

= Prob

⎛

⎝
n1⋃

q=1

{
y� Bq y > β

}
⎞

⎠

≤ n1e
1
2 (1−β+ln β). (23)

By (22) and (23), it follows that

Prob

{

max
1≤q≤n1

η� Bqη ≤ β, η�(Bx(ξ)x(ξ)�)η ≥ ν(Bx(ξ)x(ξ)�) • Ȳ | �

}

≥ 3

100
− n1e

1
2 (1−β+ln β). (24)

Noticing that
{

η�(Bx(ξ)x(ξ)�)η ≥ 1

α
ν(B X̄) • Ȳ , max

1≤q≤n1
η� Bqη ≤ β

}

⊇
{

η�(Bx(ξ)x(ξ)�)η ≥ ν(Bx(ξ)x(ξ)�) • Ȳ , max
1≤q≤n1

η� Bqη ≤ β

}⋂
�,

it follows from (21) and (24) that

Prob

{

η�(Bx(ξ)x(ξ)�)η ≥ 1

α
ν(B X̄) • Ȳ , max

1≤q≤n1
η� Bqη ≤ β

}

≥
(

3

100
− 2m2

1e− α−1
2

) (
3

100
− n1e

1
2 (1−β+ln β)

)

.

Let α = 1 + 2 ln(100m2
1) and β = 4 ln(100n1), we have

Prob

{

η�(Bx(ξ)x(ξ)�)η ≥ 1

α
ν(B X̄) • Ȳ , max

1≤q≤n1
η� Bqη ≤ β

}

≥ 1

104 > 0,

which implies that there exist vectors x̄ = x(ξ) ∈ �m and y ∈ �n such that

x̄� Apx̄ ≤ 1 (p = 0, 1, . . . , m1), y� Bq y ≤ β (q = 1, . . . , n1)

and

y�(Bx̄ x̄�)y ≥ 1

α
ν(B X̄) • Ȳ .

Let ȳ = y√
β

and ν = 1. Then (x̄, ȳ) is a feasible solution of (2) satisfying

1

αβ
(B X̄) • Ȳ ≤ ȳ�(Bx̄ x̄�)ȳ ≤ fmax.

Furthermore, by the definition of r -bound approximation solution, we obtain the desired
result and complete the proof. ��

Similar to Proposition 1, we have
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Proposition 2 Suppose that the numbers of constraints on x and y are not larger than 2,
respectively. Then, the bi-quadratic optimization problem (2) and its bi-linear SDP relaxation
(6) are equivalent.

Remark Notice that the computational effort required for solving the bi-linear SDP relax-
ations of (1) and (2) can be significantly large. Therefore, it is very interesting to analyze the
size of the resulted SDP relaxations, which will be our future research topic.

3 Approximation solution of the bi-quadratic problem

Our main goal in this paper is to design polynomial time approximation algorithms for (1) and
(2). Theorems 1 and 2 show that this task depends strongly on our ability to approximately
solve the relaxed problems (5) and (6), which by themselves are also NP-hard. However,
it is possible to derive approximation solution of the relaxed problems. In this section, we
consider some forms of optimization problems whose approximation solution of their SDP
relaxation problem can be solved in polynomial time. We first give an approximation result
for the general model (2) under some mild assumptions. Then we investigate the bi-quadratic
optimization problems with two constraints.

3.1 The bi-quadratic maximization model

In this subsection, we consider the maximization problem (2). To this end, we make the
following assumptions.

(A1) |tr(A0)| < m, tr(Ap) < m for every p = 1, . . . , m1, and tr(Bq) < n for every
q = 1, . . . , n1.

(A2) There exist nonnegative numbers αp (p = 0, 1, . . . , m1) with
∑m1

p=0 αp = 1 and

βq (q = 1, . . . , n1) with
∑n1

q=1 βq = 1, such that

m1∑

p=0

αp Ap − Im � 0 and
n1∑

q=1

βq Bq − In � 0.

(A3) A0 + Im � 0.

We further need the following lemma, which generalizes the result used in Ling et al. [17].

Lemma 4 For any X ∈ Sm, the following statements hold.

(1) If ‖X‖F ≤ 1
m , then X̄ := X + 1

m Im � 0.

(2) Suppose m ≥ 2. If tr(X) ≤ 0 and X � − 1
m Im, then ‖X‖F ≤

√
1 − 1

m .

Proof (1) Since ‖X‖F ≤ 1
m , it follows that |xii | ≤ 1

m for every i = 1, . . . , m. This implies
that

tr(X̄) = tr(X) + 1 =
m∑

i=1

xii + 1 ≥ 0. (25)

To show that X̄ � 0, by Lemma 2.1 in Berkelaar et al. [2], we only need to show that
√

m − 1‖X̄‖F ≤ tr(X̄). (26)
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It is easy to see that

‖X̄‖2
F = ‖X‖2

F + 2

m
tr(X) + 1

m
, (27)

which implies, together with (25), that

(m − 1)‖X̄‖2
F − (tr(X̄))2 = (m − 1)

[

‖X‖2
F + 2

m
tr(X) + 1

m
− 1

m − 1
(tr(X) + 1)2

]

≤ (m − 1)

[
1

m2 + 2

m
tr(X) + 1

m
− 1

m − 1
(tr(X) + 1)2

]

= −
(

tr(X) + 1

m

)2

≤ 0.

Therefore, (26) holds. This shows that X̄ � 0.
(2) Since X̄ = X + 1

m Im � 0, it follows that

− 1 ≤ tr(X) ≤ 0, (28)

from the given condition that tr(X) ≤ 0. Moreover, it holds that

‖X̄‖2
F ≤ (tr(X̄))2

= (tr(X))2 + 2tr(X) + 1,

where the inequality is due to the positive semidefiniteness of X̄ . This implies, together with
(27), that

‖X‖2
F ≤ (tr(X))2 + 2

(

1 − 1

m

)

tr(X) + 1 − 1

m
. (29)

Consider the optimization problem as follows

pmax := max p(t) = t2 + 2bt + c
s.t. l ≤ t ≤ u.

It is easy to verify that pmax = max{p(l), p(u)}. Consequently, by this, (28) and (29), we
know that ‖X‖2

F ≤ 1 − 1
m and complete the proof. ��

Considering linear transformations X := X − 1
m Im, Y := Y − 1

n In , we know that under
Assumptions (A1)–(A3), a restriction and a relaxation for (6) can be written in a unified form
as

pλ := max �(X, Y ) = (BX) • Y + 1
m (BIm) • Y + 1

n (BX) • In + 1
mn (BIm) • In

s.t.
(

Ap • X + 1
m tr(Ap)

)2 ≤ 1, p = 0, 1, . . . , m1,
(
Bq • Y + 1

n tr(Bq)
)2 ≤ 1, q = 1, . . . , n1,

‖X‖F ≤ λ,

‖Y‖F ≤ λ,

(30)

where λ = 1
max{m,n} and λ =

√
1 − 1

max{m,n} correspond to the restriction and the relaxation,

respectively. It is easy to see that matrix pair (0, 0) ∈ Sm × Sn is a feasible solution of (30)
for any λ ≥ 0. Furthermore p0 = 1

mn (BIm) • In .
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By stacking up the entries of a symmetric matrix (ignoring the symmetric part) into a
vector, denoted by vecS(·), there exists a suitable quadratic function q0(u, v) such that (30)
can be rewritten into the following form

pλ := max q0(u, v)

s.t.
(
vecS(Ap)

�u + 1
m tr(Ap)

)2 ≤ 1, p = 0, 1, . . . , m1,
(
vecS(Bq)�v + 1

n tr(Bq)
)2 ≤ 1, q = 1, . . . , n1,

‖u‖ ≤ λ, ‖v‖ ≤ λ,

(31)

where u = vecS(X), v = vecS(Y ). It is well-known that for a quadratic function q(x) =
c+2b�x +x� Ax , the homogenized version of q(x) can be represented by the matrix denoted
by

M(q(·)) =
(

c b�
b A

)

.

Hence, a standard SDP relaxation for the homogenized version of (31) is

z(λ2) := max Q̄0 • Z
s.t. C̄ p • Z ≤ 1, p = 0, 1, . . . , m1 + n1,

C̄ • Z ≤ λ2,

D̄ • Z ≤ λ2,

Z =
⎛

⎝
1 u� v�
u W U�
v U V

⎞

⎠ � 0,

(32)

where Q̄0, C̄ p, (p = 0, 1, . . . , m1 + n1), C̄ and D̄ are some suitable matrices, which cor-
respond to the matrix representations of the homogenized version of the quadratic functions
with respect to (u, v) in problem (31), respectively. Note that (32) can be solved in polynomial
time.

Based upon the analysis above, we arrive at the following conclusion.

Theorem 3 Suppose that Assumptions (A1)–(A3) hold and (BIm) • In ≥ 0. Then a
(1−γ )2

(
√

m1+n1+3+γ )2ρ(ρ−1)
-bound approximation solution of (6) can be found in polynomial time,

where ρ = max{m, n} and

γ = max

{
1

m
|tr(A0)|, 1

m
tr(Ap), p = 1, . . . , m1,

1

n
tr(Bq), q = 1, 2, . . . , n1

}

.

Proof We consider the problem (31) with λ = 1
ρ

. By Theorem 1 in Tseng [29], there exists
a feasible solution (u, v) of problem (31) satisfying

q0(u, v) ≥ (1 − γ )2

(
√

m1 + n1 + 3 + γ )2
z

(
1

ρ2

)

.

On the other hand, it is easy to see that z(λ) is concave on λ ≥ 0, and hence

z

(
1

ρ2

)

≥
(

1 − 1

ρ(ρ − 1)

)

z(0) + 1

ρ(ρ − 1)
z

(

1 − 1

ρ

)

≥ 1

ρ(ρ − 1)
z

(

1 − 1

ρ

)

≥ 1

ρ(ρ − 1)
gsdp

max,

123



306 J Glob Optim (2011) 49:293–311

where the second inequality is due to z(0) = p0 = 1
mn (BIm)• In ≥ 0, and the last inequality

comes from the fact that z
(

1 − 1
ρ

)
≥ p√

1− 1
ρ

≥ gsdp
max. Therefore,

q0(u, v) ≥ (1 − γ )2

(
√

m1 + n1 + 3 + γ )2ρ(ρ − 1)
gsdp

max. (33)

By the obtained (u, v) and the stack relation between the vector and the matrix, we can find
a feasible matrix pair (X̄ , Ȳ ) for (30) with λ = 1

ρ
such that �(X̄ , Ȳ ) = q0(u, v). Denote

X∗ = X̄ + 1
m Im and Y ∗ = Ȳ + 1

n In . By Lemma 4 (1), it holds that (X∗, Y ∗) is a feasible
solution of (6), satisfying

(BX∗) • Y ∗ ≥ (1 − γ )2

(
√

m1 + n1 + 3 + γ )2ρ(ρ − 1)
gsdp

max.

Therefore, we can assert that (X∗, Y ∗) is a (1−γ )2

(
√

m1+n1+3+γ )2ρ(ρ−1)
-bound approximation solu-

tion of (6). Combining with the fact that 0 ≤ γ < 1, the desired result follows. ��
3.2 The bi-quadratic optimization problem with two constraints

In this subsection, we first consider the following problem

fmax := max Bxxyy
s.t. x� Ax ≤ 1,

y� By ≤ 1,

(34)

where A ∈ Sm and B ∈ Sn are positive definite. We assume that (BIm) • In ≥ 0. Without
loss of generality, we further assume that A = Im and B = In .

Notice that the optimal solution must satisfy the constraints with equality. Therefore, the
bi-linear SDP relaxation of (34) can be written equivalently as follows

gsdp
max := max (BX) • Y

s.t. tr(X) = 1,

tr(Y ) = 1,

X � 0, Y � 0.

(35)

By a similar procedure used in Subsect. 3.1, a restriction and a relaxation of (35) can be
written in a unified form as

pλ := max (BX) • Y + 1
m (BIm) • Y + 1

n (BX) • In + 1
mn (BIm) • In

s.t. tr(X) = 0,

tr(Y ) = 0,

‖X‖F ≤ λ,

‖Y‖F ≤ λ,

(36)

where λ = 1
max{m,n} and λ =

√
1 − 1

max{m,n} correspond to the restriction and the relaxation,

respectively. Hence, it follows that p√
1− 1

max{m,n}
≥ gsdp

max ≥ p 1
max{m,n}

≥ p0 = 1
mn (BIm)• In ≥

0. Furthermore, for vecS(X) and vecS(Y ), we can eliminate two variables, say X11 and Y11,
by their linear relation with the other variables. For convenience, let

u = vecS(X)\X11 and v = vecS(Y )\Y11.
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Then, there exist Q0 ∈ �Lm×Ln , Q1 ∈ SLm , Q2 ∈ SLn , b0 ∈ �Lm , c0 ∈ �Ln , and d0 =
1

mn (BIm) • In ∈ � such that the above problem is equivalent to

pλ := max q(u, v) = u�Q0v + 2b�
0 u + 2c�

0 v + d0

s.t. q1(u, v) = u�Q1u ≤ λ2,

q2(u, v) = v�Q2v ≤ λ2,

(37)

where Lm = m(m + 1)/2 − 1, Ln = n(n + 1)/2 − 1 and Q1, Q2 are positive definite.
Furthermore, it is easy to see that the SDP relaxation of the homogenized version of (37) is

z(λ2) := max Q̄0 • Z
s.t. Q̄1 • Z ≤ λ2

Q̄2 • Z ≤ λ2,

Z =
⎛

⎝
1 u� v�
u W U�
v U V

⎞

⎠ � 0,

(38)

where Q̄0, Q̄1, Q̄2 are three matrices which correspond to the homogenized version of the
quadratic functions q(u, v), q1(u, v), and q2(u, v), respectively.

Consider the problem (38) with λ0 = 1√
2ρ

and ρ = max{m, n}. Since this SDP has three

constraints, so that an optimal solution Z∗ can be computed in polynomial time such that its
rank equals 2 (e.g., see [32]). Let us denote by I11 the (Lm + Ln + 1) × (Lm + Ln + 1)

symmetric matrix with 1 at its (1, 1)th position and 0 elsewhere. It is clear that I11 • Z∗ = 1.
Hence, by Corollary 4 in Sturm and Zhang [28], one can always find two vectors zi =
(ti , (ui )�, (vi )�)�(i = 1, 2) ∈ �1+Lm+Ln such that Z∗ = z1(z1)� + z2(z2)� and

I11 • zi (zi )� = I11 • Z∗/2 = 1/2, for i = 1, 2,

which implies that t2
1 = t2

2 = 1/2. From the structure of the constraints of (37), it is ready to
know that both Q̄1 and Q̄2 are positive semidefinite. Consequently, since Z∗ is feasible for
(38), it holds that

(zi )� Q̄1zi ≤ λ2
0 and (zi )� Q̄2zi ≤ λ2

0, for i = 1, 2,

which implies that (ūi , v̄i ) = (ui/ti , vi/ti ), i = 1, 2, are feasible solution of (37) with
λ = 1

ρ
. Furthermore, we have

q(ū1, v̄1) + q(ū2, v̄2) =
(

Q̄0 • z1(z1)� + Q̄0 • z2(z2)�
)

/t2
1 = 2Q̄0 • Z∗ = 2z(λ2

0),

which implies that either (ū1, v̄1) or (ū2, v̄2), denoted by (ū, v̄), satisfies

q(ū, v̄) ≥ z(λ2
0). (39)

On the other hand, it is easy to see that z(·) is concave, and hence

z(λ2
0) ≥

(

1 − 1

2ρ(ρ − 1)

)

z(0) + 1

2ρ(ρ − 1)
z(1 − 1/ρ) ≥ 1

2ρ(ρ − 1)
z(1 − 1/ρ),

where the last inequality due to the assumption that z(0) ≥ d0 ≥ 0. Therefore,

q(ū, v̄) ≥ z(λ2
0) ≥ 1

2ρ(ρ − 1)
z(1 − 1/ρ) ≥ 1

2ρ(ρ − 1)
fmax, (40)

where the last inequality comes from the fact that z(1 − 1/ρ) ≥ p√
1−1/ρ ≥ gsdp

max ≥ fmax.
Similar to the process of the proof of Theorem 3, from the obtained (ū, v̄), we can find a
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feasible matrix pair (X̄ , Ȳ ) of (35) such that (B X̄) • Ȳ = q(ū, v̄). Consequently, by using
a similar procedure to that used in Theorem 2.4 in Ling et al. [17], we can get a vector pair
(x̄, ȳ) such that ‖x̄‖ = ‖ȳ‖ = 1 and ȳ�(Bx̄ x̄�)ȳ ≥ q(ū, v̄). This shows that (x̄, ȳ) is a
feasible solution of (34), and hence fmax ≥ ȳ�(Bx̄ x̄�)ȳ ≥ q(ū, v̄). Together with (40),
we can assert that (x̄, ȳ) is a 1

2max{m,n}(max{m,n}−1)
-bound approximation solution of (34).

Therefore, the following assertion is established.

Theorem 4 If (BIm) • In ≥ 0, then a 1
2max{m,n}(max{m,n}−1)

-bound approximation solution
of (34) can be found in polynomial time.

In fact, from above procedure, we can see that assumption (BIm)• In ≥ 0 is used to guaran-
tee that z(0) ≥ 0. Therefore, if we replace B by B−cIm ⊗ In with constant c ≤ 1

mn (BIm)• In ,
then z(0) ≥ 0 is guaranteed. By Theorem 4, there exist a feasible solution pair (x̄, ȳ) such
that

Bx̄ x̄ ȳ ȳ − c ≥ 1

2max{m, n}(max{m, n} − 1)
( fmax − c).

Let c = ḡmin, where ḡmin is the minimum value of the objective in (35), then c ≤ 1
mn (BIm)•In .

This lead to the following result.

Theorem 5 There exists a
(

1 − 1
2max{m,n}(max{m,n}−1)

)
-relative approximation solution for

(34) in polynomial time.

We conclude this subsection by considering the following minimization problem

min Bxxyy
s.t. x�x ≥ 1,

y�y ≥ 1.

(41)

It is easy to see that the optimal solution must satisfy the constraints with equality if fmin is
attainable. Thus, the bi-linear SDP relaxation can be written as (35) with tensor −B, which
leads to the following result.

Theorem 6 Suppose that the optimal value is attainable. If (BIm) • In ≤ 0, then a
1

2max{m,n}(max{m,n}−1)
-bound approximation solution of (41) can be found in polynomial time.

Otherwise, there exist a
(

1 − 1
2max{m,n}(max{m,n}−1)

)
-relative approximation solution for (41)

in polynomial time.

4 Extensions and discussions

Motivated by the aforementioned work on complex SDP in Luo et al. [18], our analysis can
be extended to the so-called complex bi-quadratic optimization problem. In this section, we
further consider the minimization model

min f (x, y) := Bxxyy
s.t. x H Apx ≥ 1, p = 1, . . . , m1,

y H Bq y ≥ 1, q = 1, . . . , n1,

x ∈ Cm, y ∈ Cn

(42)
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and the maximization model

max f (x, y) = Bxxyy
s.t. x H Apx ≤ 1, p = 0, 1, . . . , m1,

y H Bq y ≤ 1, q = 1, . . . , n1,

x ∈ Cm, y ∈ Cn,

(43)

where C is the field of complex numbers, and H represents Hermitian transpose, Ap ∈
Hm (p = 1, . . . , m1) and Bq ∈ Hn (q = 1, . . . , n1) are positive semidefinite, whereas
A0 ∈ Hm is indefinite.

A similar procedure to that in Sect. 2 can be applied to yield the approximation bounds
for the complex bi-quadratic optimization problems above. To this end, we need the fol-
lowing probability estimation results, which comes from He et al. [12] and Luo et al. [18],
respectively.

Lemma 5 Let A, Z be two Hermitian matrices satisfying Z � 0 and tr(AZ) ≥ 0. Let
ξ ∼ Nc(0, Z) be a complex normal random vector. Then,

(a) For any 0 ≤ γ ≤ 1, it holds that

Prob
{
ξ H Aξ < γ E(ξ H Aξ)

}
< 1 − 1

20
.

(b) For any β ≥ 1, it holds that

Prob
{
ξ H Aξ > βE(ξ H Aξ)

}
< 1 − 1

20
.

Lemma 6 Let A, Z be two Hermitian positive semidefinite matrices. Suppose that ξ is a
random vector generated from the complex-valued normal distribution Nc(0, Z). Then for
any γ > 0, the following probability estimation hold.

(a) Prob
{
ξ H Aξ < γ E(ξ H Aξ)

} ≤ max

{
4

3
γ, 16(r − 1)2γ 2

}

,

(b) Prob
{
ξ H Aξ > γ E(ξ H Aξ)

} ≤ re−γ ,

where r := min{rank(A), rank(Z)}.
The following main result in this section can be proved in the similar ways to that used in
the proofs of Theorems 1 and 2.

Theorem 7 Let (X̄ , Ȳ ) be an r-bound approximation solution of the bi-linear SDP relaxation
of (42). Then we have a feasible solution (x̄, ȳ) of (42) and the probability that

r

1600m1n1
f (x̄, ȳ) ≤ fmin ≤ f (x̄, ȳ)

is at least
1

3600
.

Suppose that (X̄ , Ȳ ) be an r-bound approximation solution of the bi-linear SDP relaxation
for (43). Then we have a feasible solution (x̄, ȳ) of (43) and the probability that

r
(
1 + 2 ln 100m2

1

)
ln

(

40
√

2n
3
2
1

) fmax ≤ f (x̄, ȳ) ≤ fmax

is at least
1

4000
.
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It is well-known that if the numbers of constraints in the considered complex SDP problem
is at most 3, then its rank-one optimal solution can be found, see Theorem 2.1, Proposition
5.1 in Huang and Zhang [14]. As a consequence, we get the following proposition which can
be proved by the similar ways to that used in the proofs of Propositions 1 and 2.

Proposition 3 Suppose that the numbers of constraints on x and y are less than 4, respec-
tively. Then, the bi-quadratic optimization problems (42), (43) and their relaxations are
equivalent, respectively.
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